MATH 212: INTRODUCTORY PARTIAL DIFFERENTIAL EQUATIONS
ASSIGNMENT 7

SOPHIE MOUFAWAD

Exercise 1: The goal of this exercise is to solve the following heat equation with homoge-

neous boundary conditions and constant initial condition:

ut=um+%2u—b, t>0,beR
u(t,0) =u(t,1)=0 ¢t=0

u(0,x) = ¢, 0<z<lceR.

1. Solve the ODE 2" (z) + 7TTzz(ac) =b.
Solution to the homogeneous ODE 2" (z) + %Zz(x) =0is

zn(x) = cicos(mx/2) + casin(mz/2). A particular solution is z,(z) = 25. Then,

4b

the solution is z(x) = z,(x) + zp(x) = cicos(mx/2) + cosin(mz/2) + 5

2. Find the equilibrium solution u g (z).

(uE)t =0= (uE)mm‘F%QUE*b, beR

uE(t,O):uE(t,l):0 t=>0

Since (ug); = 0, then ug(t,z) = ug(x) and the pde is transformed into an ODE

with boundary conditions:

The solution to the ODE is ug(z) = cjcos(mz/2) + casin(rz/2) + 2. Then,

up(0) = ¢y + 25 = 0and ¢; = —25. Similarly, ug(l) = —2bcos(m/2) +
casin(m/2) + 2% = 0. Then ¢, = —25.
up(z) = fi—gcos(ﬂxﬂ) — 2 sin(rz/2) + ﬁ—‘; = 2(1 - cos(rz/2) — sin(rz/2))

3. Define the difference v(t,z) = u(t,x) — ug(x) that measures the deviation of the
solution u(t, z) from equilibrium.
(a) Show that v(¢, x) satisfies a heat equation of the form v; = yv,, + Sv, where

B,y eR.
u(t,z) = v(t,x) + ug(z). Then vy = Uy, Ugr = Vgp + (up)”. But, u(t, )



satisfies u; = Ugy + %QU —b. Then vy = vy + (ug)” + n (v+ug)—b=

1
Ve + Z0 + (W + Toug) — .
But (uy; + %uE) = b. Thus, vy = Vyp + %211, where v = 1, and 8 = “72.
(b) Then, adapt the boundary and initial value conditions.
v(t,0) = u(t,0)—ur(0) =0-0=0,v(t,1) = u(t,1)—ug(l) =0-0=0.
v(0,2) = u(0,2) — ug(z) = ¢ — 25(1 — cos(rz/2) — sin(rx/2)). Then

2
Vg = Vg + T, t>0

v(t,0) =v(t,1) =0 t=0

v(0,2) = ¢ — 2 (1 — cos(mx/2) — sin(rx/2)), 0<z <1,ceR.

K

4. There are two ways for solving initial-boundary value problem obtained in part 3.
(a) Letw(t,z) = e“*v(t,z). Find an « value for which w(t, ) satisfies the heat
equation w; = wy,;. Then, change the boundary and initial conditions accord-
ingly. And solve the obtained initial boundary value problem. Finally, deduce
the solution v(¢, x).

Solution

t at

wy = ae®v + ey, and wy, = e*v,,. Then, ae®v + e®v, = e“tvyy.

2 2
Moreover, v; = vy, —w. Butv(t, ) solves v; = vy 4+ “-v. Then, a = — 71,
7r2
and w(t, z) = e Ttu(t, x).
Or alternatively, v(t, z) = e"“tw(t, z), v; = —ae™*w + e~ *wy, and vy, =
—at Th _ —at —at _ ,—ot LQ —at d _
e Wy - us, —ae w+ e wy = e Weg + g€ w, an wy =

2 2
Wyy + (% + a)w. ThllS, o = 7%
v(t,0) = e*atw(t, 0)=0= e*atw(t, 1) = v(t, 1), then w(t,0) = w(t, 1) =

0. w(0,2) = e®v(0,2) = ¢ — 28(1 — cos(nz/2) — sin(rz/2)).

T

Wy = Wy, t>0
w(t,0) = w(t,1) =0 t=0

w(0,2) = ¢ — 2 (1 — cos(rz/2) — sin(rz/2)), 0<z<lceR

By the method of separation of variables, we get that w(t,z) = Y. | by e~ tgin(knx) =

Yo, wi(t, x) where by, = 2 S(l) [e—2b (1—cos(rz/2)—sin(rz/2))]sin(krz)dz.
Using the trigonometric identities sin(a)cos(8) = 1 (sin(a+3)+sin(a—p))
2



and sin(a)sin(B) = 1 (cos(a — B) — cos(a + ) we get
0

8b, [ 8b (!
b = (2c— =) | sin(krz)dz + —2f (cos(mx/2) + sin(mx/2))sin(kmx)dx
e m 0

8b (-1)F -1 4b (. 2k +1 o 2k—1 2k — 1 2k +1
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Then, wa(t, ) = wa(t,z) = ng(t,:c) =0, and
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(b) Solve for v(t, :1:) directly by using the method of separation of variables.
UtIUer%QU, t>0
v(t,0) =v(t,1) =0 t=0
v(0,2) = c— 2 (1 — cos(nz/2) — sin(rz/2)), 0<z<l,ceR
v(t,x) = SE)V(x), S'(t)V(x) = SE)V"(x) + 7r;S(t)V(gc), then

S'(t) _V'(@)+ TV (@)
S(t) V(z)

S(t) = e* and the solution to V" (z) = (A — Z-)V (z) is

=

c1e¥® + coe™vE, if A=Tp)= w? >0
V(x) = 1 ersin(wz) + cacos(wr), if (A— ”72) =—-w? <0
c1 + caor, if (A—§)=O



The first and the last cases are discarded, and V' (x) = ¢; sin(wx) + cacos(wz),

where V(0) = ¢o = 0, and V(1) = ¢ysin(w) = 0, implies w = km, and

2

AT o w? = —k2r2and A = T — k22,
Then the eigensolutions are, vy, (t, ) = T kT “tsin(kra)fork = 1,2,3, ...
v(t,x) = — T Z sm(lwrx)

v(0,2) = Y7 bsin(krz) = ¢ — 25(1 — cos(rz/2) — sin(nx/2)), and

b = 2] [c— 4—b(l — cos(mx/2) — sin(nx/2))]sin(krz)dx

0 w2
0, k= 2j

- dc 16b 326(2j—1) o
@ -0x ~ @us T @i k=211

And v(t, x) has the same expression as in part a.

5. Deduce the solution u(t, ) and find its limit as ¢ tends to infinity.

u(t,z) = ug(z) + v(t, z)

= %b(l — cos(mx/2) — sin(mx/2))

]e‘<2j—1)2”2tsin((2j — 1)mz)

e < 160 32b(25 — 1)
i Z , | .
=2 - 1 @i (45 —3)(45 — n?

limyou(t, ) = ug(z) = 2(1 — cos(rz/2) — sin(rz/2))
since |v(t, )| < Yoo, |bile =7t and by, is bounded

! 41b b
bk|<2Lc—7T2+7T| s(ra/2) + ||sm(7m“/2)

4b 8|b 8|b
<ofle— 2o+ S0 S0y

4b 166
< ofle -~ 2op+ 100

3
Moreover, lim;_,o,e T St-kTt _ () Thus, lim;_v(t,z) = 0.
6. Approximate the solution u(t, z) by ug(z) and the first term of v (¢, z).
(a) Find an upper bound for the error between (¢, x) and its first term approxi-

mation, i.e. [u(t,z) — ug(z) — vi(t,2)|, when ¢ = %'

<2
lu(t,z) —up(z) — vi(t,2)| = |v(t,x) —vi(t,2)| = e T |w(t,z) —w (t,z)|
Met
<
exp(2n2t) — exp(m3t)
4

.1




where M = 2 Sé ‘ﬂi‘ (cos(mx/2)+sin(mz/2))dx = 16“7‘ [sin(mz/2)—cos(rx/2)]§ =

3200

= SC. We obtained this upper bound since w(t, x) solves the heat equa-

tion with homogeneous boundary condition. Refer to the extra note posted on
moodle, where we have derived this upper bound.
But since ws(t, ) = 0, then

u(t, ) — up(x) — o1 (t, 2)| = €T Hw(t, ) — wi(t, 2)| = e Hw(t, ) — wi(t, ) — walt, )|

2

Me't?
<
exp(3m2t) — exp(2m2t)

2
r—
Rce’ Tt

m(exp(3n2t) — exp(2m2t))

(b) After what time will the error from the first term approximation be less than

8cel/t
m(el—e2)"
1

1 . 8ced
Fort > = the error is less than w(ei—e?)

Exercise 2: Consider the following heat equation with mixed boundary conditions and initial

condition:
Up = Ugy, t>0
u(t,0) =0 t=0

ug(t,1) =0 t=0

u(0,2) = f(z), 0<z<l.

1. Find the solution to the initial-boundary value problem, and discuss its asymptotic

behavior as t — o0.

Letu(t,z) = S@t)V(z), S'(t)V(x) = SE)V"(z),

S’(t _ v )
PN

e, And
1Y 4 coe™%T, if A=w?2>0
V(x) = 1 ¢1sin(wz) + cacos(we), if A\=—-w?<0
c1 + cox, if A=0

where V(0) = 0 and V'(l) =

If A = w? > 0, then V() = c1e¥" + coe™%, and V' (x) = weie® — wege T,
V() =ci+ca=0,¢c1 = —ca. V'(I) = coe®! + e @) =0, thenc; = ¢ = 0.
Discarded.



If A\ =0, ¢c; = ¢cg = 0. Discarded.
If A\ = —w? < 0, then V(x) = c¢1sin(wz) + cacos(wz). V(0) = co = 0 and

V'(xz) = wercos(wzx), V(1) = weicos(wl) = 0 when wl = —F + kr for k =

1,2,3,.... Thenw = % and Vi (z) = sm((QkZ;ll)”x) and the eigensolutions
are uy(t,x) = bke*((%z_ll)ﬂ)%sin(%;”x) fork=1,2,....

7
The solution is u(t,z) = >, ug(t,z) = D, bpe—(F5)%

sin( (2]“2_11)”:5)

. C . .. . 2k—1)m
Using the initial condition, u(0,z) = ;. , bksm(%x) = f(z).
However, this is not the usual Fourier Sine series of a function f(z) defined over
[0,{]. But we can find the coefficients by, for which the sine series converges to

f(z) on the interval [0, []. Note that for some z € N, and z > 0, we have

! !
L sin( (2% 2_l l)wx)sin( (22 2_1 l)ﬂ-a:)da: = % fo cos(@x) - cos(i(k i Zl_ 1>7Tx)d33
0, ifk #
- ks 0.2)
L ifk=z
Then,
2 (! (22— D)7 23, (P (@e—D)r 2k — 1)
7L f(z)sin( 57 x)dr = 7 ];1 bkL sin( 57 x)sin( 57 x)dx
=b, = by (0.3)

Thus, by, = 2 Sé f (x)sm(%x)dm Each term in the infinite series is bounded
by a damping term |uy, (¢, )| < Me~("T)* where M = 2 S(I) | f(z)|dx, thus limy_,ou(t, x) =
0

. Find the equilibrium solution u g (z).

(up)t = 0= (uB)es
up(t,0) =0 t=0
(up)z(t,1) =0
Since (ug): = 0, then ug(t,x) = ug(x) and the pde is transformed into an ODE
with mixed boundary conditions:
(up)" =0
up(0) = (up)'(l) = 0

The ug(z) = 12 + c2, ug(0) = c2 = 0, wz(l) = ¢1 = 0, then ug(z) = 0.
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