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On to section 1.8… Functions

•• From calculus, you are familiar with the From calculus, you are familiar with the 
concept of a realconcept of a real--valued function valued function ff, , 
which assigns to each number which assigns to each number xx∈∈RR a a 
unique value unique value yy==ff((xx), where ), where yy∈∈RR..

•• A function can also be naturally generalized A function can also be naturally generalized 
to the concept of assigning elements of to the concept of assigning elements of anyany
set to elements of set to elements of any any set. (Also known as a set. (Also known as a 
mapping, a transformation.mapping, a transformation.)  )  
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Function: Formal Definition

•• For any sets For any sets AA, , BB, we say that a , we say that a functionfunction f f 
from (or from (or ““mappingmapping””) A to B) A to B ((ff::AA→→BB) is a ) is a 
unique assignment of exactly one element unique assignment of exactly one element 
ff((xx))∈∈BB to each element to each element xx∈∈A.A.

•• Some further generalizations of this idea:Some further generalizations of this idea:
–– A A partial partial (non(non--totaltotal)) function function ff assigns assigns zero or zero or 

oneone elements of elements of BB to each element to each element xx∈∈AA..
–– Functions of Functions of nn arguments.arguments.
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More

•• A function A function f f : : AA→→BB can also be defined in terms of can also be defined in terms of 
a relation from a relation from AA to to BB, which is a subset of , which is a subset of A    B.A    B.

•• A relation from A relation from AA to to B B which contains one, and which contains one, and 
only one, ordered pair (only one, ordered pair (a,ba,b) for every element ) for every element aa in in 
AA defines a function from defines a function from AA to to BB..

×
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More

•• Functions are specified in various ways. Functions are specified in various ways. 
Sometimes, we explicitly state the Sometimes, we explicitly state the 
assignments.assignments.

•• Often, we give a formula.Often, we give a formula.
•• Other times, we use a computer program to Other times, we use a computer program to 

specify a function.specify a function.
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Graphical Representations

•• Functions can be represented graphically in Functions can be represented graphically in 
several ways:several ways:

• •

A B

a b

f

f

•
•
•
•

•
•

•
•

• x

y

PlotBipartite Graph
Like Venn diagrams

A B

8

Module #4 - Functions

Functions We’ve Seen So Far

•• A A propositionproposition can be viewed as a function can be viewed as a function 
from from ““situationssituations”” to truth values {to truth values {TT,,FF}}
–– A logic system called A logic system called situation theorysituation theory..
–– pp==““It is raining.It is raining.””; ; ss=our situation here,now=our situation here,now
–– pp((ss))∈∈{{TT,,FF}.}.

•• A A propositional operatorpropositional operator can be viewed as can be viewed as 
a function from a function from ordered pairsordered pairs of truth of truth 
values to truth values: values to truth values: e.g.e.g., , ∨∨((((FF,,TT)) = )) = TT..

Another example: →((T,F)) = F.
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More functions so far…

•• A A predicatepredicate can be viewed as a function can be viewed as a function 
from from objectsobjects to to propositions propositions (or truth (or truth 
values):  values):  P P ::≡≡ ““is 7 feet tallis 7 feet tall””; ; 
PP(Mike(Mike) = ) = ““Mike is 7 feet tall.Mike is 7 feet tall.”” = = FalseFalse..

•• A A bit string B of length n bit string B of length n can be viewed as can be viewed as 
a function from the numbers {1,a function from the numbers {1,……,,nn}}
(bit (bit positionspositions)) to the to the bits bits {{00,,11}.}.
E.g.E.g.,   ,   BB==101101 BB(3)=(3)=11..

10

Module #4 - Functions

Still More Functions

•• A A setset SS over universe over universe UU can be viewed as a can be viewed as a 
function from the elements of function from the elements of UU toto
{{TT, , FF}, saying for each element of }, saying for each element of UU
whether it is in whether it is in SS. . SS={3}={3} SS(0)=(0)=FF, , SS(3)=(3)=TT..

•• A A set operatorset operator such as such as ∩∩,,∪∪,, can be can be 
viewed as a function from pairs of setsviewed as a function from pairs of sets
to sets. to sets. 
–– Example: Example: ∩∩(({1,3},{3,4})) = {3}(({1,3},{3,4})) = {3}
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Terminology

•• If it is written that If it is written that ff::AA→→BB, and , and ff((aa)=)=b b 
(where (where aa∈∈AA & & bb∈∈BB), then we say:), then we say:
–– AA is the is the domaindomain of of ff.  .  
–– BB is the is the codomaincodomain of of ff..
–– bb is the is the imageimage of of a a under under ff..
–– aa is a is a prepre--imageimage of of bb under under f.f.

•• In general, In general, bb may have more than 1 premay have more than 1 pre--image.image.
–– The The rangerange RR⊆⊆BB of of f f is is RR={={bb | | ∃∃aa ff((aa)=)=bb }}..

We also say
the signature
of f is A→B.
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Range versus Codomain

•• The range of a function might The range of a function might notnot be its be its 
whole whole codomaincodomain..

•• The The codomaincodomain is the set that the function is is the set that the function is 
declareddeclared to map all domain values into.to map all domain values into.

•• The range is the The range is the particularparticular set of values in set of values in 
the the codomaincodomain that the function that the function actuallyactually
maps elements of the domain to.maps elements of the domain to.
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Range vs. Codomain - Example

•• Suppose I declare to you that: Suppose I declare to you that: ““ff is a is a 
function mapping students in this class to function mapping students in this class to 
the set of grades {A,B,C,D,E}.the set of grades {A,B,C,D,E}.””

•• At this point, you know At this point, you know ff’’ss codomaincodomain is: is: 
__________, and its range is ________.__________, and its range is ________.

•• Suppose the grades turn out all As and Bs.Suppose the grades turn out all As and Bs.
•• Then the range of Then the range of f f is _________, but its is _________, but its 

codomaincodomain is __________________.is __________________.

{A,B,C,D,E} unknown

{A,B}
still {A,B,C,D,E}
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Equal Functions

•• Two functions are equal when they have the same Two functions are equal when they have the same 
domain, the same domain, the same codomaincodomain, and map elements of , and map elements of 
their common domain to the same elements in their common domain to the same elements in 
their common their common codomaincodomain. . 

•• If we change either the domain or the If we change either the domain or the codomaincodomain
of a function, we obtain a different function.of a function, we obtain a different function.

•• If we change the mapping of elements, then we If we change the mapping of elements, then we 
also obtain a different function.also obtain a different function.
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Examples

•• Specify the functions embedded in the following Specify the functions embedded in the following 
definitions (to specify a function, we need to state definitions (to specify a function, we need to state 
the rule, domain, the rule, domain, codomaincodomain, and range), and range)
–– Let Let RR be the relation consisting of ordered pairs (Abdul be the relation consisting of ordered pairs (Abdul 

22), (Brenda, 24), (Carla 21), (Desire, 22), (Eddie, 24), 22), (Brenda, 24), (Carla 21), (Desire, 22), (Eddie, 24), 
and (Felicia, 22), where each pair denotes a graduate and (Felicia, 22), where each pair denotes a graduate 
student and corresponding age.student and corresponding age.

–– Let Let ff be the function that assigns the last two bits of a be the function that assigns the last two bits of a 
bit string of length 2 or greater to that string. For bit string of length 2 or greater to that string. For 
example example ff(11010) = 10.(11010) = 10.

–– H.W. Examples 4 and 5 on page 135 of the 6H.W. Examples 4 and 5 on page 135 of the 6thth edition.edition.
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Operators (general definition)

•• An An nn--aryary operatoroperator overover (or (or onon) the set ) the set SS is is 
any function from the set of ordered any function from the set of ordered nn--
tuplestuples of elements of of elements of SS, to , to SS itself.itself.

•• E.g.E.g., if , if SS={={TT,,FF}, }, ¬¬ can be seen as a unary can be seen as a unary 
operator, and operator, and ∧∧,,∨∨ are binary operators on are binary operators on SS..

•• Another example: Another example: ∪∪ and and ∩∩ are binary are binary 
operators on the set of all sets.operators on the set of all sets.
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Constructing Function Operators

•• If If •• ((““dotdot””) is any operator over ) is any operator over BB, then we , then we 
can extend can extend •• to also denote an operator over to also denote an operator over 
functionsfunctions ff::AA→→BB..

•• E.g.E.g.: Given any binary operator : Given any binary operator ••::BB××BB→→BB, , 
and functions and functions ff,,gg::AA→→BB, we define, we define
((f f •• gg):):AA→→BB to be the function defined by:to be the function defined by:
∀∀aa∈∈AA, (, (f f •• gg)()(aa) = ) = ff((aa))••gg((aa))..

18

Module #4 - Functions

Function Operator Example

•• ++,,×× ((““plusplus””,,““timestimes””) are binary operators ) are binary operators 
over over RR. (Normal addition & multiplication.). (Normal addition & multiplication.)

•• Therefore, we can also add and multiply Therefore, we can also add and multiply 
functionsfunctions ff,,gg::RR→→RR::
–– ((f f ++ gg):):RR→→RR,, where (where (f f ++ gg)()(xx) = ) = ff((xx)) ++ gg((xx))
–– ((f f ×× gg):):RR→→RR, where (, where (f f ×× gg)()(xx) = ) = ff((xx)) ×× gg((xx))
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Images of Sets under Functions

•• Given Given ff::AA→→BB, and , and SS⊆⊆AA,,
•• The The imageimage of of SS under under ff is simply the set of is simply the set of 

all images (under all images (under ff) of the elements of ) of the elements of SS..
ff((SS) :) :≡≡ {{ff((ss) | ) | ss∈∈SS}}

::≡≡ {{bb | | ∃∃ ss∈∈SS: : ff((ss)=)=bb}}..
•• Note the range of Note the range of ff can be defined as simply can be defined as simply 

the image (under the image (under ff) of ) of ff’’ss domain!domain!
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Example

•• Let Let f f and and gg denote functions from denote functions from RR to to R R such such 
that                and                       . What are the that                and                       . What are the 
functions functions f+gf+g and and fgfg??

•• Let Let A = A = {{a,b,c,d,ea,b,c,d,e}, and }, and B = B = {{1,2, 3,41,2, 3,4} with } with ff((aa) ) 
= 2, = 2, ff((bb) = 1, ) = 1, ff((cc) = 4, ) = 4, ff((dd) = 1, and ) = 1, and ff((ee) = 1. Find ) = 1. Find 
the image of the subset the image of the subset S = S = {{b,c,db,c,d}.}.

2)( xxf = 2)( xxxg −=
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Function Composition Operator

•• For functions For functions gg::AA→→BB and and ff::BB→→CC, there is a , there is a 
special operator called special operator called compose compose ((““○○””).).
–– It It composescomposes (creates) a new function out of (creates) a new function out of ff

and and gg by applying by applying ff to the result of applying to the result of applying g.g.
–– We say (We say (ff○○gg):):AA→→CC, where , where ((ff○○gg)()(aa) :) :≡≡ ff((gg((aa)).)).
–– Note Note gg((aa))∈∈BB, so , so ff((gg((aa)) is defined and )) is defined and ∈∈CC..
–– Note that Note that ○○ (like Cartesian (like Cartesian ××, but , but unlike +,unlike +,∧∧,,∪∪) ) 

is nonis non--commuting. (Generally, commuting. (Generally, ff○○gg ≠≠ gg○○ff.).)

Note match here.
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Function composition

•• Note also that the composition Note also that the composition ff○○gg cannot cannot 
be defined unless the range of be defined unless the range of gg is a subset is a subset 
of the domain ofof the domain of ff..

•• When the composition of a function and its When the composition of a function and its 
inverse is formed, in either order, an inverse is formed, in either order, an 
identity function is obtained (why?)identity function is obtained (why?)

•• Examples 20, 21.Examples 20, 21.
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One-to-One Functions

•• A function is A function is oneone--toto--one (1one (1--1)1), or , or injectiveinjective, or , or an injectionan injection, , 
iffiff every element of its range has every element of its range has onlyonly 1 pre1 pre--image. image. 
–– Formally: given Formally: given ff::AA→→B,B,

““x x is injectiveis injective”” ::≡≡ ((¬∃¬∃xx,,yy: : xx≠≠y y ∧∧ ff((xx))==ff((yy))).).

•• Only Only one element of the domain is mapped element of the domain is mapped toto any given any given 
oneone element of the range.element of the range.
–– Domain & range have same cardinality. What about Domain & range have same cardinality. What about codomaincodomain??

•• Memory jogger:  Each element of the domain is Memory jogger:  Each element of the domain is injectedinjected
into a different element of the range.into a different element of the range.
–– Compare Compare ““each dose of vaccine is injected into a different each dose of vaccine is injected into a different 

patient.patient.””
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One-to-One Illustration

•• Bipartite (2Bipartite (2--part) graph representations of part) graph representations of 
functions that are (or not) onefunctions that are (or not) one--toto--one:one:

•
•
•
•

•
•

•
•

•

One-to-one

•
•
•
•

•
•

•
•

•
Not one-to-one

•
•
•
•

•
•

•
•

•Not even a 
function!
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Exercises

•• Examples 8 Examples 8 –– 10.10.
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Sufficient Conditions for injectivity

•• For functions For functions ff over numbers, we say:over numbers, we say:
–– ff is is strictlystrictly (or (or monotonicallymonotonically) ) increasingincreasing iffiff

x>y x>y →→ ff((xx))>f>f((yy)) for all for all x,yx,y in domain;in domain;
–– ff is is strictlystrictly (or (or monotonicallymonotonically) ) decreasingdecreasing iffiff

x>y x>y →→ ff((xx))<f<f((yy)) for all for all x,yx,y in domain;in domain;
•• If If ff is either strictly increasing or strictly is either strictly increasing or strictly 

decreasing, then decreasing, then ff is oneis one--toto--one. one. E.g.E.g. xx33

–– Converse is not necessarily true. E.g. Converse is not necessarily true. E.g. 1/1/xx
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Onto (Surjective) Functions

•• A function A function ff::AA→→BB is is ontoonto or or surjectivesurjective or or a a 
surjectionsurjection iffiff its range is equal to its its range is equal to its 
codomaincodomain ((∀∀bb∈∈BB, , ∃∃aa∈∈AA: : ff((aa)=)=bb).).

•• Think: An Think: An ontoonto function maps the set function maps the set AA
ontoonto (over, covering) the (over, covering) the entiretyentirety of the set of the set 
BB, not just over a piece of it., not just over a piece of it.

•• E.g.E.g., for domain & , for domain & codomaincodomain R, xx3 3 is onto, is onto, 
whereas whereas xx2 2 isnisn’’t.  (Why not?)t.  (Why not?)
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Illustration of Onto

•• Some functions that are, or are not, Some functions that are, or are not, ontoonto
their their codomainscodomains::

Onto
(but not 1-1)

•
•
•
•

•

•

•
•

•
Not Onto
(or 1-1)

•
•
•
•

•

•

•
•

•

Both 1-1
and onto

•
•
•
•

•
•
•

•
1-1 but
not onto

•
•
•
•

•
•
•

•

•
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Exercises

•• Examples 11Examples 11–– 13.13.
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Bijections

•• A function A function ff is said to be is said to be a onea one--toto--one one 
correspondencecorrespondence, or , or a a bijectionbijection, or , or 
reversiblereversible, or , or invertibleinvertible, , iffiff it is it is 
bothboth oneone--toto--one one and and onto.onto.

•• For For bijectionsbijections f:Af:A→→BB, there exists an  , there exists an  
inverse ofinverse of ff, written, written f f −−11::BB→→AA, which is the , which is the 
unique function such that                   unique function such that                   
–– (where (where IIAA is the identity function on is the identity function on AA))

AIff =− o1
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The Identity Function

•• For any domain For any domain AA, the , the identity function identity function 
I:AI:A→→AA (variously written, (variously written, IIAA, , 11, , 11AA) is the ) is the 
unique function such that unique function such that ∀∀aa∈∈AA: : II((aa)=)=aa..

•• Some identity functions youSome identity functions you’’ve seen:ve seen:
–– ++inging 0, 0, ··inging by 1, by 1, ∧∧inging with with TT, , ∨∨inging with with FF, , 
∪∪inging with with ∅∅, , ∩∩inging with with UU..

•• Note that the identity function is always Note that the identity function is always 
both oneboth one--toto--one and onto (one and onto (bijectivebijective).).
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•• The identity function:The identity function:

Identity Function Illustrations

•
•

•
•

•
•

•
•

•

Domain and range x

y y = I(x) = x
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Bijections

•• Suppose that Suppose that ff is a function from a set is a function from a set AA to to 
itself. If itself. If AA is finite, then is finite, then ff is oneis one--toto--one if one if 
and only if it is onto. and only if it is onto. 

•• This is not the case if This is not the case if AA were infinite.were infinite.
•• Examples 16Examples 16——19.19.
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Graphs of Functions

•• We can represent a function We can represent a function ff::AA→→BB as a set of as a set of 
ordered pairs ordered pairs {({(aa,,ff((aa)) | )) | aa∈∈AA}}..

•• Note that Note that ∀∀aa, there is only 1 pair , there is only 1 pair ((aa,,bb))..
–– Later (ch.6): Later (ch.6): relationsrelations loosen this restriction.loosen this restriction.

•• For functions over numbers, we can represent For functions over numbers, we can represent 
an ordered pair (an ordered pair (xx,,yy) as a point on a plane.  ) as a point on a plane.  
–– A function is then drawn as a curve (set of points), A function is then drawn as a curve (set of points), 

with only one with only one yy for each for each xx. . 

← The function’s graph.
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A Couple of Key Functions

•• In discrete math, we will frequently use the In discrete math, we will frequently use the 
following two functions over real numbers:following two functions over real numbers:
–– The The floorfloor function function ··::RR→→ZZ, where , where xx ((““floor floor 

of of xx””) means the largest (most positive) integer ) means the largest (most positive) integer 
≤≤ x.  I.e.x.  I.e., , xx ::≡≡ max({max({ii∈∈ZZ||ii≤≤xx})})..

–– The The ceilingceiling function function ·· ::RR→→ZZ, where , where xx
((““ceiling of ceiling of xx””) means the smallest (most ) means the smallest (most 
negative) integer negative) integer ≥≥ xx. . xx ::≡≡ min({min({ii∈∈ZZ||ii≥≥xx})})
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Visualizing Floor & Ceiling

•• Real numbers Real numbers ““fall to their floorfall to their floor”” or or ““rise to rise to 
their ceiling.their ceiling.””

•• Note that if Note that if xx∉∉ZZ,,
−−xx ≠≠ −− xx &&
−−xx ≠≠ −− xx

•• Note that if Note that if xx∈∈ZZ,,
xx = = xx = = xx..

0
−1

1
2
3

−2
−3

.
.
.

..
.

. . .

1.6

1.6=2

−1.4= −2

−1.4

−1.4= −1

1.6=1

−3
−3=−3= −3
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Plots with floor/ceiling
•• Note that for Note that for ff((xx)=)=xx, the graph of , the graph of ff includes the point includes the point 

((aa, 0) for all values of , 0) for all values of aa such that such that aa≥≥0 and 0 and a<a<1, but not 1, but not 
for the value for the value aa=1.  =1.  

•• We say that the set of points (We say that the set of points (aa,0) that is in ,0) that is in ff does not does not 
include its include its limitlimit or or boundaryboundary point (point (aa,1).  ,1).  
–– Sets that do not include all of their limit points are generallySets that do not include all of their limit points are generally

called called open setsopen sets.  .  

•• In a plot, we draw a limit point of a curve using an open In a plot, we draw a limit point of a curve using an open 
dot (circle) if the limit point is not on the curve, and with dot (circle) if the limit point is not on the curve, and with 
a closed (solid) dot if it is on the curve.a closed (solid) dot if it is on the curve.
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Plots with floor/ceiling: Example

•• Plot of graph of function Plot of graph of function ff((xx) = ) = xx/3/3::

x

f(x)

Set of points (x, f(x))

+3

−2

+2

−3
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Exercises

•• Data stored on a computer disk or transmitted Data stored on a computer disk or transmitted 
over a data network are usually represented as a over a data network are usually represented as a 
string of bytes. Each byte is made up of 8 bits. string of bytes. Each byte is made up of 8 bits. 
How many bytes are required to encode 100 bits How many bytes are required to encode 100 bits 
of data?of data?

•• Examples 28, 29.Examples 28, 29.
•• H.W. 26. H.W. 26. 
•• Look up Table 1 on page 144 of the 6Look up Table 1 on page 144 of the 6thth edition. edition. 

Make sure you know it well.Make sure you know it well.


