
MATH 212: INTRODUCTORY PARTIAL DIFFERENTIAL EQUATIONS

ASSIGNMENT 7

SOPHIE MOUFAWAD

Exercise 1: The goal of this exercise is to solve the following heat equation with homoge-

neous boundary conditions and constant initial condition:
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ut “ uxx `
π2

4 u´ b, t ą 0, b P R

upt, 0q “ upt, 1q “ 0 t ě 0

up0, xq “ c, 0 ă x ă 1, c P R.

1. Solve the ODE z2pxq ` π2

4 zpxq “ b.

Solution to the homogeneous ODE z2pxq ` π2

4 zpxq “ 0 is

zhpxq “ c1cospπx{2q ` c2sinpπx{2q. A particular solution is zppzq “ 4b
π2 . Then,

the solution is zpxq “ zhpxq ` zppxq “ c1cospπx{2q ` c2sinpπx{2q `
4b
π2

2. Find the equilibrium solution uEpxq.
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puEqt “ 0 “ puEqxx `
π2

4 uE ´ b, b P R

uEpt, 0q “ uEpt, 1q “ 0 t ě 0

Since puEqt “ 0, then uEpt, xq “ uEpxq and the pde is transformed into an ODE

with boundary conditions:
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puEq
2 ` π2

4 uE “ b, b P R

uEp0q “ uEp1q “ 0

The solution to the ODE is uEpxq “ c1cospπx{2q ` c2sinpπx{2q `
4b
π2 . Then,

uEp0q “ c1 `
4b
π2 “ 0 and c1 “ ´ 4b

π2 . Similarly, uEp1q “ ´ 4b
π2 cospπ{2q `

c2sinpπ{2q `
4b
π2 “ 0. Then c2 “ ´ 4b

π2 .

uEpxq “ ´
4b
π2 cospπx{2q´

4b
π2 sinpπx{2q`

4b
π2 “

4b
π2 p1´ cospπx{2q´ sinpπx{2qq

3. Define the difference vpt, xq “ upt, xq ´ uEpxq that measures the deviation of the

solution upt, xq from equilibrium.

(a) Show that vpt, xq satisfies a heat equation of the form vt “ γvxx ` βv, where

β, γ P R.

upt, xq “ vpt, xq ` uEpxq. Then vt “ ut, uxx “ vxx ` puEq
2. But, upt, xq



satisfies ut “ uxx `
π2

4 u ´ b. Then vt “ vxx ` puEq
2 ` π2

4 pv ` uEq ´ b “

vxx `
π2

4 v ` pu
2
E `

π2

4 uEq ´ b.

But pu2E `
π2

4 uEq “ b. Thus, vt “ vxx `
π2

4 v, where γ “ 1, and β “ π2

4 .

(b) Then, adapt the boundary and initial value conditions.

vpt, 0q “ upt, 0q´uEp0q “ 0´0 “ 0, vpt, 1q “ upt, 1q´uEp1q “ 0´0 “ 0.

vp0, xq “ up0, xq ´ uEpxq “ c´ 4b
π2 p1´ cospπx{2q ´ sinpπx{2qq. Then
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vt “ vxx `
π2

4 v, t ą 0

vpt, 0q “ vpt, 1q “ 0 t ě 0

vp0, xq “ c´ 4b
π2 p1´ cospπx{2q ´ sinpπx{2qq, 0 ă x ă 1, c P R.

4. There are two ways for solving initial-boundary value problem obtained in part 3.

(a) Let wpt, xq “ eαtvpt, xq. Find an α value for which wpt, xq satisfies the heat

equation wt “ wxx. Then, change the boundary and initial conditions accord-

ingly. And solve the obtained initial boundary value problem. Finally, deduce

the solution vpt, xq.

Solution

wt “ αeαtv ` eαtvt, and wxx “ eαtvxx. Then, αeαtv ` eαtvt “ eαtvxx.

Moreover, vt “ vxx´αv. But vpt, xq solves vt “ vxx`
π2

4 v. Then, α “ ´π2

4 ,

and wpt, xq “ e´
π2

4 tvpt, xq.

Or alternatively, vpt, xq “ e´αtwpt, xq, vt “ ´αe´αtw ` e´αtwt, and vxx “

e´αtwxx. Thus, ´αe´αtw ` e´αtwt “ e´αtwxx `
π2

4 e
´αtw, and wt “

wxx ` p
π2

4 ` αqw. Thus, α “ ´π2

4 .

vpt, 0q “ e´αtwpt, 0q “ 0 “ e´αtwpt, 1q “ vpt, 1q, then wpt, 0q “ wpt, 1q “

0. wp0, xq “ e0vp0, xq “ c´ 4b
π2 p1´ cospπx{2q ´ sinpπx{2qq.
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wt “ wxx, t ą 0

wpt, 0q “ wpt, 1q “ 0 t ě 0

wp0, xq “ c´ 4b
π2 p1´ cospπx{2q ´ sinpπx{2qq, 0 ă x ă 1, c P R.

By the method of separation of variables, we get thatwpt, xq “
ř8

k“1 bke
´pkπq2tsinpkπxq “

ř8

k“1 wkpt, xqwhere bk “ 2
ş1

0
rc´ 4b

π2 p1´cospπx{2q´sinpπx{2qqssinpkπxqdx.

Using the trigonometric identities sinpαqcospβq “ 1
2 psinpα`βq`sinpα´βqq
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and sinpαqsinpβq “ 1
2 pcospα´ βq ´ cospα` βqq we get

bk “ p2c´
8b

π2
q

ż 1

0

sinpkπxqdx`
8b

π2

ż 1

0

pcospπx{2q ` sinpπx{2qqsinpkπxqdx

“ p´2c`
8b

π2
q
p´1qk ´ 1

kπ
`

4b

π2

ż 1

0

rsinp
2k ` 1

2
πxq ` sinp

2k ´ 1

2
πxq ` cosp

2k ´ 1

2
πxq ´ cosp

2k ` 1

2
πxqsdx

“ p´2c`
8b

π2
q
p´1qk ´ 1

kπ
`

4b

π2
r´2

cosp 2k`1
2 πxq

p2k ` 1qπ
´ 2

cosp 2k´1
2 πxq

p2k ´ 1qπ
` 2

sinp 2k´1
2 πxq

p2k ´ 1qπ
´ 2

sinp 2k`1
2 πxq

p2k ` 1qπ
s10

“ p´2c`
8b

π2
q
p´1qk ´ 1

kπ
`

8b

π3
r
sinp 2k´1

2 πq

p2k ´ 1q
´
sinp 2k`1

2 πq

2k ` 1
`

1

2k ` 1
`

1

2k ´ 1
s

“ p´2c`
8b

π2
q
p´1qk ´ 1

kπ
`

8b

π3
r
p´1qk`1 ` 1

2k ´ 1
`
p´1qk`1 ` 1

2k ` 1
s

“ p´2c`
8b

π2
q
p´1qk ´ 1

kπ
`

32bk

p2k ´ 1qp2k ` 1qπ3
rp´1qk`1 ` 1s

“
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0, k “ 2j

4c
p2j´1qπ ´

16b
p2j´1qπ3 `

32bp2j´1q
p4j´3qp4j´1qπ3 , k “ 2j ´ 1

Then, w2pt, xq “ w4pt, xq “ w2jpt, xq “ 0, and

wpt, xq “
8
ÿ

k“1

wkpt, xq “
8
ÿ

j“1

r
4c

p2j ´ 1qπ
´

16b

p2j ´ 1qπ3
`

32bp2j ´ 1q

p4j ´ 3qp4j ´ 1qπ3
se´p2j´1q2π2tsinpp2j´1qπxq

vpt, xq “ e
π2

4 twpt, xq “ e
π2

4 t
8
ÿ

k“1

wkpt, xq

“ e
π2

4 t
8
ÿ

j“1

r
4c

p2j ´ 1qπ
´

16b

p2j ´ 1qπ3
`

32bp2j ´ 1q

p4j ´ 3qp4j ´ 1qπ3
se´p2j´1q2π2tsinpp2j ´ 1qπxq

(b) Solve for vpt, xq directly by using the method of separation of variables.
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vt “ vxx `
π2

4 v, t ą 0

vpt, 0q “ vpt, 1q “ 0 t ě 0

vp0, xq “ c´ 4b
π2 p1´ cospπx{2q ´ sinpπx{2qq, 0 ă x ă 1, c P R.

vpt, xq “ SptqV pxq, S1ptqV pxq “ SptqV 2pxq ` π2

4 SptqV pxq, then

S1ptq

Sptq
“
V 2pxq ` π2

4 V pxq

V pxq
“ λ

Sptq “ eλt and the solution to V 2pxq “ pλ´ π2

4 qV pxq is

V pxq “
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c1e
ωx ` c2e

´ωx, if pλ´ π2

4 q “ ω2 ą 0

c1sinpωxq ` c2cospωxq, if pλ´ π2

4 q “ ´ω
2 ă 0

c1 ` c2x, if pλ´ π2

4 q “ 0
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The first and the last cases are discarded, and V pxq “ c1sinpωxq`c2cospωxq,

where V p0q “ c2 “ 0, and V p1q “ c1sinpωq “ 0, implies ω “ kπ, and

λ´ π2

4 “ ´ω
2 “ ´k2π2 and λ “ π2

4 ´ k
2π2.

Then the eigensolutions are, vkpt, xq “ e
π2

4 t´k
2π2tsinpkπxq for k “ 1, 2, 3, ....

vpt, xq “ e
π2

4 t
8
ÿ

k“1

bke
´k2π2tsinpkπxq

vp0, xq “
ř8

k“1 bksinpkπxq “ c´ 4b
π2 p1´ cospπx{2q ´ sinpπx{2qq, and

bk “ 2

ż 1

0

rc´
4b

π2
p1´ cospπx{2q ´ sinpπx{2qqssinpkπxqdx

“

$
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0, k “ 2j

4c
p2j´1qπ ´

16b
p2j´1qπ3 `

32bp2j´1q
p4j´3qp4j´1qπ3 , k “ 2j ´ 1

And vpt, xq has the same expression as in part a.

5. Deduce the solution upt, xq and find its limit as t tends to infinity.

upt, xq “ uEpxq ` vpt, xq

“
4b

π2
p1´ cospπx{2q ´ sinpπx{2qq

`e
π2

4 t
8
ÿ

j“1

r
4c

p2j ´ 1qπ
´

16b

p2j ´ 1qπ3
`

32bp2j ´ 1q

p4j ´ 3qp4j ´ 1qπ3
se´p2j´1q2π2tsinpp2j ´ 1qπxq

limtÑ8upt, xq “ uEpxq “
4b
π2 p1´ cospπx{2q ´ sinpπx{2qq

since |vpt, xq| ď
ř8

k“1 |bk|e
π2

4 t´k
2π2t, and bk is bounded

|bk| ď 2

ż 1

0

|c´
4b

π2
| `

4|b|

π2
cospπx{2q `

4|b|

π2
sinpπx{2qdx

ď 2r|c´
4b

π2
| `

8|b|

π3
´

8|b|

π3
p´1qs

ď 2r|c´
4b

π2
| `

16|b|

π3
s

Moreover, limtÑ8e
π2

4 t´k
2π2t “ 0. Thus, limtÑ8vpt, xq “ 0.

6. Approximate the solution upt, xq by uEpxq and the first term of vpt, xq.

(a) Find an upper bound for the error between upt, xq and its first term approxi-

mation, i.e. |upt, xq ´ uEpxq ´ v1pt, xq|, when c “ 4|b|
π2 .

|upt, xq ´ uEpxq ´ v1pt, xq| “ |vpt, xq ´ v1pt, xq| “ e
π2

4 t|wpt, xq ´ w1pt, xq|

ď
Me

π2

4 t

expp2π2tq ´ exppπ2tq
(0.1)
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whereM “ 2
ş1

0
4|b|
π2 pcospπx{2q`sinpπx{2qqdx “

16|b|
π3 rsinpπx{2q´cospπx{2qs

1
0 “

32|b|
π3 “ 8c

π . We obtained this upper bound since wpt, xq solves the heat equa-

tion with homogeneous boundary condition. Refer to the extra note posted on

moodle, where we have derived this upper bound.

But since w2pt, xq “ 0, then

|upt, xq ´ uEpxq ´ v1pt, xq| “ e
π2

4 t|wpt, xq ´ w1pt, xq| “ e
π2

4 t|wpt, xq ´ w1pt, xq ´ w2pt, xq|

ď
Me

π2

4 t

expp3π2tq ´ expp2π2tq

ď
8ce

π2

4 t

πpexpp3π2tq ´ expp2π2tqq

(b) After what time will the error from the first term approximation be less than
8ce1{4

πpe3´e2q .

For t ě 1
π2 the error is less than 8ce

1
4

πpe3´e2q

Exercise 2: Consider the following heat equation with mixed boundary conditions and initial

condition:
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ut “ uxx, t ą 0

upt, 0q “ 0 t ě 0

uxpt, lq “ 0 t ě 0

up0, xq “ fpxq, 0 ă x ă l.

1. Find the solution to the initial-boundary value problem, and discuss its asymptotic

behavior as tÑ8.

Let upt, xq “ SptqV pxq, S1ptqV pxq “ SptqV 2pxq, and S1ptq
Sptq “

V 2pxq
V pxq “ λ. Sptq “

eλt. And

V pxq “
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c1e
ωx ` c2e

´ωx, if λ “ ω2 ą 0

c1sinpωxq ` c2cospωxq, if λ “ ´ω2 ă 0

c1 ` c2x, if λ “ 0

where V p0q “ 0 and V 1plq “ 0.

If λ “ ω2 ą 0, then V pxq “ c1e
ωx ` c2e

´ωx, and V 1pxq “ ωc1e
ωx ´ ωc2e

´ωx.

V p0q “ c1 ` c2 “ 0, c1 “ ´c2. V 1plq “ c2pe
ωl ` e´ωlq “ 0, then c1 “ c2 “ 0.

Discarded.
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If λ “ 0, c1 “ c2 “ 0. Discarded.

If λ “ ´ω2 ă 0, then V pxq “ c1sinpωxq ` c2cospωxq. V p0q “ c2 “ 0 and

V 1pxq “ ωc1cospωxq, V 1plq “ ωc1cospωlq “ 0 when ωl “ ´π
2 ` kπ for k “

1, 2, 3, .... Then ω “ p2k´1qπ
2l and Vkpxq “ sinp p2k´1qπ

2l xq and the eigensolutions

are ukpt, xq “ bke
´p

p2k´1qπ
2l q

2tsinp p2k´1qπ
2l xq for k “ 1, 2, ....

The solution is upt, xq “
ř8

k“1 ukpt, xq “
ř8

k“1 bke
´p

p2k´1qπ
2l q

2tsinp p2k´1qπ
2l xq.

Using the initial condition, up0, xq “
ř8

k“1 bksinp
p2k´1qπ

2l xq “ fpxq.

However, this is not the usual Fourier Sine series of a function fpxq defined over

r0, ls. But we can find the coefficients bk, for which the sine series converges to

fpxq on the interval r0, ls. Note that for some z P N, and z ą 0, we have
ż l

0

sinp
p2k ´ 1qπ

2l
xqsinp

p2z ´ 1qπ

2l
xqdx “

1

2

ż l

0

cosp
pk ´ zqπ

l
xq ´ cosp

pk ` z ´ 1qπ

l
xqdx

“

$

’

&

’

%

0, ifk ‰ z

l
2 , ifk “ z

(0.2)

Then,

2

l

ż l

0

fpxqsinp
p2z ´ 1qπ

2l
xqdx “

2

l

8
ÿ

k“1

bk

ż l

0

sinp
p2z ´ 1qπ

2l
xqsinp

p2k ´ 1qπ

2l
xqdx

“ bz “ bk (0.3)

Thus, bk “ 2
l

şl

0
fpxqsinp p2k´1qπ

2l xqdx. Each term in the infinite series is bounded

by a damping term |ukpt, xq| ďMe´p
kπ
l q

2t whereM “ 2
l

şl

0
|fpxq|dx, thus limtÑ8upt, xq “

0

2. Find the equilibrium solution uEpxq.
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puEqt “ 0 “ puEqxx

uEpt, 0q “ 0 t ě 0

puEqxpt, lq “ 0

Since puEqt “ 0, then uEpt, xq “ uEpxq and the pde is transformed into an ODE

with mixed boundary conditions:
$
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puEq
2 “ 0

uEp0q “ puEq
1plq “ 0

The uEpxq “ c1x` c2, uEp0q “ c2 “ 0, u1Eplq “ c1 “ 0, then uEpxq “ 0.
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