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Quiz 1: MATH 212 (Introductory PDEs)
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I / [10 points=7+-3] Problem 1. Consider the following boundary value problem

u+3u,—u= 0, ¢t>0, 0<z<3 (1)
u(t,0) = %, (2)
(3)

wt8) = &

(a) Find all the separable eigensolutions of the damped uniform transport equation (1). @

—t

Let Witn)= wit) v(z)
Ur=w'v & Up=wV!
subs in He #(1)° wh + 3wv/-wv=0
wiv= —3wv'+wv
wivz w (Bv/+Y
w' - -3v'+V =
s = = A

Sop (Wi-Awzo - (4)
g_gv’-rv: Av = -3v't [H\)v:O - ()

(4) yiekdy wit)=e**

507 u[.tﬁ(,): 62{'- e_@
o=

I
2t
G
L
(b) Find the separable eigensolutions that satisfy the boundary conditions (2), and (3).

({[{(d)g 67te = 6%
. ) £-A+l .
At -4 3 e?\ _ e'zf- |

XeR

¢ wl3)= e
= =2 ‘A:'Z
= {7\\‘7 2¢

2(1,/-—',1‘1‘/:/2(’(19 X=g o 27

Sor utkin)- %%
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[18 points] Problem 2. Solve the following initial value problem

{ux+‘—1‘f—2ut=0, t>0, >0

u(0,2) = T

the PDE can be writton @ Uy + % U =0
dv ¢ {2
dt ~ W
Sdar dw =t dt
423. t24¢
iz

co Ugd£E (chatuctlishc cufves )

3 T

= u(é,i):f/{-/x?’g) (4 is constont adery the cutvey)

wo)= (322 -

( 7
1051): P e
4
Se, utkiz)= e
M) = 2 [4) = b

Page 3 of 10



4

[15 points] Problem 3. Solve the following initial value problem

Uy = QUgs, t >0 =3
2 <4
u((),ac):{ if F< g

0, otherwise
(0, ) = 0.

€«+3¢
dMlemert's. uiet)= f(tf%;‘f[rﬂ:) ’LJ—(é) f 9(27dz
rok

1
where f(x)= wzi2) 4 o(47) = Up €%
n this @) g(R)=0 = y(t,1)= frat3t) + Fa-3t)

o
flr3t)= | T 7 34at+3tdM
o poluwisc 4" ffi%t): Z - 3[7:—?\‘:(4
0 ;OWWK«Q

J sollesmiaR

= 75(14,3{); z, 3’%’.(74‘/—3\': 4«['(1:3‘\')’ g, 3+34 L2 HBE
O sofliwist

n@: far3dt) = fa-3¢)=0

@ : fardt)=2 #fa-3+)=0
@ : fut3t)o ¥ fa-3+)=7
W@ : fatde)= fa-3)=2
in(©): flx+3t)=H1-3€)=0

0 g ‘ﬂ)f @Z@
Sﬁ; “wir): [ 4 for @¥3)

L far@
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3] Problem 4. The goal of t

his problem is to solve the following initial

[20 po'mts:10+7+

value problem-
{utt——u+2ux+um t>0

u(0,5) =0,Vz €R

1 (0,2) =%
(a) Let v(t, %) = ePult, ). Show that v(t,T) satisfies a wave equation, t0 be determined.

w=€"V

By A
wg=-¢V e V-,(,
Wu:tfe v - 61'\{«,&— Vot“'e\/'ht’e 26\/7(,*’6 Kun
Ug =€ Ve
Uy, -€ Vb / /
Sups i1 MPDgz e \/{:& g}/ }Q}\?L* vV\Z{'{—e Vit

6' Vit = V'Mb
|

év 7 v 4 so\\’ﬁg\% Vet = =Vay - (,C’\7

quation found in (a), along with suitable initial condi-

(b) Find v(t, ) that solves the wave €

tions.
V)= ut) = € Llo)=0 =2 —

\i@i)= € * e lok)= *E *2g(») o
41t

(x+t)E AT j 9(2) 47
1
= { ‘t‘f’f* 1”‘7
% &
¢ f% Z’e%c(% Z'—\+€e?_
4 -
} 'zb*'(f o\el’

D‘AQQMWFS - v)= f
AR




(c¢) Deduce u(t, z).
weet)= o € vib)
A 1 t
=g - t £ 4 ¢
€ _-g [[#k)e ~G-tle ¢ -¢ :)

I + -+ + ¢
= 5/ (e -(-t)e +t¢ -¢ _4
% )

|n5|ght

c L u




[37 points=5+7+10+15] Problem 5. The goal of this problem is to solve the following
initial value problem

u(0,z) = 2,

Tie — W — Bilee = S0z +1), >0, ¥eeR
(4)
il 0] = 8%

(a) Find a particular solution to the inhomogeneous pde uy — Ut — gy = sin(z +t) of the
form wu,(t,z) = c18in(z + t) + cacos(x + t), where c1,c2 €R .

Up= G (1t t) tCzo8 (xt+t)
Upy = G cos(att )G sin (+t+t)
Upy =—Cisim (L tt) —Cop o8 (tt)

uPhL= - siﬂ(t%) —CC05 /7”"‘:)
Upy = ¢, costz H') —ngiyt(-xn‘t)
uPu - —c sin(rtt) -G 7% [—:cf‘t)
Supe i the pde:
) tt
W&/ —c;,w;(xf/b) +M + e tATE)

Hesinett e cos(attl = VAZL Y

—> 6C|= ' = C&’é
6C.=0 o B

go; UPC‘{;[‘;{,): %Sfﬂ(ﬁ*f)



So _w_ NP ;‘40’2 = -2Yy +3V
P e - B A T

e US aVie 2N, o WV aVp 2
“%”25;“5%*'2%55 3 ﬂ’%* 3 5?2%
= My 6 Vr + Wby (Vgp=Vag)

= L{Vﬁ, M\/m—(zvyvt

Up=2u - dvaf + M _ VoV
CET R w1

U= Dopap Vgt . Doy . M
£ A sug?%g)r o ?

= Vip+ 2y +Van
WUpye oNg 29 Ve dn 422Vq &Y , o3V 2
1 2#% 25{3& %5%:7;{ 4—35,%3)‘
= ’war '}’Vm ‘l’erm .
subs lnﬂ/Q/Pd % C/
Y *%ni‘fm *}'@'Vm'/‘f{*é/{'lzvm —rf/"/vo

'Zg\/l.f')/ =
=%y =0
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%; = Q(@) which W@Gw"tw%{t

=2 v({gn)=9) + 9(1)

ROEYY) T are pbawe haweend
| ()-8 )

Seo, wttn)= ffu2t) 19 (23¢)

insight

c L u




(c) Show that all the solutions to the homogeneous pde g — Utz — 6ug, = 0 have the same
form as the solution found in part (b). (Hint: apply the change of variable from (¢, z) to

(/,L, f)a where u(t> CE) e v(u» £>)

part (c) 1o dne provioly in port- (1)
with p denottd 00
£ ¢ duotedas !

(b He ple isomilor t d-ab b0
(a+ ) G3b) =2

2 _
(frs8) (3 )~ 0
L‘—/ijrz% £ LL’%@’Q';%L

2
Both cpereh s e cadh  colulon fo fre /76{‘5~
= the colufion fo Hhis ple i »

U i) = fl- ) +g(ar3t) \
which 15 Nre gummal™® 4 poth et e

bth phes Ll & L[4
dm foot fo sammotton dine ﬁﬁm"'@y
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(d) Solve the initial value problem (4).

L) T 19 (213 £)

wwt)= ’F[¢)1—3(7L); v -l @
Welbi®)= - fl-28) * 3923t
W, ) = -2F 1) 39'(1) = g )

detving© wrt %> fi) H9ta)z 72 -~ ©,
@+ w@yidds 3900) +29\)= €7 FH®

53‘[1), ryYa
g‘(i) +,‘i7(,

=D 9(x)= €. 2€ 4—; Z* Tk (kéR)

bem @ £, 229t)

= B p? Ly
Ze" - Zx K

e N g
L 3 L

So
> WlhA)= -2 W) g %2 2at3t) 5 |
e i (e3) £e e (xﬁ(—ﬁ%

-2 2%
-Z¢ e ) 9625166) ?ﬁ 24t 2/t+5”c)

This is the o hhon o‘!. Are rovregovens- POE .

Ty, | c){wh v ﬂ@ IVP

W)= =2 220 ZgHav3), ?(z stf +EGr) ”——smw—t)
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