Problem 1. (15 Points)

Consider the propositional expression  p  (p  q).
a. (5) Give the truth table for the given expression.

	p
	q
	p v q
	p  (p  q)

	T
	T
	T
	T

	T
	F
	T
	T

	F
	T
	T
	F

	F
	F
	F
	F


b. (5) Give as simple an expression as possible that is equivalent to the given expression above.






p
c. (5) Give a disjunctive normal form (DNF) expression equivalent to the given expression 

Obtained from first two rows of the truth table:
(
p   q) (p  ¬q)
Problem 2. (10 Points)

Consider the following argument: 
  “If I graduate this semester, then I will have passed the physics course.  If I do not study physics for 10 hours a week, then I will not pass physics.  If I study physics for 10 hours a week, then I cannot play volleyball.  Therefore, if I play volleyball, I will not graduate this semester.” 
a. (4) Give a symbolic representation of the argument using the symbols g, p, s and v where g is “I graduate this semester”, p is “I will pass the physics course”, s is “I study physics for 10 hours a week”, and v is “I play volley ball”.  

H1:
g  p


H2:
¬s  ¬p


H3:
s  ¬v


------------
· v ¬g
b. (6) State whether the argument is valid or not.  Justify your answer:  If it is valid, show the inference rules used. Otherwise, indicate where the argument goes wrong. 
1. v  ¬s (H3 and contrapositive)
2. v  ¬p (H2, 1, and transitive)
3. ¬p  ¬g (H1, contrapositive)

4. v ¬g (2, 3, and hypothetical syllogism)

Problem 3. (15 Points)
The domain of the variables in this problem is the set of countries in the United Nations. 

E(x):
“x is in the European Union”, 
H(x):
“x has universal health care”, 
L(x):
“x has a life expectancy below 75 years”. 

B(x,y):
“x and y have common borders”
Write the following statements in predicate logic:

a. (5) Some country in the United Nations has universal health care or is in the European Union and has a life expectancy of at least 75 years.
x ( H(x)  E(x) ¬L(x)).

b. (5) No country in the United Nations who has universal health care or is in the European Union has a life expectancy below 75 years.
¬x ( H(x)  E(x) L(x))



OR
x (¬H(x)  ¬E(x) ¬L(x))



OR



x (H(x)  E(x) ¬L(x))
c. (5) Write in everyday English the following predicate logic statement. Don’t just give a word-for-word translation; your sentence should make sense.

x ( E(x)  y ( B(x,y)  (L(y) H(y))  ).

Some country in the United Nations is in the European Union with each bordering country has a life expectancy below 75 or has universal health care.

Problem 4 (15 Points)
Prove or disprove each of the following.  Indicate what is your method of proof (Direct, indirect, contra positive, by contradiction)

a. (8) A B  A  B = B
True.

Suppose A B ( x(x ( A ( x ( B) ( x(¬x ( A  x ( B)
We know that B A  B. 

Let A B. 
Let x ( A  B, x ( A  x ( B
x ( A ( x ( B(since A B). So x ( B  x ( B. So x ( B.

( A  B  B.
But we know that B A  B.
So A  B  B.


Conversely, suppose that A  B  B. We will show that A B 


Let x ( A, then x ( A B (since A A  B)

But A  B  B . So x ( B  

So A B

(Bidirectional) Direct.
b. x ( ⌊x⌋2 = ⌊x2⌋), where the domain of x is the set of real numbers R.
False. We give a counter example.
Let x = √3

⌊x⌋ =⌊√3⌋ =  1 and ⌊x⌋2 =  12 = 1 

But  ⌊x2⌋ = ⌊3⌋ = 3
Problem 5 (15 Points)
Let Z denotes the set of integers.  Consider the function f  Z  Z where f(x)  n/2 
a. (5)  Is f one-to-one?  Why?

f  is not one-to-one since f(0) = 0 and f(1) = 0

f(0) =  f(1) but 1 ≠ 0
b. (5)  Is f onto?  Why ?
Yes, for any n ( (, consider f(2n):
f(2n)  n/2 n n
So, n is the image of 2n.
c. (5) Does f  have an inverse?  Why?

f  is onto but not one-to-one and hence not a bijection, so f is not invertible and it does not have an image.
Problem 6 (15 Points)
Let f: AB be a function. For any subset S  A, the image of S under f denoted by f(S) is the set of elements in B that are the images of elements in S; i.e. f(S) = { f(x) | xS}.
a. (7) Show that f(E F)   f(E)   f(F)   

(i.e. the image of the intersection is a subset of the intersection of the images.)


Let b ( f(E F). Then a ( a ( E F s.t. f(a) = b.
a ( E F ( a ( E and a ( F.
So, b = f(a) ( f(E) and b = f(a) ( f(F).
So, b ( f(E)   f(F).
Therefore, f(E F)   f(E)   f(F).
b.  (8) Give an example to show that the result in (a) can be a proper subset


Consider the sets A = {a, b, c} and B = {1, 2}
Let E = {a, b} and F = {b, c}.
E F = {b}

Let f(E) = {f(a), f(b)} = {1, 2} and f(F) = {f(B), f(c)} = {1, 2}

Then, f(E)fF) = {1, 2} and f(EF) = {f(b)} = {2}
Problem 7 (20 Points).

a. (6) Use the fact that the set of positive rational numbers Q+ is countably infinite, to show that the set of rational numbers Q is countably infinite.
Q = Q+ ( Q- ( {0}
Let q1, q2, …. Be a listing of Q+;then  0, q1, -q1, q2,-q2, q3, -q3, ….. is a listing of Q.   i.e. let f be a bijection from N to Q+, then define g from N to Q as follows:
g(0) = 0;  g(n) = f( (n-1)/2 ) if n is odd;  g(n) = - f( n/2 ) if n is odd;  
Then g  is a bijection  .
( Q is countable
b. (7) Show that the set of real numbers in (0,1) whose decimal representations consist of 4’s only  is countable; i.e. 0.44…..4 where the 4 occurs k times followed by 0’s or indefinitely 4’s.

Let A = {0.4…4; k ( N} ( {0.44…}
Consider the following function, f: N         A
defined by  f(0) = 0.4444….. and f(k) = 0.4….4

f is a bijection and hence the set A is countable.

(7) Show that the set of real numbers in (0,1) whose decimal representations consist of 4’s and 7’s  is uncountable.
Assume that it is countably infinite, and let x1, x2, …. be a listing
x1 = 0.a11 a12 a13 ….
x2 = 0.a21 a22 a23 ….

.

.

.

xk = 0.ak1 ak2 a13 … akk….

where each aij  is either a 4 or a 7.

Let  x = 0.a11 a22 a33 ….

 4
 if a = 7
where a   =


        
7
 if a = 4
Then x is in the set, since all its decimal digits are 4’s and 7’s.  Yet x ≠ xk  since they differ in at least the diagonal entry;  i.e. kth digit of x is not the same as the kth digit of xk
Contradiction !
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