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quiz # 2 - solution

Exercise 1 Find the general solution of the given differential equation (do not find the con-
stants)
a) y/// B y// -6
=co 4 c12 + c2€% + c32°
—_————
Ye Yp
b) vy’ — 4y’ + 5y = e~ * + 2 cos(2x)
y = e*(cocosz + ¢y sinz) + cpe ™ + 3 cos(2z) + ¢4 sin(21)
v vV
Ye Ypr Ypa
c)y® -2+ y=142z—ze® +sinzx

y = c1e” + coxe” + cze” T + cqxe” T 45 + cgr + (071‘2 + ng?’)e”” + ¢gsinx + ¢ cos x
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Exercise 2 Find the general solution of ¢/ —y = ———
et +e %
Yo =c16” +coe” T W = =2,
1 e’ e’
d = = cand ¢ = [ ———— dz = tan~ ("
L7 er e 14 e2¢ ! /1-{-6236 (e%)
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e e u®  du U
céz—_,andczz—/_ dac:—/ 1:—/2du

et +e % et +e % u+t o ou 1+4+wu

1
= —/ <1 - 1+u2> du = tan"!(u) — u = tan"!(e”) — €*
hence y, = (e” + e~ %) tan"!(e¥) — 1

and the general solution is: y = y. + ¥y
Exercise 3 Consider the differential equation
(E): 2% — (2* +22)y + (z + 2)y = 3

a) check that y; = x is solution of (Ep): obvious by direct substitution.

b) let yo = xu(z). Show that u(x) satisfies a first order linear differential equation; find u(x)
then find the general solution of (E) on (0, c0).

yh = u(z) + zu'(x), vh = 2u/(z) + zu”’(x), and substituting in (F) yields: u”(z) — u/(z) = 1.
Taking v = «/, then v" — v = 1, and then v(z) = €* — 1, and u(z) = €* — .

The general solution of (E) is then: y = c1x + coze® + —2°
—_— =

Ye Yp



Exercise 4 Use the substitution x = e’ to solve the Cauchy-Euler differential equation
22y —zy' +y = z(lnzx)?

n (0,00).

dy _dy dt _ldy 4 dy_ _1ldy 1dYy
de dt  dr xdt dz?  22dt - 22 di?

d? d
Substituting in the equation yields: %g — Qd—ii y = t2e!, and the solution is

y = cre’ + cote! + (03252 + gt + C5t4)€t
Ye Yp

hence y = c1z + coxInz + czz(Inx)? + cyz(lnz)3 + cyz(Inz)?
Exercise 5 Find two power series solutions of the differential equation y” — zy’ +y = 0 about
the ordinary point = 0. Give the radius of convergence.

o
Let y = Z cnx” be a series solution of the differential equation. Deriving and substituting in

n=0
the equation yields the following:

{ co+ 2co =0 (1)

nm+2)(n+1epg2—(n—1)cy, =0 n>1 (2)
equation (1) implies co = —1 co
c1 € R, and from equation (2), we find that cs =c5 =c; = ... = cop41 = ... =0, then y; =z

is a solution.

2n — 3 2n —3

form equation (2), ¢op, = m Can—2; solving the recurrence yields co,, = ST co, and

Yo = Z conz®™ is the other solution of the differential equation. The radius of convergence is

n—=
R = oo (by ratio test).

2n—3 L2n

The general solution is then: y = ¢ Z + c1zx



