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1. Solve the initial-value problem

dy 4 2
oy = - oy(1) = 1.
ro 4y 'y’ y(1)

(15 points)
Solution. By writing the DE as

d 4

Dy Sy =aty,

dr =
it becomes a Bernoulli DE of degree 2. Now write the latter equation
as p A

y 2 Sy =
der =z

and let u = y~!'. Then —u’ = y~2y and substitution yields

du —4 3

— 4+ —u=-—x",

dx x

which is a linear DE of order 1 with an integrating factor

—4 1
1= o Do
Multiplying p with the latter DE yields
ldu —4 1

— 4 —u=—x
xrdr b ’

d(%>__x—1
de \z%) '

Integration of both sides with respect to x gives

u
(m‘*) =—1In|z| + ¢,

=) = mlel+
yl’4 = n\xr C.

Since y(1) = 1, ¢ = 1 and the solution of the initial-value problem is
1
z4(1 —1In|z])

or

or

y:



2. Find the general solution of the differential equation
(32%y + ¢°) dz + (2° + 3zy®) dy = 0.
(15 points)
Solution. Since 3x?y+1?® and 32?y+1? are homogenous functions of
same degree 3, the DE is homogenous. If y = ux, then dy = udx 4 xdu
and, by substitution the DE becomes
2?(u? + 3)dz + 2*(3u® + 1) (udz + xdu) = 0,
or
du(u® + 1)dz + z(3u* + 1)du = 0,
or

x 4
Integration of both sides then gives

In {x4|u|(u2 + 1)} =,

In {x4 i’ <(i>2 + 1)} = C1,
zy(r® +y°) = ¢,

where ¢ € R since by inspection y = 0 is a trivial solution of the DE,
is the general solution of the DE.

dr 1(1 2
x+{+u}du:0.
u w41

or



3. Find the general solution of the differential equation
2
cosx dx + (1 + ) sinx dy =0
Y

by finding an appropriate integrating factor. (15 points)
Solution. Let M = cosx and N = (1 +2/y)sinx. Since

2
My20#<1+>cosyc:]\7x,
Y

the DE is not exact. But

M, — N,
— N = cot x;
hence the DE has integrating factor
1
M(l’) — epr(fcotm)dx S
sin x

Multiplying this with the DE yields the equation
2

cotx dx + (1—1—) dy =0
)

which is exact and separable. Integration of both sides gives
In|sinz|+y+Iny? = ¢y,

or
y2e¥sinz = c,

where ¢ # 0 since y = 0 is not a solution of the DE.



4. Find the general solution of the differential equation

x, I

e Ty’ —2e "y + 2e "y = tanx.
(15 points)
Solution. Write the DE as
y" — 2y + 2y = e” tan .
which is a linear nonhomogeneous DE of constant coefficients with
auxiliary equation
m?—2m+2=0
whose roots are m = 1 £ ¢. Thus the complementary solution is
Yo = €"(cycosx + cgsinx); x € R,

By the variation of parameters method a particular solution of the DE
is

yp = e"(uy cosx +ugsinz); = €R,
where u} = Wy /W, ub = Wy /W,

efcosx ersinx

W = = e
e*(cosx —sinz) e*(cosx + sinz) ’
0 e’sinx .
Wi=| ., . : = —e*sinztanz,
e“tanx e”(cosz + sinx)
and
e’ cosx 0 .
Wo=1| ., . . = * sin .
e*(cosx —sinz) e’ tanx
Thus v} = —sinz tanz and u}, = sinz; hence u; = In |secz — tan x| +
sin x and uy = —cosz. Thus

y, =€ cosxln|secx —tanzx|; = €R,
and the general solution of the DE is

y = €e*(crcosx + casinx) + e* cosx In | sec x — tan z|.



5. Solve by two different methods the Cauchy-Euler differential equa-

tion
3..m

2>y +xy —y=0.
(15 points)

Solution. Method 1. By using the substitution z = e’, we find v/ =
y'/x, y// — (y _ y')/mQ, and y/// — (y _ 3y.. + 2y.)7 where Y = dy/dt,
y- = d?y/dt*, and y-0 = d3y/dt3. and the differentia equation becomes

(y~ =3y +3y —y=0
which is a homogenous linear DE with constant coefficients whose aux-
iliary equation is m® —3m?+3m —1 = (m —1)3 = 0 and a single root
m = 1 repeated thrice. Thus the general solution of the differential
equation is
y = (c1 + cat + c3t?)e! = (e1 + colnz + c3(Inz)?)z, = > 0.
Method 2. By using the substitution y = 2™ the differential equation
becomes
2 (m® — 3m* +3m — 1) =0,
or for = > 0,
m* —3m? +3m—1=(m—1)°*=0,

which is the auxiliary equation for the DE. Thus the DE has a funda-
mental set {z,zInxz, z(Inz)?} and the general solution of the differen-
tial equation is

y=(c1 +cInz +cs(lnz)?)z, x> 0.



6. Find the general solution of the differential equation

"

y" — 2y — 4y + 8y = 6xe*
by using the method of undetermined coefficients.
(Hint: m=2)
(15 points)
Solution. This is a homogenous linear DE with constant coefficients
whose auxiliary equation is

m? —2m? —4m +8 = (m —2)*(m+2) =0

and whose roots are m = 2(twice) and m = —2. Thus the complemen-

tary solution is
Yo = (1 + comw)e™ + cze™ .

By the method of undetermined coefficients the particular solution has
the form
Yy, = v%(az + b)e*.
To find a and b we write
Y, = [2a2” + (3a + 2b)a” + 2ba]e™”,
yy = [4az® + 4(3a + b)z® + (6a + 8b)x + 2b]e™"],

and

Yo' = [8az’ + (36a + 8b)a* 4 (36a + 24b)x + Ga + 12b]e™].
Then by substitution in the differential equation we obtain

[24ax + (6a + 8b)]e* = 6ze**, or 24ax + (6a + 8b) = 6z.
Hence, 24a = 6 and 6a + 80 = 0. Thus a = 1/4, b = —3/16, and

y, = v%(v/4 — 3/16)e>".

Therefore the general solution is

y = [e1 + cor — 3/162° + 2° /4]e** + cze” .



7. Consider a linear homogeneous differential equation
ax(@)y’ + (@)Y + ao(a)y = 0, —o0 <z < oc,

where ay, a1, and ag are continuous functions with ay(z) # 0 for all z.

(a) Can a set {y1,y2}, where y1(0) = 1, 12(0) = —1, y1(0) = —1,
y5(0) = 1, be a fundamental set of solutions for the differential equa-
tion? Justify your answer.

(5 points)
Solution. NO since W (y1(0), y2(0)) = 0.

(b) Can a set {yi1, Y2, y3} of three nontrivial solutions of the differen-
tial equation be linearly independent? Justify your answer.

(5 points)
Solution. NO since a fundamental set consists only of two solutions;
thus one solution must be a linear combination of the other two.



