CMPS 251
Practice Problems-Solution

Problem 1

First using Lagrange polynomial

1o (6) = (t—11(t—4)
L) :_t(t3—4)
-1
(e =Y

Hence p,(t) = [o(t) + 21, (t) + 2L,(t)
Expanding then simplifying, we get p,(t) = —itz + zt +1

Now using monomials, we form the Vandermonde matrix and solve the system Ac=y

3L

. 5
Solving the system, we getcy = 1,¢; = 2= _Z

Problem 2

a) f(x)=+x,x;,=01,4

flxol = 0,flx;] = 1, fx,] = 2;
1 2—-1 1
f[xO'xl] = I = 1,f[x1,x2] = m = §
flom]) 3-1_ 1
X0, X1 37
flxo,x1, %21 = (f[x1,x2] = X2 = Xo == 7 6
b) () =1Inx,x =122
We get the following values
JiR fl,] 1,1
add 0 0.8109 -0.2356
X1 0.4055 0.5754
X2 0.6931




; —oll3
c) f(x) =sinmx,x; = 0,4,2,4,1
fl] fLL] fl.] fl.,] fl.o]
Xo 0 2.8284 -3.3137 -1.8301 3.6602
X1 0.7071 1.1716 -4.6863 1.8301
Xo 1.0000 -1.1716 -3.3137
X3 0.7071 -2.8284
X, 0.0000
d) f(x)=log,x,x; =124
fl] fL,] fl,.]
Xg 0 1 -0.1667
X1 1 0.5
X5 2
e) f(x) =sinmx,x; =-1,0,1
fl fl.] fl..]
Xg 0 0 0
Xq 0 0
Xy 0

Problem 3

We can use Theorem 2 for this problem since we have equal spacing of the points. A quadratic
polynomial indicates that n=2.

3

1 nr 3 _E E
Forxe[z 1],|f (x)|=§x 2<M=§-42

s s (0-DY

11
IfC) —pCl <7 5 g 42 -

105 -2 105 ;

For the quartic polynomial, n=4, , |f(5) (x)| = Ex_z

lfG) —p) <—-2-—5- 42 -
Problem 4

h? h3 h* hS5 h®
flo+h) = fCxo) + hf'(xo) + = f"(x0) + " (x0) + ﬁf(‘”(x()) + mf(‘”(x()) + mf(@(xo)
=+ ..

h2 h3 h4- h5 h6
f(xo —h) = f(x0) — hf'(xo) + 7f”(xo) - zf”’(xo) + ﬁf(4)(xo) - mf(s)(xo) + ﬁ()f(G)(xO)
+ cee



h4
flxo+h) + flxg —h) = 2f(x) + h*f" (xo) + Efm(xo) + 0(h®)

" (xo+h)+f(xo—h)—2f(xo) h?
Thus " (xp) = BRI 2P0 2 p @ (1) + 0(h)

1
Soc= _Ef(4)(xo)

Problem 5

We can use Lagrange interpolation to find the polynomial

x-2Dx-4  G-Dx-49 (-D&-2)_

(1—2)(1—4)+ (2—1)(2—4)+ (4_1)(4_2)—x2_7x+14

p2(x) =8

8
f@=5 @ =2
The true error is therefore E — 2| =2/3

Now using Theorem 1 with f'""(¢) < 48 on the interval [1 4]
1
F)=p@) < |57-48- G- DE -G -4 = 16

We can see that this error bound is very loose, compared to the true error

Problem 6
Three point backward difference (h=0.2)
f) = 2f(1.2) + f(1.4) _

f(14) = 022 = —0.1225
Three point forward difference (h=0.2)
" _ f(1.4) —2f(1.6) + f(1.8) _
f"1.4) = 0.2)? = —0.033
Three point central difference (h=0.2)
" B f(1.2) —2f(1.4) + f(1.6) _
f"(1.4) = (0.2)? = —0.0706
Three point central difference (h=0.1)
£7(1.4) = f(1.3) —2f(1.4) + f(1.5) — —0.0698

(0.1)2

For comparison, the exact value is -0.0695



Problem 7
Let xo = 2,x1 = 2.5,x2 =4
We are required to find S,,

So0(x) = f(xy) = 0.5, Si0(x) =04  S,0(x) =0.25

_(X—Z) (ZS—X) _ 9 X

S11(x) = 0= 0.4+ G 0.5 = T
(x —2.5) (4 —x) 13 «x
521(x)=T0.25+ 1T 0'4:ﬁ_ﬁ

. (x=2) (13 «x A-x)(9 «x x2  17x | 23
Finally S22 () = 32 (1= 20) + 32 (5= 5) =30~ e o

Problem 8

This is an example of inverse interpolation, where the roles of x and y are interchanged. Instead of
computing y at a given x, we are finding x that corresponds to a given y (in this case, y = 0). Applying
Neville's method, you should get the root x=3.8317

Problem 9

We can use the central difference formula

for h=0.1
for h=0.01 .
£1(1.3) = f(1.29) — Zglgll.f) + f(1.31) — 365
The exact value is 36.5935
Problem 10
ey TG0t h})l —fox) _ flxo+ h;)l —fxo) ey - flao + h})l — Fxo)
_ e(xy + h})l —e(xg) B gf”(fo)

Since the error is bounded by €

e(xg+h)—e(lx) h_, 2¢ hM

n - Ef o) = wt 5

where |f"(§)] < M in the given interval

Problem 11
4 1
D(1,1) = §D(1,0) - §D(0,0)



h
D(1,0) = ¢ (E) — $(0.25)
D(0,0) = ¢(h) = $(0.5)

Using a central difference equation and x=0.5
f(0.75) — f(o. 25)  0.6363 —1.1035

D(1,0) = 2% 0.25 = 05 = —0.9344
(@) — f(O) 02-1.2 _
0,0 = 2+05 1 1
Hence
4 1
D(1,1) = § —0.9344 — § -1 =-0.9126
Problem 12

For this problem we use Lagrange interpolation
First note that we have two distinct values of x and y
lo(x)=1—x
L(x)=x
L =1-y
L) =y

The resulting polynomial is
5o (y) + 4Ly ()L () + 3L, () (y) + 61, (x) 11 (y)
=5(1-x)1—-y)+4(1 —x)y +3x(1 —y) + 6xYy
=4xy—2x—y+5

Problem 13

For this problem, one can either derive the Newton polynomial as was done in class or using the
Lagrange polynomial
Using the Lagrange polynomial

R e AR e e L B e e 1A
0 Ty ) g )
Now taking the derivative, we have
py(x) = %(Zx — X1 —X3) — ];1(13;112) (2x — xg — x5) + %(Zx — Xo — X1)
Now at x;
) = e PGy = ) = 2 (o =y — )+ L (= )
) = e D () - @< R >

When h; = h, = h, the second term disappears and we get



ph(x,) = fz(i(z)) (—h) + fz(zi) (h) = f(xz)z_hf(xo)

This is the two point central difference formula!




