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Exercise 1:  12 points   (6 points + 6 points)  

a) Verify that the vectors ݒଵ ൌ ቀଶ
ଷ
, െ ଶ

ଷ
, ଵ
ଷ
ቁ, ݒଶ ൌ ቀଶ

ଷ
, ଵ
ଷ
, െ ଶ

ଷ
ቁ and ݒଷ ൌ ቀଵ

ଷ
, ଶ
ଷ
, ଶ
ଷ
ቁ form an orthonormal basis for R3 

with the Euclidean inner product. 
b) Express the vector ݑ ൌ ሺ1,1,1ሻ as linear combination of ݒଵ,    .ଷݒ ଶ andݒ

Exercise 2:  12 points  (3 points + 9 points)   Let ܣ ൌ ൭
1 0
3 െ1
1 1

൱ and ܾ ൌ ൭
1
2
3
൱. 

a) Is the linear system ݔܣ ൌ ܾ consistent?  
b) Find the orthogonal projection of b onto the column space of A. 

 
Exercise 3:  12 points  (8 points + 4 points)  

Consider the matrix ܣ ൌ ቀ0.6 0.8
0.4 0.2

ቁ. 

a) Find a matrix P that diagonalizes A, and determine  ܲିଵܲܣ . 

b) Prove that ܣ௡ tends to a limiting matrix ܣ௅ ൌ ൬
2/3 2/3
1/3 1/3൰ as ݊ ՜ ∞. 

 
Exercise 4:  12 points  Find a 3 ൈ 3 matrix A that has eigenvalues ߣ ൌ 0, 1 and െ1 with corresponding 

eigenvectors ൭
   0
   1
െ1

൱, ൭
   1
 െ1
   1

൱ and ൭
0
1
1
൱ respectively. 

 
Exercise 5:  12 points   (3 points + 9 points)  
Consider the polynomials ݌ଵ ൌ 1 ൅ ଶ݌  and ݔ ൌ 1 െ   .ݔ

a) Show that the set of polynomials ሼ݌ଵ,  .ଶሽ form a basis for P1݌
b) Let L be the linear transformation from P1 to M22 such that 

ሺ1ܮ  ൅ ሻݔ ൌ ቀ1 0
0 1

ቁ and ܮሺ1 െ ሻݔ ൌ ቀ0 1
1 0

ቁ.  Find ܮሺ3 ൅  .ሻݔ

Exercise 6:  16 points   (3 points + 13 points)   Consider the matrix ܣ ൌ ൭
1 0 0
1 2 0
1 2 3

൱. 

a) Justify that the matrix A has a QR-decomposition. 
b) Find the matrices Q and R of this decomposition. 

 
Exercise 7:   24 points  (4 points for each question)  

a) Find two distinct non-zero vectors u and v in R2, such that ൏ ,ݑ ݒ ൐ൌ 0 for every weighted inner product on 
R2. 

b) Find two distinct non-zero vectors u and v in R2, such that ൏ ,ݑ ݒ ൐് 0 for any inner product on R2. 
c) Suppose that ሼݒଵ, … , ݑ ௡ሽ is an orthonormal basis of a real inner product space V. Show that for everyݒ א ܸ, 

we have ԡݑԡଶ ൌ൏ ,ݑ ଵݒ ൐ଶ൅ ൅൏ڮ ,ݑ ௡ݒ ൐ଶ. 
d) Let u and v be vectors in an inner product space. 

Prove that ԡݑԡ ൌ ԡݒԡ if and only if ݑ ൅ ݑ and ݒ െ  .are orthogonal ݒ
e) Let A be a square matrix such that ܣଷ ൌ  ?What can you say about the eigenvalues of A .ܣ

f) Show that the matrix ܲ ൌ ቌ

ଶ

√ଵଷ

ଷ

√ଵଷ
ଷ

√ଵଷ
െ ଶ

√ଵଷ

ቍ is orthogonal. 

Definition: A proper orthogonal matrix is an orthogonal matrix of which the determinant is equal to 1. 
Check that P is not proper and deduce from P a proper orthogonal matrix P’. (Use a relevant small change only) 

 


