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1. { 15 pts) If o, B, 7,6 are the four angles of a convex quadnlateral, prove that

singsin fsiny sind < 6—"?0157/5.
T

Formulate, without proof, a generalization of this inequality.
2. (25pts) Leta : {-b,b) — R be aregular curve in R* parametrized by arc length. Suppose
that

arlals) —wmi + @mlals) —wl* + afa(s) —wlf = ¢

where u,, us, u; are fixed vectors, and a1, 43,43, and ¢, are positive constants.
(a) Prove that the trace of a lies on a sphere.
(b) Show that the curvature x and the torsion 7 of a satisfy

}']? = constant.
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(c)Ifa(0) = 0, show that k(s) 2 |[——1in

3. (20 pts.) Let C and D be two peints on the x-axis, and () the circle of center f§ and
diameter CD. Let 4 and B be two points in the upper half-plane, inverse of each other with
respect to (4.1 et (&) be the semicircle in the upper half-plane which passes through 4 and B,
auu WiIUSS veniel U Los O 10 5 OXle. D21 Uv LI BituiowotiOin puit OF 1 0] andd (). 1 ane & Pouit
E on () and draw EH perpendicular to the x-axis.Denote by G the intersection of CF and £EH.

(a) Taking C as center of inversion, and CE as radius of inversion, find, with justification, the
inverse of (), and the inverse of (o).

(b) Find, with justification, the inverse point 4, of 4, and the mnverse point B: of B, under the
SAMe INVETSIon.

(c) Find the Euclidean distances G4y, G81, 44, HB, and prove that 4158, 1s parallel 1o the
X-axis. .
{d) Prove that any point M on () has equal hyperbolic distances from 4 and B.

4. {15 pts.) Let #* = {(x,y) : ¥ > O}, the upper half-plane, with metric ds = M.

" (a) Specify, without proof, four kinds of transformations under which ds is invariant.

(b) If ABC is the hyperbolic triangle whose sides are given by the three equations:
y=4yl=-x}x=-l,andy = /4 - (x + 1)?, sketch the triangle, and find the lengths of the sides,
the measures of the angles, and the area.

S.(25pws.) Leta : /-~ R be aregular curve in R* parametrized by arc length, and
B : ] - R’ the curve given by

Bls) = als) + (¢ — )t(s)

where, ¢ is a real constant, 5 is the arc length on a and t. n, b are the tangent, normali, and
binormal to a. Denote by k, T the curvature and torsion of @, and by x|, r, the curvature and
torsion of B.
27 _ ke
(a) Show that k¢ = T
{b} Show that the unit bmormal of fis b; = T‘i{%
AT 1
{c} Find the torsion of B. .
6. ( Extra credit ) Let S be the helicoid surface given by




i

. LTSS 3
" LIBLRARY

Tae ot

OF BLEIRDT

p—

x(u,v) = (wcosv,usinv,bv),b = 0.

(a) Show that .Y 1s 2 minimal surface and find i1ts Gaussian curvature.
(b) If L. 1s the mtersection of S with the plane z = ¢, find the curvature and torsion of ..







