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1. (10 points)
(a) (3 points) Prove without using truth tables that the implication

(=g A (p—q) — -,

is a tautology.

(b) (5 points) Let a, b, ¢ be any three consecutive positive integers. Prove that a® +
b3 4¢3 is divisible by 9

(c) (2 points) Let P(z) and Q(z) be predicates on a universal set U = {z1, z2}. Prove
the equivalence :

(Vo (P(x) A Q(x))) = (Ve P(x)) A (Ve Q(x)),



2. (10 points) Let M =27 — 1, (p e N ).
(a) (3 points) Show that M prime implies that p is prime.

(b) (3 points) Let N = (27 — 1)2P~!, where p is prime. Give the elements of the set
Sy that consists of the divisors of NV, others than N :

SN - {l‘l, Ty eeny xn}v

with {Vi =1,2..n: x;|N, x; # N}. What is the cardinality of Sy.



(c) (2 points) Show that

(d) (2 points) Give N and Sy for p =2,5



3. (10 points) Consider the recurrence relation :
(1) ap — DUp_1 + 6ay_o =2" +3n, ag =0, a; = 1.
(a) (4 points) Find the general solution of the recurrence equation :

an, — Ha,_1 + 6a, o =0.

(b) (4 points) Find a particular solution to :
Qy, — Dp_1 + 6a,_o = 2" + 3n.

(Hint : find first particular solutions for each of 2" and 3n).

(¢) (3 points) Find the solution to the recurrence relation (1)



4. (10 points) Given a sequence of n + 1 real numbers {a(0),a(1),...,a(n)} and a real
number ¢, consider the following algorithm :
y :=a(0)
p :=1
for i from 1 to n
p :=p*c
y =y+a(i)+*p
end

(a) (4 points) Give f(n) the number of artithmetic operations needed to execute this
algorithm.

(b) (2 points) Give ain f(n) = O(n®).

(c) (4 points) (independent from (a) and (b)) Assume that f(n) = ©(n?) and g(n) =
O(n). Give O(f(n) + g(n)) and O(L1H).



5. (10 points) Let S be a set with n elements. Answer the following justifying your answer.

(a) (2 points) How many ordered pairs are there in S x S7

(b) (3 points) How many relations are there on S (subsets of S x §)7

(c) (5 points) Let A, B, C be 3 sets. Suppose |A| = |B| = |C| = 100, |AN B| = 70,
|JANC| =50, |BNC|=45and |[AUBUC| = 175. How many elements are there
inANBNC?



6. (10 points) Let n € N,.
(a) (3 points) Let S, be the set of all non-empty subsets, {a1,as,...,ax|]l < k < n}
of the set of first n integers {1,2,...,n}. Give a recursive definition of the sets .S,,.
Indicate the basis and recursive steps.
Hint : The recursive step should include 3 cases.

(b) (2 points) Let ,

Sn = E{ahaz,---,ak}esn( :
a1.a9...Q—1.Qk

Give the expressions and values of s1, sy and ss.



(c) (5 points) Prove by Mathematical induction that s,, = n.



Additional space for answers
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