P A |

Spring Semester 2013-14 MATHEMATICS 242 NAME -7*----,-'—---,4'—-
March 28, 2014 MIDTERM ID # —----;4{ ——————
Prof-H. Abu-Khuzam Time: 70 Minutes

’

1. Let D be a Euclidean domain and a € D. Prove that
d(a)=d(l) < aisaunitinD
{ 10 points].
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2.-Show that the set of all polynomials in Z[x] with constant term 0 is a prime ideal in

yApe®
‘ [ 10 points|.
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3. Prove that in a principal ideal domain ( PID), if ged (a,b) =1and a|bc, thena  c.
[ 10 points].
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4.-a) Show that£(x) = 2x° +27x* —18x* =15 is irreducible in Q[x].
S ) o wl mEd e [ 5 points].
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b) Let f(x)=x'-2x*+x+1 € Z[x]. Factor f(x) into irreducible factors

in Z,[x].
[ 7 points].
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5.'bet D be-amrintegral domain with field of quotients F. Show that if T is an integral
domain such that DcT<F, then F is (isomorphic to the field of quotients of T.

[ 10 points].
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6.\ Let G a group of order 99.
a)-Show that G has a normal Sylow 3-subgroup H and a normal Syvlow 11-subgroup K
2 . ”
[ 6 points].
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b) Show that G = HK and deduce that G is abelian.
H : o i . ) 7 points].
oe HAK > ofe) [T ¥ C (= [ K] [7 points|
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Let D be a principal ideal domain (PID) and a,b are nonzero elements in D. Let
={y € D |y is 2 common multiple of a and b}.

(2) Prove that I is an ideal of D.
(b) Prove that I contains an element m such that m is a least common multiple of

aandb. (ie ifa|sand b!s, thenm|s)

[ 12 points].
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8. Let G be a group-of order 6 such that G has only two non-singelton conjugacy
classes.C(d;) and C(az). Use the class equation to find the order of the center Z(G).
[ 8 points].
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9. Answer TRUE or FALSE only [ 3 points each] :
a. -I_- The polynomial f(x)=2x’>-1in Zs[x] isirreducible over Zs. { {cj~2, ili/= 1, )=
b. ~L-- The ascending chain condition ( ACC) holds for ideals in Zs[x].

¢. - Ifahasa non-singelton conjugacy class, then [G:N(a)]>1.

d.f Every proper prime ideal ina PID is maximal.
e -i--1f G is a finite group such that all conjugacy classes in G are singletons,
then G is abelian
[ 15 points].



