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Math 210
FINAL EXAMINATION, JUNE 4, 2004

1. (10 pts.) A function fis defined by flx) = x3 sin(-5), forx # 0, and 10) = 0. Prove that

is differentiable and uniformly continuous on R.
2. (10 pts.) A sequence a, is defined by @ = a, + a% and a; = 1. Obtain the asymptotic

behavior of a,,, and Prove your answer.

3.(10pts)Letf: K~ Rbea continuous function, where X is a closed and bounded
interval. Fora € Rput E = {re K Sx) = a}. Prove that £ is a compact subset of R.

4.(10pts)Letf: R > Rbea differentiable function, and assume that [/'(x)| < 4 < 1 for all
x € R. A sequence x, is defined by Xuri = ff(xn)). Prove that x,, is a convergent sequence
irrespective of the value of xi.

5. (10 pts.) Let f'be given by flx) = :;0 (‘12{,:]% . Prove that f'is defined and continuous on
~1 < x < 1. Prove also that S1s differentiable on (-1, 1) and find its derivative.

6. ( 10 pts.) Consider the infinite series

Z[mce"”‘2 — (1 = D)xe~n-1],
n=1

If §, is the n'™ partial sum, compute Sy, lim,.« Sy, and determine whether or not the series
converges uniformly in a nbhd (-6,8) of 0.
7. ( 10 pts.) Evaluate the following limits and prove YOUr answers:
n l 2
: X yn,-2x : n"t
(@) Jim [ (1+ £y, (5) lim [ 2
8.( 10 pts.) State without proof four “ deeper” properties of continuous functions.Prove that if

Jis continuous at @, and Sfa) # 0, then 1/fis continuous at .
9. ( 10 pts.) Define

X+
flx) = J' sin(#3)dt.

X

Show that

fx) = L{cos(f) cos{(x + 1)31}_%I(j+1)3 cosu g,

3 x2 (x+1)? u?

and conclude that [f{x)| < C/x? , where Clis a constant; and that _f: sin(#?)dt converges.
10. (10 pts.) If flx) = 2 B prove that £'(x) = voy =02 for all x & (0,27),

11. ( 10 pts.) Prove that _f: J’Ex_ dx is a convergent mtegral, which is not absolutely

1+4x2

convergent.
12. (15 pts.) Let ¢ and S; be continuous on/:a<x<p Definea sequence .S, of functions

on { by

Su(x) = a+ r H()Su1(D)dt,n > 1,a fixed in [,

(a) If Sy, converges uniformly to a function § on /, prove that § is differentiable and that
S'(x) = ¢(x)S(x). (b) Show that{S,} is uniformly convergent on 7,




L. {a) Use mathematical induction to prove that 1.2 + 2.3 +nln+1)
= n{n+1){(n+2)/3. (6 points)

(b) Show that n* £ 2 (mod 6). n € Z. State whether vour proot is direct
or mdirect” (6 points)
2. Let 4 = Rx {~7,7. B = (R x R)N{(0.0)}. aud f 4 — B be the

function defined by fi ) y) = (e cosy e siny).

(2) Graph the sets 4 and B iy « carteslan systenn. (3 points)
(b) Show that f is a1 one-to-one corresponclence. (6 points)
() Find the inverse function of £, (2 points)

3. @)Th(—‘re are lowr large eroups of people. each witl 1000 members. Any
fwe of these gronps have 106 niemlors 1y common. Any three of these groups
have 10 mewbers in common. A there is 1 person common to all four
groups. All together. how many people are in these groups? (6 points)

(h) There are 10 questions i a Discrete Mathematics final examination.
How many ways ave there to assigi scoves to the problems if the sum of the
scoves 15 10O and each question is worth at least 5 poluts? (® points)

() How many different words ¢nn be made from “SUCCESS” given that

thie frst and last lertors s hoth he =87 @ points)
; I




