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Announcements

= Reading
— Chapters 4 and 5, Proakis
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Outline

= Part I: Frequency analysis of signals
= Part ll: Frequency analysis of LTI systems
= Part lll: LTI Systems as Frequency Selective Filters
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Part I: Frequency analysis of signals
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Frequency-Domain and Time-Domain Signal Properties

= Continuous-time
— Fourier Series for periodic signals
— Fourier Transform for aperiodic signals

= Discrete-time
— Fourier Series for periodic signals
— Fourier Transform for aperiodic signals
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Frequency Analysis: Analogy to Analysis of White Light Spectrum

Glass prism -

Violet

Blue

Green
Yellow

Orange
Red

Beam of
sunlight

Spectrum

(a)

Glass prism

White light

Beam of
sunlight
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Fourier Representations of Signals

Continuous-time signals

Discrete-time signals

Time-domain

Frequency-domain

Time-domain

Frequency-domain

x,(1) =j: X (F)ei2rlt dF

x(n) = 21;1-[2;1 X(w)eion dew

x,(1) Cp x(n) ¢,
°
B \/\I/\/;, “ TT«TTT»TTTV'
;’,_:1 2 _TP 0 Tp -N 0 N
-t o
2 E N-1
3 2 Cp = le x (Ned2nkFot dr —— Fy -1 cp= €L Y x(n)eiZniNkn :j
£ |2 I, T Na=o
S|
A - _
é X”(,‘,‘) = E C'k(.’jz”k"um é: x(n): z Ckgj(?JTfNJkﬂ
K=o k=0
Continuous and periodic Discrete and aperiodic Discrete and periodic Discrete and periodic
x,(0 X, (F) x(n) X(w)
wn | &
= |E t ! T T T I T T T T n @
745 0 0 -3-2-10 12 27 - 0 2
f'_j’ = : 2 ™ T T T
7 | &
28 oo . L) .
25| XdP = xmerFd ——> X(@)= Y, x(meion —
2' 5 f=—ea
< £

Continuous and aperiodic

Continuous and aperiodic

Discrete and aperiodic

Continuous and periodic
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| - Fourier Series for Continuous-Time Periodic Signals

= x(t) continuous-time, finite/periodic on [—7z, 7| with period T, =1/F,

o0 .
X(t) _ Cke127rkFot
K =—c0 Sometimes we use notation

¢ <« X(k)

Power signal

" Fourier coefficients c,: complex valued in general

— If x(t) even, ¢,’s are real

1 2 % 2 (Parseval’s theorem for power signals)
= Power density spectrum: P, = - | ‘X(t)‘ = 2 ‘Ck‘
pTp k=0
Power exists only at discrete frequencies

Power density spectrum | le 2 (line spectrum)
/ Line spacing = Reciprocal of period

A

<+

—4F, =3Fy =2Fy =Fn 0 Fo 2Fs 3Fn 4Fa Frequency, F
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Example 1

= Determine Fourier Series and power density spectrum of

x(1)
Pulse width
4 Period T,
T, _% 0 % L p

1 Ar
Co=— | Adt=—"

PTp Tp

Ar sin 7kFy7
C, = , ==x1,£2,--- - _
k Tp ﬂkFOT Samples of this plot at ¢ = wkF,t

sin ¢
—Tm —6m —5m —4w 37w 2 -n n 2 3m 4m Sm 6m Im ¢

0
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Example 1 (cont’d)

2 2 2
2 | At 2 | Ar | [ sinzkF,7
ol = T ol = T F 0= 1| k=+1,42,--
Tp fixed; pulse width T varies Fixed pulse width T, periOd Tp varies
) ) % For=0.2
Time bet samples 1/F fixed ¢, c
t=0.27, K
5FOT == 1 '.r . T‘;,_ST
A T 1 [ SO o
. 0 - F
k t=0.17, iy T,= 10t
10F,t=1 r [ { ;
Py J e B I .__r'l"l“| “ ‘ ] } ]‘1‘_ TS I 99
#M%WMHMHJMEWMA “LILLE L F
F 0

F,r = 0.05 20F,t =1 B

G 7=0.057, T,=20t
= .-.-11T|'|.|”|T”ﬂ.”” m”””m”ﬂhp.. IIIIII TTTTTTTTTTITTT 'IHHHIHIHHHHIII T e
JIIUTITH = S LUTLLTL 0 F
0 F
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Il - Fourier Transform for Continuous Time Aperiodic Signals

= x(t): continuous-time, aperiodic with finite duration on [-T /2, +T,/2]

x(1)
Energy signal A/\
| |

~T,/2 0 T2

~ Y

x(t) < X(F)

) | Q=2rxF
A= [ X (E)el2"FtyE o
X(1)= | X(F)e ()= T x ()00
| T ' L
comp EX@ I X(t)e—j27r|:tdt (spectrum) X(Q) OJ? () thd
I = [ x(t)e” 4 dt

= Energy:
E — Of ‘X(t)‘z dt = Of dF Parseval’s theorem for aperiodic
o % finite energy signals

S = ‘X (F )‘2 Energy density spectrum
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Example 2

ko)
A
Rectangular pulse
I 0 z '
2 2
/2 (@)
T .
X(F)=A | e 12t A X(F)
—7/2 AT
_A sinzztFr
e TFr Main lobe where most of the energy is
2
N A N

(b)

Ty
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Example 2 (cont’d)

x(7) X(F)
A
AT
_Toz f ~ 0 ™~ F
2 2 T T
x(1) X(F)
A AT
I 0 T t \1 0 1f F
2 2 T T
AT X(F)
x(1)
A
_z 0 is t of F
2 2 L1
T T
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lll - Fourier Series for Discrete-Time Periodic Signals

= CTsignal: periodic with period T,

— Frequency range extends from -co to oo. Can have infinite number of frequency
components

= DT signal: periodic with period N

Frequency range is - to m. Can have at most N frequency components separated by 2,/ N
radians or f= 1/N cycles

N-1 .
Sometimes we use notation k=0
1 N-1 . o
Ck <> X(k) C =— > x(n)e j2zkn/N Con =C = per10d1c
n=0

Spectrum of a periodic signal x(n) with period N is a periodic sequence as well
with a period N.

_ 1 N-I 2 N=l
= Power density spectrum: PX:N,E)‘X(n)‘ :IZ]O\CK\
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Example 3

) Real since x(n) even
Spectrum of |x(n)=cos J27zn ’

AL

=5 -10 123456

eyl
Spectrum of x(n) = {l,l, 0,0}
with period 4

-3-2-101234
(b)
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Example 4

=  Find spectrum of the DT periodic square wave below
x(n)
A
[HH .HH,,,.‘HH,, ,
0 000
-N 0 L N n
6= LS AeT 2N g1 N l l | ‘ ‘ | ‘ ‘ |
=0 N
& k _ O, iN e . l-'rc‘iu;-m'_\-l('}-u]us}ﬁ.‘lmp]iug interval) )
N
:< L=2,N=40
A _ik(L-1yN sin(zkL/ N , 5 | T
Zgrimk(LN ( ) otherwise i |
N sin(zk / N) | ‘ | ) '
||l’ o Al
Y T T
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IV- Fourier Transform of DT Aperiodic Signals (DTFT)

x(n):zlj X (0)el"do o
72-272' Sometlmes written as
X(0)= 3 x(n)eion X (&)

N=—00

= Frequency range of X (ej”) is -1 to .
= X (ej“’) is periodic
=  Energy:

Parseval’s theorem for aperiodic
finite energy signals

‘X (a))‘z Energy density spectrum

SXX (C{)) =
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Convergence of the Fourier Transform (DTFT)

X(0)= 3 x(n)e io"

N=—00

Define the periodic version

N -
Xn(@)= 2 x(n)e

Xx (@) converges uniformly to X (®) as N — «
— Thatisforeveryw, Xy (@)= X (@) asN—ow

Uniform convergence is guaranteed if x(n) is absolutely summable:

it Y [x(n)<o

N=—o0

<y x(n)| <o

N=—o0

[0.0) .
> x(n)e "
N=—0
However, some sequences are not absolutely summable, but are square
summable, i.e., they have finite energy (weaker condition)

E, = %O: ‘X(n)

N=—0o0

= ‘X(a))‘z

2
P <o
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Example 5

= Consider important class of finite-energy signals:

| ‘a)‘ < @,
X =
(@) 0 < ‘a)‘ <r
= |tsinverse FT is X()
]
% o 5 RN :
X(n):a) si7rrla)n 1
¢ C n=z0
LT 7n x(n)

1L g, j [/-TT?- e
= 2
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Example 5 (cont’d)

= Now determine the DTFT of

D

n=0
T
X(n)=9
W SIN @ N 40
T hn

= x(n) is not absolutely summable but is square summable (i.e. has finite energy).
Hence the sequence below converges in the mean-square sense

sin@:n g Jon

5 x(n)e Jon = 5

= To illustrate this, define the finite sum
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Example 5 (cont’d): Gibbs Phenomenon

Xy(w) Xi(w)
] IalaY

7T [T

£ N NS 1

Il

oscillatory overshoot at

N sino.n _; Xo(e) Xus() D=
_ C — Jon — @
X N (a)) - Z € AVA\"AVA [\ PPN PP
n=—N 7N / \ v
Ni=9 N= 15
\VJ"\ \J_/ \VA‘-‘” AVA_‘. -

As N increases, oscillations become more rapid
But size of ripple stays the same Xso(w) Xo(w)
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Summary

1.

CT signals have aperiodic spectra

— Lack of periodicity due to the fact that the complex exponential eJ27Ftis 4 function of a

continuous variable t, and hence not periodic in F.

- Frequency range extends from —oo to oo
DT signals have periodic spectra: Both the Fourier series and the Fourier
transform are periodic with period v =2r
Periodic signals have discrete spectra

— They are described by means of Fourier series

— Coefficients provide “lines” that constitute the spectrum

— Linespacing Af =1/N or AF =1/Tp
Aperiodic energy signals have continuous spectra

— Follows from the fact that X (F) is a function of ejant and X (a)) is a function ofeja’n ,

which are continuous in the variables F and w .

Periodicity with “period” a« in one domain implies discretization with
“spacing” 1/a in the other domain

The converse is also true
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Symmetry Properties of DTFT

Sequence Fourier Transform
x[n] X (e/®)
1. x*[n] X*{c?_jw}
2. x*[—n] X* (el
3. Relx[nl} X o(e/”) (conjugate-symmetric part of X (¢/“))
4. jImix[n]} X ,(e/®) (conjugate-antisymmetric part of X (/<))
5. x¢[n] (conjugate-symmetric part of x[n]) Xp(e!®) = Re|X (e/?))

6. x,[n] (conjugate-antisymmetric part of x[n])  jX(e/?) = jTm{X (e/®))

7. Any real x[n]
8. Anyreal x[n]
9. Anyreal x[n]
1 10. Anyreal x[n]
11. Anyreal x[n]

12. x.[n] (even part of x[n])

13. x,[n] (odd part of x[n])

The following properties apply only when x[n] is real:
X (e/) = X*(e=/®) (Fourier transform is conjugate symmetric)
Xp(e?®) = Xp(e=7®) (real part is even)
Xi(el?) = =X (e ) (imaginary part is odd)
|X (/)| = |X (e—7®)| (magnitude is even)
LX (e1?) = —LX (e 19) (phase is odd)
Xplel®)

X1y

Prof. M. Mansour
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Symmetry Properties of DTFT

Time domain Frequency domain

Even - ' " Even
Real ! Real
Odd I Odd
Signal Fourier Transform
Odd | Odd
Imaginary | - Imaginary
Even - ! ' Even
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Example 6

= Draw the Xg (@), X, (@),|X (@), £X (@) for the Fourier transform
1
X(a))z—_.a), —T<wWw<TT
1—ae™!
6 6
g
Ry
bl
0 0
T 0. 5w 0 0.5m T 4 0. 5w 0 0.57 T
w w
3 , : . 0.47
02m il
8 3
o y -
H ey O s T e
2_..
3 J L : 0.47 : = i
n 0. 5m 0 0.5m i T 0. 5w 0 0.57m . T
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Example 7

=  Determine the DTFT of

X(n)— A —-M<n<M
o elsewhere

= Since x(-n) = x(n) then X(w) is real.

Obtain

X ()= ASin(M +;ja)

sin(/2)

x(r)

w)l

-2 -7
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Important Fourier Transform Theorems

Sequence Fourier Transform
x[n] X (/)
y[n] Y (el®)
l. ax[n] 4+ by[n] aX {.::J'f"} e f,}'{eﬁv}
2. x[n —ng4] (ny an integer) e—JONd X (¢J®)
3, gicca{)ﬂx[r?] X {Ej{cu—wg}}
4, _JC[—J'?] X {E,—_,r'w}
X*(e!®) if x[n] real.
dX (el®
3. nx[n] JL
dw
6. x[n]* v[n] X (el )Y (el®)
I i it (e —8)
7. x[n]v[n] - f X (/¥ (e s
T J—m

Parseval's theorem:

m

B Y IxInlf* = f 1X (e/2)2dw

T 27
H=—0C ’ =

o0
9, Z x[r?]}-'*[n]:

N=—00

T 5 &
f X (/)Y *(e!)dw

1
2 )
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The Concept of Bandwidth

X (F) X(w)
A |
F - - —
0 - 0 T
(a)
X(F) X(w)
A
- F :\ / —
0 - 0 T
(b)
X, (F) X(w)
A
- ! 4 -
0 —7T 0 b4

(c)
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Examples of Bandlimited Signals

Apenodic signals Periodic signals

X(F)

Conlinucous
time
]
-H
>

&
NIV L]
#'D . < d e ) ie o el I | l-—-—-—-_&-n-w
-1 -w, O g m -7 _ M2n 0 M2n b
N N
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Outline

Part Il: Frequency analysis of LTI systems

Prof. M. Mansour
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Response of LTI Systems to Complex Exponentials

= LTI system: 0
! y(n)= T h(k)x(n-k)
= Excite with an exponential of amplitude A and frequency w:
x(n)erj“’”, —0<N< 0
= Response:
y(n)= A[ s h(k)e‘j“’k}ej“’”
k

=—00

= The function H (o) H ()= $ h(k )&~ 1ok

k=—00

exists if system is BIBO stable (h(n) absolutely summable):
R h(k)| <o

= Hence the response is
y(n)=AH (»)e!"
— Same frequency, but amplitude multiplied by H(w)
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Example 1

* Find response of system h(n) to x(n):

n
j u(n) x(n)=Ae™2  _—w<n<o

H(a))zkz h(k)e Jok = »
=—00 1-—¢

= |nput has frequency w=7/2

2) 14 j; V5

2

y(n) _ A(ﬁe—j%ﬁo jejﬁn/Z

j(;m/2—26.6°)
Ae , —00<N<o0

2
J5
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Example 2

= Determine H(w) for the moving average filter:

y(n):é[x(n+1)+x(n)+x(n—1):|

= Solution:
{l 1 l} even

IH(w)l

H(w) :%(ejw +1+e_jw):§(1+2cosa))

-7 —m/2 0 /2 s

H (a))\=1\1+2cosa)\ odd
3 . .

() =

{0, 0<w<27/3

r, 2r/3iw<rx

O(m) (Rads)
[an]

-1 —1t/2 0 /2 b
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Response to other Sinusoids

x(n)=Ael™ — vy (n)=AH(w)e g1O(@)gion
X, (n)=Ae 1" — y,(n)=AH( \e’®( ©)g~Jon
—A‘ ‘e 9w )e joon

n) :%[xl(n)+ Xy (n)]=Acoswn —

) =%[y1 (n)+y2(n)] = AJH (@) cos[ on + O ()]

n) :_Lz[xl(n)—xz(n)] = Asinon —

)= [%1(n) =2 (n)]= AlH (@)fsin[on + ©(@)]
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Example 3

®=  Find response to this input:

X(n):lO—Ssingm-ZOcos;rn, —0<N<®
1
)=
I-—e
2
= Solution:
@w=0: H(0)=—=2
11
2
@o="" H(zj_ie—126-6°
2 2) s y(n):2O—£sin[£n—26.6°j+ﬂcos7zn, —00<N< o0
J5 2 3
2
@ow=r: H(?Z')Zg
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Response to Aperiodic Signals

"= From convolution theorem:
Y(@)=H (o)X (o)
V(o) =|H(0)X(o)
£LY(0)=«H(0)+£X(0)

=  Qutput of an LTI system cannot contain frequency components that are not
contained in the input signal
— An LTl system can only cause magnitude and phase distortion

= The output response can be obtained as

y(n)=-- ] Y (w)ei"do

= Also 27 5,
Energy density spectrum
1
2 2 2 E.=— (S d
¥ (@) =H(o)} X () y zm& w(@)de
o) =
SW(C’)):‘H(“’)‘ Sy (@) HH ‘2 )" Sy (w)de
27[27[
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Example 4

* Find response of system h(n) to x(n):
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Frequency Response of LTI Systems

H(@)=H(2),_jo= > h(n)e I

N=—00

=  For rational transfer functions, we have:

MZ
K_&
[l
o
—=Z
—
[E—
|
@\ ®
I 2
N —
MZ
o
C
ml
b§.
Sk
—=Z
—
[—
I
N
D
B
N —

[E—
+
iz

|
=~
(@)
——
[E—
|
/ NL
N —
[E—
_|_
iz
Q
=
ml
B
=
——
[E—
|
®)
=~
ml
B
N —

I

=4
~
(LR

1M[(1—z Z )* 1M[(1—z z) rmel?

(1) oty oy fi(zer) fi(i-ze)
Mmi-nz’)  11(1-m2) =Dy 7 =by
ket et (1-pe )  TI(1-peel)

k=1 k=1
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Frequency Response of LTI Systems

H(a) =H(o)H" (o)

= For real coefficients a,’s and b,’s (i.e., when h(n) is real):
— Zeros (z,'s ) and poles (p,’s ) are either real or occur in complex conjugate pairs

= Therefore, we have
H*(l/z*):H(z‘l) and H"(®)=H (o)

= This implies
H (o) =H(w)H"(@)=H(o)H(-0)=H(z)H(z')

=  We know that

fhn (D =h(1)*h(-1) = Ry (z)=H(z)H (Z_l)

=|H (a))‘2 = Fourier Transform{ny, (1)}
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Example 5

= Determine \H(a))\2 for the system:

=  Solution:

y(n)=-0.1y(n-1)+0.2y(n-2)+x(n)+x(n—-1)

1+z71

140127102272

ROC:[z|>0.5

H(2)

— ROC includes unit circle, hence H (a)) exists

. 1+2z7! 1+2
H(z)H(z!)= '
(2) ( ) 140.127'=0.2272 140.12-0.22°
1

24+2+7

:105+00q§+z4)—02@2+z4)

‘H (a))‘z _ 2(1+cosw)
1.45+0.16cos @ —0.8cos” @

Prof. M. Mansour
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Computation of the Frequency Response Function

N>M

T
E

= Express in polar form:

Evaluate H(w) at w
<& Evaluate H(z) at point L

Im(z)

1

Unit circle
7= efw

orlzl=1 A /

X
P

M B

= b() kl,\_l_ll(l_ Zke Jw)
[1 (1— pce
k=1

el” — Pk =Uy (@)e

ei®
Lk

Re(z)

)

-n)

—zr =

k

I
—

el _ 7, =V, ()e%(®)

jok (@)

CL=e)” CB=z,
CL=CB+BL

CL=¢/” CA= Py
CL =CA + AL

AL =eja) — Pk :Uk (a))ejq)k(a))

BL=¢l? 7, =V, (»)el%®)
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Computation of the Frequency Response Function

= Phase interpretation:

Unit circle

4% 0,w)
O (w)

T
= Re(z)
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Geometric Interpretation of Poles and Zeros

= Assume a zero z, and a pole p, are on the unit circle
At @ = £2, ,Vy (w) and consequently |H ()| become zero
At o = £py, Uy (@) becomes 0 and consequently ‘H (a))‘ becomes oo

= Presence of a zero close to unit circle causes ‘H (a))‘ at frequencies that correspond to
points on unit circle close to that point, to be small

= Poles have opposite effect
= Placing a pole close to a zero cancels effect of zero, and vice versa

' O (@
Im(z) el” — 7, =V, (w)e’ k(@)

A eja)_ Py :Uk(a))ejq)k(a))

Unit circle
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Example 6

*  Find the frequency response of:

1 z
H = =
(2) 1-0.827' z-0.8

= Solution: H has _ 1
eja) ‘H (a))‘ =
— Zeroatz=0 H(a))=.— J1.64 —1.6cos
Jo _ .
— Poleatz = 0.8 € 0.8 -1 S
O(w)=w—-tan” ———
cosw—0.8
12 T i T Tk 1 T T ]
-+, Frequency
LOF L /\ } closest to pole .
' =R |
=2
20 I
2| N _
g2
_JT - \ . -
- 4 T T -t _T 0 T T
) 0 3 2 )
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Part lll: LTI Systems as Frequency Selective Filters
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Ideal Frequency Selective Discrete-Time Filters

[H(ew)l

Y (@)=H (o)X (o)

/ 1 // Lowpass
// // o
- -w, 0 w, hid
IH(ew)l
I\/Iagnitude responses
1k Highpass

What about phase? ()

|¢Bﬂ Bandpass

I 7

nn e

- —wy —wy —w; 0 W) wy @y T
[H{w)l
> 1 Bandstop
A 077 77
. W77/
- —y 0 wy T
IH{ew)l
All-pass

00777
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Phase Response of Ideal Filters

= Anideal filter has linear phase response. Why?
= Assume a signal is passed through a filter with frequency response:

i C, n, constants
Ja)nO . < < » 1o
H (a)) — Ce ) ——> Phase: —wn,
0 elsewhere

Y(w)

H (@)X (@)

CX (a))e_jwno, —w <0<,

Linear phase translates into delay

y(n)=Cx(n—ny)

This is tolerable and not considered distortion
= Ingeneral, linear phase () =-wn,
= The derivative of ©(®)is called group delay:

_d@(a))

‘9 (a)): do

— Time delay that a signal component at frequency w undergoes as it passes through filter
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