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Notation

= Continuous-time signal:x, (¢)

= Discrete-time signal: x[n]

= Continuous-time Fourier transform: X, (jQ)
= Discrete-time Fourier transform:.x (ef“’)

= Continuous-time frequency:Q

= Discrete-time frequency:w

= D.T.: Discrete-Time

= C.T.:Continuous-Time

= FT.: Fourier Transform
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Periodic Sampling
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Periodic (Uniform) Sampling

= |deal continuous-to-discrete-time (C/D) converter

- /D - T: Sampling period
x.(1) T x[n] =x.(nT) F,=1/T: Sampling frequency
T

= Implemented by an analog-to-digital converter: Two steps
— Sampling
— Conversion of “impulse train” into a “sequence”

e S C/D converter ; xg(t)=x,(t)s(¢)

=x,(t) ¥ S(t-nT)

| |
| |
| |
: Conversion from :
| impulse train | - n=—oco
x.(1) x(0) | o discrete-time | ! x[n] = x,( 1'T) oo
: sequence : ’ = > X, (t)5(t—nT)
| |
e o e N n=—oo
= Y x,(nT)o(t—nT)
0(¢): Dirac-delta function n=—oo
Impulse train: S(t)z D §(t—nT) (Area of impulse at nT equals
H=—o0 value of CT signal at nT)
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Periodic Sampling

C/D converter

r-r—-———"—"~"~""~"—"~"—~——/——7———— g |
| |
| s(1) :
|
: Conversion from :
| impulse train | _
: e T >
x.() | x,(1) to discrete-time | x[n] =x.(nT)
| sequence |
| |
- __ il
(a)
T = Tl T = 2T1
x.(1) x.(1)
¢ N x(1) - ‘ l_‘ x,(1) -
/‘/ \\‘\ ’T/ /\/ /{ B _’T///
2T-T 0 T 2T t 2T -T 0 T 2T ¢
(b)
TT)C [n TT ] T
—4—3—2101234 n -4 3 2 -10 1 2

C
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Frequency Domain Representation of Sampling

= FT.5(jQ) of periodic impulse train s(t):
2 T 27: 2
s()= X 8(t-nT) ——=—> S(Q)="" 3 §(Q-kQ))

n=—oo k——oo

=  Sampled signal:

5 (=5 ()s() —Lo X, (j2) =X, (j2)*S(j9)

_k—z—ooX ( .(Q_kQS ))

— ET. X,(jQ) of sampled signal consists of periodically repeated copies of X_.(j2)
* Period of replicationis ..
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Frequency Domain Representation of Sampling

X.(jQ)
; Spectrum of the original signal
~Qyy Oy Q

(a)

2r 2

S(jQ):— > 6(Q_kgs) T
I e A Fourier transform of the
§ 2 sampling function
[ I
20, -0, 0 Q, 20, 30, Q
(b)
. I g :
XS(JQ):?]C_Z % (](Q‘_st

Fourier transform of

the sampled signal
| | | | | with Qg >2Q,,.

20, 8, 0y v\ 0 20, 30, O

Fourier transform of
the sampled signal
with Q; <2Q,,.

A A
i | I O

/
(Q,- Q) 7 Q 20 Q
(d)

)
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Frequency Domain Representation of Sampling

=  When Q > 2Q,, replicas of X(jQ) do not overlap. Else, aliasing occurs.
= Hence x(t) can be recovered from x,(t) with an idea low-pass filter

— Also called “reconstruction filter” A{,m
1

o s £y Q
s()=> 8(t—nT) (b)
n=-wx
(Reconstruction filter) X.(j)
1] ° 0. 20y
H.(jQ) / i
>{ X >111,(] > i
x,(f) ' x.(1) ’ x,(f) /\ i /\
v o VAN Q
T () (0Q.- O
1G9 |
- Has cutoff frequency Q. satisfying S| Dy gi)(_s (Q,- Q)
Qy<Q.2(Q,-Qy)
: = Q, Q
-Has gainT @
. . . X,(j)
X, (JjQ)=H, (jQ)X,(jQ) %\
= X, (jQ):Xc (]Q) T Oy Q

(e)

Prof. M. Mansour EECE 491: Discrete-time Signal Processing



Example 1: Impact of Aliasing

X.(jQ)
x, () =cosQt i |y
X (jQ)=m6(2-Q) + 6 (Q+Q) o, o 0
(a)
X,(jQ Q,
Two cases: 3| T 5=
A AZ | Zh A
Q, >20, [
0 -0 oO0,9 D 0
Q, <20, ’ —
(b)
T F_‘(i = % < Q< a,
EEAE | EL A
T Lt T T|Th T i
el =0 000 0
© °
No aliasing X,(jQ) Q()<¥
7 |y = x, (1) =x,(t)=cosQt
Ton 0, Q
(d)
Aliasing X, (j) =>xr (l‘)=xc (t):COS(QS —Qo)t
TW - 7‘ < Q< L)
(e 05) (QSI—QO) Q
(e)
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Frequency Domain Representation of Sampling
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Frequency Domain Representation of Sampling

= Relationship between
X.(jQ)=CTFT(x. (1)) ? X(e/*)=D.T.ET(x[n])

x, ()= 3 x,(nT)8(t—nT)

T lC.T. FT.
X, (jQ)= i x. (nT)e /%"
But: x[n]=x,(nT) X(ej“’): S x[n]e /e
Then X, (jQ)=x(c™) =X ()
=
We also proved XS(jQ)=%k_§ X, (j(Q-kQy))
:>X(ejQT):l §, X (j(Q—kQ )) OR :X(efw):l i X.|j ®_ 27k
Titme i Ti— \\T T
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Frequency Domain Representation of Sampling

= X(el®)is a frequency-scaled version of X,(jQ)
=  Frequency scaling specified by w = QT
= Equivalent to frequency normalization:
— Frequency Q.in X,(jQ) normalized to w = 27 in X(el®)
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Example 2

= Sample the CT signal x,(¢) =cos40007z¢ at T =1/6000 and show F.T. of CT & DT signals

=  Solution:

— Highest frequency in C.T. signal Q, = 4000
— Nyquist rate Q, = 120007 >2Q ,= 8000

— No aliasing

- FT. X, (jQ)=70(Q—-40007)+ 76 (Q+40007)

Hasgain T
Has cutoff frequency € satisfying

Q.=Q /2

H,(j) /

. 1 = . X,(j)
:>XS(]Q)=_ 2 Xc(](g_k‘gs)) ’
T fk=—oc0 1 /
RS ) B
s T | s 7| s us
T r | T T | ; T
| |
| |
| | | |
~160007 —120007 —-80007 —60007—4000r 0 40007 60007 80007 120007 160007  Q
(a)
X (/) = X,(joIT)
aw o a a o a
| | | |
8 =2 A4 -m 2w 0 20w 4w 2w 8 w
3 3 3 3 3 3
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Example 2 (cont’d)

» Repeat for x,(¢)=cos160007x¢

— Nyquist rate not satisfied since Qs=12000 < 2 Q)= 320007
— Aliasing occurs
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Reconstruction of a Band-limited Signal from its Samples
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Reconstruction of a Band-limited Signal from its Samples

= Given a sequence of samples x[x], can we recover the original signal x,(¢)?

= First form an impulse train x, (¢) in which successive samples are assigned an area
equal to x[#]

xg (1) = § x|n]o(t—nT)

N=—o0

= Pass this signal thru an ideal low-pass C.T. filter with frequency response H, (jQ)
and impulse response 7, (¢)

(o]

%()= 3 x[nlh, (:~nT)

- H(jQ2) has gainT
- H(jQ) has cutoff frequency € satisfying

H,(j) Qy<Q. <(Q;-Qy)

N=—o0
r } .
- Convenient choice of Q,
is Q. /2
Ideal reconstruction system o L Q
EEEEEE et e 1 T
| : (b)
|

: Convert from Ideal . |
—> sequence to > recor;islttreurctlon —:—» h,(1)
x[n]: impulse train | x,(¢) H.(jQ) :x,(t) 1

|

|

T .

| Sampling |

|__pemedr ]

~_ N\ VN —
B -r 0 T\ / 341
(c)
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Reconstruction of a Band-limited Signal from its Samples

The impulse response of the ideal LPF with cutoff frequency Q.= Q. /2 = /T is:

h (1) = sin(7t/T)
it/ T
» Then:
- sin| 7(¢t—nT)/T
% ()= 2 xln] 7[c(t—nT)/T ]
= Note that:
h(0)=1

— h(nT)=0,forn= 1, 2,..
— Then if x[n] =x,(nT) =» x,(mT) =x.(mT) for all integer values of m.

— Therefore, reconstructed signal x,(t) has same values as the original signal x.(t) at the
sampling times, independently of T.

The ideal LPF “interpolates” between the impulses x((t) to construct x.(t)
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Reconstruction of a Band-limited Signal from its Samples

X1

(a)

sin|:7r(t—nT)/T:| !
w(t—nT)/T

x[n]
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Ideal Discrete-to-Continuous-Time (D/C) Converter

Ideal reconstruction system

I
l :
I
| | Convert from Idte al G I
—>»| sequence to p——> recor;isltreurc ton —> D/C —>
x[n] : impulse train | x,() ) | x,(1) x[n] x,(1)
| H, (] Q) | T
| T |
| : T
I Sampling I
: period T’ |
e .
(a) (b)

[e o]

In frequency domain:

x.(6)= Y x[n]h.(t-nT) =

N=—c0

(e o]

X, (jQ)= 3 x[n]H,(jQ)e /"

n=—o0

=H,(jQ) § x[n]e™ /"

N=—o0

= H, (jQ) X (/)
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D.T. Processing of C.T. Signals
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D.T. Processing of C.T. Signals

i ] & . 2k ) ejQ
x(ef ):}k:Zch(J(%)—%D‘ Yr(jQ):Hr(jQ)Y(eJQ):{TY(O ) ‘2;:”/;
)= () (e) /
————————= ﬁ-l——f:%‘: —.—‘—\.— ot A
i) (el r(er) U
"""" 1SCrete-1ume
x.(f) | b Syblem e | y,(2)
: ] i
N/ g _______________ |
y[n]=x[n]*h[n]
x[n]=x,(nT) T systemis LTl sin[n‘(t—nT)/T]
Jr(t -nT)/T

Yr(jQ):Heﬁ" (jQ)Xc (]Q)
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D.T. Processing of C.T. Signals: D.T. System is LTI

= QOverall C.T. system is equivalent to an LTI system whose effective frequency

response is Yr(jQ): eﬁ(]g) (]Q)
— Conditions:

* |Input signal is band-limited + sampling rate > Nyquist rate (to avoid aliasing)

 C/Disideal
* D.T. system is LTI
 D/Cisideal
" Proof: D.T. system is LTI = Y(e]w) H(efa’) ( a’)
D/Cisideal= 7, (jQ)=H (eJQT) (ejQT)X(ejQT)

Relating X(ei") to 2k
X (i) thrusampling |, (j€2)=H, (jQ)H (e ad [ (Q——D
k_—oo

input bandlimited = X (jQ)=0 for |Q[>7z/T ideal H, (jQ)with cutoff Q. =7 /T, gain1/T

n(jﬂ)={H(ejg)Xc(6m) Q<m/T
0 Q>7/T
H 'Q—H( ) |Q<z/T
Y (jQ)=Hyy (jQ) X, (JQ) g (7Q) = o
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Example 3

= Considera discrete-time LTI system with
H(eja)):{l o<,
0 of20,

=  For band-limited inputs sampled above the Nyquist rate, the overall C.T. system
will behave as an LTI C.T. system with frequency response

o (jQ)= 1 |QT|<w, or |Q<®,/T
S0 QT2 0, or Q> @, /T
H(e/®)
I 1 S periodic
D.T. Filter | |
2@ -, @ 2T w
@ TN
' He(jQ)
C.T. Filter ,'I Has cutofffrequency w /T

(Op /l’ Q
(b)
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Example 3 (cont’d)

(@) F.T. of a band-limited input signal. (d) F.T. of output of D.T. system.
(b) F.T. of sampled input plotted as a (e) F.T. of output of D.T. system and
function of C.T. frequency Q. frequency response of ideal reconstruction
(c) F.T. X (™) of sequence of samples and filter plotted versus Q.
frequency response H(e/*) of D.T. system (f) F.T. of output.
plotted versus w.
X.(j) '
1 Y(e](())
AN N ()
1 |

-0 Q
N (a) N

X,(j) = X(e/7)

1
T 2T
C
| | | | |
_2m .7 2m Q
T T i

‘(lN E 277
(b) ! E
i | XE*)
A\ ?/(/ /H(elw) A\
7N 4R\ 7 N\
/ | \ / \ / | \ w o)
2 -w, w. QONT T 2 (3] —7( ?(
QT : Qr-Q\T) (f)

¢ No aliasing: [(27—Qx\T)2 @,
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Example 3 (cont’d)

= The effective filter below still holds even if aliasing occurs, provided aliased or
distorted components are eliminated by D.T. filter H(ei®)
1 |QT|<w.or |Q<®./T
Hy (=] [2TI<coria<e
0 |QT|z2a, or |Q2m,/T

1 X(e/®)
A\ T/ HE®)
/N /| N N
/ | \ / \ / | \
=2 T—wc w. QT T 2 w
-ONT (2m - QNT)

No aliasing: (27Z—QNT) Z(a)c
<

Nyquist condition: (27[ — QNT) Z(QNT)
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Example 4: D.T. Implementation of an Ideal C.T. Differentiator

Ideal C.T. differentiatoris defined by
d . :
=C[n (] H9)=0

We want to realize this filter using a C/D converter, D.T. filter, D/C converter
— Inputs are band-limited
— Equivalent effective C.T. filter becomes

()= {]Q Q<zm_JH(?), [Q<a/T

D.T. filter then become H(ej“’)=j7w, ol <7

Impulse response: h[n]= Ey j( }f“’”da)
T —n

_ TnCoSTn—SsInzn
zn’T
0 n=>0 Apply 'Hopital's rule

=4 cosmn
nT

n#0
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Example 4: D.T. Implementation of an Ideal C.T. Differentiator

Sy JjQ, ‘Q‘<JZ'/T jw jw
R (o)~ af<n
jo
\H g () H(e)
7| |
T T
I I
=2 -7 a 21
_m m Q
LH ()
. :
T Q T
T - _m
= T 5
(a) (b)
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Impulse Invariance (Revisited)

= Given a desired C.T. we wish to implement using a D.T. system as follows:

Continuous-time
—> LTIsystem f—

x(,(t) hc(t)’Hc(]‘Q) yc'(t)

(a)

Discrete-time
» (C/D p—>{ LTlsystem > D/C

|
| :
| |
(@0 xin] | hin)HE®) | yln] iy,.(o = y.(0)
| |
| |

Heff(jQ) = H((jQ)
(b)
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Impulse Invariance (Revisited)

=  With H(j )band-limited, we choose H(el ) so that:
Heﬁ (]Q) =H, (]Q)

| Also  H,(jQ)=0, |Q2x/T
:>H(e]w) Ljo/T), |o<zx

= Whatis resulting relationship between ht) and h[n]?
— h[n] isa scaled, sampled version of h(t), under the impulse invariance condition

if hln]|=h,(nT)

then H(ejw):%ki Hc(j(%)—#]

But: H,(jQ)=0, |Q27/T

Therefore, H(ejw) :%HC [j%)j, o<

c

So to getH(ejw)zH (]%)j for || < 7, we scale h[n] so that h[n]|=T-h,(nT)

Prof. M. Mansour EECE 491: Discrete-time Signal Processing

31



Example 5: D.T. LPF Obtained by Impulse Invariance

= Design an ideal D.T. LPF with cutoff frequency w.< i by sampling a C.T. LPF with
cutoff frequency (..

L, |Q<Q,

= Solution: We have Hc(jQ):{o Q> Q
) ==cc

= The cutoff frequency w.is related to €, by

w.=Q.T
=  Impulse response of C.T. LPFis
sin 2 .t
h.(t)= <
(1) ="

= Using impulse invariance, we obtain

h|n]=T-h.(nT)

:Tsin(anT) _ H(ejw)z L, |o<a,
znT 0, w, S‘(o{ <
_sin(@.n)

mn
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C.T. Processing of D.T. Signals
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C.T. Processing of D.T. Signals

h(n], H(e/)

h.(1)
—> D/C > el > C/D ——
H (jQ)

=  From definitions of D/C and C/D, we must have X(jQ)=0, Y.(jQ)=0for | Q| = /T

- sin| 7 (t—nT)/T ]
oo w(t—nT)/T

= In frequency domain:
X, (jQ)=Tx (™), |Q/<7/T
Y.(jQ)=H, (jQ) X, (jQ)

Y(ejw):%yc(j%)} ol <7

:H(ejw):HC(j%)} W<z or H,(jQ)=H(e/*T), 1Q<7z/T
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Example 6: Non-Integer Delay

= Consider a D.T. system with frequency response:
H(ejw)ze_ij, ‘(0{<7Z
y|n]=x[n—A], A not necessarily an integer

= We seek an interpretation in the C.T. domain.
=  Choose a C.T. filter with response:

Hc(jQ):]—](e]QT):e—jQTA
e (t)=x,(t=TA)

— Here, x(t)is band-limited interpolation of x[n]; y[n] is obtained by sampling y(t)

= Example:if A=1/2, y[n] would be the band-limited interpolation halfway between the input
sequence values.

y[n]=y.(nT)=x,(nT —TA)
- sin| 7(t—TA—kT)/T |

= 2 K 7(t-TA=KT)/IT | _
2 N sin[iz(n—k—A)] ~ sin[;z(n—A)]
_kzm [¢] m(n—k—A) =x[n]* r(n-A)
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Example 6: Non-Integer Delay

(a) C.T. processing of the D.T. sequence (b) can produce a new sequence with a “half-
sample” delay.

/./ \.\ VA N
e X - £ x[n]
i 1
0 i 2T t

'\]

y(t) =x,

N
-7 " -

/ T/r

0 T 2T
(b)
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Example 7: Moving-Average System with Non-Integer Delay

For an (M+1)-point causal moving average system, we have

1 sin(w(M+1)/2)
M+1 sin (w/2)

x[n]

I
|
|
>
|
|
|

If M is even, then linear phase term is an integer delay

If M is odd, then linear phase term is a non-integer delay (integer-plus-one-half)
— yln] is then the band-limited interpolation of w[n]
— Followed by a C.T. delay of MT/2, where Tis sampling period of D/C interpolation of w[n])
— Followed by C/D conversion with sampling period T.
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Example 7 (cont’d)

lllustration of moving-average filtering. (a) Input signal x[n] = cos(0.25mrtn). (b) Corresponding
output of six-point moving-average filter.

I I I I

T T
1 .
0
~05} -
W W o
== E | | | 2
-5 0 5

10 15 20

0.5

-05
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Example 7 (cont’d)

x[n]=cos(0.257n) = %efo-%fm 4 %e—jO.ZSn'n

H(ejw): 1 sin[cf)(Mﬂ)/z]e_jwM/z’ wi<z
M+1  sin(w/2)

_ jo2sz\ 1 j0.257n —j0.257\ 1 —j0.257n
y[n]—H(e )26 +H(e )28
=0.308cos| 0.257(n—2.5)]|
Moving average filter:

* Reduces amplitude of input
* Introduces a phase shift corresponding to 2.5 samples of delay
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