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Problem Set 3 - Solution: Frequency Analysis of LTI Systems  

Problem 1: 

a) 𝐻(𝑒𝑗𝜔) = ∑ ℎ[𝑘]𝑒−𝑗𝜔𝑘∞
𝑘=−∞ = ℎ[0] + ℎ[1]𝑒−𝑗𝜔 + ℎ[2]𝑒−𝑗2𝜔 

= 𝟐 + 𝟑𝒆−𝒋𝝎 + 𝟐𝒆−𝒋𝟐𝝎    

 

b) |𝐻(𝑒𝑗𝜔)| (@ 𝜔 = 0) = |2 + 3𝑒−𝑗0 + 2𝑒−𝑗2∗0| =  2 + 3 + 2 = 7 

|𝐻(𝑒𝑗𝜔)| (@ 𝜔 =
𝜋

2
) = |2 + 3𝑒−

𝑗𝜋
2 + 2𝑒−𝑗2∗

𝜋
2| =  √(2 + (−2))

2
+ 32 = 3 

|𝐻(𝑒𝑗𝜔)| (@ 𝜔 = 𝜋) = |2 + 3𝑒−𝑗𝜋 + 2𝑒−𝑗2𝜋| =  √(2 + 2 − 3)2 = 1 

c) If the system is used as a filter, a frequency is considered removed if the magnitude of H at 

this frequency is less than max(H)/√2. The max of H is 7, thus the frequencies attenuated 

lies in the region [
𝜋

3
; 𝜋] 

 

Problem 2: 

a)  

𝑦[𝑛] −
1

4
𝑦[𝑛 − 2] = 𝑥[𝑛 − 2] −

1

4
𝑥[𝑛] 

𝑌(𝑧) −
1

4
𝑌(𝑧)𝑧−2 = 𝑋(𝑧)𝑧−2 −

1

4
𝑋(𝑧) 

𝐻(𝑧) =
𝑌(𝑧)

𝑋(𝑧)
=

𝑧−2 −
1
4

1 −
1
4 𝑧−2

, 𝑧 = 𝑒𝑗𝜔 

|𝐻(𝑧)|2 = 𝐻(𝑧)𝐻(𝑧−1) =  
𝑧−2 −

1
4

1 −
1
4 𝑧−2

∗
𝑧2 −

1
4

1 −
1
4 𝑧2

=
1 −

1
4

(𝑧2 + 𝑧−2) +
1

16

1 −
1
4

(𝑧2 + 𝑧−2) +
1

16

= 1 , 𝑧 = 𝑒𝑗𝜔 

|𝐻(𝑧)|2 = 1 → |𝐻(𝑧)| = 1 

             The system is therefore an all-pass filter. 

 

 

 

 

 



 

b) It is a property of allpass systems that the output energy is equal to the input energy. Here is 

the proof: 

 

 

Problem 3: 
a)  

𝑦[𝑛] = 𝑥[𝑛] + 𝛼𝑥[𝑛 − 1] + 𝛽𝑥[𝑛 − 2] + 𝛾[𝑛 − 3] 

𝐻(𝑧) =
𝑌(𝑧)

𝑋(𝑧)
= 1 + 𝛼𝑧−1 + 𝛽𝑧−2 + 𝛾𝑧−3, 𝑧 = 𝑒𝑗𝜔 

𝐻(𝑒𝑗𝜔) =
𝑌(𝑒𝑗𝜔)

𝑋(𝑒𝑗𝜔)
= 1 + 𝛼𝑒−𝑗𝜔 + 𝛽𝑒−𝑗2𝜔 + 𝛾𝑒−3𝑗𝜔 

𝐻(𝑒𝑗𝜔) = 1 − 0.5𝑒−𝑗2𝜔 (
1

2
(𝑒𝑗𝜔 + 𝑒−𝑗𝜔)) = 1 − 0.25𝑒−𝑗𝜔 − 0.25𝑒−3𝑗𝜔 

Thus  𝛼 = −0.25, 𝛽 = 0, 𝛾 = −0.25 

b) 𝑊(𝑒𝑗𝜔) = 𝑌(𝑒𝑗𝜔)𝐺(𝑒𝑗𝜔) = 𝑋(𝑒𝑗𝜔)𝐻(𝑒𝑗𝜔)𝐺(𝑒𝑗𝜔) 

We want 
𝑊(𝑒𝑗𝜔)

𝑋(𝑒𝑗𝜔)
= 1 = 𝐻(𝑒𝑗𝜔)𝐺(𝑒𝑗𝜔) 

Thus 𝐺(𝑒−𝑗𝜔) =
1

𝐻(𝑒𝑗𝜔)
=

1

1−0.25𝑒−𝑗𝜔−0.25𝑒−3𝑗𝜔
 

c) 𝐻(𝑒𝑗𝜔) = 1 + 𝛼𝑒−𝑗𝜔 + 𝛽𝑒−𝑗2𝜔 + 𝛾𝑒−3𝑗𝜔 

𝐻(𝑒𝑗𝜔) = 𝑒−
3
2

𝑗𝜔 (𝑒
3
2

𝑗𝜔 + 𝛼𝑒
1
2

𝑗𝜔 + 𝛽𝑒−
1
2

𝑗𝜔 + 𝛾𝑒−
3
2

𝑗𝜔) 

𝐻(𝑒𝑗𝜔) = 2𝑒−
3
2

𝑗𝜔 (
𝑒

3
2

𝑗𝜔

2
+

𝛼𝑒
1
2

𝑗𝜔

2
+

𝛽𝑒−
1
2

𝑗𝜔

2
+

𝛾𝑒−
3
2

𝑗𝜔

2
) 

We have 2 cases:  

For  𝛼 = 𝛽 𝑎𝑛𝑑 𝛾 = 1, 𝐻(𝑒𝑗𝜔) = 2𝑒−
3

2
𝑗𝜔 (cos (

3

2
𝜔) + 𝛼 cos (

1

2
𝜔)) 

For 𝛼 = −𝛽 𝑎𝑛𝑑 𝛾 = −1, 𝐻(𝑒𝑗𝜔) = 2𝑒−
3

2
𝑗𝜔 (sin (

3

2
𝜔) + 𝛼 sin (

1

2
𝜔)) 

Both of these have linear phase. 

 



 
Problem 4: Note that 
 

 
 
 
 
 
 
 Thus the ideal low pass filter has become an ideal high pass filter. 



 
 

Problem 5: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Problem 6: 
The input x [n] in the frequency domain looks like 

 

 
 
 

while the corresponding output y [n] looks like 
 

  
Therefore, the filter must be 

 

 
In the time domain this is 

 



 
 
 

Problem 7: 
 

 
(b) 

 

 
 
 



 


