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1. a) Let V be a vector space over R. Define the notion of an inner product on V.
b) State and prove the Cauchy-Schwartz inequality (only for vector spaces over R,

1 2 1 3
2. Let7:R* > R3begiven by thematrix { 1 2 0 0
g 0 1 3

a) Find a basis for each of ker T and Image T
b) Find the orthogonal projection of the vector (3,0,0) onto Image T'.

3. Define T : C? - C? by the matrix (? _12) Find a basis of C? consisting of eigenyectors

for T. AN \
f(l) \ L' 1{, ";‘:‘,.‘ ' .
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4. Define T: P; —» R* by T(f) = J‘,f(ill)) . L,,li"
f'(-1)

a) Find the matrix 4[75, where A is the standard basis for R* and B = {1, z, 22, 23}.
b) Show that T is an isomorphism. (You do not need to calculate 7-1.)

5. Let V and W be finite-dimensional vector spaces, and let 7 : V — W be a surjective linear
transformation.

a) Show that there exists a linear transformation U/ : W — V such that 7 ¢ U = idy,. Hint:
you can define I on a basis for W and use the linear extension theorem.

b) Give an example to show that U/ o 7' need not equal idy .

6. Let V be a finite-dimensional vector space, and let 7: V' — V be a linear transformation such
that 72 = 0y {Recall that 72 = T o T, and that 0y is the zero linear transformation).

a) Show that dimImageT < {1/2)dim V.

b} Give an example where dimImage T < (1/2)dim V, but T2 # Oy

7. Define T: Py — Py by
Tf(x)= f(1-x), eg, T(#* =3z +4) =1~z -3(1-z)+4=a’>+z+2.

a) Find the matrix g[T]p of T with respect to the basis B = {1, z,22}.
b) Show that z[T|z is similar to

10 0
01 0
0 0 -1

8. Let V be a finite-dimensional inner product space, and let P : V — V be a self-adjoint linear

transformation such that P? = P.
a) Show that if M is an cigenvalue of P, thon N — 0 or A — 1.

b) Show that P is the orthogonal projection onto a certain subspace W of V.

9. Let V be a finite-dimensional complex inner product space, and let T : V — V be a unitary
transformation. Recall that this means that T* = T~!, which is a fancy way of saying that 7" is an
isometry: for all ¥,w € V, (T(#), T(w)) = (7, %).

a) Show that if A is a (complex) eigenvalue of 7', then |A| = 1.

b) Show that T is diagonalizable, by imitating the proof of the spectral theorem.




