CMPS 257

Time: 75 mins

  
             Quiz II - Solutions   


            Fall 07-08
Problem 1 ( 20 Points) True or False (Circle one Letter) If true, give a proof. If false, give a counter example.

	a. (10 points) The concatenation of two context free languages is context free 
	T


	F

	See notes

	b. (10 points) The complement of a decidable language is decidable

	T
	F

	See notes


Problem 2 ( 30 Points)

Consider the state diagram of the PDA
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The PDA above is supposed to recognize the language A = {0n 1n :  n = 0, 1, …}
a. (5 points) Fill in the missing transition rules in the diagram above ( in the “blank boxes”.)
b. (5 points) Is it necessary to have the start state q1 an accept state ?  Why ?
Yes, otherwise  will not be accepted… and  is in A. (should be accepted)
c. (10 points) Give a state diagram for a PDA that recognizes the language B = {0n 12n :  n = 0, 1, …} (Number of 0’s is double the number of 1’s.)  Hint: Make minimal modifications to the given state diagram.
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d. (10 points) Give a CFG for B
S  0S11  |  
Problem 3 ( 30 Points)

a. (5 points)Which of the following best expresses the pumping theorem for context free languages ?
A. A language L is context free if there is a pumping length p such that for any string wL of length greater than or equal to p, w can be subdivided as w = uvxyz in such a way that either v or y is nonempty, |vxy|  p, and uvn xyn z is in L for every n 0.

B. Suppose L is a CFL. Then for some p > 0, the pumping length for L , any string wL of length greater than or equal to p, every subdivision of w = uvxyz , with v or y  nonempty, then  |vxy|  p, and uvn xyn z is in L for every n 0.
C. Suppose L is a CFL. Then for some p > 0, the pumping length for L , any string wL of length greater than or equal to p, there is a subdivision of w = uvxyz , such that  v or y is nonempty, |vxy|  p, and uvn xyn z is in L for every n 0.
D. Suppose L is a CFL. Then for every number p >0, and for any string wL of length greater than or equal to p, there is a subdivision of w = uvxyz , such that  v or y is nonempty, |vxy|  p, and uvn xyn z is in L for every n 0.
What is wrong in the other answers has been highlighted.
b. (5 points) In the proof of the Pumping Lemma for Context Free languages, how was p chosen for a grammar G = (V,  R, S) ?  Why was it chosen in that way?
p = b|V| + 1, b = max { |u| :  Au is a rule of G }.
It is chosen so that if w L, whose length is  p, then such a string is long enough to make sure that in a parse tree for w, at least one variable symbol should appear more than one time as a label of a node on a path from the root to a leaf node.
c. (10 points) Using the pumping lemma for context free languages, show that C ={ u#u | u{0,1}*} is not context free.
Suppose C is context free, and let p be the pumping length. Consider s = 0p1p#0p1p. Then sC, and |s|= 4p+1 p.  So by the pumping lemma, s = uvxyz such that, 
1. uvixyiz C, for every i=0, 1, 2, …

2. |vy| > 0

3. |vxy|  p 

This is impossible because

1. Neither v nor y can contain #, for otherwise, uv2xy2z will contain more than one #, and hence cannot be in C

2. v and y cannot be both to one side of the #, for otherwise uv2xy2z will not be balanced in length around the #
3.  So the only possibility left if that vxy should stretch over the 1p#0p part of s, with v completely in the 1p part, y in the 0p part, and x contains the # (by 1). So v =1l , and y = 0k , for some l, k, with l +k > 0.  But then, “pumping down” will lead to  = uxz = 0p1p-l#0p-k1p, which is not in C.
d. (10 Points)  Show that although C above is not context free, the complement of C is context free.

__    ____________

 C = {0,1}*#{0,1}*   { u#v : u, v{0,1}*, uv }
That is, the complement of C is the set of strings that contain either no # or more than one #, union the set of strings that contain exactly one #, but what is before the # is different from what is after the #.
The first is the complement of a regular language, hence regular, and hence context free.  The second is recognized by the following PDA:
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q1  q2  q3 q4    :

u0x#v1y
|u| = |v|

q1  q5  q6 q4    :

u1x#v0y
|u| = |v|

q1  q8  q4    :

u#v

|u| < |v|

q1  q8  q9   :

u#v

|u| > |v|
Problem 4 (65 Points)

Consider the Tm M whose state diagram is given on the attached sheet.   

a.  (5 points) Does M accept  ?  Why ? 
Yes it does. Upon reading the blank symbol in the start state, it goes to the accept state.
b. (5 Points) Give the first 10 steps in the computation of M on the string 0101, showing the sequence of configurations. 

	w 
	Computation (sequence of configurations) of first 14 steps on w

	
	s
	xq1101
	x1 q101
	x10 q11
	x101 q1
	x10 q21

	
	x1q30b
	xq410b
	q4x10b
	xq510b
	xbq10b
	xb0q1b

	
	xbq201
	xq3ba1
	xbq6a1
	
	
	


c. (5 points)  Specify the configuration arrived at when the computation on 0101 reaches q6. xbq6a1
d. (10 Points) What is the purpose of the part of M that includes the states{ s, q1, q2, q3, q4, q5, q6}?  Be specific and precise.

First, it marks the left end of the tape. 

It checks if the input is of even length and in that case “locates the middle”, by “zooming in” towards the middle. If the length is odd, it rejects.
e.  (5 Points) Suppose that somehow, during a computation on some input, M gets to the configuration y0bq6 b01.  Show the next  8 steps in the computation, showing the configurations involved. 

	Computation (sequence of configurations) of next 18 steps 

	Y0bq6 b01
	y0b1q701
	y0b10q71
	y0b101q7
	y0b10 q81

	Y0b10q10
	y0b10 q111
	y0b1 q801
	y0b1q91
	y0b1q1101

	Y0bq8101
	y0bq1001
	y0bq11101
	y0q8b101
	y01q12101

	Y0q131#101
	yq1301#101
	q13y01#101
	qaccept101#101
	


Suggest an input that will lead to the configuration y0bq6 b01?    101101
f. (7 Points) What is the purpose of the part of M that includes the states{q6, q7, q8, q9, q10, q11, q12}?  Be specific and precise.

To shift right the second half of the string, and introduce a # in the middle

g. (5 Points) M is supposed to accept the string 0101.  What will be the configuration at the time the machine accepts the string 0101; i.e. what is the halting configuration arrived at?  

qaccept01#01

h. (5 Points) Generalize from part (f) :  for a string w that M accepts, what will be the halting configuration ?

To be accepted, w should be even in length; i.e. w=uv, where |u|=|v|. The halting configuration will be qacceptu#v
i. (8 Points) Give a high level description of the machine M.  

M = “On input w, 

a. ​​​​​​​​​​​If w is empty then accept.

b.  Mark the left end of the tape.

c. Zig-zag on the tape, zooming in to the middle by marking the left end and right end of where has been reached.

d. If the marking does not match (hence the string is of odd length) then reject.
e. Else, shift to the right the second half of the string, introducing a blank character in the middle.

f. Replace the blank space in the middle by # and move back to the beginning of the tape, restoring the marked character, and accept.”
j. (5 Points) What is the language recognized by M ? 

The set of even length strings { uv | u, v{0,1}*, |u| = |v|}
k. (10 Points) Suppose that Tm M4  that we discussed in class to recognize { u#u | u{0,1}*} is given.  Suggest a “combination of M and M4  that will recognize { uu | u{0,1}*}.
Main idea: Start M4  when M is about to accept; i.e. in the state diagram of M, and for every arrow that goes to the accept state, have that arrow  go to the start state of M4 . The construction might require making changes to the names of the states…  
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