Chapter 1

Computer Number Systems
and Floating Point
Arithmetic

1.1 Introduction

The main objective of this chapter is to introduce the students to modes of
storage of numbers in the computer memory as well as to computer arith-
metic.

In this view, we start by describing computer number representation in the
binary system that uses 2 as the base. Since the usual decimal system uses
base 10, we discuss therefore methods of conversion from one base to an-
other. The octal and hexadecimal systems (respectively, base 8 and base 16
systems) are also introduced as they are often needed as intermediate stages
between the binary and decimal systems. Furthermore, the subsequent hex-
adecimal notation is used to represent internal contents of stored numbers.
Since all machines have limited resources, not all real numbers can be rep-
resented in the computer memory; only a finite subset F of R is effec-
tively dealt with. More precisely, F is a proper subset of the rationals, with
F C @ C R. We shall therefore define first in general, normalized floating
point systems F representing numbers in base € N, § > 2 with a fixed
precision p, and analyze particularly the standard IEEE single precision Fy
and double precision Fy binary systems.

Moreover, the arithmetic performed in a computer is not exact; F is charac-
terized by properties that are different from those in R. We present therefore
floating point arithmetic operations in the last sections of this chapter.
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Note that IEEE stands for ” Institute for Electrical and Electronics Engi-
neers”. The IEEE Standard for floating point arithmetic (TEEE 754) is the
most widely used standard for floating point operation and is followed by
many hardware and software implementation; most computers languages al-
low or require that some or all arithmetic be carried out using IEEE formats
and operations.

For any base § € N, 3 > 2, we associate the set of symbols Sg, which con-
sists of A distinct symbols. To illustrate, we have the following examples:

S10=1{0,1,..,9},
SQ - {071}7
516 e {0’1)_.’97A’B,C7D,E7F}~

The general representation of x € R in base g is given by:

(1.1)
T = :l:(aNBN+...+a16+ao+a'16*1+...+a;,671’) = :l:(aNaN_l...alaooa'l...a;,)g

where 0 < N < 00, 1 <p < oo and a;, a; € Sg, with ay # 0 being the most
significant digit in this number representation.

The number x is thus characterized by its sign =+, its integral part E(x) =

Zi]\io ;3" and its fractional part F(z) = >_F_, a/37, leading to the follow-

ing general expression of x:
x==x(E(z)+ F(z))
or also equivalently: © = +(F(z).F(z))
Note that in case p = oo, the fractional part of x is said to be infinite.
Example 1.1. e The octal representation of 0.36207 is:
(0.36207)s =3 x 8 1 +6x 82 +2x 83+ 7x87°

e The decimal representation of 57.33333... is :

(57.33333..)10 = (57.3)10 =5 x 10+ 7+3x 107  +3 x 1072 + ...
e The hexadecimal representation of 4.A02C is :

(4.402C)16 =4+ Ax 1671 4+2x 16724 C x 1673
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1.2 Conversion from base 10 to base 2
Assume that a number z € R is given in base 10, whereby:
z = +(dn 10N+ 4d1 10+dg+d) 10~ +..+d,1077) = £(dndy—1...d1do.d]...d)) 10,

where d;, d, € Sip Vi, dy # 0, and p < co. We seek its conversion to base
2, in a way that:

=4y 2M 4 40124 b+ 27 40127 = E(basbas_1...bibo b b)),

where b;, b € Sa Vi, byr # 0, | < 0.
We convert successively the integral and fractional parts of x.

1.2.1 Conversion of the integral part
Starting with the integral part of z, F(z) and writing:
(1.2) E(z) = dy10Y + ...+ di10 + do = bp2™ + ... 4+ 512 + Do,

one has to find the sequence {b;|i = 0,..., M} in Sy, given the sequence
{d;li =0, ..., N} in S19. Both sequences are obviously finite. The conversion
is done using the successive division algorithm of positive integers based on
the Euclidean division theorem stated as follows:

Theorem 1.1. Let D and d be two positive integers. There exist 2 non
negative integers q (the quotient) and r (the remainder), such that r €
{0,1,2,...,d — 1}, verifying:

D=dxq+r.

For notation purpose, we write ¢ = D divd and » = D mod d.
Remark 1.1. When D <0 and d > 0, one has:

D
D=qgxd+r, withq:LEj<O.

where |r| : R — Z designates the "floor function” of the real number r.

On the base of (1.2), if E(x) = D, then one seeks:

D =E(x) = (bp2M 1+ ..+ b1) x 2+ by
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where
(b2 L+ . 4+b1) =Ddiv2 and by = Dmod?2.

Thus if D is divided once by 2, the remainder in this division is bg. We can
repeat this argument taking then D = b3,2M~1 4+ ..+ b; to find by, then
following a similar pattern, compute successively all remainders bo, ..., bys.
The process is stopped as soon as the quotient of the division is identical to
Zero.

The corresponding MATLAB function can then be easily implemented as fol-
lows:

Algorithm 1.1. Integer Conversion from Base 10 to 2

% Input: D an integer in decimal representation
% Output: string s of binary symbols (0’s and 1’s) representing D in base 2
% All arithmetic is based on rules of the decimal system
function s = ConvertInt10to2(D)
s=[ 1;
while D>0
#Divide D by 2, calculate the quotient q and the remainder r, then add r
%in s from right to left
g=£fix(D/2);
r=D - 2xq ;
s=[r s];
D=q;
end

As an application, consider the following example.
Example 1.2. Convert the decimal integer D = 78 to base 2.

Using the above algorithm, we have successively:

78=39%x2+0
39=19x2+1
19=9x2+1
9=4x2+1
4=2x2+4+0
2=1x%x2+0
1=0x2+1.

Hence, one concludes that (78)19 = (1001110)s. ]
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We can now introduce base 8 in order to shorten this procedure of con-
version. The octal system is particularly useful when converting from the
decimal system to the binary system, and vice versa. Indeed, if

E(x) = by 2™ 4 .+ 5323 4+ 0922 + 112 + by, with b; € {0,1},

we can group the bits 3 by 3 from right to left (supplying additional ze-
ros if necessary), then factorize successively the positive powers of 8, i.e.
80,81 82 ... to have:

E(w) = .. + (b52° + 542" + 532%) + (b2 + b12 + bo)
then equivalently:

E(x) = ... + (0822 + b72 + b6)8% + (b52% + bg2 + b3)8" + (h22% + b12 + by)8°

l
= (b3i422 + b3ig12 + b3;)8’
i=0
Letting 0; = b3;122% + b3;112 + b3; , one writes then the integral part as

follows: l

E(x) = Z 0;8'

i=0
Note that for all values of i, 0 < 0; < 7, implying that o; is an octal symbol.
The table of conversion is set up according to the following representations:

Octal symbol | Group of 3 binary bits o; = b3;12b3;11b3;
0 000

001

010

011

100

101

110

111

table 1. Conversion of octal symbols to base 2

N[O O W N~

Thus, to convert from base 2 to base 8, groups of 3 binary digits can be
translated directly to octal symbols according to the above table. Conversion
of an octal number to binary can be done in a similar way but in reverse
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order; i.e. just replace each octal digit with the corresponding 3 binary
digits. To convert an integer from base 10 to base 2, we can therefore start
by converting it to base 8:

(E(x))10 = (E(z))s = (E(z))2
The algorithm implementing this conversion process is the following:

Algorithm 1.2. Integer Conversion from Base 10 to 8

% Input D=E(x) integer in decimal representation

% Output : string s of octal symbols

% All arithmetic is based on rules of the decimal system
function s=ConvertInt10to8(D)

s=[ 1] ;

While D>0
r=rem(D, 8) ;
D=fix(D/8) ;
s=[r s] ;

end

In the preceding example, using this algorithm we have successively:
78=9%x8+6

9=1x8+1

1=0x8+1.

Hence, (78)10 = (116)g through 3 successive divisions by 8.
Referring to the above table of conversion we obviously deduce that:

(78)10 = (116)g = (001001 110)5 = (1001110)5

1.2.2 Conversion of the fractional part

To convert the fractional part F(x) of the decimal z, we introduce the
successive multiplication algorithm. Its principle runs as follows: given
the sequence {d}} € S1p, we seek the sequence {b}} € Sy with:

(1.3) F(z) =di107" + .+ d1077 =b{2~ " + ..+ b2
Let f = F(z). Note then the following identity:

2f = by + b2 b2t =0 b ).
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Obviously through one multiplication of f by 2, the integral and fractional
parts of 2f are respectively:

E(2f) =V, and F(2f) = th2~1... + bj21"

We can therefore repeat the same procedure, of multiplication by 2, to find
successively b), then b}, ... ,bg. The corresponding algorithm is the following:

Algorithm 1.3. Fraction Conversion from base 10 to base 2

% Input: F, fractional part of a decimal number O<F<1
yA k, maximum number of binary bits required for binary fractional part
% Output: string s (up to k bits) representing F in base 2
function s=ConvertFrac10to2(F,k)
s=[ 1 ;
i=1;
while F>0 & i<=k
G=2x*F;
b=£ix(G);
F=G-b;
s=[sbl ;
i=i+1;
end

Note that if f has an infinite representation in base 10, its representation
in base 2 will also be infinite. However, we could have situations where f
is finitely represented in base 10 and infinitely represented in base 2. To
illustrate, consider the following examples.

Example 1.3. Convert (0.25)19 to base 2.

We apply the above algorithm to get successively:

2x025=040.5

2x05=14+0.0

Thus (0.25)10 = (0.01)2. ]

Example 1.4. Convert (0.1)19 to base 2.

Applying the same non-terminating procedure, we have:
2x01=040.2
2x02=04+04
2x04=0+40.8
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2x08=1+0.6
2x06=14+0.2
2x02=04+04
2x04=0+0.8
2x08=1+0.6
2x06=14+0.2

Thus (0.1)19 = (0.0001100110011...)2 = (0.00011)s. [
We end up with an example where both representations are infinite.

Example 1.5. Convert % to base 2.

Let us apply the successive multiplication algorithm to this fraction:

2xi=042

3 i

Of course, base 8 can also be used as an intermediate stage:
(F ()10 = (F(x))s = (F(x))2

By grouping the bits 3 by 3 from left to right, supplying additional zeros
if necessary, then factorizing successively negative powers of 8: 871, 872, ...
one establishes through these steps the following identities:

F(z) = (0127 + 02272 +0327%) + (ba27" + 0527 +0627°) + ...

= (b14 + b2 + b3)871 + <b44 + b52 + b6)872 +..= 01871 + 02872 + ...

We can then have a new version of the successive multiplication by 8 algo-
rithm converting a fractional decimal to octal, followed by a final conversion
to a binary fractional using the table of conversion.

To illustrate, consider the following examples.

Example 1.6. Convert (0.75)19 to base 2, using base 8 as intermediate.

A straightforward application of the procedure above yields: 8 x 0.75 =
6 + 0.00. Hence:

(0.75)10 = (0.6)g = (0.110)3 = (0.11),
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Example 1.7. Convert x = (0.12)19 to base 2, using base 8 as intermediate.
Do not exceed 21 bits for the representation of x in base 2.

Getting 21 bits in base 2 means reaching 7 digits in base 8. Therefore one
only needs to apply 7 successive multiplications by 8. This yields:
8x0.12=0+40.96

8 x0.96 =74 0.68

8 x0.68=5+0.44

8 x0.44 =3+40.52

8 x0.52=4+40.16

8x0.16=1+0.28

8x0.28=2+0.24

Hence (0.12)19 = (0.0753412...)s = (0.000111 101011 100 001 010 ....)s. |

1.3 Conversion from base 2 to base 10

We consider in this section inverse procedures that convert numbers from
base 2 (or 8) to base 10. For a real number z, this is performed as preced-
ingly on the integral part E(x) first, then on the fractional part F(z), Of
course, the successive division and multiplication algorithms can be applied.
However, this would mean dividing or multiplying successively by 10 and
performing the arithmetic operations in base 2 (or 8). Instead, we follow
up a straightforward polynomial evaluation process, with the arithmetic
being performed in base 10. We start by discussing this last issue.

1.3.1 Polynomial evaluation

Consider the polynomial p,(y) of degree n, with real coefficients {a;|i =
0,1...,n} and a, # 0:

on(y) = a0+ a1y + ...+ an,lynf1 +ay" ; yeR

A first way to evaluate p,(y) is by using a straightforward sum of products,
as indicated in the following algorithm:

Algorithm 1.4. Direct Polynomial Evaluation

function p=EvaluatePolyStraight(a,y)
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% Input a=[a(1),...,a(n+1)] and y
% Output Value of p(y)=a(nt+l)*y n+a(n)*y {n-1}+...+a(2)*y+a(1)$
n=length(a)-1;
t=y;p=a(l);
for i=2:n+1
p=pta(i)*t;
t=t*y;
end

This algorithm requires n additions and 2n multiplications.

A more efficient algorithm called Horner’s algorithm, uses nested eval-
uation. One starts by writing the given polynomial in nested form as shown
below:

pr(y) = any"—i—an,lyn_l—i—...—i—aly—i—ao = (any—i-an,l)y"_1+an,2y"_2+...+a1y+a0

= ((any+an—1)y+an—2)y" *+..4+a1y+ao = (((any+an—1)y+an—2)y+a,—3)y" 3. 4a1y+ag
= ((((any + an,l)y + aan)y + an,g)y + ...+ a1)y + ao

This method can be implemented as follows :
Algorithm 1.5. Nested Polynomial Evaluation

% Input a=[a(1),...,a(n+1)] and y
% Output Value of p(y)=a(nt+l)*y n+a(n)*y {n-1}+...+a(2)*y+a(1)$
function p=EvaluatePolyNested(a,y)
n=length(a)-1;
p=a(n+1);
for i=n:-1:1
p=p*y+a(i);
end

Such procedure requires n multiplications and n additions, i.e. a total of 2n
operations, that is 2/3 of the number of arithmetic operations in the pre-
vious algorithm. Thus, to minimize the number of arithmetic calculations,
polynomials should always be expressed in nested form before performing
an evaluation.

Example 1.8. Write f(z) = 52® — 62° + 3z + 1 in nested form.

f(z) =52° — 62> + 3z + 1= ((5a — 6)z +3)z + 1
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1.3.2 Conversion of the integral part
Rewriting identity (1.2) as:
E(x) = bp2M + . 4+ 0124 by = dy10Y + ... 4 d110 + do,

one seeks now to find the sequence {d;} in Sig given the sequence {b;} in
Sy. Indeed, note that E(x) = pas(2), where pys is the polynomial of degree
M given by:

pm(y) = bMyM + ... + b1y + bo.

Hence finding E(z) in base 10 reduces to the evaluation, using decimal
arithmetic of the polynomial pys(y), for y = 2. In case one wants to use the
octals as intermediates, the bits are first grouped 3 by 3 to write E(z) as a
polynomial in powers of 8, based on the table of conversion. That is:

E(z) = o8 4+ ...+ 018 + 09 = q1(8),

where ¢, is a polynomial of degree L given by qr,(y) = ory” + ... + 01y + 0p.
Using decimal arithmetic, one computes then ¢z (y) for y = 8.

Example 1.9. Convert the binary integer D = (01110101110011)y to base
10, using base 8 as intermediate.

We first convert D to base 8 using the table of conversion:
D = (01110101110011)5 = (001110101 110011)s = (16563)s = 1x8*+6x83+5x8%+6x8+3.
Thus, using nested polynomial evaluation, one gets:

D = (((8+ 6)8 +5)8 4 6)8 + 3 = (7539) 0.

1.3.3 Conversion of the fractional part

Given the sequence {b}} € Sy, we seek now the sequence {d;} € Sy, such
that:
Fla)=f=b2"+. . +27" =dj107 + ..+ 1077

Using decimal arithmetic, the evaluation of f is based on the following steps:

f=o27 2t =272 L b))
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that is, using nested polynomial evaluation:

f = 2_lplfl (2)7

where obviously:
po1(y) = Wyt byt b

Clearly then, to use base 8 as an intermediate, through grouping the bits
3 by 3, then referring to the table of conversion, one gets a polynomial
expression in negative powers of 8, specifically:

=08 .+ 8 o8k
Equivalently,
f=8"F08" " + . 4018+ 0) =8 g1 (8),

with gx—1(y) = ojy* L + ... + 0}_,y + 0}.
To illustrate consider the following example.

Example 1.10. Convert the fractional octal f = (0.00111000111)y to base
10. Use base 8 as intermediate.

We start by converting f to base 8, yielding:
f=1(0.1616)g = 1x8 1 +6x8 24 1x8 3 4+6x8 ™4 = 87 (1 x83+6x82+1x8+6)
Through nested evaluation,

8 +6x8 +846=((8+6)8+1)8+6=910.

Thus: 910
—4
= 10 = —— =0.2221
f=87"x910 1096 0 679

1.4 Normalized floating point systems

1.4.1 Introductory concepts

Recall that a standard way to represent a real number in decimal form is
with a sign (4 or -), an integral part, a fractional part and a decimal point
in between, for example: +32.875 or —0.0082.
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Another standard computer notation called the normalized floating point
representation, is obtained by shifting the decimal point and supplying
appropriate powers of 10. Thus the preceding numbers have an alternate
representation respectively as +3.2875 x 10%, or —8.2 x 1073,

In general, a non-zero real number z in the base g is written in the standard
normalized floating point form:

r==xm xp°

where m is called the mantissa, with 1 < m < 8 and e the exponent,
being a positive or negative integer. These parameters are obtained from
(1.1) by writing:

T = :I:(aNBN—i-aN,lBN*l+...+a;,ﬁfp) = j:(aN—i-aN,lB*l—b—...—O—a;B*(p*N)) x gV
where apy # 0, thus leading to
m=ay + aN,lﬁ_l + aN,Q/B_2 + .+ a;ﬁ_(p"'N), and e =N

Remark 1.2. If the number x has a non terminating fractional part, in
some cases the mantissa m can reach the value 3.

For example, consider the following decimal number z:
z =0.9999999... = 9 x 1071 +9 x 1072+ ...
The normalized floating point representation of x is:
r=(94+9x1071+9x 1072+ ..) x 107! =9.99999999... x 101
Thus, the mantissa is infinite with
m=9.9=91+ g5+ + 15 + ) =9y = 10=0

Example 1.11. Base 10, 2 and 8 representations of% in normalized floating
point notations.

1. In the normalized floating point notation, % in base 10 is expressed as

follows: )
3 = (03)10 =33x107%

Thus, in such system, the mantissa m = 3.3 and the exponent ¢ = —1.
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2. However in base 2 (Example 1.5), it becomes:

1 — _
3= (0.01)2 = (0.0101010101...)2 = 1.01010101... x 272 = 1.01 x 272,
i.e. the mantissa is m = 1.01 and the exponent e = —2.

3. Finally, to convert % to base 8:

1
= = (0.010101010101...); = (0.2525...)s = 252 x 8.
where m = 2.52 and e = —1.

Example 1.12. Write the binary number x = (11001.0111)9 in the normal-
ized floating point notation.

z = (11001.0111)5 = 1.10010111 x 2*

Note that every computer system has a finite total capacity and a finite
word length. Numbers used in calculations within a computer system must
conform to the format imposed in that system; only real numbers with a
finite number of digits can be represented, leading then to a strictly limited
degree of precision. Real numbers representable in a computer are called
machine numbers, and are written in a standard format.

A floating point system F consists of machine numbers and is defined
as follows:

Definition 1.1. A normalized floating-point system F = F(8, p, emin, €max)

is the set of all real numbers written in normalized floating point form
x = £ m X B¢ where m is the mantissa of x and e its the exponent , such
that:

1. If ¢ # 0, then m = mo + m1B~ ' + ... + mp,lﬁf(pfl); with m; €
Sﬂa mo 7£ 0, and emin < € < €maz

2. If x = 0, then m = 0, while e could take any value or be selected
according to other criteria.
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The main parameters of a floating-point system F = F (8, p, €min, €maz),
are:

1. The base

2. The number of significant digits p, called the precision of the
system which is a finite positive integer that could be given a specific
value (IEEE systems) or be defined by the user (MATHEMATICA or
MAPLE)

3. The range of the exponent [eyin, €max), With epin < 0 and epax =
|6min‘ + 1

4. A convention for representing zero

Note that since there is a complete symmetry with respect to zero, between
the positive and negative elements of ', we will analyze and prove in what
follows properties of the positive elements only.

Theorem 1.2. Let z € F = F(5,p, €min, €max), With © = + m x ¢ and
x #0.

1. 1<m<p,

2. Tmin < & < Tmax, where
Tmin = Fmin

and

LTmax = (ﬁ - ]-)(1 + ﬁ_l + ...+ ﬂ_p—i_l)ﬁemax < B x [omax,

3. If t =4+m x ¢ € F with Tpmin < T < Tymaz, then the successor of x is

given by
suce(z) = x + BPBC
leading to:
suce(z) =@ _ popi1
x
Proof.

1. The first part of the theorem is obtained straightforwardly from the
definition.



20 N. Nassif and D. Fayyad

2. It is enough to note that the minimum value of m is reached when
ap=1land a; =0, for 1 <i<p—11ie. m =1, while the maximum
is obtained when a; = g — 1 for all 0 < ¢ < p — 1. In this case

m=(B-1)1+1/8+...+1/B)P"") =B(L—(1/B)") < B.

3. As for the third part, if = (mg+m18~ " +... +my_1 8~ P71)) 3¢, then
the successor of z is obtained by adding 1 unit to the least significant
digit of its mantissa, leading to the following identity:

(1.4) succ(z) =z + BPHIBE = (m+ B PH)B°
Thus succ(x) —z = B7PH 3¢ and

suce(x) — _ pptlge _ prtl

(1.5) x m x ¢ m

< ﬂ—P-H

since m > 1. u

Definition 1.2. In a floating point system F (3, p, €min, €max), the system
epsilon or epsilon machine is defined by the parameter €y :

— 1
em = B

Clearly €j; is a measure of the precision of the system, since according to
(1.5) it is a maximum bound on the relative distance between two consec-
utive numbers in F'(8, p, €min, €max). Furthermore, note that equation (1.4)
can be written as:

suce(x) = (m+ B~ Be

from which one concludes that €,; also represents the difference between the
mantissas of two successive positive numbers in F.

As a direct application, we consider the following example:

Example 1.13. Display the elements of the floating point system F =
F(10,3,-2,43).

For non zero numbers, we shall display only the positive elements; the neg-
ative ones being deduced by symmetry.
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Positive numbers in F(10,3,—-2,3)
1.00 x 1072
1.01 x 1072

9.98 x 102
9.99 x 102
1.00 x 1071
1.01 x 1071

9.98 x 10!
9.99 x 101
1.00 x 109
1.01 x 10°

9.98 x 10°
9.99 x 10°
1.00 x 10*
1.01 x 10!

9.98 x 10!
9.99 x 10!
1.00 x 10°
1.01 x 102

9.98 x 102
9.99 x 102
1.00 x 103
1.01 x 103

9.98 x 103
9.99 x 103

In this decimal floating point system, the following parameters in [F are easily
computed:

e Tnin = 1.00 x 1072
® Tpax = 9.99 x 103

e )y =1072 =0.01.
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e To represent zero, one might consider +0. For that purpose, we adopt
a convention whereby %0 is represented by a 0 mantissa, regardless of
the exponent. Therefore zero € F(10,3,—1,2), and it is represented
by + 0.00 x 10¢ for any value of e.

e The total number of elements in F', is

card(F) =2 x [(9 x 10%) x 6] + 2 = 10802

Moreover, the absolute distances between 2 successive or neighbouring float-
ing point numbers in F, increase and are computed as follows:

‘ Interval ‘ Neighboring numbers distance

[1072,1071) em x 1072 =10"%
[10-1,1) ey x 1071 =107
[1,10%) e x 100 =102 =€),
[10%,10%) em x 100 =1071
[10%,10%) em x 102 =1
[103,10%) e x 103 =10

]
These results can be generalized and extended to any floating point system
F = F(B8,p, €min, €maz)- Absolute distances decrease towards zero, on in-
tervals that are subset of (0,3) and in contrast these distances increase on
intervals in [, Tymqz] towards ez, with

max |z —succ(x)| < epr,
z€(—B,+B)NF

We note also that the e-machine e); = 8P being the smallest upper bound
of relative distances in F coincides with the smallest absolute distance
between successive points only on the interval [1,3). The following table
summarizes such fact.
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‘ Interval ‘ Neighboring numbers distance

[1/8°,1/6%) R
[1/8%,1/8) gt
[1/8,8) BP
[Lﬁ) B—p-‘rl = €M
18, 5°) g2
6%, 8°) gt

Thus, when computing in F, criteria for “numerical convergence” should be
preferably established in terms of relative errors and not absolute ones.

1.4.2 IEEE floating point systems

A computer operating in binary normalized floating point mode represents
numbers as described earlier except for the limitation imposed by the finite
word length. In this section, we shall describe the internal representation
and storage of numbers for IEEE floating point systems. Addressable
words of 4 bytes (32 bits or digits) and 8 bytes (64 bits) are used respectively
in single and double precision floating point systems referred to as Fy and Fy.
In what follows, we analyze some properties of these systems successively.

1. IEEE single precision floating point system
By single-precision TEEE floating point numbers, we mean all ac-
ceptable numbers belonging to the normalized floating point system
Fs=F(2,24,—126,+127), where a non zero word z of 4 bytes is orga-
nized as follows:

z=2(1.f)g x 2° = (=1)f(1.f)y x 207127

4 bytes, a total of 32 bits
t sign | biased exponent ¢ | f part of mantissa m
1 bit 8 bits 23 bits

figure 2. A word of 4 bytes in IEEE single precision.

Remark 1.3.

(i) In Fy, if  # 0, the 1%t bit in the mantissa is always 1, so that
this bit does not have to be stored. The stored mantissa consists
of the rightmost 23 bits and contains the fractional part f with an
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understood binary point. So the mantissa actually corresponds to 24
binary digits since there is a hidden bit. Moreover, the mantissa of
each non zero positive number is restricted by the mantissas of ,,;n
and Ty,q., satisfying the following inequality:

1.000...000 < (1.f)s < 1.111....11

(ii) In order to store positive numbers only, the biased exponent ¢
is introduced, with e = ¢ — 127. The values of ¢ in Fg are bounded as
follows:

(0)10 = (00 000 000)3 < ¢ < (11 111 111)5 = (255)10

The values ¢ = 0 and ¢ = 255 are reserved for special machine numbers
obtained in calculations, that are not elements of Fg. Thus, the value
¢ = 0 is reserved for +0 and the subnormal or denormalized num-
bers (in case of underflow in the computations), while the value ¢ =
255 includes oo (in case of overflow in the computations) and “un-
defined” NaN numbers as for example: 0/0,00/00, 24/xq,00 — 00, ....
The sign of Nan has no meaning, but it may be predictable in some
circumstances; most applications (as MATLAB for example) ignore its
sign , and place such elements by ”sort functions” at the high end of
positive numbers. Note also that once generated, a NaN propagates
through all subsequent computations.

The value of the biased exponent ¢ in Fy, Vo # 0, is thus strictly
restricted by the inequality:

(1)10 = (00 000 001)2 < ¢ < (11 111 110)2 = (254)10
or equivalently
—126 <e < 4127.

Recalling that a ”machine number” is any number representable within
a system, we may extend Definition 1.1 as follows:

Definition 1.3. Let x be a machine number in Fs(2,24, —126,+127),
where the biased exponent ¢ = e + 127, then:

(a) 1 <c<254ie —126 <e <127: 2 = (—1)}(1.f) x 267127,
Moreover, if t =1 then x < 0 and if t = 0 then x > 0.

(b) ¢ = 0: this value is reserved for special number representations of
0 and de-normalized numbers defined as follows:
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- The case ¢ = f =0 is reserved for the zeros, where |x| = 0. By
convention we write x = £0
- The case ¢ = 0, and f # 0, is used to fill the gap between
0 and Tumin, (07 —Tmin, and 0), with de-normalized numbers.
By convention, we write v = xq = +0.f x 27126,

(c) ¢ = 255: this value of ¢ is reserved for special number represen-
tations of £o0o and NaN numbers defined as follows:
- The case ¢ = 255 and f = 0 represents by convention r = +00.
- The case ¢ = 255 and f # 0 represents by convention, “Not a
Number” written as x = NaN.

Some machine numbers of the system F; are displayed in the following

2 tables.
¢ Number Representation
in F(2,24,-126,127)
c=0 0 0.00...00
c=1 Tnin 1.00..00 x 2126
c=127 1 1.00..00 x 2°
c=254 Tmax 1.11...11 x 2127
c f e=c—127 m | Number being represented
0 0 Not Applicable | 0.0 +0
0 # 0 | Not Applicable | 0.f (=1)(0.£)27 126
[0<c<255|any [ —127<e <128 [ 1.f | (—1)(L.f)2e 127
255 0 Not Applicable | 1.0 +o0
255 #0 | Not Applicable | 1.f NaN (Not a Number)

Table 1. Values in IEEE - simple precision system.

We can next give the basic parameters of Fj.

Parameter Expression(base 2) Decimal value
Tmin 2126 1.175494 x 10738
Tmax (1.1...1)9 x 2127 = 2128(1 — 2724) | 3.402824 x 10%®

€M 2—23 1.192093 x 107
p 24=23+implicit bit ~ 7
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Note that the machine epsilon ey = (272)y; = (2172%), < (2 x
107 ")19 < (10'7)19. This implies that in a simple computation in
base 10, approximately 7 significant decimal digits of accuracy may be
obtained in single precision.

When more precision is needed, double precision can be used, in
which case each double precision floating number is stored in 2 com-
puter words in memory.

. IEEE double precision floating point system

Definition 1.1 is also extended to define the IEEE double precision sys-
tem Fy = F(2,53,—1022,1023), where a non zero number in standard
floating point representation corresponds to:

= 4(1.f)g x 2° = (=1)(1.f)g x 2671023

where e = ¢—1023, with the biased exponent ¢ verifying: 1 < ¢ < 2046.
The system Fy uses a word of 8 bytes organized as follows.

8 bytes, a total of 64 bits
t sign | biased exponent ¢ | f part of mantissa m
1 bit 11 bits 52 bits

figure 3. A word of 8 bytes for IEEE double precision.

On the basis of the concepts explained above for Fy, the number system
F4 is displayed in the following table:

c f e=c—1023 m | Number being represented
0 0 Not Applicable 0.0 +0
0 #0 | Not Applicable | 0.f (=1)%(0.f)2-1022
[0<c<2047 [ any [ 1023 < e < 1024 | L.f | (—1)f(1.f)2c 1028
2047 0 Not Applicable 1.0 +o00
2047 #0 | Not Applicable | 1.f NaN (Not a Number)

Table 2. Values in IEEE - double precision system.

The basic parameters for Iy are displayed then, as follows:

Parameter Expression(base 2) Decimal value
Tmin 21022 2.2250738507201 x 10308
Tmax (1.1...1)9 x 21023 = 210241 _9-53) | 1.79769313486231 x 10308
eM 252 2.220446049250313 x 10~16
p 53=>52+implicit bit ~ 16
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The machine epsilon €3 ~ 2792 ~ 2.2 x 10716 < 10716, This implies
that in a double computation approximately 16 significant decimal
digits of precision are available.

Remark 1.4. In the process of representing machine numbers in Fg
or By, it could be convenient to use the hexadecimal symbols (base
16) to get a more “compact” form of the storage. The symbols A, B, C,
D, E, F represent 10, 11, 12, 13, 14, and 15 respectively, as displayed
in the following table of equivalences:

Hezadecimal 0 1 2 3 4 5 6 7 8 9

Binary 0000 | 0001 | 0010 | 0011 | 0100 | 0101 | 0110 | 0111 | 1000 | 1001

Hexadecimal A B C D E F
Binary 1010 | 1011 | 1100 | 1101 | 1110 | 1111

Representing then machine binary numbers with hexadecimal symbols
is particularly easy. We need only regroup the binary digits from groups
of 8 (as required in the octal system), to groups of 4. Note that the
reverse procedure is also used.

Example 1.14. Determine the hexadecimal representation of the dec-
imal number d = —52.234375 in both single precision and double pre-
ciston.

We start by converting the given number to binary, then normalize it:

[ ] E(x):(52)10 = (64)8 = (110 100)2
o F(x)=(0.234375)19 = (0.17)s = (0.001 111),

o Therefore:
(52.234375)19 = (110 100.001 111)3 = (1.101 000 011 110 ) x 2°

In Fs(2,24,—126,4127):

- The normalized mantissa of d is m=1.101 000 011 110

- The exponent of d is e = (5)10 = ¢ — 127 implying that the biased
exponent is ¢ = (132)19 = (204)g = (10 000 100)s

The single precision machine representation of d is then:

[1100 0010 0101 0000 1111 0000 0000 0000]2 = [C250F000]16
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In Fy(2,53,—1022,41023):

- The normalized mantissa of d is m= 1.101 000 011 110

- The exponent of d is e = (5)10 = ¢ — 1023, and the biased exponent
is therefore ¢ = (1028)19 = (2004)g = (10 000 000 100)2

The double precision machine representation of d is:

[1100 0000 0100 1010 0001 1110 0000 ... 00 00]s = [C'04A1FE0000000000]16

Example 1.15. Determine the binary number x in Fy that corre-
sponds to [A5DFE4000]1¢, then find its decimal representation.
The 32 bits string representation of x is:

[01000101110111100100000000000000]2

The biased exponent is ¢ = (10 001 011)y = (213)s = (139)19, so
e =139 — 127 = 12 Therefore:

(z)2 = +(1.101 111 001)y x 2!

1.4.3 De-normalized Numbers in MATLAB

Default formats for numbers in MATLAB is IEEE double precision. One can
easily check out the de-normalized numbers in the system, as indicated
through the following set of commands.

realmin %2~ (-1022)
ans =

2.2251e-308
>> 0.5%27(-1022)
ans =

1.1125e-308
>> 0.25%2"(-1022)
ans =

5.5627e-309
>> 0.125%2~(-1022)
ans =

2.7813e-309
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1.4.4 Rounding errors in floating point representation of num-
bers

Consider a general floating point system F = F(3, p, €min, €max), With 8 > 2.
For all z € R with i < |2| < Zimae, and z € F, we seek for a procedure
leading to the representation of z in F. The process of replacing x by its
nearest representative element in F is called correctly rounding, and the
error involved in this approximation is called roundoff error. We want to
estimate how large it can be.

For such z, there exist x1 and xo = succ(zy), with 21,22 € F, such that z1 <
T < x9.

Definition 1.4. The floating point representation of x inF is an application
fl: R = F, such that fl(x) = z1 or fl(z) = zo following one of the rounding
procedures defined below.

1. Rounding by Chopping;:
flo(x) = 1, if x > 0, (and flo(z) = 22, if x < 0)
(i.e. flo(x) is obtained by simply dropping the excess of digits in x)

2. Rounding to the closest:
(a) flp(x) =1 if [ — 21| < |z — 22
(b) flp(x) = 22 if |[# — 32| < |w — a1
Remark 1.5. Let © = (1.b1..bagbaabos...)2 .Rounding z in Fs to the closest
stands as follows:
o Ifbyy =0, then fly(x) = z1.
o Ifbyy =1 then fly(x) = z2.
Proof. To obtain this result, based on the definition above, simply note
that if
21 = (1 b1ba...ba3)2¢, and xo = succ(r1) = 21 + (2723)26
then the midpoint of the line segment [z1,x2] is

1+ a2

5 =x1 + (2724)28 =1-b1...bo31; (J,'M ¢ F)

Tm

|
Consequently, since in the general case xp; = (z + ’37;“ x (3¢) is the mid-

point of the line segment [z, succ(x)], one easily verifies the following result
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graphically:

Theorem 1.3. Let x € R and © € F = F(B,D, €min; Emaz ), With Tmin <
|z| < Timas - Then:

—p+1
2

flp(x) = flo(z + x (%)

Example 1.16. Let x = (13.14)19. Find the internal representation of x
using IEEE single precision notation, (rounding to the closest if needed).
Find then the hexadecimal representation of x.

As a first step we convert z to a binary number:
x = (1101.001000111101011100001010001111...)9
We next normalize the number obtained:
2 = (1.101001000111101011100001010001111...)5 x 23
Hence, the 2 successive numbers x1 and xo of Iy are:
21 = (1.10100100011110101110000)9 x 23

x93 = (1.10100100011110101110001)5 x 23

Obviously, rounding x to the closest gives fl,(x) = x2.
Note also that e = 3 and ¢ = (130)19 = (10000010)s5.
Hence, the machine number in F; is as follows:

4 bytes = 32 bits

t c f
0 | 10000010 | 10100100011110101110001

or also equivalently:

01000001010100100011110101110001

with hexadecimal representation:
[41523D71]

Remark 1.6.
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Note that to round z < 0, we could apply the above procedures to |z| first,
then multiply the result obtained by -1. [
We turn now to the error that can occur when we attempt to represent
a given real number x in F. As for relative error estimates we have the
following.

Proposition 1.1. Let x € R with © ¢ F = F(5,D, €min, €max) 0nd Tmin <
|x| < Tmax. Then, the representations of x in F verify the following relative
error estimates:

4 le=flo(@)

2] < €M,

where ey = B7PTL is the epsilon machine of the system.

Proof. Without loss of generality, we shall prove the above properties
for positive numbers. Let z1 and x9 be in F( 8, p, €min, €max), such that

1 < ¥ < x9 = succ(r).

Then,
T2 — X1
|z — flo(z)| < (z2 — 1) and |z — fly(z)| < %
Furthermore, given that x; < «x, the estimates of the proposition are obvi-
ously verified since in both cases “TT“ <eum. [

Remark 1.7. Note that Proposition 1.1 can be summarized by the following
estimate:

%<uwher€u:
ps <

{ e, if fl= flo
em/2, if fl= flp

This inequality can also be expressed in the more useful form:
(1.6) fl(z) = x(1 + 0) where |§] < u

To see that, simply let § = %)_I Obviously |0] < wu, with fl(z) yielding
the required result.
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Remark 1.8. When computing a mathematical entity E € R ( for example,
E=r, V2, In 2,..) up to r decimal figures, one seeks an approzimation
E to E such that E € F( 10,7, emin, €max), @ user floating-point system with
a base of 10 and r significant digits. A rounding procedure to the closest

would yield E satisfying the following error estimate:

To illustrate, we give some examples.

Example 1.17. 1. Consider E = m = 3.14159265358979... € R. In
seeking for the representative E of m € F = F(10,6, emin, €max), we
first look for 2 successive numbers x1 and xo in F such that

J;1§E§x2.

Obviously x1 = 3.14159 and zo = 3.14160. Rounding to the closest
would select E = 3.14159, with

B~ B
|E]

|29 — 21

1 , , ,
3 = 1.59155077526x 1076 < 10176 = 5x107% =
1

IN
N | —

2. Similarly, E = 1.4142136 approzimates E = \/2 up to 8 significant
figures. Since

x1 = 1.4142135 < V2 = 1.414213562373095... < 9 = 1.4142136

and
— .071 2
le2 — ] _ TOTIO6T628 s _ 35 4 107 < 0.5 x 1015 = .
2.’1}1 2
1.5 Floating Point Operations
For a given arithmetic operation - = {+, —, X, +} in R, we define respectively

in F the floating point operations: ©® = {®,0,®, @}, i.e.
O :FxF—-F

Each of these operations is called a flop and according to IEEE standards,
is designed as follows.

€M
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Definition 1.5. In the standards of floating point operations in IEEE con-
vention:
Ve andy € F, x Oy = fl(z - y).

This definition together with (1.6) leads to the following estimate:
zOy=(r-y)(1+90), with || < u,

where u = ejs or u = %, depending on the chosen rounding procedure.
Practically, Definition 1.5 means that x ® y is computed according to the
following steps:

e 15 correctlyin Ras = - y
e 27: normalizing in F
e 3% rounding in F
Under this procedure, the relative error will not exceed wu.
Remark 1.9. : Let z,y € F = F(8,D, emin, €maz)-
r@dy=fllz+y)=(x+y)(1+5) =2(1+0)+y(l+9)

meaning that x @y is not precisely (x + y), but is the sum of x(1+ §) and
y(1 4+ 6), or also that it is the exact sum of a slightly perturbed x and a
slightly perturbed vy.

Example 1.18. If x, y, and z are numbers in Fy, what upper bound can be
given for the relative roundoff error in computing z® (z®y), with (fl = fl,).
In the computer, the innermost calculation of (x + y) will be done first:

fllz+y) = (@+y)(1+6) [0 <27
Therefore:
fllzfliz+y)] =z fl(z +y)(1 4 83) , |6a] <27
Putting both equations together, we have:
fllz fl(z+y)] = 2(z+y) (1+61) (1+62) = 2(24y) (14+01+0240102) = z(a+y)(1+01+82) = z(z+y)(1+0),

where 6 = 61 + 9.
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In this calculation, we neglect |§1d5] < 2748, Moreover, 6| = |§1 + J2| <
|61] + [02] <272 42724 = 2723 »

Although rounding errors are usually small, their accumulation in long and
complex computations may give rise to unexpected wrong results, as shown
in the following example:

Example 1.19. [24], p.7 Consider the following sequence of numbers:

29 =2, Zni1 = 2"*1/2\/1 —V/1—417m22, n =23, ...

It can be proved that this sequence theoretically converges to m = 3.141592653589793.

But when MATLAB is used to compute z,, the relative error between m and z,
decreases till nearly the 16t
errors”. These results are partly summarized in the table below.

iteration, then grows vastly because of roundoff

i 2 | 6 | 16
z | 2.000000000000000 | ....... 3.136548490545931 | ....... 3.141592654807589
|2 oot | ... o103 | ... 0(10719)
i 28 | 30
Zi | e 3.162277660168379 | ....... 4.000000000000000
Elie o103 | .. O(1071)
|

We look now for specific problems caused by rounding errors propagation.

1.5.1 Algebraic properties in floating point operations

Since F is a proper subset of R, elementary algebraic operations on floating
point numbers do not satisfy all the properties of analogous operations in
R.

To illustrate, let z, y, z € F. The floating point arithmetic operations verify
the following properties. :

1. Floating point addition is commutative in F

r@y=fllx+y) = flly+z)=yu,
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2. Floating point multiplication is commutative in F

TRQY=yYRx

3. Floating point addition is not associative in F

(r@y)©2Zrd(yd2)

4. Floating point multiplication is not associative in F

(rey)©zZr (Yo 2)

5. Floating point multiplication is not distributive with respect floating
point addition in F

TR (Ydz)#(rRY) D (z® 2),

Example 1.20. Let x = 3.417 x 10°, y = 8.513 x 10°, z = 4.181 x 10° €
F(10,4,—2,2). Verify that addition is not associative in F.

r@y=1193 x 10! and (x © y) ® z = 1.611 x 10,

while: y @ z = 1.269 x 10 and = ® (y @ 2) = 1.610 x 10*. [
Particularly, associativity is violated whenever a situation of overflow occurs
as in the following example.

Example 1.21. Let a =1 %1039 | b = 1.01 * 103%® and ¢ = —1.001 x 1038
be 3 floating point numbers in Fp expressed in their decimal form.

a®(b®c)=1%10% g 0.009 * 103°® = 1.009 * 10%°®

while
(a@b)®c=c0

since (a @ b) = 2.01 % 103%® = 00 > Typer =~ 1.798 % 10308 in Fp [

1.5.2 The problem of absorption

Let x, y be two non-zero positive numbers € Fg, with

T =My X 2y =my X 2%,
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Assume y < x, so that:
T4y = (mgy+my x 2% ) x 2%,
Clearly, since m, < 2, if also e — e; < —25, then
T4y < (mg+2724) x 2% = (z + suce(x))/2.
Hence using fl = fl,, one gets:
z®y = flz+y) ==z,

although y # 0. In such situation, we say that y is absorbed by x.

Definition 1.6. (Absorption Phenomena) Let x,y € F(3,p, €min, €max); Y
is said to be absorbed by x, if xt Dy = x.

Example 1.22. Consider the sum of n decreasing positive numbers {x;|i =
L,.n}, with xy > xa > ... > @y > Tig1 > ... > Ty, and let S, = Y1 a;.
There are two obvious ways to program this finite series; by increasing or
decreasing index. The corresponding algorithms are as follows:

Algorithm 1.6. Harmonic series evaluation by increasing indices

% Input : x=[x(1),...,x(@0)]
% Output : sum of all components of x by Increasing index
function S=suml(x)
S=0 ;
n=length(x) ;
for i=1:n
S=S+x(1)
end

which leads then for example for n = 4 to the floating point number

S1=(((z1 ® z2) ® x3) B x4).

Algorithm 1.7. Harmonic series evaluation by decreasing indices

function S=sum2(x)
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% Input x=[x(1),...,x(n)]

% Output : sum of all components of x by Decreasing index
S=0 ;

n=length(x) ;

for i=n:-1:1

S=S+x (1)

end

which gives for n = 4, the floating point number
Sy = (((z4 © 73) © 12) © 11)

Obviously, S1 # S2 and Sy is more accurate than Sy that favors the absorp-
tion phenomena .

Example 1.23. Consider the following sequence of numbers in F (10,4, —3, 3),
21 = 9.999%10°, 29 = 9.999x 107!, 23 = 9.999x 1072 and x4 = 9.999x1073.

The exact value of Z?Zl z; is 11.108899 = 1.1108899 x 10'. Using rounding
by chopping for example, the first algorithm would give 1.108 x 10! while
the second provides 1.110 x 10'! n

1.5.3 The problem of Cancellation or Loss of precision

The problem of cancellation occurs when subtracting two positive floating-
point numbers of almost equal amplitude. To start, consider the following
example.

Example 1.24. Let x1, 2o € F (10,5, —3,3). To subtract x5 = 8.5478 x 103
from 1 = 8.5489 x 103, the operation is done in two steps:

x1 8.5489 x 103

z9 8.5478 x 103

T1 — To= 0.0011 x 103
Normalized result | 1.1000 x 10°

Hence the result appears to belong to a new floating-point system F( 10,2, —3, 3)
that is less precise (p = 2) than the original one (p = 5). We are experiencing
the phenomenon of Cancellation that causes loss of significant figures

in floating-point computation. This can be summarized by the following
proposition.
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Proposition 1.2. Let z,y € F = F(8,p, €min, €max). Assume x and y are
two numbers of the same sign and the same order, (|z|,|y| = O(B8%)). Then
there exists k > 0, such that x — y is represented in a less precise floating
point system F(8,p — k, emin, €max)-

Proof. Assume the two numbers z and y are expressed as follows.
z=(ap+ a1 4 .. FapB 4+ .+ a1 fPTY) x B¢

and

y=(ay+ad\B +. . +a B+ . +a,_ BPT) x B
with a; = a} for i <k —1 < p— 1. It is obvious that:
z—y = ((ag —a})B7F+ ... + (ap—1 — a;71)67p+1) x B¢ = (cxB7F + ... +
Cpflﬁ_p—Fl) X Be
Hence: x —y = (¢x + ... + cp_lﬂ_(p_k_l)) x B¢ with ¢ # 0
Consequently, z — y is represented in a system which precisionisp — k. =

Example 1.25. Alternate series and the phenomenon of cancella-
tion.

Consider the example of computing exp(—a), a > 0. For that purpose, we
choose one of the following alternatives:

1. A straightforward application of the Taylor’s series representation of

exp(x), giving for = —a, an alternating series:
2 3 4 n
a® @’ a a

2. On the other hand, computing first exp(a) for @ > 0, using the same
series representation, which however has all its terms positive,

2 3 4 n
a a a a
(1.8) exp(a)=1+a+a+§+ﬂ+...+ﬁ+...,

followed up by an inverse operation:

(1.9) exp(—a) = 1/ exp(a).
would yield more accurate results.

Computing with the first power series for large negative values of a, leads
to drastic cancellation phenomena, while the second alternative provides
accurate results as the following example indicates.
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Example 1.26. Consider the computation of exp(—20) which exact value
is 2.061153622438558 x 10~°.

If the implementation is done in MATLAB which uses double precision IEEE
formats, using successively the following algorithms:

Algorithm 1.8. Implementing ¢*: alternative 1

function y=myexp (x)

t01=0.5%10"(-16);

y=1;

k=1;

T=x;

while abs(T)/y>tol;
y=y+T;k=k+1;T=T*x/k;

end

A second alternative would be to compute el*!, then use for z < 0: e* =
1/elel.

Algorithm 1.9. Implementing e”: alternative 2

function y=myexp(x)

t01=0.5%10"(-16);

y=1;

k=1;

v=abs (x) ;

T=v;

while abs(T)/y>tol;
y=y+T;k=k+1;T=T*v/k;

end

if x<0
y=1/y;

end

The results came as follows.

First alternative (1.7) Value

—-19

Second alternative (1.9) Value
2.061153622438558 x 10~

Another example deals with the computation of the roots of a quadratic
equation.
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Example 1.27. Consider the computation of the roots of x> + 2bx +c =0,
where ¢ is a positive number "much smaller” than b2.

There are 2 ways for handling the numerical computation of the solutions
to this obvious problem.

1. A straightforward application of the well-known formulae:

(1.10) T1=-b— Vb —cx-2b; z9=-b+ Vb —c=0.

There is obviously in this way, loss of significant figures when comput-
ing s

2. However, computing first x; then using

C
1.11 -
(1.11) T2 =

would not result in loss of digits.

1.6 Computing in a floating point system

Clearly in normalized floating point systems F = F'(5, p, €min, €maz ), NO irra-
tional nor rational numbers that do not fit the finite format imposed by the
computer can be represented, neither too large nor too small real numbers
are. Thus the effective number system for a computer is not a continuum,
but rather a non uniformly distributed finite subset of the rational num-
bers, i.e a “strange” set of rational numbers with irregular gaps. The total
number of elements in F is easily computed and is given by:

(1.12) card(F) = 2(8 — 1)(8)"  (emaz — €min + 1) + 2

Note that this count excludes the de-normalized numbers, but includes 40.
In what follows, we analyze particularly some cardinality and distribution
properties of floating point systems F, where the exponents are such that
€max = |eémin| + 1, as for example the cases of the IEEE single and double
precision systems Fy and Fy.
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1.6.1 Cardinality and distribution of special Floating- point
System

Let F = F(2,p, Enin, Pmax), With Eyax = |Emin| + 1, and Epi, < 0. Note
that
card(F) = 2 * card(Fy) + 2,

where F is the set of all non zero positive elements of F. Based on (1.12),
it can be easily shown that:

card(Fy) = 2P (Fpax + | Bain| + 1).
Hence:
Np = card(F) = 2°(Fyax + |Emin| + 1) + 2
Since also Fyax = |Emin| + 1, then:

Np = 2p(2Emax) +2= 2p+1(EmaX) +2.

On the other hand, if we consider now Fy, the subset of non zero elements
of F defined as follows:

Fo = {.%’GF|$I:|:1f X 26, FEopnm<e< 0}

one finds that:
Np, = card(Fo) = 2P (Emnax)

since in that case the number of different values taken by the exponent in F
is
|Emzn| +1= Emaw

Note now that Np, represents half of the total of the non zero elements of
I, since:

Ng, % (Emax) 1

1.13 — _ o
(1.13) Np—2 207 (Epa) 2

This leads to the following proposition:

Proposition 1.3. In a Floating point system F(2, p, Emin, Fmax), With Frax =
| Enin| + 1, half of the non zero floating-point numbers are located in the in-
terval (—2,2) with the other half located in [—Zmax, —2] U [2, Zmax]-

Proof. This follows from formula (1.13). |

It is also worth noting that all floating point numbers +1.f x 2¢ become
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integers for e > p — 1. These facts are visualized in the simulation that
follows in next section.

1.6.2 A MATLAB simulation of a floating-point system

The following function generates the non-negative numbers of a floating-
point system F(b, p, emin, emazx).

Algorithm 1.10. Simulation of a floating-point system

function x=float_v(b,p,emin,emax)

x=[1;

epsm=b~ (-p+1);

M=1:epsm:b-epsm;

E=1;

for e=0:emax

x=[x MxE];
E=bx*E;

end

E=1/b;

for e=-1:-1:emin

x=[M*E x];
E=E/b;

end

x=[0 x];

As a result, we plot the distribution of non-negative numbers of F(2,4, —6,7),

1

0.5}
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and those of F (2,3,—-3,4)
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1.6.3 Tips for floating point computation

To conclude, we may set an ensemble of rules that could avoid situations
where accuracy can be jeopardized by the propagation of rounding errors
through all type of floating-point operations and more particularly through
absorption and cancellation. Finite precision arithmetic requests when pro-
gramming some safeguarding habits. For example:

1. Scale the problem if possible to have its parameters on intervals with
high “density” of floating-point numbers.

2. Seek always algorithms that would solve numerically a problem with
the least number of flops.

3. Use Taylor’s series expansions.
4. Avoid using alternating series.

5. Sum up positive elements of a series by adding from the smallest to
the largest.

6. Rationalize expressions.

7. Use trigonometric identities
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1.7 Exercises

1. Find the binary representation of the following numbers. Check the
results by reconverting them to decimals.

~ (2.718)10

3. Convert the following binaries to octal and then to decimal numbers.

(a) (110 111 001.101 011 101),
(b) (1001 100 101.011 01),

4. Convert the following numbers as required.

(a) (100 101 101)2 = ( )s = ( )10
(b) (0.782)19 = ( )s = ( )2
(c) (47)10=( )8 = ( )2
(d) (0.47)10 = ( )s = ( )2
(e) (51)10 = ( )s = ( )2
(f) (0.694)10 = ( )s = ( )2
(g) (110 011.111 010 110 110 1) = ( )s = ( )10
(h) (351.4)g = ( )2 = ( )10
) (

(i

5. Convert z = (0.6)19 first to octal and then to binary. Check your
result by converting directly to binary.

45753.127664)5 = ( )2 = ( )10
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6. Prove that the decimal number % cannot be represented by a finite

expansion in the binary system.

7. Prove that a real number has a finite representation in the binary
number system if and only if it is of the form £m/2", where n and m
are positive integers.

8. Prove that any number that has a finite representation in the binary
system must have a finite representation in the decimal system.

9. Display the positive elements of the floating point system F = F(2,3, -2, +3).
Determine the cardinality of F.

10. Determine the IEEE single precision representation of the decimal num-
ber 64.015625.

11. Determine the IEEE single and double precision representations of the
following decimal numbers:

-9876.54321
0.236375
294.78125
54.37109375
-285.75

(1) 1072

)
)
)
)
(e)
(f) +0.0, -0.0
)
)
)
)
)

12. Which of these are machine numbers on the IEEE single precision sys-
tem?
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(e) 1/256
(f) 2% +2°7
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13. Identify the floating-point numbers corresponding to the following bit

strings in the IEEE single precision system:

(a) 0 00000000 00000000000000000000000
(b) 1 00000000 00000000000000000000000
(¢c) 011111111 11111111111111111111111
(d) 111111111 11111111111111111111111
(e) 000000001 00000000000000000000000
(f) 0 10000001 01100000000000000000000
g) 001111111 00000000000000000000000

)

(
(h) 001111011 10011001100110011001101

14. In the IEEE single precision system, what are the bit-string representa-

tion for the following sub-normal numbers?

(a) 2—127 + 2—129
(b) 2—127 + 2—145
(C) 2—127 + 2—130

149 —
(d) k=127 2 g

15. Determine the decimal numbers that have the following IEEE single

precision system representations:
(a
(b
(c
(d
(e
(f
(8
(h
(i
(J

[3F27E520]16
[C A3F2900]
[CT05A700]
[494F96.A0] 1
[4B187ABC) 14
[45223000] 16
[45607000] 16
[(C553E100] 16
[437F0001]1
[LALALA1A] g

~— — Y N~ N~ T
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Convert the greatest positive element in Single precision to an octal
number ”70” and write it in normalized floating point notation. Con-
vert then the resulting ”0” to a decimal number ”d” and write it in
normalized floating point notation.

Find a method for computing f(z) = v/x + 4 — 2 accurately when z is
small?

What is a good way to compute values of the function f(z) =e* —e if
full machine precision is needed? Note: There is difficulty when z = 1.

What problem could the following assignment statement cause?
y<+1—sinz
Circumvent it without resorting to a Taylor series if possible.

Find a method for computing

1
y < —(sinh 2 — tanh x)
x

that avoids loss of significance when z is small. Find appropriate
identities to solve this problem without using Taylor series.

For some values of z, the assignment statement y < 1—cos x involves a
difficulty. What is it, what values of x are involved, and what remedy
do you propose?

For some values of z, the function f(x) = vz?+ 1 — x cannot be
accurately computed by using this formula. Explain and find a way
around the difficulty.

The inverse hyperbolic sine is given by f(z) = In(z + vz2 + 1). Show
how to avoid loss of significance in computing f(x) when x is negative.
Hint: Find and exploit the relationship between f(x) and f(—z).

Criticize and recode the assignment statement z < va* +4 — 2 as-
suming that z will sometimes be needed for an x close to zero.

How can values of the function f(z) = vz +2 — \/z be computed
accurately when z is large?

Find a way to calculate f(x) = (cosx—e™%)/sin x correctly. Determine
£(0.008) correctly to ten decimal places (rounded).
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29.

30.

31.
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(a) Find limg—o f(z)
(b) Use 3-digit rounding to the closest arithmetic to evaluate f(0.1).
(c) Replace each exponential function with its 3rd MacLaurin poly-

nomial and repeat part (b).

(d) The actual value is £(0.1) = 2.003335000. Find the relative error
for the values obtained in parts (b) and (c).

Write a function procedure that returns accurate values of the hyper-
bolic tangent function

et —e "

tanhy = ———
et +e 7T

for all values of . Notice the difficulty when |z| < 3.

Find ways to compute these functions without serious loss of significant
figures:

(a —sinx — cosx

) xT
(b) In(z) —

c) og:v—log(l/x)
)

)

(
(d) 27 2(sinz —e® + 1)

(e) arctanhx — x

Suppose that two points (xg,y0) and (x1,y;1) are on a straight line
(L), with y1 # yo. To find the x-intercept of (L), two formulas are
available:

ToYy1 — T1Yo
=———"—ander=2y— ———
Y1 — Yo Y1 — Yo
Let (zo,y0) = (1.31,3.24) and (z1,y1) = (1.93,4.76). Use 4-digit
rounding to the closest arithmetic to compute the x-intercept both
ways. Which method gives more accuracy ? Justify.

The Taylor polynomial of degree n for f(z) =e"is ) f—: Use the
Taylor polynomial of degree 4 and three-digit chopping arithmetic to
find an approximation to e~ by each of the following methods:
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(a) e5 =38, U

(b) e’ = e% = 81 57
i=0

(c) An approximate value of e~® correct to three digits is 6.74 x 1073.

Which formula (a) or (b) gives the most accuracy ? Justify your
answer.

32. Let
f(z) = 1.01e* — 4.62¢3" — 3.11%* 4 12.2¢° — 1.99

(a) Use rounding to the closest with a precision p = 3 to evaluate
f(1.53) considering that 53 = 4.62

(b) Redo the calculations in part (a) using the Polynomial Nesting
technique described in section 1.3.1.

(c) Compute the absolute and relative errors in parts (b) and (c) if
the true 3-digit result f(1.53) = —7.61.
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1.8 Computer Projects
Exercise 1 : Conversion: Decimal - Binary
1. Write a MATLAB function:
function [Ibase2, Fbase2, b] = Convert10to2(d, k)

which takes as input a non zero decimal number d and a positive
integer k and converts d to a binary number b up to k fractional digits.
Your function should output the 2 vectors Ibase2 and Fbase2 that
represent respectively the integral and fractional parts of b, and the
binary number b displayed with its sign and its integral and fractional
parts.

2. Write a MATLAB function:
function [Ibasel0, Fbasel0, d] = Convert2tol10(Ibase2, Fbase2)

which takes as input two vectors Ibase2 and Fbase2 that represent
respectively the integral and fractional parts of a binary number, con-
verts them to base 10 and outputs the results as 2 numbers Ibasel0
and FbaselO that are respectively the integral and fractional parts of
the corresponding decimal number d and the decimal number d dis-
played with its sign and its integral and fractional parts.

Hint: Use Nested Polynomial Evaluation.

3. Write a MATLAB function:
function [B, I] = ConvertFractionl10to2Pattern(D,m)

which takes as input a decimal integer D consisting of k digits and the
integer m = 10%.

This function converts the decimal fractional f = % into a binary
fractional represented by the vector B, and identifies the repeating
pattern in B (if there is any), starting at component I and ending
at n=length(B). In case the converted fractional part is finite, so no
repeating pattern occurs, the value of I should be zero.

For example:

(a) To convert f =0.1: input D =1 and m = 10. This function out-
puts B = [00011] and I = 2, since (0.1)19 = (0.0 0011 0011 0011 ......
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(b) To convert f = 0.25: input D = 25 and m = 100. This function
outputs B = 01 and I = 0, since (0.25)19 = (0.01)s.

REMARK To minimize rounding errors in case [ is a ”large” number,
it is more efficient to express fractional numbers as a ratio of 2 integers
(for example f=D/m ... ).

4. Test each one of the 3 functions above for 3 different test cases and
save the results in a word document.

Exercise 2 : Conversion from Double to Single precision

1. Write a MATLAB function:
function [t e f] = GetVectorD(v)

which takes as input a binary vector v of 64 bits or components rep-
resenting a machine number in ITEEE - double precision, and extracts
the values of the sign (t), the exponent (e) and the fractional part of
the mantissa (f).

2. Write a MATLAB function:
function x = ConvertDoubletoSingle(v)

which takes as input a binary vector v of 64 bits representing a machine
number in the IEEE double precision system. Your function should
convert v to a single precision machine number and should output the
result as a vector x of 32 bits, unless = represents a ”denormalised
number” or "Not a Number”. In these 2 cases, your function should
only display a message: ’ x represents NaN ’ or ’ x represents a de-
normalised number ’ .

At the end, if = represents an element of Fs (2,24, —126,+127), your
function should also display the corresponding number in normalised
floating point form, i.e. zs = £1.f x2° or xs = +0. Note the following
remarks:

’

(a) Use rounding by chopping when needed.(fly).

(b) The smallest single precision denormalised number is: 2749

(¢) For any exponent e < —149, the corresponding number in single
precision is rounded to zero .
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3. In Exercise 2, test function 1 for 3 different test cases , then function
2 for 5 different test cases including: ”NaN’, denormalised numbers,
40 and H+oo. Save the results in a word document.

Call for previous functions when needed.

Exercise 3 : Conversion: Decimal - Octal - Binary

1. Write a MATLAB function:
function [E8 , F8] = Convert2to8(E2, F2)

which takes as input two binary vectors E2 and F2 that are respectively
the integral and fractional parts of a positive binary number b, converts
them to octals and outputs the results as 2 vectors E8 and F8 that
are respectively the integral and fractional parts of a positive octal
number o.

2. Write a MATLAB function:
function [E10, F10, d] = Convert8to10(ES8, F8)

which takes as input two octal vectors E8 and F8 that represent respec-
tively the integral and fractional parts of a positive octal number o,
converts them to base 10 and outputs the results as 2 decimal numbers,

E10 and F10 that represent respectively the integral and fractional
parts of the positive decimal number d using Nested Polynomial Evaluation.
At the end, this function should also display d as a decimal number.

3. Test each one of the 2 functions above for 3 different test cases and
save the results in a word document.(consider different lengths for all
input vectors).

Exercise 4 : Successors and Rounding Procedures

Let x = +mx x 10" be a positive decimal number in F (10, p, —20, +20),
written in normalized floating point form, with —20 < ex < +20, and
p < 15.

1. Write a MATLAB function :
function [my, ey] = GetSuccessor(mx, ex, p)

which takes as inputs:
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e mx : the mantissa of x in standard normalised floating point
notation
e ex : the exponent of x

e p : the precision of the floating point system to which x belongs

Let y be the successor of z in F(10, p, —20, 420). This function should
output:

e my : the mantissa of y displayed with a precision p (the non
significant digits of the fractional part need not be displayed)
HINT : first compute my, then use num2str(my,p) to output
my in the required format

e ¢y : the exponent of y

2. Let m = +m1.mams3...m, be a positive decimal number whose integral
part is mq, and whose fractional part is 0.mams...m,.

Write a MATLAB function :

function [m] = ConvertVectortoDecimal(M)

which takes as input a vector M of length p whose i*" component is

the decimal digit m;, for i = 1, ..., p, and whose output is the decimal
number m represented by M.

Use ” format long g” to display m in double precision, discarding
the non significant zeros of the fractional part .

3. Write a MATLAB function :
function [mz, ez] = Round(Mx, ex, n, t)
which takes as inputs:
e Mux : a vector of length p whose components represent the man-
tissa mx of the decimal number xz € F(10, p, —20, +20)

e ex : the exponent of x

e n : a positive integer less then or equal to p (n < p) , representing
the precision required to reach

e { : a parameter taking the values 1 or 2

This function should compute z: the representative of x in F'(10, n, —20, +-20)
by rounding « to the closest if ¢t = 1 or by chopping if t = 2, and output
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e myz : the mantissa of z displayed with a precision n.
HINT : first compute mz, then use num2str(my,n) to output
mz in the required format (the non significant zeros of the frac-
tional part will be discarded)

e ez: the exponent of z

At the end your function should also display z in normalized floating
point representation in F(10,n, —20, +20).

4. Test each one of the 2 functions above for 3 different test cases and
save the results in a word document.

Remark: Call for previous functions when needed.



