Math 211 — Fall 2007-08
Discrete Structures
Quiz 2, November 20 — Duration: 1 hour 15 minutes

GRADES {each problem is worth 12 points):

1 2 3 4 |5 6 TOTAL/72

YOUR NAME:

Quedions and Nelobons

YOUR AUB ID#:

PLEASE CIRCLE YOUR SECTION:

Section 1 Section 2 Section 3 Section 4

Recitation W 4 Recitation W 11 Recitation Th 12:30 Recitation Th 3:30

Professor Makdisi Ms. Karam Ms. Karam Ms. Karam
INSTRUCTIONS:

NEW! 5.

1. Write your NAME and AUB ID number, and circle your SECTION above.

2, Solve the problems inside the booklet. Explain your reasoning precisely
and clearly to ensure full credit. Partial solutions will receive partial credit.
Each problem is worth 12 points.

3. You may use the back of each page for scratchwork OR for solutions. There
are two extra blank sheets at the end, for extra scratchwork or sclutions.
If you need to continue a solution on another page, INDICATE CLEARLY
WHERE THE GRADER SHOULD CONTINUE READING,

4. Open book and notes. CALCULATORS ARE ALLOWED., Turn OFF and

put away any cell phones.

You do not need to simplify your answers to counting problems — for

example, if the answer is (2“) + (1217 6 - 5, just leave it that way.

GOOD LUCK!

An overview of the exam problems. Each problem is worth 12 points.
Each part of a problem is weighted equally, EXCEPT FOR problems 3 and 4.
Take a minute to look at all the questions, BEFORE you start solving.

1. Let X = {nEN | (T <n <77)A(n s & multiple of 3)}.

a) Find the cardinality N = | X| of the set X.

b) Give a bijection f : {1,2,...,N} — X. You do not have to prove that f is a
bijection.

2. There are 12 passengers on the AUB shuttle bus. Each passenger gets off at one of 5
stops: A, B, J, M, O (meaning Agriculture, Engineering, Jafet, Marquand, Qval).

a) Show that there exists a stop where at least 3 passengers get off.

b) How many ways are there for the passengers to get off the bus if the passengers are
indistinguishabie?

¢} Same question as (b) except that the passengers are distinguishable?

d) Same question as {b) except that the passengers are distinguishable, and 3 pas-
sengers get off at each of A, E, J, while 1 passenger gets off at M, and 2 get off at 07

3. a) (B pts) Show by mathematieal induction that ¥n € N, (2:) L

b) {4 pts) Give a different proof of the above by expanding {1 + 1)3n.
Remark: one can prove by induction the stronger statement that (*%) < 4//2n +1.
Do that at home, after the test.

4. a) (3 pts) Fill in the blanks on page 4 for a function eddprod(n) that computes the
product of the odd positive integers i < n. For example, oddprod“) =1-3-5-7-9and
cddpred{11) =1-3-5-7.8-11.

b) (3 pts) We are given a list of lists 1, and we wish to make a new list 12 consisting
of the sublists of 1 whose elements are all odd. For example:

If 1= [[1;3;5] ] [4;516] . [9|11:17] » [3a1|117] * {2]1]

then 12 = [[1,3,5), [%,11,17}, [3,1,1,71].

Use the Filtered() and ForAl1(} functions in GAP to do this in one line (see page 4).

Reminder: Filtered([t..10], x->Is0dd(x}) = [1,3,5,7,9]

ForAll{[1..10], x->Is0dd(x)) = false.

c} (6 pts} Write a function totallyoddsublists() that solves part b) using nested
loops. So you can write 12 := totallyoddsublists(l) te achieve the same result as in
part (b). Do not use Filtered(), ForAll(), or even ForAny(} in this part.

Hint: the outer loop goes over elements of 1, which are sublists. The inner loop goes
through the elements of a sublist and uses a helping variable allodd € {true,false} to
keep track of whether the elements that we have examined so far in this sublist are all odd.

i

5. A problem about the number of permutations P(n,r).
a) Give an algebraic proof that P(n,r) = Pln—1,r} +rP(n—1,r— 1),
b} Give a combinatorial proof of the above identity.

6. Consider the function f : {a,b,e} — {1,2,3,4,5,6,7} that is defined by f(a} = 5,
f®)=6, ()= .

a) How many left inverses g does f have? [Recall that a left inverse g is a function
§:{1,2,3,4,5,6,7} — {a,b,¢} such that go f =idy, 4.}-]

b) How many left inverses g satisfy [g(1) = a or g{2) = b or g(3) = ¢|?

it
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3. a) (8 pts) Show by mathematical induction that va € N, (2n) < 4"
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b) (4 pts) Give a different proof of the above by cxpanding (1 + 1),
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Remark: one can prove by induction the stronger statement thai (2':‘) <anf2n 1.

Do that at home, after the test. .

Kay 3beat Shaw Mot Maedk Lt @ L Ll Savtaziin okl 4
6 Hatidy 3 __—-m'é- = s vle o) L&-ne\-c] + 3&-

LLNY

*1&& « fvalbale K b ] "
Y | Whomat  NIEG Y % ke D g \:E—‘-L;l-n;?:rvi')g(?.(mq’t.

nn‘m'

a-ﬂlt ™ . L]
2ok Al POY) . (‘Lnb') . (ﬂ) Al W kel £ $y , o ) adne

4. a) (3 pts) Fill in the blanks below for a function oddprod{n) that computes the
product of the odd positive integers 1 < n. For example, oddprodf’) =1-3.5.7-9 and
oddprod{i1) =1-3-5.7-9- 11 o

oddprod := function(n)
local answer, 1i;

answes 12 |5 # st h‘...l.gg ui L ‘Ld.u &
for i in [1..n) do “Jnﬂé (-
it LoD B Memgq g a0,
then ousuer .o anguer Wi 3 e Memghy pabik” g l)
ti; -
od:

return{answer); .
end; Wl we e alia b} A vis dd \'3 RGmd L=,y

NAAT wede Dsodd Gy b s it il 0 Gap sl W TeolIRG),

b} (3 pts) We are given a list of lists 1, and we wish to make a new list 12 consisting
of the sublists of 1 whose elements are all odd. For example:
¥ 1=1[[1,3,5}, [4,5,6], [9,11,17], [3,1,1,7], (2]}
then 12 = [[1,3,5], [9,11,171, £3,1,1,711.
Use the Filtered() and ForAll() functions in GAP to do this in one line below.
Reminder: Filtered([1..10], x->Is0dd(x)) = [1,3,5,7,9]

ForAXl({1..10], x->Is0dd(x}) = false.
see Moe T gl

Answer:
12 :=Filvered (8, 27 - Al [ x, 1#1:0*“11\\ ;
-~

Mol 1 e e i wntm Eed ], % Feepl (5, Tsodd ).

¢} (6 pts} Write a function totallyoddsublists ?)) that solves part b) using nested
loops. So you can write 12 := totallycddsublists(l) to achieve the same result as in
part (b). Do not use Filtered(), ForAll{), or even ForAny() in this part.

Hint: the outer loop goes over elements of 1, which are sublists. The inner loop goes
through the elements of a sublist and uses a helping variable allodd € {true, false} to
keep track of whether the elements that we have examined so far in this sublist are all odd.

Answer (will take several lines): wm ¥ Swanl e,

totallycddsublists := functien(l)
‘ . .
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MSwer 12 [
S St e 0 do

otell = beve, FiurantanT: reinhvie atladl Lefore iy o ag

U lieh .

L el in sl do
N b nek Tsofl () ten Boal) e f‘k"; g;; _.‘r MTERNATIELY

A, atadl: Hedd 9__3 I.oll(cﬂ
oy % el Al (s satid),
Febue, (w.(uu-))

-l
s



-g_,' 2‘
I R e Ty g B CRED YRR Aquep

- e [t 3 ST a0 1T '
W3k og o3I 4 g e W T Gl VO OV Og (R i L) -
. 9 . el (\1.,., \-va“ Py --..\.-s-a 3y ¥ e
My = sy s oy Py Jevvpem = bl aen Cy ] -8 we _ e W @ 3T them vurd ‘ﬁ"’;-“v;)”’b —

T e ™ b T ey rtae i e e fremoe (KA1 (L:"" L O TR R P T“’t"“::x“-ah:@*::‘ Thyeagy sy
r I. Vomeny S0 s e v Ao : it
# (L,sg) 9+ W1- ‘r-__'}‘_- 11“;:*1‘.% = ) ~ {* vow ws) v oW * e YN \-w‘a-]mm W T ey
: o)+ (- [Oop gl (vl Pvidtent = (v >N TS \ (0 vy ey R
3 b wp ¢ L‘u-. - mux s \t“V] . ~  Thum Q--:'r")d,‘_:*— (- f-v)q ENN "nuu. s @ I \"Q‘,"“
< ’ Tz (B, (e L, et 1
o == (L6 S S T ‘shom (miteny o v
P 9e (95, T Y e Qe .

& L or A T Re3g o
‘a W (b A\ -kt ‘ . ‘ . ToUTI ey
i A TP S am ag ."“l-ﬂ e R "l.i‘ < \"V\ . hw‘f:llw* T vopan E\-:s TRy 4wy
. - ™ e L T Ty
L bt T e o O U A S S N S "N_-m:mal'"mimﬁ n(-?)\. T T TS
- “'D-l'h‘tﬂ R T """d :ﬁ‘Ja* "!"“, - m

g e 1
o v) ‘\*'ﬁ k'3 »

o -x_u_,,ﬁ % R -
b b qets!‘;)". ) SR TR e v er) uste oy 4 e ang e to m wemag G
) sham i-"l-vh“ SR BT O TS

'
(t}L'hJL "'"T-’L\'—- ATV B ap H(ﬁ)gc - n ’\Vﬁc Ty ey <t =“v\ -
A
J & WYY g '\!'V‘“'V"'V\ 4= BN,

=

il-u‘w(tlls = iu}_y o™y j‘ \.\“P“.rt&.,“ 1, {Ju ..-1") wai F_‘S—'

.{3:([}g - N oW W - ﬁ)>= 1.V
aeel ¢ bemy { (1%
N T - : - ECT
. -1'!' !E ¥ U vV By =
Preob Tywr 3y Comamboy  mpq v ‘ ) v ER v T S
ib={g)f0g=(z)fi00n= (1)8} Ajs1yes 6 sesseaur Yo £Twur Moy (q . (v in 2p " N e 5 mep ,\‘)“- e T ®
P ey ohrpmred \-:_",!:‘ -y Sy Lem aap v T S
R i 1 BRI
. (E;D' g-.-,rv\:a E\ - - Vg_‘b e (“'b"-"\) “\l"? A AYAY Ty % (J‘u)d. . !“ . ..n.‘.‘! Y 4
e - b A e L “nt : *RYTAPL 3A0q% Y3 o Jooxd [eLIGIRUIGUIOD ® BAr) (q

it £ 2 RN :‘ SRR
DR Al LT PPN o

A g s .. o A
ttea e Dl YWela v ‘
T E‘p“cw v Yrengs oS ——p o k1 ‘
. o (v = L-—CJ._") A VG
? - C e o g: b ([(;{g A h w ’(_l-\-l) = (—4* "buj .\(r-u) =
oo _“ .u 1. £y “M-.“, -y l‘-: \
e Y s g)? hﬁ; Yy -\(.:-u) . EYCTIRE'S |
(et s 7 e =
P § ‘\t((*wt ¥ :-'1“ G a9 L -0 VCam1-w)
TRl . wvys YOS T
Al YR T

e U S
R LT

.;i:,'-\lbij ELS Wy .
jo-vy o

x= (qu;(: e VR T g
P S T S I il

v
{.{;-q-u}ps = ; of 3“"-[1 t[:JIIE {3 (q 'ﬂ} — {ng ) l” lg -z ¢.[} ¥
uosun ¢ 8y § esreau; Yo[ ® R [[B25Y]] Jaaeq S soop 6 sosiaaup Yoy Ausur mofy (e 1= 4 — W) + (] — 6)d = (4'U)g ye) Jooad ag (
MR — - - = opexqadme oe asn (v
L=0)4"9 (q)-g *(4'u)g suonmnittad o saqumu a3 Jnoge wopqord v og

‘¢ = (v)f £q peugep & ey {4 ‘0°g'p'e % 1} — {2'q'0} : J vopsuny ayy 1prEUOn



