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1. Show that the differential equation
(—zysinx + 2y cosz) dx + 2z cosx dy = 0

is not exact. Multiply the equation by an appropriate integrating factor
wu(x,y) = x™y" that makes the differential equation exact, then solve.
(14 points)

Solution. Since

(—zysinz+2ycosx), = —rsinzr+2cosz # 2cosr—2wsins = (2x cos),,

the differential equation is not exact.
Multiply both sides of the differential equation by p(z,y) = 2™y™ to
obtain

(=™ My gin x4 22™y" M cos x) dw + 22y cosx dy = 0.

For this equation to be exact we must have

(—[Em+1 n+1 n+1

y" T sinx + 22™My "y

cosz), = (2 y" cos ),
or
—(n+1D)2™ gy sin 24+2(n+1)2™y" cos v = 2(m+1)z™y" cos x—22™ 1y sin z.
This implies that m = n = 1. Hence the differential equation
(—2*y*sinz + 2xy® cosx) dx + 2y cosz dy = 0

is exact. Let

fo=—2*y’sinz + 22y’ cosz and f, = 22%y cosz.
Then
f(z,y) = /2x2y cosx dy = r*y* cosx + g(x).
Hence,
22y% cos & — x%y* sinx + g(x)=f.= —z?y?sinx + 22y* cos x

which yields ¢’(z) = 0. Hence, f(z,y) = 2*y*cosx and the general
solution is

z*y* cosz = ¢
for any constant c.
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2. Solve the initial-value problem (14 points)

dy
22— 2py = 3y* 1) =1/2.
v~ 2y =3y y() =1/

Solution. Write the differential equation as
dy 2 3 4

dr “y=3Y-
r x
This it is a Bernoulli’s differential equation. Then write the differential

equation as
ady 2 3 3

VT T
Letting u = 3y~ yields
du _ady ady  —1ldu
T gyt Al
dx Y dx oy dx 3 dx
Then substitution in the latter differential equation yields
—ldu 2 3
3de =z 2%
or
du 6 9
—+ —u=—-——.
dr =« x?

An integrating factor for this equation is
p(z) = o) 6/x)dz _ 6

Multiplying the latter differential equation by u yields

d d
x6£ + 62°u = —9z* or %(fnﬁu) = —9z%.

Now integration of both sides gives

9
5u=—-Z24+c¢ or y‘3 = —5:6_1 + cx .

5
But y(1) = 1/2 gives 8 = —9/5+ ¢, or ¢ = 9/5. Therefore, the solution

for the IVP is
3= —91‘_1 + 4—9x_6
Yy =75 50



3. Solve the initial-value problem (14 points)
2
y

Solution. Write the differential equation as
(y* — 2*)dw — 29 dy = 0.
Thus this is a homogeneous differential equation. If
y=ux, then dy=udx+ z du.
Then substitution in the latter differential equation yields
2} (u? — 1)dz — 2*u?(u do + = du) = 0,
or
(u* — 1)dz — v*(u dv + z du) = 0,
or
dz + zu® du = 0.
Write this differential equation as
u? du + d—x =0,
x

then integrate both sides to obtain
L s y®
—u’+Injr|=¢, or —+Injz|=c.
il =c or Lol

But y(1) = 2 yields ¢ = 8/3. Therefore, the solution for the IVP is
y® + 323 In|z| = 823
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4. Solve the initial-value problem (14 points)

d
ﬁ =" +e ™Y -1, y(0)=0.

Determine the largest interval of definition of the solution.
Solution. If u = z 4y, then

du_ | dy oy _du
dx dx’ dr  dx

Then substitution in the differential equation yields

d—u—lze“+6_“—1 or d—u:e“—l—e_“.

dx ’ dx
Write this differential equation as

61,6
mdu = dl',

then integrate both sides to obtain
arctane” =z +¢, or eV =tan(z +c).
But y(0) = 0 yields ¢ = w/4. Therefore, the solution for the IVP is
" =tan(x + w/4), or y=In(tan(z+ 7/4)) — x.



5. Sketch the largest region in the ry—plane containing the points
(20, yo) for which the initial-value problem
d
vl—fg%=v1+ﬂ7 y(wo) = o,
possesses a unique solution; justify your answer. Justify your answer.
(14 points)
Solution. Write this differential equation as

dy V1+a?
dr /T —y2’

and let
V1+ 22
flzy) = ——
vi—y
Since f and

_oyV1+a?
b= =pr
are continuous functions in the region R = {(z,y) : |y| < 1}, by the
existence and uniqueness theorem, every initial-value problem

d —_—
1_y2 dii = 1+Z’2, y($0) = Yo,

where (z9,1y0) € R possesses a unique solution. Moreover, since f is
not defined whenever y = +1, R is largest desired region.
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6. Use Stoke’s theorem to evaluate the circulation of the vector field
F(x,y,2) = —yi+ 2%+ 2’k
along the curve C' which is the intersection of the circular cylinder x? +
y? = 4 and the plane z+z = 3, and which is traversed counterclockwise
when viewed from high up on the positive z—axis. (14 points)

Solution. By Stoke’s theorem to evaluate the circulation of the given
vector field is given by

/F-Tds://VxF~nd0,
C R

where R is the disc 22 + y?> = 4, n and do are the unit surface normal
and the surface area differential for the given surface. Thus,

Vie+2z-3) i+k

T V@+z-3)] V2

e Vit z-3)
T+z—
do = dA = V2 dA.
" T N@+z2-3) K V2

But

ik

VxF=|0/0x 0/0y 0/0z |=(2x+ 1)k
—y  a? 23

Therefore, the desired circulation is

V xF-ndo (22 + 1)k 1+k\/_dA
/. =/

//R (22 + 1)d

21 2
/ / (2r cos 6 + 1)r dr df
0 0

2w 2w
- / [2r% cos 6/3 + 12/2]2d0 = / (16 cos 6/3 + 2]d6
0 0
= [16sin6/3 + 20" = 4.
[ / I



7. Evaluate in two different ways the flux of the vector field
F(x,y,z) =xi+yj+ zk
across the surface S which is the portion of the paraboloid z = 4—x2—y
above the ry—plane (n is upward-oriented so that its z—component is
positive). (16 points)
Solution. By taking z = 0 in the equation of the paraboloid, we
conclude that the paraboloid meets the zy—plane in the circle 22 +y? =

4. The desired flux is given by [ [¢F - n do, where do is the surface
area differential for the paraboloid and

V(z?+y*+2—4) 27i + 2yj + k
n= = :
V(22 +y?+2—4)] VAz2+4y2+1
Thus the flux is

2

//F~nd0:// v 4y t+d do.
s svA4x? +4y? + 1
Now we find do in two ways:
(a)
i — V(@ +y* + 2z —4)]
V(22 + 9% +2—4) K|
In this case, the flux is

//SF-nda - //R(a;2+y2+4)dA

2r 2
= [ [C6*+ 2 ara
o Jo
= 16m.
(b) do = |r, X rg|drdf, where
r(r,0) = (rcosf)i+ (rsinf)j+ (4 — r?)k.

dA = (42* + 4y* + 1) dA.

Then
i j k
r, Xrg =/ cosf sinf  —2r |,
—rsinf rcosf 0
and

r, X rg = (2r%cos0)i + (2r°sin 0)j + rk.

Thus, do = V4r* +1r2 dr df = /4r%2 + 1 rdr df. The rest of the work
goes as in (a).



