CMPS 211
Fall 2010-2011
Homework 1

Section 1.1

10- p: You get an A on the final exam.
g: You do every exercise in this book.

r: You get an A in this class.

a) You get an Ain this class, but you do not do every exercise in this book.
rn—4q

b) You get an A on the final, you do every exercise in this book, and you get an
Ain this class.
PAGAT
c) To get an Ain this class, it is necessary for you to get an A on the final.
r->p
d) You get an A on the final, but you don’t do every exercise in this book;
nevertheless, you get an A in this class.
PA—=QqAT
e) Getting an A on the final and doing every exercise in this book is sufficient for
getting an A in this class.
(prg)—>r
f) You will get an A in this class if an only if you either do every exercise in this

book or you get an A on the final.

r<»(q vp)



28- a) p—> —p

0 1 1
1 0 0
b) p<> —p
0 1 0
1 0 0
c) p®(pva)
p q pPVvyq pPO®(pvy
0 0 0 0
0 1 1 1
1 0 1 0
1 1 1 0
d) (prg)—>(pvq) Tautology
p q pArgq pvy r9—>@vy
0 0 0 0 1
0 1 0 1 1
1 0 0 1 1
1 1 1 1 1
e) (q > —p) <> (p <>q)
P q —p q—>=p P 94 (> =p) <@ 9
0 0 1 1 1 1
0 1 1 1 0 0
1 0 0 1 0 0
1 1 0 0 1 0




Tautology

f) (b <>q) @(p <> —q)
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32-

(pvg vr

pPvyq

b) (pvag)nr

(pvg Ar

pPvyq

c) (pag)vr

prgvr

pPArg




d) (bAg)nr

Prgnr

e) (pvag)a—r

pvgAar-ar

pPvyq

f)(loag)v—r

pAgvar

pPrg

=r




50-

p: The system software is being upgraded.
g: Users can access the file system.

r: Users can save new files.

The given specifications:
1. Whenever the system software is being upgraded, p—>—=q
users cannot access the file system.
2. If users can access the file system, then they can save new files. qg—or
3. If users cannot save new files, then the system —r—> —=p

software is not being upgraded.

To check the consistency of the specifications, we must find an assignment of truth values for
the propositions p, g, r which makes the specifications true.

Starting with specification 1, we assign p to be true, then — g must be true, implying that g must
be false. If g is false, then we cannot conclude anything in specification 2 about the value of r.
But specification 3 involves both r and p, and we want p to be true in this case, so — p must be
false, and thus —r cannot be true (otherwise — p would be true). We assign —r to false, and
consequently ris true. Therefore, the assignments of p, g, r to true, false, true respectively
satisfies the specifications, and so the system is consistent.

Section 1.2

10-

a) [-pA(pva)]l =q

p q —p pVvyq —pAp VY [-pAp V@)l ¢
0 0 1 0 0 1
0 1 1 1 1 1
1 0 0 1 0 1
1 1 0 1 0 1




b) [(p—>q)A(qg—=>r)]—=(p—>r)

A B C D

D q r P —>9q q—>r AAB p=>r C->D

0 0 0 1 1 1 1 1

0 0 1 1 1 1 1 1

0 1 0 1 0 0 1 1

0 1 1 1 1 1 1 1

1 0 0 0 1 0 0 1

1 0 1 0 1 0 1 1

1 1 0 1 0 0 0 1

1 1 1 1 1 1 1 1

) [prlp—a)l—=q

)4 q P =9 pPAQP =9 [prlp =914

0 0 1 0 1

0 1 1 0 1

1 0 0 0 1

1 1 1 1 1

d [(pva)alp=>r)alg—>r]—>r
A B C D

p q r pVvy p=r q—r AABAC D —r

0 0 0 0 1 1 0 1

0 0 1 0 1 1 0 1

0 1 0 1 1 0 0 1

0 1 1 1 1 1 1 1

1 0 0 1 0 1 0 1

1 0 1 1 1 1 1 1

1 1 0 1 0 1 0 1

1 1 1 1 1 1 1 1
12- We show that if the hypothesis is true, then the conclusion is true too.

a) [=palpva)ll >q
—pA(pvag)=(=prp)v(=p~rq)

=0 v(—=p~q)

by the distributive law




=—=pANqg

If —p A qistrue, then by the definition of conjunction, g is true, so the conclusion is true.
Therefore, this is a tautology.

b) [(p —a)A(qg —>r)]—>(p—>r1)
If (o —q) A (q —r)is true, then by the definition of conjunction,
(p —q)istrue and (q —r)is true. If p — g and g — r, then by transitivity,

p —»ris also true. Therefore, this is tautology.

c)[prlp—>qg)]l—=q
If p A (p — q) is true, then by the definition of conjunction, p is true and

p —q is true. Since p is true and the implication p — g is true, then g must be true, and the
conclusion is true. Therefore, this is tautology.

d [(pva)alp—=>r)a(qg—=r)]—>r

If (p v g) A(p —r) A(q —r), then by the definition of conjunction, each of (p v g) and (p —
r) and (g —»r) is true. Since p v g is true, then either p or g or both is true. If p is true and p
—ristrue, then ris true. If g is true and g —> ris true, then ris true. So, in all cases, the
conclusion ris true. Therefore, this is a tautology.

22-  (p—>qg)alp—>r)=p—>(qnar)

A B
D q r P —>9q p=>r AnB gar | p>(qAr)
0 0 0 1 1 1 0 1
0 0 1 1 1 1 0 1
0 1 0 1 1 1 0 1
0 1 1 1 1 1 1 1
1 0 0 0 0 0 0 0
1 0 1 0 1 0 0 0
1 1 0 1 0 0 0 0
1 1 1 1 1 1 1 1




46- p NAND q is true when either p or g or both are false, and it is false when both p and g are true.

p q p NAND ¢q
0 0 1
0 1 1
1 0 1
1 1 0
Section 1.3
10- C(x) is “x has a cat” D(x) is “x has a dog” F(x) is “x has a ferret”

domain: all students in your class

a) A student in your class has a cat, a dog, and a ferret.
Ix (C(x) A D(x) A F(x))
b) All students in your class have a cat, a dog, or a ferret.
Vx (C(x) v D(x) v F(x))
c) Some student in your class has a cat and a ferret, but not a dog.
Ix (C(x) A F(x) A — D(x))
d) No student in your class has a cat, a dog, and a ferret.
Vx — (C(x) A D(x) A F(x))
e) For each of the three animals, cats, dogs, and ferrets, there is a student in your
class who has one of these animals as a pet.
Ix (C(x)) ATy (D(y)) A3z (F(2))
40- a) When there is less than 30 megabytes free on the hard disk a warning message
is sent to all users.
(Ix M(30)) > Vx W(x)
M(x) is “the hard disk has less than x megabytes free”

W(x) is “a warning message is sent to user x”



b) No directories in the file system can be opened and no files can be closed
when system errors have been detected.

(Ix E(x)) = (Vx = D(x)) A (Vx — F(x))

D(x) is “directory x in the file system can be opened”
F(x) is “file x in the file system can be closed”

E(x) is “system error x has been detected”

c) The file system cannot be backed up if there is a user currently logged on.
(IxL(x)) > —F

L(x) is “user x is currently logged on”
Fis “the file system can be backed up”

d) Video on demand can be delivered when there are at least 8 megabytes of memory
available and the connection speed is at least 56 kilobits per second.
M(8) A C(56) — V

M(x) is “memory available is at least x megabytes”
C(x) is “connection speed is at least x kilobits per second”

Vis “video on demand can be delivered”

Section 2.1

18- Set Cardinality:
a) |@1=0

b) [{0}]|=1
o 1{@,{d}}=2

d) 1{@,{0}{0,{B}}}|=3

22- Determine whether it’s a power set of some set:
a) @ Not a power set, since any power set must at least

contain the element @.



28-

34-

b) {@, {a}} Yes. This is P({a}).

c) {@,{a}, {@,a}} Not a power set, since the power set of the set {@,
a} must also contain the element {@}, so the correct
P({@,a}) ={ D, {8}, {a}, {@,a} }.

d) { @, {a}, {b}, {a,b}}  Yes. This is P({a,b}).

A={a,b,c} B=1{x v} C={0,1}

a)AxBxC={(a x0),(a x1),(avy,0),(ay, 1), (b, x0),(b,x 1), (b,y, 0),
(b, y, 1), (¢, %, 0), (¢, x, 1), (c, ¥, 0), (c, y, 1)}

b) CxBxA={(0,x,a), (0, b), (0,xc),(0,y,a), (0,y, b), (0,y, ¢), (1, a),
(1, b), (1,x¢),(1,y,a),(1,y,b), (1,y, c)}.

c)CxAxB={(0,4a,x),(0,a,y),(0,b,x), (0, b, ), (0, ¢, x), (0, ¢, y), (1, 3, x),
(1,3,y),(1,b,x),(1,b,y),(1,¢x), (1cy)}

d) BxBxB={(x,x x), (x,x,y), (x,y,x), (x,y,y), (y, X, X), (y, %, ¥), (¥, ¥, X),

(v, v, y)}

a) There exists a real number such that its cube is -1. True

b) There exists an integer when incremented results in an integer greater than the original
integer. True

c) Any integer when decremented remains integer. True

d) Any integer when squared remains an integer. True

a){1,2,3,..}orx€z"

b) @

){,-3,-2,-1,2,3,..}orZ—{0, 1}

10



Section 2.2

18- A, B and C are sets.

a) Show: (AuUB)c(AuUBUC)

xeAUB = xeAvxeB
= xeAvxeBvxeC
= xeAuBuUC

(AuB)c(AuBUQCQ)

c) Show: (A-B)-CcA-C

xe(A-B)-C = xe(A=-B)axgC
= (xeAAxgB)AxgC
= xeAarxgC
= xeA-C

(A-B)-CcA-C

e) Show: (B-A)uU (C-A)=(BUC)-A
(B=A)U(C-A)={x| (xeBAaxgA)v(xeCarxgA)}
={x|(xeBvxeC)AxgA}
={x|xe(BulCAaxgA}
={x|xe(BUC)-A}
=(BUC)-A
38- A and B are sets.
a) Show: A@B=B® A

A®B ={x|(xeAvxeB)A(xg AnB)}

11



={x|(xeBvxeAA(xgBNA)} (by commutative law)
={x| xeBD®A}

=B®A

b) Show: (A ® B) ® B=A
This can be done by set implications or by Venn diagrams.
Using set implications:
(A®B)®B={x| (xe((A®B)UB)-((A®B)NB))}
={x|(xe((((AUB)-(ANB))UB)-(((AUB)-(AN
B)) N B))}
={x|(xe (AUB)Axg (ANB)vxeB)—(xe(AUB)
AXxg (ANB)Ax€B))
={x|(xeAvxeB)-(xeBAxg (ANB))}
={x|(xe AUB)-(xeB-A)}
={x|(xeAUB)A(xgB—A)}
={x|(xe AUB)A (x¢B)}
={x|xeA}
=A

54 - The bit in the i-th position of the bit string of the symmetric difference of two sets is 1 if the i-th bit
of the first string is different from that of the second string in the same position.

12



Section 2.3

12 - a) f(n) = n -1 one-to-one (4 pts)

30-

f(a)=f(b),a & b€Z
a—1=b-1(add 1 to both sides)
a=b

b) f(n) = n?+1 not one-to-one

f(-1)=Ff(1) = 2 but -121

c) f(n)=n® one-to-one

same argue as a)

d) f(n) = ’n/2] not one-to-one
f(2)=1
f(1)=1

f(2)=f(1) but 122

fis one-to-one
fog(a)=fog(b)
AND fla)=f (b)

But fog(a)=fog(b)

impliesthat  f(g(a)) =f(g(b))=

meaning that g(a) =g(b)

Thus, g is one-to-one since g(a) = g(b)

=

=

=

a=b

=

13

fogisone-to-one

a=b

=

(because fis one-to-one)



34-

38-

66-

f(x)=ax+b g(x)=cx+d
fog=f(g(x)=f(cx+d)=a(cx+d)+b=acx+ad+b

gof=g(f(x))=g(ax+b)=c(ax+b)+d=acx+bc+d

fog=gof
= acx+ad+b=acx+bc+d
= ad+b=bc+d (subtract acx)

The constants must fulfill the relation ad + b = bc + d.
fix) = x°

a) f1({1) = {1, 1}

b) f({x | 0<x<1})={x | -1<x<0}U{x|0<x<1}

o) FlUx | x>4Y) ={x | x<-2}u{x | x> 2}

f:Y—>Zis an invertible function

g : X > Yis aninvertible function

foalx)=flg(x)) = fly) =z where xeX, yeY, zeZ

= (fog)*(2)=x

glof(z)=g7 (f(2) =g (y)=x

(fog/*=gof™

14



72-

show L3x =)+ L+ I+ L+ 2 |
3 3

x is a real number, so x = n + €, where n is the largest integer in x and O<e<1

Take cases according to the value of e:
1

Case1: e < —
3

Then, Ixl=n

x+Sl=ln+es]=n
3 3

x+ Z]=Lnse+ Z]=n
3 3
13x] = [3(n+e)l =3n
1 2

Thus, [3x)=|x]+lx+ §J+Lx+ §J=3n

1 2
Case2: — <e< —
3

Then, Ixl=n

x++l=ln+es]=n
3 3

Lx+£J=Ln+e+gJ=n+1
3 3
3x] =13(n+e)l =3n+1

Thus, L3x)=lad+lxs L wlxs 2 J=3n+1
3 3

2
Case3: — <e<l1

Then, |_xJ =n

15



Lx+lJ=Ln+e+lJ =n+1
3 3

|_x+ zJ:|_n+e+gjzn+1
3 3
13x] =[3(n+e)l =3n+2

Thus, |_3xJ:|_xJ+|_x+ lJ+|_x+ gJ:3n+2
3 3
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