CHAPTER 16 INTEGRATION IN VECTOR FIELDS

16.1 LINE INTEGRALS

I. r=ti+(1—-tj = x=tandy=1—-t = y=1—-—x=(c)

2. r=i+j+tk = x=1Ly=1lLandz=t = (e)

3. r=Q2costi+@2sint)j = x=2costandy =2sint = x> +y>=4= (g

4, r=ti = x=ty=0,andz=0= (a)

5. r=ti+tj+tk = x=ty=t,andz=t= (d)

6. T=tj+2-20k = y=tandz=2-2t = z=2-2y = (b)
7.r=E-1Dj+2tk = y=C—landz=2t = y=2 — 1= (f

8. r=(2cost)i+ (2sinthk = x=2costandz=2sint = x> +z>2=4 = (h)

9. r®=ti+(1-0j,0<t<1 = =j—j= |¥=2j;x=tandy=1-t = x+y=t+(1-0=1

:>fcf(x,y,z)ds:folf(t,l—t,O)|%|dt:fol(1)(ﬁ) dt = [\/Et};:\/i

10, ) =ti+(1-0j+k,0<t<1 = F=j—j= |[¥=/Zx=ty=1-tadz=1= x—y+z-2
1
—t-(1-p+1-2=2-2= [ fxynds=[ @-2V2dt=V2[2 2= -2

1L r() =2t++Q2-20k,0<t<1 = §F=2+j-2k = |[¥=4+1+4=3;xy+y+z
1
=0t +t+ (2 —20) :>fcf(x,y,z)ds=fo(th—t+2)3dt=3[§t3—%t2+2t]3:3(§—§+2)=12—3

12. r(t) = (4 cost)i+ (4sint)j+ 3tk, 27 <t <27 = % = (—4sin t)i + (4 cos t)j + 3k
2
= & = \/16sin? t+ 16cos?t+ 9 =5, /X2 +y2 = /16cos? 1+ 16sin2t=4 = [ f(x,y,2ds= [ @) dt
= 201”7, = 807

13 r() = A+ 2§ +3K) +t(—i—3j -2k =1 —0i+2-30j+ 3 —20k,0<t<1 = &= j_3j-2k
= U = /149+4=/14;x+y+z2=(1-D+2-3)+B-20=6—6t = fcf(x,y,z)ds
1 ,1 1
:j;(6—6t)\/ﬁdt:6\/ﬁ{t—%}0:(6\/ﬁ) (1) =3/14

4. r=ti+tj+tk,1<t<oco = F=i+j+k = |%|:\/§;X2+\y/§+z2 :t2+‘t/f+[2 :3—‘/f

= [ty as= [T(R)V3d= [~ = tim (-i+1)=1
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15 Cir =ti+2j,0<t<1 = $=i+2f = [&)=/1+42x+ /-2 =t+ /2 -0=t+]| =2
since t Oéqu(x,y,z)ds:thmdt [ 1+4t2)3/2];:l(5)3/271:l(5\/_71);
Cor)=i+j+tk0<t<1l = =k = [¥)=Lix+,f-2=1+/I-f=2-¢
= [ty pds= [ -@)aydi=[20- 1¢]) =2 1 = 3 therefore [ f(x,y,2) ds
:fCI f(x,y,z)ds—I—fczf(x,y,z)ds:%\/g—l-%

16. Ci: rH) =tk,0<t<1 = %:k = %|:1;X+\/§—22=0+\/6—t2:—t2

= [ fsy,ds = [~ ()di= - {;};:_%;

Coor® =1 +k0<t<1 = F=j= [f=Lx+,y—2= +t—1=/t—1
= [ fxynds= [ (Vim1)(di= [2¢02 - ]0_§_1:_%
Cur)=ti+j+k,0<t<1 = =iz [E=nx+ y-2=t+/1-1=t
1 511
:>fc‘lf(x,y,z)ds:fo(t)(l)dtz [%]0:% = fcf(x,y,z)ds:fclfds—kfczfds-pqudsz_%4_(_%)_'_%
_1
6

it d L XHyHz _ thidt 1
17. r =ti+j+tk,0<a<t<b = F=jitj+k = |& _\/§’X;+;;+Zzz_t2t+tg+tt2_z

= j‘cf(x,y,z)ds:j;b(%)\/gdt: {\/gln|t|] =/31n(2),since0 <a<b

18. r(t) =(acost)j+ (asint)k,0 <t <27 = %:(—asint)j—i—(acost)k = %|:\/a25in2t+a20052t:

; — int, 0 <t< ™ . 2 .
—V/x2 422 = —/0+ a? s1n2t_{ |fl||ssilrilt Wgtgé; :>fcf(x,y,z)ds:f0*Ial2 smtdt+£ |a|® sin t dt

= [a2 cos t] ; — [a? cost] = [a%(—1) — a%] — [a® — a’(—1)] = —4a’
19, K =xi+yj=xi+5j,0<x<2 = & —itxj = [&] = /T+x:fx, y)_f< ) (é) =2x = [ fds
2 3/2] 2 _
= [ @0V/T+ e dx= [§(1+x2)/]02§(53/2—1):“’¢;—52
20. 1) = (1 —Oi+ (1 -02j,0<t<1 = |&| = 1+(1—t)2;f(x,y)=f((1—t)vé(l—t)z) =7(1F)+(‘1‘“_);)4
1+(1—t

> [ fds= f(‘ ‘” ("‘> 1+(1—t)2dt=f01((1—t)+i(1—t)4)dt:[—%(1—02—%(1—05];
olepy

21. r( = (2cos )i+ (2sin)j,0<t< § = ——( 2sint)i+ (2cost)j = | |—2 f(x,y) =f(2 cos t,2 sint)
=2cost+2sint :>fcfds:LN/Z(Zcost—i-Zsint)(Z)dt:[4sint—4cost]g/2:4—(—4):8

22, r() = 2sin)i+ Q2cos)j,0<t< T = &= Qcost)i+(-2sin0)j = |[&| =2;f(x,y) =f(2sint,2 cos 1)
/4
=4sin’t—2cost = fcfds:f; (4 sin’t — 2 cos t ) (2) dt = [4t — 2 sin 2t — 4smt]7/4

—r-2(1+2)
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1
23 1) = (¢ *1)J+2tk0<t<1:*%—20+2k;*| [ =2V M= [Lstcy,ds= [ aw (2v/E+ 1) a
=[Gy (vET ) a=[@+ 7] =22 1=2v32-1
4. r)=(C—-1j+2tk,-1<t<1 = € =2(+2k z

= |&l=2ve+ M= f5(xy,Z)ds
- [ (sy@=1172) (2\/t2+1) dt

— [0+ 1)di= 30 (5 +1)] 14 —60 (L 41) = 80; r= (@1 + 2K
M, = [ ysxy,mrds = [ (2= 1)[30( + 1)] dt )
= [ 30— 1yac=[30(% - )]1 —60(t—1)

3

5

8= —;MyZ:fcxé(x,y,z)ds:meSds:O = X = 0;Z = 0 by symmetry (since 6 is

independent of z) = (X,y,2z) = (0, — % ,0)

=48 = y=Tu = —

25. r(t) = /2ti + /2tj + (4 —t2k0<t<1:>g—\/n+ 2tk = ¥ =V2+2+42 =21 +¢;
() M:fcéds:fo@t) (2 1+t2) dt = [2(1+t2)3/2] (23/2—1)—4\f 2
(b) M:fcéds:fol(l)(Z 1+t2) [mﬂn(w 1+t2)} {f+1n(1+\f)]—(0+1n1)
:ﬁ+1n<1+\/§)

26. r) =ti+2(+ 2637k, 0<t<2 = L =ji42j+t%k = &= \/1+4+t=/5+¢
M:fcéds:fo(3\/5—+t) (V5+0)dt= [36+0di=[36+022 =372 - 5) = 3 (24) = 36;
M, = [ xsds= [ 3G +o1di= [ (15t+3¢) dt= [ +¢] =30+ 8 = 38;

M, = [Lysds= [ 2036 +01dt=2 [ (15t+32) dt=76: My = [ z6ds = [ 26235+ 0] dt

= [F(10872 +2602) di = [4072 + 202)2 = 4202 4 272 = 16V2+ 2 /2= 142 5 x= M

M
_ 38 _19 o _ My _76_19 S _ My _ 1442 _ 4
=3% = 1Y T M 36 = o-andZ= 5 = 55 —7\/_

27. Letx =acostandy =asint, 0 <t <27 Then = —asint, df—acost, n =0

dx)2 ay)? dz2d_d.1_f2 2(5d_f2”2'2 2 cos2t) ad d
= 4/ (8)+ () +(§) d=ad;l, = (X +y?)éds= | (asin”t+a® cos®t)ad dt

2 2
:j; a36dt:27r6a3;M:fcé(x,y,z)ds:j; badt =2716a = RZ:\/%: é”ﬁ‘i;s:a

1
28. rO =+ Q2-20k,0<t<1 = ¥=j 2k = |¥=/5EM=[sds= [ 5/5d=5/5

(P H)bds= f[t2+(2 20?]6/5 dt = j;l(5t2—8t+4)5ﬁdt=5ﬁ (36 -4 440, = 35\/5;

> = =

L= | (242 6ds:f0[02+(2—2t)2 6\/_dt:j;1(4t2—8t+4 §V/5dt=6/5 [4 s_4t2+4t]1:45\[.
= L aysds= [0 4+2)5/5di=06V5 M =155 = Ro= /b= /1R, Vo \[ ,
and R, = Iﬁzﬁ
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29. r(t) = (cos i+ (sinj + tk, 0 <t < 2m = & = (—sini+ (cosj+k = |¥]=1/sin®t+ cos?t+ =2

(a) M:fcéds:j;zwé\/idt:%réﬁ;lz:fc(x2—|—y2)6ds:j:ﬁ(cos2t+sin2t)6\/§dt:27r5\/§

= R, = ﬁ_l
) M= [ sx,y,20ds= [ 8v/2dt=dnsv/2and L, = [ (2 +y?)sds = [ 6y/2dt=4r6\/2
= R, =y /k=1

30. r(t) = (tcos t)i + (tsin t)j + th3/2k 0<t<1 = 9% —(cost—tsint)i+ (sint+tcost)j+/2tk

dt
= |& —\/(t+1)2:t+1f0r0§t§l;M:fC(Sds:fol(t-i-l)dt e+, =122 -12)=1;
Mxy:fczéds:fl(z—ﬁt3/2) (tJrl)dt:%Ef1 (072 +¢2) dt:& [—t7/2+§t5/2]0
=GN =)= == () D == e

35 35 M 105 ~

1 1
:fo(t2cos2t+t2sith)(t+1)dt:fo(t3+t2)dt: {%+§]O:%+§:]—z =R, = /k=,/%

31. 6(x,y,z) =2 —zandr(t) = (cos t)j + (sint)k, 0 <t <71 = M = 27 — 2 as found in Example 4 of the text;

also %|:1;IX:fc(y2+12)6ds:j:(cos2t+sin2t)(2—sint)dt:foﬂ(Z—sint)dt:27r—2 = Ry = /%
=1

£l

32 k) =ti+ 2262+ EK,0<t<2 = T =it 2024tk = | = T2+ = /T +02=1+tfor

i —
o<t<aM=[sds= [ (L) a+vdi=[d=2M,= [ xsds= [ (L)1 + t)dtzmzzz;
MXZZLyéds:Lz¥t3/2dt:{%twﬂ =32.M, LZédS:ﬁzgdt:{%}Z:%:}i:Myzzl,

M

2

= — My 5

y:MN}zZ}ﬁ,andzz o = §’Ix=fc(y2+22)6ds=fo(§t3+%t4)dt:[t4+§0}0—%+%:%;
2 2 4 1?8, 2 _ e 2 2

L= J.x +Z)6d8=f( +itt)de= [3+ZO}O:§+~2—O .1, = [(+y?)bds

2 2
_ 2 8 (3 _|é 244 _ 8 32 _ 56 _ L 2 29 _ L 32
—fo(t +§t)dt_{[§+§t}o_§+3_? = Re=y/n =35 Rh=yn=1y15-and

33-36. Example CAS commands:

Maple:
f 1= (x,y,2) -> sqrt(1+30*x 2+10%y);
gi=t->t
h:=t->t"2;
k=t ->3%"2;
a,b:=0,2;
ds = (D(2)"2 + D(h)"2 + DR)A2 )(1/2): # ()
'ds' = ds(t)*'dt’;
F :=1(g,h,k): #(b)
FO' = F();

Int( f, s=C..NULL ) = Int( simplify(F(t)*ds(t)), t=a..b ); # (c)
** = value(rhs(%));
Mathematica: (functions and domains may vary)
Clear[x, y, z, 1, t, f]
flx_,y_,z_]:=Sqrt[1 + 30x% + 10y]
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Section 16.2 Vector Fields, Work, Circulation, and Flux
{a,b}= {0, 2};
X[t_]:i=t
ylt_]:=t
z[t_]:= 3¢

= {x[t], y[t], z[t]}
v[t_]:= DI[r[t], t]
mag[vector_]:=Sqrt[vector.vector]
Integrate[f[x[t],y[t],z[t]] mag[v[t]], {t, a, b}]
N[%]

16.2 VECTOR FIELDS, WORK, CIRCULATION, AND FLUX

—1/2

1. f(x,y,z) = (x> +y? +2?) = L=_1x+y’+ 22) P (2x) = —x (2 + y2 + 22) %, similarly,
or

— -3/2 of __ -3/2 _ —xi—yj—zk
dy — -y (X2 +y2 +Z2) and 0z = % (X2 +y2 +Z2) = Vf— (xz)j:yZyizZ;z

2. f(x,y,2) =Iny/x2+y +22 =1 In(x* +y* +7%) = %:‘(m)@m TTYTE

LI of _ 6t _ z _ xi+yj+zk
similarly, oy = 7x2+y2“2 and 5 = T E vi= Ty 2
2 4 2 3 2 3 2 9
3. gy, )= —In(X* +y°) = 5 =— o7 fyo,ag =— 71y and = =e

= veg= (X{f"yz)i— (Xz+y >J+ezk

4. g(x,y,z) =xy+yz+xz = %:y—i—z,g—ﬁ:x—i—z,amd%:y—i—x = ve=F+2i+(@+2)j+Ex+yk

5. |F]| inversely proportional to the square of the distance from (x, y) to the origin = \/ (M(x, ¥))? + (N(x, y))?
= o +y2 , k > 0; F points toward the origin = F is in the direction of n = 7 i = i—

y .
\/x2+y2']

= F = an, for some constant a > 0. Then M(x,y) = —‘2‘":’: s and N(x,y) = —xziyz
= VM y)?+NEy)? =a = a=

=@ ;k’;)& — j, for any constant k > 0
X2 +y

k
X2 +y? = F

2

S +y2)
6. Givenx?+y? =a?+b% letx = /a2 +b?costandy = —/a? + bZsint. Then
r= (\/ a2 + b2 cos t) i— <\/ a2 + b2 sin t) j traces the circle in a clockwise direction as t goes from 0 to 27

= v= (f\/ a? 4+ b2 sin t) i— (\/ a2 + b2 cos t) j is tangent to the circle in a clockwise direction. Thus, let
F=v = F=vyi—xjand F(0,0) = 0.

7. Substitute the parametric representations for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector
field F, and calculate the work W = f F - %
C

1
_ . . dr __ =« . dr __ _ _
(@) F=3ti+2tj+4tkand f =i+j+k = F- G =9 = W—j;9tdt——

1001

1
(b) F=3t%i+2tj +4t’kand §f =i+2(j+4c°k = F- & =7 + 16t = w:fo(7t2+16t7)dt: (26 +2¢%],

_ 7 _ 13
=3t2=73
1
(c) r1:ti+tjandr2:i+j+tk;F1:3ti+2tjandm:1+J = F;- drl—St = W1:f5tdt:%;

Fy=3i+2j+4tkand 2 =k = Fp- 2 =4t = W, = f4tdt—2:>W Wi+ W, =
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8.

10.

12.

Substitute the parametric representation for r(t) = x(t)i + y(t)j 4+ z(t)k representing each path into the vector
field F, and calculate the work W = [ F - 4.
C t

1
. c 1,
@ F=(g7)jand F =i+j+k => F-F =57 = W= y ey dt=[tan' =]

0 F=(z)jand & =i+2j+4°k = F- &= 2 = W= | 2Zodt=[n(+1)],=In2

(¢c) rp=tit+tjandrs =i+ j+tk;F; = ([QH)JandClrl =i+j = F;- drl :t2~1+1 ;ngéjand%:k

= F, drz:()éw dt =

0t2+1

Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector

field F, and calculate the work W = fc F - %.

@ F=+li—2j+kand % —i+j+k = F-&=2/i—2t = w= [ (2y/i—20dt= [4e¥2 —¢]} = L
(b) F=t%i—2tj+tkand § =i+2tj+ 4k = F- 4 =4t' -3¢ = w:f (4 —32)di=[20 6], =1
(¢) ri=ti+tjandr, =i+ j+tk;F; = —2tJ+\/kanddr1:1+J = Fy- drl = -2t = W1:f1—2tdt

— LF=i—2j+kand® =k = F,- & =1 = W, = fdt—1:>W Wi+ Wy =0

Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector

field F, and calculate the work W = fC F- % .

(@ F=i+j+ckand & —i+j+k = F-&—32 = W= j;ISthtzl

() F=i—t’j+kand ¥ =i+2(j+4k = F- =0 +20+485 = W= f()](t3+2t7+4t8) dt
= [s+iese], =8

c) rm=ti+tjandr, =1+ J+tk; F; = t“1 an =i+j = F;-
() . . d . . k:F e ddrl F

Tl
Fo=i+tj+tkand &2 =k = F,- dr‘—t:>W2:j;tdt 1= W=W+W, =2

. Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector

field F, and calculate the work W = [ F- 4t
C
1
(@ F=(3-30)i+3tj+kand F =i+j+k = F- ¥ =3 +1 :>sz 324+ 1) dt= [ +1,=2
(b) F:(3t2—3t)i+3t4j—|—kanddr—1+2tj+4t3k = F-& =615 +4¢ + 3t — 3t
1
= W:f0(6t5+4t3+3t2—3t)dt:[t6+t4+t3—§t2] =3
() rp=ti+tjandry =i+j+tk;F = (3t - 3t)i -i—kandddr =i+j = F;- dr‘ =3t — 3t
1 1
= lefo(3t2—3t)dt:[t3—%t2](1]— LiFy=3j+kand 2 =k = F,- &2 =1 = Wg:j;dtzl
= W=W; +W, =1

Substitute the parametric representation for r(t) = x(t)i + y(t)j + z(t)k representing each path into the vector

field F, and calculate the work W = fc F- % .

1
(@) F=2ti+2tj+2tkand F =i+j+k = F-& =6t = W:f6tdt:[3t2]1=3
) F=@E+t)i+('+0j+ (t+)kand & =i+2(+ 4k = F- & =61° 4 5! + 3¢
1
= W:j;(6t5—|—5t4+3t2)dt=[t6+t5+t3]0=3
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13.

14.

15.

18.

19.

20.

21.

22.

Section 16.2 Vector Fields, Work, Circulation, and Flux

1
(© rp=ti+jandro=i+j+tk;F =t+j+2tkand & =i+j = F - & =2= wlzfozmtzl;

1
Fo=(1+0i+(+Dj+2kand 92 =k = Fp- 9 =2 = Wo= [ 2di=2= W=W, + W, =3

r=ti+t%j+tk,0<t<l,andF=xyi+yj—yzk = F=0i+¢j—kand & =i+2(j+k

1
= F-&=20 = work= [ 20dt=1

r = (cos )i+ (sint)j + ¢ k,0 <t < 2w, and F = 2yi + 3xj + (x + y)k
= F:(2sint)i+(3cost)j+(cost+sint)kand% = (- sint)i+(cost)j+%k = F-‘é—f

=3cos’t—2sin? t+ ¢ cost+ ¢ sint = work :j; (3cos?t —2sin” t+ ¢ cos t+ ¢ sint) dt
) « . 2
= [%t—i—%s1n2t—t—i—S"‘f—i—%smt—%cost]OTr

=T

r=(int)i+ (cost)j+tk,0 <t<2m,andF =zi+ xj+yk = F =ti+ (sint)j+ (cos t)k and

27
%:(cost)i—(sint)jJrk = F-% =tcost—sin’t+cost = work :fo (tcost— sin?t+ cos t) dt

2m
0

= [cost+tsint— %+ 22 4sint] "= —7

. r=(sint)i+ (cost)j + ¢k,0 <t <2r, and F = 6zi + y%j + 12xk = F =ti + (cos®t)j + (12 sin t)k and

%:(cost)i—(sint)j—i—ék = F-‘é—{ =tcost—sintcos’t+2sint

2 . . . 2
= work:j; (tcost—sintcos®t+2sint) dt = [cos t+ tsint+ } cos’t—2cost] " =0

.x=tandy=x*>=¢ = r=ti+¢%j,-1<t<2,andF =xyi+(x+y)j = F=~2%i+ (t+%)jand

2
1

o —jt2j = F- =0+ 20+20)=30+22 = [ xydx+(xtydy= [[F-&di= [ (36+20)dt

e =2 ) - (G- = §+ 8= ¢

Along (0,0)to (1,0): r=ti,0<t<l,andF=(x—yi+(x+y)j = F=ti+jand ¥ =i = F- ¥ =g
Along (1,0)to (0,1): r=(1 —-ti+tj,0<t<l,andF=(x—y)i+ (x+y)j = F=(1 —2t)i+jand
dr __ . . dr __ .
d—f——l—}-‘]éF-d—f_Zt,
Along (0,1)t0 (0,0): r=(1—-1)j,0<t<l,andF=x—-y)i+ x+y)j = F=({— Di+ (1 —t)jand

1 1 1 1
o joF- =13 [ x-pdt+arydy=[td+ [20det [« Ddi= [ @d— 1
-ty =2-1=1

dr dr

r=xi+yj=y%i+yj,2 vy —1,andF:x2i—yj:y4i—yj:>E:Zyi+jandF-®:2y5—y

-1 -1 —
= JoF-Tas=[ Fsdy= [ @ -ydy=[y -1y = (-1 - (8- =1-9=-2

r=(cost)i+(sint)j,0 <t< 7,andF =yi —xj = F = (sin t)i — (cos 0)j and% = (—sin t)i 4 (cos t)j
. /2 x
= F-T= sin?t—cos’t=—-1= [F-dr=[" (-Ddt=-1

r=G+j)+ti+2) =0 +0i+(1+20j,0<t<1,andF =xyi+(y —x)j = F=(1+3t+2)i+tjand

1
42 = F-&=1+45+22 = work= [ F-&di= [ (1+5t+22)di=[t+30+2¢], =2

r =Qcost)i+ (2sint)j,0 <t<2mandF = sy f=2(x+y)i+2(x+y)j
= F = 4(cos t + sin t)i + 4(cos t + sin t)j and % =(—2sint)i+ (2cost)j = F- %
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= —8(sin tcos t + sin’t) + 8 (cos? t + cos t sin t) = 8 (cos? t — sin® t) = 8 cos 2t = Work:fC v f-dr

2
:fCF.%dt:j; 800s2tdt=[4sin21](2;r20

23. (@) r=(cost)i+ (sint)j,0 <t <27m F; =xi+yj,and Fy = —yi +xj = 9 = (— sin t)i 4+ (cos t)j,
F; = (cos t)i + (sin t)j, and Fy = (— sin t)l +(cost)j = F;-%¥ =0and F2 I — sin’t +cos’t =1
= Circ; = j; 0 dt = 0 and Circy = . dt: 2w, n = (cost)i+(sint)j = F;-n=cos’t+sin’t=1and
27 27
F-n=0 = Flux, = [ dt=2randFlux, = [, 0dt=0
) r=(cost)i+ (4sint)j,0 <t <21 = % = (—sin t)i + (4 cos t)j F; = (cos t)i 4+ (4 sin t)j, and

Fy = (—4sint)i+ (cost)j = F;-§ = 15sintcostand Fy - f =4 = Circ; = f 15 sint cos tdt

= [£ sin t] —OandCirCQZJ; 4dt=8mn= <TCOSt)H’(\/—5mt)J = Fi-

T cos? t—i—\rsm tand Fy - n——\/—fsmtcost = Fluxl—f (Fy -m) |v|dt = j; (\%)mdt
8ma ndFlufof (Fy-n) |v|dt = fzw(—%smtcos ) V17 dt = [— L sin? t] =0

24. r=(acost)i+ (asint)j,0 <t <27, F; =2xi —3yj,and Fy =2xi+ (x —y)j = % = (—asin t)i + (a cos t)j,
F; = (2acos t)i — (3asint)j, and Fy = (2acost)i+ (acost—asint)j = n|v| = (acos t)i + (asin t)j,
F; - n |v| = 2a” cos? t — 3a” sin? t, and F - n |v| = 2a® cos® t + a? sin t cos t — a® sin® t

2 .
= Flux; = fo (2a2 cos t — 3a’ sin’t) dt = 2a” [{ + 5”:12‘] —3a? [§ — o] 3”

= —ma?, and

2T

m . . . 2 i 2
Flux, = j; (2a% cos? t — a” sin t cos t — a® sin® ) dt = 2% [§ 4 S02] " + & [sin2t] )" — a® [L — 2] T — a2

25. F, f(acost)l—l—(asmt)_],d” = (—asint)i+ (acost)j = F; drl =0 = Circ; =0; M; =acost,
N; =asint,dx = —asintdt,dy =acostdt = Fluxlzfchdy—Nldx:j;(agcos t+a?sint) dt
:fwa2 dt = a?m;
Fo=t, % =i=F-%=(= Cir,= [ td=0:M,=t, N, =0,dx =dt,dy =0 = Flux,

= fc M, dy — Ny dx = f 730 dt = 0; therefore, Circ = Circ; + Circy = 0 and Flux = Flux; + Flux, = a’«

26. Fy = (a% cos?t) i+ (a? sin?t) j, &L = (— asmt)1+(acos t)j = F; - & = —a%sintcos? t + a’ cos t sin t
= Cll’Cl—f —a® sin t cos® t + a3 cos t sin t) dt = 'Mlza cos’t,N; = a? sin’t, dy = a cos t dt,
dx = —asintdt = Fluxlszldy—NldX:f (a3cos t+a’sin®t) dt = § a%;
Fo=0i, % =i F-% =@ 5 Cie= [ €di=2 My = Ny =0,dy = 0, dx = dt

= Fluxy = fc M, dy — Ny dx = 0; therefore, Circ = Circy + Circy = 0 and Flux = Flux; + Flux, = % a’

27. F; = (—asin t)i + (a cos t)j, ddrtl = (—asint)i+ (acost)j = Fy- d—l a2 sin®t + a2 cos?t = a2
= Circ; = foﬁa2 dt = a’7;M; = —asint,N; =acost,dx = —asintdt,dy = acos t dt
= Flux; = fch dy —N; dx = j:(—a2 sin t cos t +a? sin t cos t) dt = 0; Fy = tj, < d“ =i=F d“ =
= Cir, =0;My =0, Ny =t,dx =dt,dy =0 = Fluxy = | Mpdy —Nydx = [ —tdt= 0; therefore,
Circ = Circ; + Circy = a7 and Flux = Flux; + Fluxe = 0
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28. F; = (—a?sin? t)i+ (a? cos®)j, & = (—asin i+ (acos)j = F; - & = a3 sin® t + a® cos®t
= Circ; = f (a3 sin® t + a® cos® t) dt = % a’; M; = —a?sin?t, N; = a® cos?t,dy = a cos tdt, dx = —a sin tdt
= Flux, :fch dy — N; dx:fﬂ( a® cos t sin? t + a® sin t cos? t) dt = —a3 F, =%, ddrf =i=F,- dr? =0
= Circy =0; My =0,Ny =t%,dy = 0,dx = dt = Fluxy = fC M, dy — Ny dx = fﬂ —t? dt = — 2 a?; therefore,
Circ = Circy + Circy = % a® and Flux = Flux; + Flux, = 0

29. (@) r=(cost)i+ (sint)j,0<t<mandF=x+y)i— (x>2+y?)j = % = (—sin t)i + (cos t)j and
= (cos t + sin )i — (cos’ t +sin’t)j = F- 9 = —sintcost — sin®t — cos t :>fCF-Tds

:j;(—Sintcost—sin2t—cost)dt:[—Esin t—4i+82A _ging] =-1%

() r=(1—-20i,0<t<LandF=(x+y)i— (x> +y)j = &= 2iandF = (1 —20i — (1 — 20%j =
F-9 — 42 ;»fCF-Tds:j;l(zu—z)dt:[2t2—2t]é:0

© r=>0-0i—t,0<t<lL,andF=(x+y)i— (x*>+y?)j = ddrtl =—i—jandF = (1 —20i— (1 —2t+2)j
= F-9 o - (1—2t426) =22 = Flowlsz drl—f2t2dt 2iry = —ti+ (t— Dj,
0<t<LandF=@x+yi—(xX*+y)j=> ®=—ji+jandF=—i— (C+—-2t+1)j
=—i— (20 -2+ 1)j = F-& =122 -2+1)=2-20 = Flow, = [ F- i~ [Mor-22)d

= [tz—%t?’]é:% = Flow = Flow; + Flow, = 3+ =1

30. From (1,0)t0 (0,1): r; = (1 —0)i+tj,0<t<1l,and F = (x +y)i — (x> +y?)j = %:—i—l—j,

1
F=i—(1-2t+2%)j,andny |vi| =i+j = F-ny |vq| =2t-2¢% = Fluxlzj;(Zt—ZtQ)dt

-~ -3l =

From (0, 1) to (—1,0): 1o = —ti+ (1 —1)j,0<t<1l,andF = (x +y)i — (x> +y?)j = ddif:fifj,

F=(1-20i—(1-2t4+22)j,andny [vo] = —i+j = F-no|va| = Qt— 1)+ (=1 +2t — 2¢2) = —2 + 4t — 20

1

= Fluxzzfo(—2+4t—2t2)dt: [~2t+20 - 28] = — 2,

From (—1,0) to (1,0): r3 = (=1 +20i,0<t<l,andF = (x +y)i— (x> +y?)j = %:ﬁ,

F=(—1+20i— (1 —4t+4t®)j,and n3 |v3| = —2j = F-ng|v3| =2 (1 — 4t + 4¢2%)

1
= Flux;;:ZfO(l74t+4t2)dt:2[t72t2+%t?’]é:% = Flux = Flux; + Flux; + Flux = } — $ 4+ = §

— Y 2 X : 2 2 _4-
31. F= \/x2+y21—|— Jeryrdonx +y =4
at (2,0), F = j;at(0,2), F = —i; at (-2,0), 2

F=—j;at (0, 2)F71 at(\/_ f) l+2J, PaP=4
at(\/_ \/_) Vit lj; at(—\/i ﬁ) 0 2
F——ﬁl——J at( f—f) l——J
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32. F=xi+yjonx?+y?=1;at(1,0),F =i;
at(—1,0),F = —i;at(0,1), F =j;at (0,—1),
F——J,at( \/g),F 1+\/ ;

> ‘<

27 2
at(—%,%) F = ——1+\/— :
at(%’ é 7F:_1_£J’ x=+y=.1
—> x
1 3 1 3
at(7§ T),F 75177‘]

33. (@) G = P(x,y)i+ Q(x,y)j is to have a magnitude 1/a2 + b2 and to be tangent to x> + y> = a> + b%>ina
counterclockwise direction. Thus x> +y? = a’ +b? = 2x+2yy =0 = y = — § is the slope of the tangent
line at any point on the circle = y’ = — & at(a,b). Letv = —bi+aj = |v| = y/a? +b% withvina
counterclockwise direction and tangent to the circle. Then let P(x,y) = —y and Q(x,y) = x

= G = —yi+xj = for(a,b)onx?+y?> = a? + b? we have G = —bi + aj and |G| = v/a? + b2.

0 G= (VX +y)F= (\/m)lr

34. (a) From Exercise 33, part a, —yi + xj is a vector tangent to the circle and pointing in a counterclockwise

. . . . . c . . . . . _ yi—xj
direction = yi — Xj is a vector tangent to the circle pointing in a clockwise direction = G = Ty

is a unit vector tangent to the circle and pointing in a clockwise direction.
(b) G=-F

35. The slope of the line through (X, y) and the origin is X = v = xi + yj is a vector parallel to that line and

pointing away from the origin = F = — \;;;T”y is the unit vector pointing toward the origin.

36. (a) From Exercise 35, — \}‘;;T”y is a unit vector through (x, y) pointing toward the origin and we want

|F| to have magnitude \/x2 +y? = F = /x2+y? (— \}‘%) = —xi—yj.

_ . _ C xi+yj _ xi+yj
(b) We want |[F| = where C # 0 is a constant = F = N (f \/x2+y2) =-C <x2 +y2>.

C

2
37. F=—4c%i+ 8t%j + 2kand §f =i+2(j = F- ¢ =126 = Flow:fo 1268 dt = [3t!]) = 48

1
38. F=12¢% + 9%k and §f =3j+ 4k = F-§F =72t = Flow = fo 72¢ dt = [246%] ) = 24

39. F = (cos t — sin t)i + (cos t)k and d—r = (—sint)i+ (cost)k = F - % = —sintcost+ 1

= Flow_f (—sintcos t+ 1) dt = [ cos t+] =(G4+m)-(3+0) =

40. F = (—2sint)i — (2cos )j + 2k and & = 2sin )i + (2cos )j + 2k = F- 5 = —4sin*t—4cos’t+4 =0
= Flow =0

41. Ci: r=(cos )i+ (sin)j +tk,0 <t < 5 = F:(ZCost)i+2tj+(25int)kand% = (—sin t)i + (cos t)j + k
= F-% = —2costsint+2tcost+2sint= —sin2t+2tcost+ 2sint
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42.

43.

44.

45.

46.
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/2 .
= Flowlzj; (—sin 2t + 2tcos t+ 2 sint) dt = [ cos2t+2tsint+2cost—2005t]0/2:—1+7r;

Cor=j+I(1-0k,0<t<1 = F=n(l—-0j+2kand ¥ = —Tk = F.- & — 1
= FIOWQZ‘];I —rdt = [-7t]§ = —m;

Cyr=ti+(1-0j,0<t<1 = F=2ti+2(1-tkand F =i—j = F- & =2t

= F10W3:j;12tdt: (2], =1 = Circulation = (=1 +m) —7+1=0

d d
F-%:x%—ky%—kz%:%%—kg—id—i’—i—%%,wheref(x,y,z):%(x2—|—y2—|—x2) = F-%:%(f(r(t)))

b
by the chain rule = Circulation = fc F-&dt= j; 4(f(r(t))) dt = f(r(b)) — f(r(a)). Since C is an entire ellipse,

r(b) = r(a), thus the Circulation = 0.

Let x = tbe the parameter = y=x>=t?andz=x=t = r=ti+t%j+tk,0 <t < 1from (0,0,0)to (1,1, 1)

1
= F=i+2j+kandF=xyi+yj—yk=ti+j-ck = F-F=+20 - =2¢% > Flow:fo 26 dt

1
2

dr _ of dx | Of dy | 0z dz _ df d
(@ F= v (xy*2%) = F-d—fzad—’l‘—l—a—yd—i’—i-a—;d—f:a,wheref(x,y,z):xy%?’ :>§CF-d—fdt

= fb %(f(r(t))) dt = f(r(b)) — f(r(a)) = 0 since C is an entire ellipse.

' (@21.-1) _
) [F-d= [T 4 (xy?2) de = [xy’2] (117 = @P-1DP — (D1 = —2— 1 = =3

1,1,1)

Yes. The work and area have the same numerical value because work = fc F-dr= fc yi-dr
= fb ' [f(Di] - [i + % j] dt [On the path, y equals f(t)]

b
= fa f(t) dt = Area under the curve [because f(t) > 0]

r=xi+yj=xi+fx)j = g—z =i+f'x)j;F= ﬁyz (xi + yj) has constant magnitude k and points away

.. Ldr kx kyf'(x) _ kx+kfx)f'(x) _ d 2 2 .
from the origin = F - - = Ty + S = R heE k 3¢ Vv X* + [f(x)]%, by the chain rule

= [ F-Tds= [ F-%dx:j;bkd% <+ [FOP dx = k [v/32 + [F00P)

=k (/b2 + [f(D)]2 — /a2 + [f(a)]?) , as claimed.

47-52. Example CAS commands:

Maple:
with( LinearAlgebra );#47

F =1 -> < [ 1*1[2]A6 | 3*c[1]*([1]*[2]1542) >
r:=t-><2*cos(t) | sin(t) >;

a,b :=0,2%Pi;

dr := map(diff,r(t),t); #(a)
F(r(t); # (b)
ql := simplify( F(r(t)) . dr ) assuming t::real; # (c)
q2 :=Int(ql, t=a..b );

value( g2 );

Mathematica: (functions and bounds will vary):
Exercises 47 and 48 use vectors in 2 dimensions
Clear[x, vy, t, f, 1, v]
fix_, y_l=={xy% 3x (x y° +2)}
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{a, b}={0, 270};

x[t_]:=2 Cos[t]

y[t_]:= Sin[t]

rt_]:={x[t], y[t]}

v[t_]:=r'[t]

integrand= f[x[t], y[t]] . v[t] //Simplify

Integrate[integrand,{t, a, b}]

N[%]
If the integration takes too long or cannot be done, use NlIntegrate to integrate numerically. This is suggested for exercises
49 - 52 that use vectors in 3 dimensions. Be certain to leave spaces between variables to be multiplied.

Clear[x, y, z, t, f, 1, V]

fix_,y_,z_]:=={y +yzCos[xy z], x% + x z Cos[x yz],z+ xy Cos[x y z]}

{a, b}={0, 27};

x[t_]:=2 Cos[t]

y[t_]:= 3 Sin[t]

z[t_]:=1

rt_]:={x[t], y[tl, z[t]}

v[t_]:=r'"[t]

integrand= f[x[t], y[t],z[t]] . v[t] //Simplify

Nlntegrate[integrand,{t, a, b}]

16.3 PATH INDEPENDENCE, POTENTIAL FUNCTIONS, AND CONSERVATIVE FIELDS

@ _ _ N M _, _ 9P ON_ , _ M ;
1. X = T Y = m =G = Conservative

oM

P _ —_ ON M _ — 9P ON _ i, OM ;
2. Gy = XCOSZ= 5, 5 =YyC0SZ= G0, 50 =sinz= G = Conservative

P _ _ — ON i ON _ 1= i
3. 5= 1 # 1= 9 = NotConservative 4. oo =1#-1= 5y — Not Conservative
5. g—lf:O;«éI:%—l\y’[ = Not Conservative

P _ =N M _g_ 0P N _ _xXgngy— IM i
6. 3y =0=95,,5, =0=9%;,%5 = —¢'siny= oy = Conservative

7. X =2x = f(x,y,2) =x* +g(y,z) = %:%:3y = g(y,z):%yquh(z) = f(x,y,z):x2+37y2+h(z)

= X W) =4z = h(z2) =22+ C = f(x,y,2) = x>+ % 42224+ C

8. Z=y+z=fxy,)=G+x+gy,n) = F=x+F=x+z=> F=z= gy,0=2y+h(x)
= f(x,y,2) = (y+2)x+zy +h(z) = %:x+y+h’(z):x—|—y = h(z)=0 = h(z) =C = f(x,y,2)
=y+2x+zy+C

9. L=t = f(x,y,2) = xe¥* % + gy, z) = g—; = xe¥t? + g—i =xe’*% = g—’i =0 = f(x,y,2)
=xe"*% + h(z) = L =2xe¥" +1(2) =2xe¥™ = W(z) =0 = h(z) =C = f(x,y,2) = xe¥** +C

10. % =ysinz = f(X,y,z) =xysinz+ g(y,z) = g—fy :xsinZJr(% =Xxsinz = 3—5:0 = g(y,z) = h(z)
= f(x,y,z) = xysinz + h(z) = % =xycosz+h(z)=xycosz = h(z)=0 = h(z) =C = f(x,y,2)

=xysinz+C
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11. %:ﬁ = f(x,y,z):%ln(y2+22)+g(x,y) = %:%:lnx—f—se&(x—f—y) = g(x,y)
=(xInx—x)+tan(x+y) +hy) = f(x,y,2) =1 In(y?* +2z?) + (x Inx — x) + tan (x + y) + h(y)

= g—§ = gip Tse? (x+y) +h(y) =sec? x+y) + iz = Wy =0 = h(y) =C = f(x,y,2)

=iy’ +2)+(xInx—x)+tan(x+y) +C

f — f 0
12. =7y = fy o=t Gy +ey,2) = § =12y +5 = oy + ity

= F= i = e, =sin D) +h@) = f(x,y,7) = tan~ (xy) +sin~! (v2) + h(2)

dy
of L' h(z)=In|z|+C

= = 1/1zy2z2 +h () = dlilyzz? +% = h(z2) =
= f(x,y,z) = tan~! (xy) + sin"! (yz) + In |z| + C

13. LetF(x,y,2) =2xi+2yj+ 22k = F =0=31, B4 =0=9, T =0=51 = Mdx+Ndy+Pdzis

exact;% =2x = fx,y,2) = x>+ g(y,z) = g-; = 2—5 =2y = g(y,z2) =y’ +h(@ = fx,y,2) = x> +y? = h(z)
(2,3,-6)

= F=0@=2 = h@=2+C = fx,y,n)=xX+y" +22+C = fmoo) 2x dx + 2y dy + 2z dz

=1(2,3,—6) — £(0,0,0) =22 + 3% + (—6)> = 49

14. LetF(x,y,z) = yzi 4+ xzj + xyk = g—szx:%—g,%—l\z’[:y:%,g—f:z:%—l\y’[ = Mdx+Ndy+Pdzis
exact;% =yz = f(x,y,z) =xyz+ g(y,z) = g-; :xz+g—‘;’zxz = g—ﬁ =0 = gly,z) =h(z) = {(x,y,2)

=xyz+ h(z) = % =xy+h'(z)=xy = Wz =0 = h(z)=C = f(x,y,2) =xyz+C

(3,5.0)

= 12 yzdx +xzdy + xydz = (3,5,0) — f(1,1,2) =0—-2 = -2
15. Let F(x,y,z) = 2xyi + (x? — z2)j — 2yzk = %:—ZZ:%,%—?:O:%,%:ZX:%—I\;

= de—l—Ndy—l—PdZisexact;%:hy = f(x,y,z) = X’y + g(y,2) = g—;:x2+g—§:x2—22 = 3—52—22

= g(y,2) = —yz’ +h(z) = f(x,y,2) =x’y —yz? +h(z) = & = 2yz+W(z) = —2yz = W(2)=0 = h(z) =C

1,2,3)
= f(x,y,z) = x’y —yz? + C = 00n 2XY dx+ (x? —z%) dy — 2yz dz = (1,2, 3) — £(0,0,0) =2 — 2(3)> = —16

dy 9z 9z — 7 9x’ Ix

16. LetF(x,y,2) =2xi—y%j - (fp)k = £ =0=5 .9 =0=3, T =0= 1

= de—!—Ndy—l—szisexact;%:Zx = f(x,y,2) = x> + g(y,z) = %:%:_yQ = g(y,z):—y;—i—h(z)
= f(x,y,z)sz—y;—l—h(z) = %:h’(z):—ﬁ = h(z) = —4tan"'z+C = f(x,y,2)

2xdx —y? dy — 4, dz = £(3,3, 1) — £(0,0, 0)

1-22

(33.1)

:xz—y;—4tan’1z+Céf

(0,0,0)

=(9-%-4-2)-(0-0-0)=—7

17. LetF(x,y,z) = (siny cos X)i + (cos y sinx)j + k = %:O:%,%—?:O:%,g—fzcosycosx:%—hf
= de+Ndy—|—szisexact;%:sinycosx = f(x,y,z) =sinysinx + g(y,z) = %:cosysinx+g—§
=cosysinx = % _0 = g(y,z) = h(z) = f(x,y,z) =sinysinx+ h(z) = %:h’(z):l = h(z)=z+C

oy
(0,1,1)

= f(x,y,z) =sinysinx+z+C = ) sin y cos x dx + cos y sin x dy + dz = £(0, 1, 1) — f(1, 0, 0)

—O0+D)-0+0 =1

(1,0,0

18. LetF(X,y,Z):(ZCOS}/)i+(%72XSiHy)j+(%)k = %:0:%,%’[:0:%,%:725111};:%

= de—i—Ndy—i—szisexaet;%:ZCosy = f(x,y,z) =2xcosy+g(y,z) = g—§:—2xsiny+g—§
= —2xsiny = g—’;’:i = g(y,z) =In|y| +h@@) = f(x,y,2) =2xcosy+Inly|+h(z) = £ =h'(z)=1
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=h(z) =In |z| + C = f(x,y,z) =2xcosy+In|y| +1n|z| +C
(17/2.2)
Jom, 2cosydxt (1 —2xsiny) dy+Ldz=£(1,5,2) - 0,2, 1)

0,2,1)

= (2-O+lng+ln2)7(0-0052+ln2+ln1):1n§

19. LetF(xy,z)—3x1+( )J+(221ny)k:> B2 N M=% N _ (M
D=L = gy,0=7Ilny+h@

= de+Ndy+sz1sexact;%:3x = f(x,y,2) = x* + g(y,z) = ==

= f(x,y,z2) =x> + 2’ Iny + h(z) = % =2zIny+h(z)=2zIny = hW(Ez)=0 = h(z)=C = {(x,y,2)

=X +221ny—|—C:>j;l“ 3x2dx+%dy—l—ZZlnde:f(1,2,3)—f(1,1,1)
=14+9mMm2+C)—(14+0+C)=9In2
20. LetF(x,y,z) = (2xIny — yz)i + (——xz)J—(xy)k:>g—l; x:%—g,%—l\f: y—gi,g—ﬁzf—Z:%—l\y’l

= de+Ndy+Pd11sexact;&:2xlnyfyz = f(x,y,2) = x*Iny — xyz + g(y,z) = %:§7XZ+%
2 xz= ag =0=g(y,z) =h(@) = fx,y,2)=x>Iny —xyz+h(z) = %:—xy—l—h’(z):—xyé h(z)=0

y
= h(z) = C:>f(xy,z)fx21ny—xyz+C:>f12] 2xIny — yZ)dX—l—(——XZ)dy—Xde

=f2,1,1) = f(1,2,1) =(4In1—-2+C)—(In2—-2+C) = —In2

—(1); 1 . P _ 1 _ 9N OM _(_ 9P ON _ _ 1 _ M
= de+Ndy+szisexact;%:§ = fx,y,2) = +gy,2) = g—iz—y"—2+a—§=%—%

= EF-loey,n= 4+ =My, ) =2+L4+h@) = L=-5+0M@®)=-% = W@ =0 = h@z) =
= f(x,y,2) =+ +C:»fm);d +(§—y—’;)d —%dz=12,2,2)—f(1,,)=(3+%+C) - (1 +1+0)
=0

ap X 8/)_y op __

22. LCtF(X y7z):% (andletp2:x2—|—y2+12 = m—;,ay 5B = Z)

op _ _4yz _ N OM _ _ 4xz _ 0P ON _ 4y __ oM i .
= N T TN T e T T xR T T Ty de+Ndy+Pd21sexact,
o _ 2 2 o _ 2

3 = f(x,y,2) = ( +y +Z)+g(y72) = B_y_x+y +Zz+ x2+y}z,+zz

Ox — xXZ+yrtz?
= gﬁ =0 = g(y,z) =h(z) = f(x,y,z) =In (x> +y>+7?) +h(z) = %_m+h’(z)
:m = h(z)=0 = h(z) =C = f(x,y,2) =In(x>+y? +2%) +C
= :Z).fl) b e —§(2,2,2) — f(-1,—1,—-1) =In 12— In3 =In4
2. r=(4+j+k+ti+2j -2k =1 +0i+(1+20j+ (1 -20k 0<t<1 = dx =dt, dy =2dt,dz = —2dt
- (:’zfl);l)ydx—i—)(dy—’—éldzz\/;)l(zH'l)dH'(H‘1)(2dt)+4(—2)dt:fol(4t—5)dt=[2t2—5t](1):—3

,3,4)
24 r=1Gj+ 40,0 <1< 1 = dx=0,dy =3dvdz=4dt = [ xFdx+yzdy+ (})dz

1 1
= [ (2e)3 dt)+(9§)(4dt):fo 54t di = 18]} = 18
2. g_]; =0= ?9_21’ 60_1;4 =2z= %, %—Ij 0= %“y‘ = Mdx + Ndy + Pdzisexact = F is conservative
= path independence
2. P — vz _ N oM _ ____xe __0P N____xy __ oM
- (Vetyiz) 020 (Vetyrz) O ox Veiyia) o
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27.

28.

29.

30.

31.

Section 16.3 Path Independence, Potential Functions, and Conservative Fields

= Mdx+ Ndy + Pdzisexact = F is conservative = path independence

P _n=9N M _ng_9 N _ _2x_ M
dy — 7 YT 9x >’ Ox y:2 = 9y
of _ 2x of

=2 S fx)=5+g0) = F=-5+gm=15" = dyn=% = em=—1+C

9z ° oz

= Fis conservative = there exists an f so that F = 7 f;

2

_ x? 1 _ -1
= fy) =Y -14+C = F= v("T)

P _ _ON M _n_9P ON _ & _ M ; ; : _ .
gy —CO0sz= 51, 5 =0= xox Ty — oy F is conservative = there exists an f so that F = <7 f;
of
X

5 =€ Iny = f(x,y,2) =€ Iny +g(y,z2) = g—iz%—kg—i:f’y—x—ksinz = g—izsinz = g(y,z)
=ysinz+h(z) = f(x,y,z) =e*Iny+ysinz+h(z) = %:ycoszqth’(z):ycosz = h@z)=0
= h(z)=C = f(x,y,z)=e*Iny+ysinz+C = F= wy(e*Iny+ ysinz)
2—5:0:%—?,%—1\2/{:0: 9P "IN _ 1 — OM _— Figconservative = there exists an f so that F = v T

dy
T —xX+4y = fxy, =3 +xy+e,2) = F=x+F =y +x = E=y = oy, =1y’ +h)

= fx,y,2) = 1x*+xy+ 1y +h(z) = L =h(z) =ze* = h(z) =z’ —e* + C = f(x,y,2)
=i +xy+iydtze?—er+C = F= v (3 +xy+ 1y +2ze? —¢?)

ox > Ox

1011

B B 1,01
(a) Work:fA F-%dt:fA F-dr:[%X3+XY+%Y3+Z3Z*6Z]El.io;o;:(%+0+0+eie)7(%+0+071)
=1
B L, 1 (101)
(b) work:fA F-dr=[1x*+xy+ iy’ +ze *e](l,o,o)zl
B L, 1 (10.1)
) work:fA F-dr=[1x*+xy+ iy’ +ze *e]u,o,o):l

B
Note: Since F is conservative, fA F - dr is independent of the path from (1,0, 0) to (1,0, 1).

P _ ,.yz yz. _ON OM _ ,.yz _ 0P ON _ _.,yz _ OM : : :

oy = X&' +xyze” fcosy = 5, 5 =y’ = 50, 50 =28 = 55 = F is conservative = there exists an f so
_ . of _ of _ Jdg _ og _

that F = v f; 3. = = f(x,y,2) = xe¥ + g(y,2) = oy = xze¥” + 3 = xze¥’ +zcosy = oy — 2COSY

= g(y,2) = zsiny + h(z) = f(x,y,2) = xe" + zsiny + h(z) = % = xye” + siny + h'(z) = xye"* + sin y
= W@z =0 = h(z) =C = f(x,y,2) =xe* +zsiny + C = F = v (xe" + zsiny)

@ work = [[ F-dr =[x+ zsiny] {737 = (140~ (140 = 0

(b) work = fAB F - dr = [xe* + zsin y] 83/12)0) -0

(c) work = fAB F -dr = [xe"” 4 zsin y] Sg/f)o) -0

B
Note: Since F is conservative, L F - dr is independent of the path from (1,0, 1) to (1,%,0).
(@) F= v (x}y?) = F =3x%y% + 2x%j; let C be the path from (—1,1) to (0,0) = x =t— 1 and
y= 4+ L0<t<1 = F=3(t— D2t + D%+ 2(t — D3(—t+ D)j = 3t — D% — 2(t — D)%
1
andr; = (- Di+ (—t+ Dj = dny=dii—dij = [ Fodry= [ [3t— D' +20— DY) dt
1
= fo 5(t—Drde=[(t— 1)5]é = 1; let C, be the path from (0,0) to (1,1) = x =tandy =t,
1
0<t<1 = F=3ti+2tjandr, =ti+4§ = dy=dti+dij = [ F-dro= [ (3t'+2t) e
1
= [ stdt=1= [ Fdr= [ Fodr+ [ Fedr,=2

(1,1)
(b) Since f(x,y) = x®y? is a potential function for F, ‘];71 ) F-dr=1(1,1)—-f(—1,1)=2
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32.

33.

34.

35.

36.

37.

38.

P ON oM 9P ON _ : _ M . : : _ .
ay = =0= 5.0 3 = =0= 5% o = 2x siny = dy = F is conservative = there exists an fsothat F = <7 f;
of 0g _

%szcosy = f(x,y,2) = x> cos y + g(y,z) = gy = —X smy—f—(?g = —x%siny = 3y = 0 = g(y,z) =h(z)

= f(x,y,z) = x>cosy +h(z) = %:h’(z)zo = h(z) =C = f(x,y,2) =x’cosy+C = F= v (x*cosy)

(a) f 2x cos y dx — x? siny dy = [XQCosy]EO’lg =0—-1=-1

(b) f2xc0sydxfx siny dy = [x? cosy]E 1)7T)_1—( H=2
©) f2xcosydx—x siny dy = [x? cosy]glo)>—1—1:0

(d) fc2xcosydxfx siny dy = [x? cosy]gljogzlflzo

= 2ay =cyforally = 2a=c, 0z % = 2cx = 2cx for

z

(a) If the differential form is exact, then g_;; = a

allx,andg—lj = %—l\y’[ = by =2ayforally = b=2aandc=2a

(b) F= sy f = the differential form with a = 1 in part (a) isexact = b=2andc =2

(x.y,2) (x.y,2)
F:vf:> o(x, y,Z):f R .dr = W - dr = f(x,y,2) — 0,0,0) = 2 =20 —-0,% =2 _0,and

(0,0,0) (0,0,0)

Jg _ 9

5 =95 —0= wvg= v{=F,asclaimed

The path will not matter; the work along any path will be the same because the field is conservative.
The field is not conservative, for otherwise the work would be the same along C; and C,.

Let the coordinates of points A and B be (x4, Ya, za) and (Xg, yB, Zg), respectively. The force F = ai + bj + ck is
conservative because all the partial derivatives of M, N, and P are zero. Therefore, the potential function is

f(x,y, z) = ax + by + cz + C, and the work done by the force in moving a particle along any path from A to B is
f(B) — f(A) = f (xB, yB, ZB) — f(XA, YA, Za) = (axg + byp + czp + C) — (axa + bya + cza + C)

—
= a(xB — XA) + b(yB — yA) + C(ZB — ZA) =F:-BA

(a) Let -GmM =C = F=C (x2+y2X+z2)3/2 i+ (X2+y2+ )3/9‘] + (x2+y22+z2)3/2
= g_ly) ES +_yiyi22)5'2 - %_I;I’ 83_1\;[ T W +_y32)(4z—22)5’2 - %’ %_1’\‘] T +_y3zx4y-(;)5'2 - %_l\y/[ = F=vifor
some f; gi = W = f(x,y,z) = m +e(y,z) = g—§ = W + ?9_5
=G T =02 00=h@ > § = om0 = i
= h(z)=C; = f(x,y,z) = — ﬁ +Cp. LetC; =0 = f(x,y,2z) = % is a potential

function for F.
(b) If s is the distance of (X, y, z) from the origin, then s = \/x% + y2 4 z2. The work done by the gravitational field

Py Py
- G G G
F is work = j;. F-dr= [#%} n = o — O = GmM (— - —) as claimed.

16.4 GREEN'S THEOREM IN THE PLANE

1.

: : oM oM ON
M=—-y=-asint, N=x=acost,dx = —asintdt,dy =acostdt = B = =0, By =-1, N =1, and
ON
8y70

2m 2r
Equation (11): fc Mdy — Ndx = j; [(—asin t)(a cost) — (acos t)(—asint)] dt = j; 0dt=0;

Jf (32 + %) dxdy = [ [ 0dxdy = 0, Flux
R R
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Section 16.4 Green's Theorem in the Plane

2 2
Equation (12): § M dx + N dy = f [(—asin(~asint) — (acos (acos D] dt = [ a? dt = 2ma’;
ff (2 - 2)axay = [ f 2dydx—ffa4\/mc1x:4{§ @ x4 gt 2]

= 2a2 (5 + %) = 2a2%7, Circulation

2. M=y=asint, N=0,dx = —asintdt,dy = acostdt = %—I\f =0, %1\;1 =1, %T =0, and 3N =0;

Equation (11): fCMdy—NdX: foha2 sin t cos t dt = a? [1 sin® t]o =0; fdexdy:O, Flux

2T
Equation (12): fc Mdx +Ndy = fo (—a’sin?t) dt = —a® [{ — S“Zh = —ma’; ff(— - —) dx dy

— ff —1dxdy = ‘/;hj: —rdrdf = j;%— % df = —ra?, Circulation
R

3. M=2x=2acost,N=—3y=—3asint,dx = —asintdt,dy = acostdt = %—1;’[ =2, %l\y’l =0, glj =0, and
N _ A,
oy =%

Equation (11): § Mdy ~Ndx = [ “'[(2a cos t)(a cos 1) + (3 sin H)(—a sin 0] dt

- ‘[(I)ZW(ZaQ cos?t — 3a” sin? t) dt = 2a® [§ + “"ft] —3a’ [ — “‘22‘] o, = 2ma’ —3ma? = —ma®;
fRf(%—l\x4 +4) = Jf ~raxay = [ —rardo = [ — % g = —ra?, Flux

Equation (12): fc Mdx +Ndy = f;h [(2a cos t)(—a sin t) 4+ (—3a sin t)(a cos t)] dt

= j;zw(—Za2 sin t cos t — 3a® sin t cos t) dt = —5a” [ sin t] =0; fRf 0 dxdy = 0, Circulation

4. M= —x’y = —a? cos’t, N = xy? = a® cos t sin’t, dx = —asin tdt,dy = acos tdt
oM oM _ 2 oN ON _ Heo.
= S ="y, 5 = —x2, & =y, and 5 = 2xy;

2m 2

Equation (11): fc Mdy — Ndx = fo (—a' cos®tsint+a' cos tsin®t) = {%4 cos't + & sin t} =0;
0
ff(%—i/[ + g—l;l) dxdy = ff (—2xy + 2xy) dxdy = 0, Flux
1 1

27 2w

Equation (12): f Mdx +Ndy = j; (a* cos® t sin® t + a* cos? t sin® t) dt = J; (2a* cos? t sin® t) dt
47

—f Latsin?2tdt = fo sin2udu:a§[%—5m2“ = ff(———)dxdy—ffy +x2) dxdy

2r a m
= fo j; r?-rdrdf = fo 4l 49 = ™ Circulation

5. M=x—yN=y-x= Mo Mo | No g N_j o Flux_ffzdxdy_ffzdxdy_z

Circ= [ [[-1 - (~=D]dxdy =0
R

6. M=x?+4y N=x+y* = Q=0 Mg M_1 T2y > Flux:fRf(2x+2y)dxdy

1 1 1 1
:j;fo(2x+2y)dxdy:j;[x2+2xy](1)dy:f0(1+2y)dy:[y+y2](1):2;Circ:fRf(1f4)dxdy

— [ [ —3axdy = -3
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7. M=y —x,N=x+y? = M= _ox M —2y BN _ox N -2y = Flux = [ [ (~2x+2y) dxdy
R

= f:fox(*Zx +2y)dydx = f:(—2x2 +x%) dx = [~

:j:j:(2x—2y)dde:f;xzdx:9

L33 = —9; Cire = [ [ (2x — 2y) dxdy
R

8. M=x+y,N=—(2+y?) = M =1, =15 =-2x N =-2y = Flux= [ [ (1-2y)dxdy
R

_ff(l—Zy)dde—f(x—x2)dx:%;Circ:ff(—Zx—l)dxdy:j;]j:(—Zx—l)dydx
R

—f —2x2 —X) = —

9. M=x+e*siny, N=x+e*cosy = M

[N BN

o = l+e siny,%—l\y/l:excosy,a—N:1+excosy,8—§:—exsiny
= Flux—ffdxdy—fmf coszr rd0—f7r ( 00520) d0—[ 51n29] :%;
Clrc—ff 1+e*cosy—e* cosy)dxdy_ffdxdy f;/;f COSzr rdﬂ—fT ( 00520) 4 — %
10. M = tan~! X’Nzln(x2+y2) = oM _ _—y oM _ _ x ON __ _ 2x ON 2}'.

ox X4y’ 0y X4y ' Ox  X+y2’ oy

= FIUX—ff(X2+y_ ) dedy = [0 [7 (1) rdrdg = [[sinpdo =2
Circ:ff(ﬁ—ﬁyz) dxdy:j:flz(rcf—zse)rdrdﬂzf;COSQdO:O
R

1 X
11. M=xy,N=y? = %—?—y, %l\y’[—x, %T—O, %I;I—Zy = Flux:ff(y—|—2y)dydx:j;fX2 3y dy dx

—f (———) x=1; Clrc_ff xdydx—ff —xdydx—fol(—xz—kx?’)dx:—

|>—A

1

[V}

— g M _ M N _ ON _ :
12. M= —siny, N=xcosy = F= =0, By = TCOSY, gy =COSY, fr = —Xsiny

= FluX:ff(—xsiny)dxdy:j;/zj; (—Xsiny)dxdy:J:/z(—gsiny) dy = — %
R

. T/2 pT/2 /2 . .
Clrc:fRf[cosy—(—cosy)]dxdy:j; fo 2cosydxdy:‘l; 7rcosydyz[7r51ny]0/2:7r

8

— — -1 oM _ 1 ON _ 1
13. —3xy—%y7,N—eX—|—tan yig 3y—ryz,8—y—m

= Flux—ff <3y 1+y2+ 1+y) dXdy_ff3dedy_f f e (3rsin §)rdrdd

= \/; a3(1 + cos )>(sin 9) df = {— aZ(l + cos 9)4} Uﬂ = —4a% — (—4a%) =0

— X _ & oM _ e ON _ ¢ S e* e* _

= filljj::z —dydx = — f,ll[(?’ _ XZ) _ (X4 + 1)] dx = fill(le +x2— 2) dx 44

15

15. M = 2xy?, N = 4x%y? = %—l\y/[ = 6xy’, &N = 8xy? = work = ﬁ: 2xy? dx + 4x2y? dy = ff(8xy2 — 6xy?) dx dy
R

33
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Section 16.4 Green's Theorem in the Plane 1015
16. M =4x —2y,N =2x — 4y = %—1‘; =-28=2= work:fc (4x — 2y) dx + (2x — 4y) dy

= [[ 12— (-2)1dxdy =4 [ [ dxdy = 4(Area of the circle) = 4(r - 4) = 167
R R

17. M=y>,N=x% = %—Bf—2y,g—§:2x :fcy2dx+x2dy:fRf(Zx—Zy)dydx

1 1—x 1 9 3 9 1
=[] ex—2pdydx= [ (-3x2 +ax— ) dx =[x} +2¢ x|y =142 -1=0

18. M=3y,N=2x = M =3 N_> ;»55C3ydx+2xdy:fRf(2—3)dxdy:f0”fo‘ ~1dydx

:—j; sinx dx = —2

19. M=6y +x,N=y+2x = Z0 =6 =2 ;»§C(6y+x)dx+(y+2x)dy=fRf(2—6)dydx

= —4(Area of the circle) = —16m

20. M=2x+y* N=2xy+3y = 2 -2y N _2y;»§ 2x+y)dx+(2xy+3y)dy_ff(2y 2y) dxdy = 0

2l. M=x=acost,N=y=asint = dx = —asintdt,dy =acostdt = Area:%fc x dy —y dx

2

3

DO [

2m
. (a? cos? t + a* sin’t) dt = 1 j; a’ dt = ma?

22.

<
[

x=acost, N=y=bsint = dx = —asintdt,dy =bcostdt = Area:%fcxdyfydx

27

BY

2m
(ab cos?t + ab sin?t) dt = 1 j; ab dt = mab

1
2 2

0

23. M=x=acos’t, N=y=sin’t = dx = —3 cos’tsintdt,dy = 3sin’tcos tdt = Areaz%fcxdy—ydx

2mr 27 27 4
=3 J, (3sin*tcos®t) (cos” t + sin® ) dt:%j; (3 sin” t cos® t) dt:%j; sin22tdt:13—6j; sin? u du
_ 3 [u in2u] 47 _ 3
=[5 -], =3
24 M=x=EN=y="5 —t = dx=2tdt.dy= (- 1)dt = Area= 1§ xdy—ydx
V3 , V3
=i ee-n-(§-)e]a=3[ G e a=[Le+ - 10V =k (9v/3+15V3)
_ 8
=83
25. () M=f(x.N=g(y) = M =0, N=0= ¢ f(x)dx+g(y)dy_ff(———) dx dy
= [[0dxdy=0
R
() M=ky.N=hx = M=k N=h = § kydx—l—hxdy—ff(———) dx dy
= f f (h — k) dxdy = (h — k)(Area of the region)
R
26. M = xy%, N = x’y +2x = %—D;:ny,g—_nyJrZ :>3§ xy? dx + (x%y + 2x) dy—ff(—f—) dx dy

= ff 2xy +2 —2xy) dxdy =2 ff dx dy = 2 times the area of the square
R R
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27.

The integral is O for any simple closed plane curve C. The reasoning: By the tangential form of Green's

Theorem, with M = 4x®y and N = x*, ‘¢‘C4x3y dx +x*dy = fRf {% (x1) — a% (4x3y)} dxdy

_ff 3) dxdy = 0.

28. The integral is O for any simple closed curve C. The reasoning: By the normal form of Green's theorem, with

29.

30.

31.

32.

33.

34.

35.

M=x3andN=—y? ¢ —yddy+x’dx = [ﬁ (—y3)—g(x3)] dxdy = 0.
ﬁ; fRf Ix dy
0 0
LetM=xandN=0 = 2 = land N =0 = ﬁMdy—Ndx:fRf(%—l‘erg—lj) dedy = § xdy
:ff (1+0)dxdy = AreaofR:ffdxdy:fcxdy;similarly,M:yandN:O = %—l;’lzland
R R

N g :>ﬁde+Ndy:fRf(%—§+%—h;> dyds = ¢,y dx =JJo-Dayax = ~ oy

= ffdxdy:AreaofR
R

b
f. f(x) dx = Areaof R = —fc y dx, from Exercise 29

ffxé(xy)dA ffdi ffdi
Leté(x,y) =1 = X =y = ”é(xy)dA = .l[{'fdA Sh SHIN AX:ffdi:ff (x + 0) dx dy

dy,Ax—ffdi ff(O—I—x)dxdy——fxydx andAx—ffdi ff( x + 1x) dxdy

= ng dy—gxydx = §fcx dy:—fcxde:ngX dy — xy dx = AX

If&(x,y):l,thenly:ff x25(x,y)dA:ff x2dA:ff (2 +0) dydx:§§c X dy,
ffdi ff 0+ x? dydx——fxydxandffdi ff dydx

=9 Zx3dy—zxydx:zfcx3dy—xydx = §§Cx3dy:—fcxydx:zf‘cx:’)dy—nydx:Iy

— of —_of M _ &f ON _ _ 9 of _ 9 gy — _of _of
Mfay,N— % T 9y T o ax T o = Caydx dy ff( ax2 )dxdy 0 for such
curves C

M=1xy+1y’, N=x = %—M—4x +yL, W=1 = Cul= - %1;/[:1—(%)(24—}’2) > 0 in the interior of
the ellipse ; x> +y> =1 = work = fCF-dr: JJ (1= 1x>—y?) dxdy will be maximized on the region
R

R = {(x,y)|curl F} 0 or over the region enclosed by 1 = % x? +y?

) j= M= —9 ,N = since M, N are discontinuous at (0, 0), we

2y
+y? X2+y2 ’

@ vf=(g2p)i+ (2
compute fc Vv f - nds directly since Green's Theorem does not apply. Let x =acost,y =asint = dx = —asin tdt,
dy:acostdtM:%cost,N:%sint,OStSZw,sovaf-nds:fCMdy—Ndx

2w
= f 2 cost)(acost) — (2sint)(—asint)|dt= j; 2(cos? t + sin? t)dt = 4. Note that this holds for any
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36.

37.

38.

39.

40.

Section 16.4 Green's Theorem in the Plane

a>0,so fC W f - nds = 4r for any circle C centered at (0, 0) traversed counterclockwise and fc vi-nds=

if C is traversed clockwise.

(b) If K does not enclose the point (0, 0) we may apply Green's Theorem: f vi-nds= f Mdy — N dx

:fRf<%_1;4 )dxdy— ff( yox (x 7y)> dxdy = fdexdy—O If K does enclose the point

x2+y)

(0,0) we proceed as in Example 6:

Choose a small enough so that the circle C centered at (0, 0) of radius a lies entirely within K. Green's Theorem

applies to the region R that lies between K and C. Thus, as before, 0 = f f <%—T + ‘3—1;]) dx dy
R

= fK Mdy — Ndx + fC M dy — N dx where K is traversed counterclockwise and C is traversed clockwise.

Hence by part (a) 0 = [fKMdy—Ndx]f47ré47r: fKMdy—Ndx:fl(vf-nds.Wehaveshown:

[ wtmas= {0 O OliesinsideK
«V | 4 if (0,0) lies outside K

Assume a particle has a closed trajectory in R and let C; be the path = C; encloses a simply connected region

R; = C; is asimple closed curve. Then the flux over R; is fc F - n ds = 0, since the velocity vectors F are
tangent 1o C1. But0 = §, F-nds=§ Mdy—Ndx= [ [ (2 +2) dxdy = M, +N, =0, whichis a
1 1 Rl

contradiction. Therefore, C; cannot be a closed trajectory.

g(y) d
f , Zv dxdy = N(@y),y) — N@y),y) = f f N gx) dy = [ [N(g2(y),y) — N(gi (), )] dy
= ["Newydy - [ Nam.ydy = [ Newm.ynd+ [ New.nd = [ Nay+ [ Nay

:f;dy = ﬁNdy:fRf%—Iﬁdxdy

ff dydx—f M(x, d) — M(x, c)]dx—fM(x d)dx—l—fM(x c)dx_—f de—f M dx.
Because x is constant along Cs and Cy, fc Mdx = IC. Mdx =0

= —(fqde+fcszX+chde+fc.de>: fMax = [ o M dydx = — . M dx.

The curl of a conservative two-dimensional field is zero. The reasoning: A two-dimensional field F = Mi + Nj
can be considered to be the restriction to the xy-plane of a three-dimensional field whose k component is zero,
and whose i and j components are independent of z. For such a field to be conservative, we must have

ON _ oM N _ M

ox = Oy by the component test in Section 16.3 = curl F = 5% — By = 0.

Green's theorem tells us that the circulation of a conservative two-dimensional field around any simple closed
curve in the xy-plane is zero. The reasoning: For a conservative field F = Mi + Nj, we have ‘?)N = ‘381‘;[

(component test for conservative fields, Section 16.3, Eq. (2)), so curl F = 8—1;1 — %—1;4 = 0. By Green's theorem,

the counterclockwise circulation around a simple closed plane curve C must equal the integral of curl F over the
region R enclosed by C. Since curl F = 0, the latter integral is zero and, therefore, so is the circulation.

The circulation fc F - T ds is the same as the work fc F - dr done by F around C, so our observation that

circulation of a conservative two-dimensional field is zero agrees with the fact that the work done by a
conservative field around a closed curve is always 0.
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41-44. Example CAS commands:
Maple:
with( plots );#41
M = (x,y) -> 2%x-y;
N = (x,y) -> x+3*y;
C:=x"2 +4%y"2 =4;
implicitplot( C, x=-2..2, y=-2..2, scaling=constrained, title="#41(a) (Section 16.4)" );

curlF_k := D[1](N) - D[2](M): # (b)
'curlF_k' = curlF_k(x,y);
top,bot :=solve( C, y ); #(c)

left,right := -2, 2;
ql := Int( Int( curlF_k(x,y), y=bot..top ), x=left..right );
value( ql );
Mathematica: (functions and bounds will vary)
The ImplicitPlot command will be useful for 41 and 42, but is not needed for 43 and 44. In 44, the equation of the line
from (0, 4) to (2, 0) must be determined first.
Clear[x, y, f]
<<Graphics' ImplicitPlot®
flx_,y_l:={2x —y, x4+ 3y}
curve= x> + 4y* ==4
ImplicitPlot[curve, {x, —3, 3},{y, —2, 2}, AspectRatio — Automatic, AxesLabel — {x, y}];
ybounds= Solve[curve, y]
{yl, y2}=y/.ybounds;
integrand:=D[{[x,y][[2]], x] — D[f[x,y][[1]], y]//Simplify
Integrate[integrand, {x, —2, 2}, {y, y1, y2}]
N[%]
Bounds for y are determined differently in 43 and 44. In 44, note equation of the line from (0, 4) to (2, 0).
Clear[x, y, f]
f[x_, y_l:= {x Exply], 4x* Log[y]}
ybound =4 — 2x
Plot[{0, ybound}, {x, 0,2. 1}, AspectRatio — Automatic, AxesLabel — {x, y}];
integrand:=D[f[X, y][[2]], x] — DIf[x, y1[[1]1], y]//Simplify
Integrate[integrand, {x, 0, 2}, {y, 0, ybound}]
N[%]

16.5 SURFACE AREA AND SURFACE INTEGRALS

. p=k, yf=2xi+2yj—k = |vf|= \/(2x)2+(2y)2+(71)2: \/4x2+4y2+1and|vf-p|: 1;

z7=2 = X2+y2:2’thusssz\‘vvtf[|)\ dA:ff 4X2+4y2+1dxdy
R R
2 \/E 2 \/5
= [[VaZcos? g+ asin?0 1 Lrdrdd = [ [T /A 1 Irdrdg = [ [%(4r2+1)3/g]0 W
R

2
_ [T gp_ 13
fj;6d9f37r

2. p=k, vf=2xi+2yj—k = |vf|=42 +4y2+ land |7 f-p|=1:2<x>+y2<6

= S:fRf“vafpdA:fRf\/mdxdy:fRf\/4r2+lrdrdezﬁznf\/\f\/4r2+lrdrd9

= 7 T 1] ﬁde = [ 2a=%x
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Section 16.5 Surface Area and Surface Integrals 1019

3. p=k, vf=i+2j+2k = |yf|=3and|yf-p| =2;x =y?and x = 2 — y? intersect at (1, 1) and (1, —1)

- s:fR T dA:fngdxdy:fflfyf’ygdxdy:fi(3—3y2) dy =4

[£-pl

:fRf—M;“ dxdy:foﬁfox\/mdydx:fo xV/X2 + 1 dx = [% )3/Q}f:§(4)3/2—§:§

4. p=k, vf=2%i-2k = |vil=V4x2+4=2yC+land|vf-p|=2= S=[[ ¥ dA
R

5. p=k, wf=2xi—2j—2k = |V f] = /2% + (—22 + (—2) = /4> + 8 = 2/x> + 2and | 7 f - p| =2
= s:fRf %dA:fRf@dxdy:ﬁf:xmciydx:f:h\/mcix: [(x2+2)3/2}z
=6y6-2\2
6. p=k, v f=2xi+2yj+2zk = | f| = /4 +4y? +422 = /8=2\2and | f-p| =22 x> + y> + 2> = 2 and
— /XAy = 24y = 1 thus, s—ff “vvffll)‘dA:ff ZT\?dA:ﬁff%dA
:ﬁfRfmdA:ﬁfo fo&gr_i;:ﬁjj( 1+2) 9—zﬂ( V2)

7. p=k, vi=ci—k = |vil=VI+lad|vf-p=1=S=[[ SLdar= [ /2 +Tdxdy
R R
2w 1 2m
= [ VeErirado= [ Y ag =/ 11
8. p=k, vif=2i+2zj = |vf\:\/(Zx)2—|—(21)2:2and|vf |—22f0rtheuppersurface,z 0
B vl 12 p1)2
= S= ff [7f-p| dA = ff 2z Zf 1/2f

= [sin~ lxt/f/g:z—(—%):%

1/2
1
f—l/2 V1—x2 dx

9. p=i, vf=i+2yj+2zk = |V f|=/12+Qy2+ Q222 =/1+4y?+4z22and |y f-p|=1;1<y*+2><4

= S=[[ Sy aa=[JVTHaTraE dydz = [ [[V/1+4 cos?0 + 47 sin? O r drdo
= VTR e = [T [0 aey R o= [T (91T - sV5) @ = £ (1717 - 55)

10. p=j, vf=2xi+j+2zk = | vf| =42 +4z2+ land |y f-p|=L;y=0and x> +y+ 22 =2 = x>+ 22 =2;

thus,§ = [ [ (555 aa = [ [ VA T4 Taxdz= [ [Var T irdrao = [(Bag=2n

1. p=Kk, vf:(Zx—%)i+\/Ej—k:>|vf|:\/(2){—%)24—(\/E)2+(—1)2:,/4x2+8+%=\/(2x+%)2

=2x+2,onl<x<2and|yf-p/=1= S:ff%dA:ff(Zx—i—Zx_l)dxdy
R R

1 1
— [ [Tex+2x Y andy= [ +2mmx dy= [ G+2In2dy=3+21n2

12. p=k, vf=3/xi+3,/yj-3k = |vfl=/%+9+9=3/x+y+land|f-p|=3
1 1 1
= s:fR %dA:fRf\/)H—y—kldxdy:foﬁ\/x+y+1dxdy:j; [2(x+y+ D2 dy

= [ a+22 =24+ 12 dy = [£ 7+ 272 — &y + D72 = & [32 — @72 — @2 +1]
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=4 (9\/5 — 82+ 1)

13. The bottom face S of the cube is in the xy-plane = z=0 = g(x,y,0) =x+yandf(x,y,z) =z2=0 = p=Kk
and Vf=k = |vf[=land|vf-p|=1= do=dxdy = [[gdo= [[(x+y) dxdy
S R
= j; ) j; ’ x+y)dxdy = f; d(“; +ay) dy = a3. Because of symmetry, we also get a® over the face of the cube

in the xz-plane and a® over the face of the cube in the yz-plane. Next, on the top of the cube, g(x,y, z)
=gx,y,a) =x+y+aandf(x,y,z)=z=a = p=kand wf=k = |wyf|=1land |y f-p|=1= do=dxdy

fsfgdaszf(x+y+a)dxdy:f: Carytadady= [ x+y dxdy + [ [Tadxdy = 2a%

Because of symmetry, the integral is also 2a® over each of the other two faces. Therefore,
[[(x+y+2)do =3 (a®+2a%) = 9a°.

cube

14. On the face S in the xz-plane, we havey = 0 = f(x,y,z) =y = 0 and g(x,y,2) = g(x,0,z) =z = p=jand
1 2 1
vi=j= |vil=lad|vfpl=1=do=ddz > [[gdo=[[+ndo=[ [ zdxdz= [ 220z
S S

=1
On the face in the xy-plane, we havez = 0 = f(x,y,z) =z =0and g(x,y,2) = gX,y,0) =y = p=Kkand

1 2
vf=k = |vfl=land|vf-p|=1 = do=dxdy :»fsfgda:fsfyda:fofoydxdy:l.
On the triangular face in the plane x = 2 we have f(x,y,z) = x = 2 and g(x,y,z) = 2(2,y,z) =y+z = p =iand
1 1—
Vi=i= |vil=lad|vf-p=1= do=dzdy = [[gdo=[[y+ndo=[ [ (y+2)dzdy
S S

1
=J, s(1-y)dy=73.
On the triangular face in the yz-plane, we have x = 0 = f(x,y,z) = x =0and g(x,y,z) = g(0,y,2) =y + z

= p=iand vf=i= |vfl=land|f-p|=1 = do=dzdy = [[gdo=[[(y+2do
S S

1 1-y
:f;j; (y—l—z)dzdy:%.
Finally, on the sloped face, wehavey +z=1 = f(x,y,z) =y+z=1andgx,y,z2)=y+z=1 = p=Kkand
vi=j+k = |vfl=v2ad|vf-p|=1= do=+2dxdy = [[gdo=[[(y+2)do
S S

:‘f;lj:\/idxdy:%/i. Therefore, | [ gx,y,do=1+1+1+142/2=842/2

wedge
15. On the faces in the coordinate planes, g(x,y,z) = 0 = the integral over these faces is 0.
On the face x = a, we have f(x,y,z) = x = aand g(X,y,z) = g(a,y,z) =ayz = p=iand wi=i= |yf|l=1
c b
and |y f-p|=1 = do=dydz = ffgdo:ffayzda:j;j; ayzdydz = ab4i.
S S

On the face y = b, we have f(x,y,z) =y = band g(x,y,z) = g(x,b,z) =bxz = p=jand wf=j = |vf|=1

and | f-pl=1= do=dxdz = [[gdo=[[bxzdo= [ ['bxzdxdz= 22
S S
On the face z = ¢, we have f(x,y,z) = z = c and g(x,y,z) = g(X,y,¢) =cxy = p=kand yf=k = |yvf|=1
b a
and f-p|l=1= do=dydx = do = cxy do = cxy dxdy = 2% Therefore,
\% y g y o Jo XY y 4
S S

fo g(x,y,z) do = w.
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17.

18.

19.

20.

21.

22.

23.

24.

25.

Section 16.5 Surface Area and Surface Integrals

. On the face x = a, we have f(x,y,z) = x = aand g(x,y,z) = g(a,y,z) =ayz = p=iand wf=i = |wvf|=1

b c
and |7 f-p|=1 = do =dzdy = ffgda = ff ayzdo = fibfic ayz dzdy = 0. Because of the symmetry
S S

of g on all the other faces, all the integrals are 0, and f f g(x,y,z)do =0
S

1021

fx,y,2) =2x+2y+z=2 = yf=2i+2j+kandg(x,y,2) =x+y+2—2x—-2y)=2—-x—-y = p=Kk,

|vfl=3and|yf-p|=1 = do=3dydx;z=0 = 2x+2y=2=y=

:3f01f0' x(2fxfy)dydx:3j:[(2—x)(1—x)—

fx,y,2) =y’ +4z=16 = wf=2yj+4k = |y f|=

= do = Lf“ dxdy = fsfgdcr: f:fol (xv/y? +4) <7Vy;+4) dxdy = f:j;l w dx dy

4
== [ e =116 =%

gx,y,2)=zp=k = veg=k = |vg =land|vg-p|=1 = Flux= [ [F-ndo= [ [(F-k dA
S R

:j;zfos3dydx:18

gx,y,2)=y,p=—j = veg=j= |veg=land|vg-p|=1= Flux= [ [F-ndo= [ [(F-—j)dA
S R

2 7 2
- f—lj; 2dzdx = f,12(7 —2)dx =102+ 1) =30

Ve=2xi+2yj+2zk = |wvgl=/4x2+4y? +472 =2a;n= ;’\“/;zfyjf; = Htyitzk

(Ve K =2 = do=2dA = Flux= [ [ (£)(
R

:j;mf:\/ﬁ—rzrdrdt?: s

ve= 2Xi—|—2yj+22k = |vg| = /4x2 _|_4y2 +472 =2a;n = 2xi+2yj+2zk xi+y'j+zk =

2¢/x2+y2+22 a
=22 = do=2%dA = Flux= [ [F-ndo= [ [0do =0
S S

FromExerciseZl,n:WanddozgdA = Fn="2-24+Z=12 o Flux:ff(i

=[[1dA ==

2 2 3 2 2 2
From Exercise 21, n*wandda—adA = F-n=%2% 42 ¢ :z(w>:az

= FluX:ff(za) (2) dXdy—ffa dxdy = a’(Area of R) = 1 7a?
R

2

&)

From Exercise 21, n—wanddo—i—‘d/\ = F-n—";—i—y——i—%:a = Flux

a
a2

—ffa dA = ff dA = fdeA fﬁfﬁrdrdG

_f”z {

2—r2] dg__
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(2)+(2)+(3)

= Flux= [ [2dxdy = [ [ ot dxdy = [ [ i rdrdg = =
—J VTN ey T e Jo et T2

26. From Exercise 21, n = W anddo =2dA = F-n=

27. gx,y,z) =y +z=4 = wveg=2yj+k = |vegl=V4i+1 = n:%

2xy — 3z
4y +17°

_ff(zxjyzjz>mdA [ @xy=3ndAz=0andz =4y = y* =4

2
= Flux:fRf2xy—3(4—y )]dA:j;fiz(ny—12+3y)dydx:j;[xy — 12y +y%] 7, dx

= F-n= ;p=k = |wvg-pl=1= do=+/4y>+ 1dA = Flux

— [[—n2d40=-32

28. g(X,y,Z):x2+y2_Z:0 = Vg:2xi+2yj—k = |Vg|:\/4X2+4y2+1:\/4 X2—|—y2)+1
_ xif2yj-k . 8x2+8y2—2 _ = ARy 11
:>n—74<2+y)+1:>Fn W,p k= |wvegp=1=do (x2 +y?) dA
= Flux—ff( Sxxfiyy‘ )\/ (x2+y2) +1dA = ff(sx +8y?—2)dA;z=1land x> +y2 =z

= x*+yi=1= Flux:f“‘f()(8r2—2)rdrd0:27r

29. gx,y,2)=y—e-=0 = wvg=—-°citj=> |veg=ver+1=>n=-0J = F.n="2-%,

e+ 1 e 41

= |veg-pl=¢ = daziveg+1 dA = Flux:fRf(fzexfzy) (Vezx+ )dA ff =2 =3¢ dA

\/ez’url er
— [[—4da= [ [~4dydz——4
R

30. gx,y,2))=y—-Inx=0 = yg=—1li+j=|vg = %+1:—V2"szsincelgx§e

(7 %i+j) —i+xj 2xy . /T+x2
= n= ( ?x_) = iy = F-n—m,p i=>|vepl=1=do=Y""dA

= Flux_ff( 2y (LY aa= [ [Toydxdz= [ [ 2nxdzax = [21nxdx

2xInx—x]{ =2(e—e)—2(00-1)=2

31. Onthefacez=a: gx,y,20=z = wvg=k = |vg =1n=k = F-n=2xz=_2axsincez = a;
do =dxdy = Flux:ff2axdxdy:j:j:Zaxdxdy:a‘l.
R

Onthe facez =0: gx,y,2) =z = wvg=k = |vg/=1;n=-k = F-n=—-2xz=0sincez = 0;

do =dxdy = Flux = [ [0dxdy =0.
R

Onthe facex = a: g(x,y,2)=x = wg=i= |vg =Ln=i= F-n=2xy=2aysincex = a;
do =dydz = Flux:fodfodZaydde:a‘l.

Onthe facex =0: g(x,y,2) =x = wvg=i=> |vg=Ln=-i= F-n=-2xy=0sincex=0
= Flux = 0.

Onthe facey = a: g(x,y,2)=y = wvg=j = |vegl=Ln=j = F-n=2yz=2azsincey = a;
do =dzdx = Flux:j;aj(‘)aZazdzdx:a‘*.

Onthe facey = 0: g(x,y,2)=y = wvg=j = |vegl=Ln=-j = F-n=—-2yz=0sincey =0
= Flux = 0. Therefore, Total Flux = 3a?.
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32. Across the cap: g(x,y,z) = x> +y? + 22 =

2

= n= \¥§|:Xl+y5j“k = F-n:%+%+ ;p=k = | g-p/=2zsincez 0 = daz%dA

S
— Flux,, = ffF nda—ff(“ ) (A= [[ 4y )axdy = [ [+ 1) rdra
R
=/ 2W72d0:1447r.

Across the bottom: g(x,y,z2) =z=3= ywg=k=|vg=1l=n=-k=F-n=-Lp=k=|vg-p =1
= do =dA = FluX,mem = ff F-ndo = ff—l dA = —1(Area of the circular region) = —167. Therefore,

bottom

Flux = Flux,,, + FluXygom = 1287

33 wi=2xi+2yj+2zk = |f|=/4x2+4y2+422 =2a;p=k = |y f-p|=2zsincez 0 = do= 32 dA
=2dA;M = ffédo— —(surfaceareaofsphere) é”a ; xy:ffzc‘idazc‘iffz(g) dA
S R

oma

=aé [[ dA:aéj; j; rdrdg = 1 = 7= — (‘STS)( 2.) = 2. Because of symmetry, X =y
R

R § 3 3 a a a
= 5 = the centroid is (§ 5 5).

3. yf=2yj+2zk = |vf|=4y2 +422=/4(y2 +722) =6;p=k = | f-k|=2zsincez Oédo:%dA
—3dA;M = ffldo—ffo3dxdy—ff\/—dxdy—%ery ffzda

= [ [ dxdy—54sz—ffyda—ff Haxdy= [ [ 2 axdy=0;
M= [ xar =[] &

_ 3 o = _ 54 _ 6
21 . Therefore, X = o =5,y=0,andz= 35 =2

35. Becauseofsymmetry,i:?:O;M:ff 6da:6ff da:(AreaofS)é:SW\/Eé; v f=2xi+ 2yj — 2zk
S S

= | Vfl= VA Fay 442 =2/ 4y + 2Z:p=Kk = | Vf-p| =22 = do= DTXEE ga

Xy —

= LI g = VR ga = My =0 [ [ 2 (V240 aa
R

142
:6fRf\/§ /X2+y2dA:6f02”j‘12 \/EerrdQZMWTﬁ6:>ZZ<37:[z>:%

= (%,¥,2) = (0,0, 7). NextIz—ffX—l-y 5da—ff (fm)

zéﬁfRf(x2+y2 dA:&ﬁf(}flﬁdrda:”’;fé;»RZ: L V10

Z \

36. f(x,y,z):4x2+4y272220 = v Ii=8xi+8yj—2zk = | f|=/64x2 + 64y2 + 472
16x2 + 16y? + 22 = 2/422 + 22 = 2\/5zsincez  O;p=k = | f-p| =2z = do = 22 dA = \/5dA

:>Iz_ffx +y?) 6da—6\[ffx +y?) dxdy—é\/_f fzww‘r‘drdﬂ 3\/_”5

37. (a) Let the diameter lie on the z-axis and let f(x,y,z) = x> + y? +z> = a?,z 0 be the upper hemisphere
= wvi=2xi+2yj+2zk = | f|=+4x>+4y2+422=2a,a>0;p=k = |vf p| =2zsincez 0
> dr=3da = L= ] 5(x2+y2)(g)da:a5ffwx_‘§7{+ydA a [ ), e
2T
_36f |: _r2_ §(a?_ )3/2i|

. df = ad f 2a%df = L a'6 = the moment of inertia is ¥ a'6 for
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1024  Chapter 16 Integration in Vector Fields

the whole sphere
(b) I =I., + mh? where m is the mass of the body and h is the distance between the parallel lines; now,

L. :—a4§(fromparta)andm7fsf6da:6ff(g) dA:aéff\/ﬁi2+y2 dy dx
:aéﬁhﬁa\/ﬁrdrdQ:a(Sﬁh[—\/ —r2] G—aéf add =2ra’s6andh =a

= I = ST" a'é + 4ma6a’ = 207” als

38. (a) Letz="./x?+ y? be the cone fromz:Otoz:h,h>0. Because of symmetry, X = 0 andy = 0;
\/Wéf(xy,z) (x +y)—-22=0 = vf:%‘ziJrzyh — 27k
= |vf|:\/4%a—1“4+%+4z2:2\/;(x2+y2)+2—§(x2+y2):2\/(2—2)(x2+y2) (% +1)
. LA o)
=2¢/22 ("42) = (%) \/h2 +-a2sincez O;p=k = | f-p|=2z = do = Glvhea 2?2+ " dA

a

\/mdA M= ffdo—ff\/mdA Vh2+a— (7Ta2):7ra\/112—-l-a2;

ffzdo—ff ( h2+a2) dA = Vh2+a2ff Vx2 +y? dxdy—hvh2+azf f 12 drdf

‘/ 2 a2 _ M,
= ZHE 7= =D = the centroid is (0,0, )

= 3 =™ T 3
(b) The base is a circle of radius a and center at (0,0,h) = (0,0, h) is the centroid of the base and the mass is
M= ff do = ma’. In Pappus' formula, let¢; = 2 k, ¢; = hk, m; = ma\/h? + a2, and m, = ma’
$ :

may/h? + a2 237}‘ k 4 ma’hk TR Sy
( ) _ 2hy/h?+a +3ahk = the centroid is 0 0 2hy/h? 4 a? 4 3ah

IR g - 3( 2+ a2+ ) ( h2+d2+d)
(c) If the hemisphere is sitting so its base is in the plane z = h, then its centroid is (O, 0,h+ %) and its mass is
27a®. In Pappus' formula, let ¢; = @ k,c = (h + 2) k,m; = 7may/h? + a2, and my = 27a’
ravht @ (3) kt2mat (0 )k oh/i a4 Gt 347 k = the centroid is

= c=

may/h? + a2 + 2ma? (\/h2+a2+2a)
(O 0, Zhh +a 4 6ah + 3a° MW‘) . Thus, for the centroid to be in the plane of the bases we must have z = h
(\/ h? + a2 +2a)
= —Zhvé“%fiﬂ6ihj)3“ —h = 2hy/h2 § @ + 6ah + 302 = 3h/h? + @2 + 6ah = 3a® = hy/h? + @2
37—1)a2 -
= 9a'=h?(h?+a’) = h*+a’h®> -9 =0 = h’>= u (the positive root) = h = @ a

39. £(x,y) = 2x, f,(x,y) =2y = /f2+f2+ 1= /4x2+4y2 +1 = Area:fRf\/4x2 +4y? + 1 dxdy
—fhf v 4r? + 1rdrd9——< 3—)

40. f(y,z) = =2y,f,(y,2) = =2z = /2 4+ 2+ 1= /4y’ +422 +1 = Area:ff\/4y2—|—422+ldydz
R
2 1
:f; j; \/4r2—|—1rdrd9:%<5\/§—1)

LAY = T B = s = (B = [E et e 1 =12
= Area = f f \/5 dxdy = ﬁ(Area between the ellipse and the circle) = \/5(671 —7) = 57r\/§

Xy
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42. OverRyy: z=2—3x—-2y = fi(x,y) = — 3, fy(x,y) = -2 = \/f3+fy2+1:\/g+4+1:g

= Area = f f % dA = % (Area of the shadow triangle in the xy-plane) = (%) (%) = % .
Xy

Over Ry,: yzl—%x—%z = fx(x,z):—%,fz(x,z):—% = Jf2+f2+ 2\/%-1-%4-1:%

= Area = f f % dA = % (Area of the shadow triangle in the xz-plane) = (%) 3) = % .

XZ

OverRy: x=3-3y— 37z = fi(y,2) = —3,f,(y,2) = — 3 = \/fy2+f22+1:\/9+§+1:%

= Area = f f 1 dA = I (Area of the shadow triangle in the yz-plane) = () (1) = 7.
yz

43. )/:%23/2 = fu(x,2) = 0,f,(x,2) =2'/? = \/f,?—i-ff—i—l:\/z—f—l;y:% = 13—6:%23/2 = z=4

= Area= [ [VarTdxdz= [zt Tdz=3(5v/5-1)

4. y=d—2 = f(x,20=0,f,x,0=—1 = P+ +1=+/2 = Arca= [ [ ﬁdA:f:fonﬁdxdz
RXZ
:\/Ej;z(4—22)d22163—‘/E

16.6 PARAMETRIZED SURFACES

1. In cylindrical coordinates, letx =rcos f,y =rsin 0,z = (\/x2 + y2)2 =12, Then
r(r,0) = (rcos )i+ (rsin@)j+r’k,0<r<2,0<0 <2

2. In cylindrical coordinates, let x =rcos §,y =rsinf,z =9 — x> —y?> = 9 —r2. Then
r(r,0) = (rcos )i+ (rsinf)j+ (9—-r*)k;z 0 =9-r> 0=1r2<9 = -3<r<3,0<6<2r But
—3 <r < 0gives the same pointsas 0 <r < 3,so0let0 <r < 3.

X2 +y?
2

=
5 <3 = 0 <r < 6;to get only the first octant, let

3. Incylindrical coordinates, let x =rcos f,y =rsin 6,z =
r(r,0) = (r cos 0)i + (r sin 0)j + (%) k. For0<z<3,0<
0<60<73.

z= 5. Then

4. In cylindrical coordinates, let x =rcos 8,y =rsin 6,z = 24/x2 +y? = z=2r. Then
r(r,0) = (rcos )i+ (rsinf)j+2rk. For2 <z<4,2<2r<4 = 1 <r<2,andlet0 <6 < 2.

5. In cylindrical coordinates, let x =rcos §,y =rsinfsince x> +y?> =1 = 22 =9 — (x> +y?) =9 —r?
= z=+v9—12,z 0. Thenr(r,f) = (rcos )i+ (rsin 0)j + /9 — 12k . Let 0 < § < 27. For the domain
ofr: z=/x2+y?and x> +y*+722 =9 = x2+y2+(\/x2+y2)2:9 = 2x2+y)=9 = 2r*=9

_ 3 3
:>r_ﬁ :>0§r§ﬁ.

6. In cylindrical coordinates, r(r, ) = (r cos )i + (r sin 0)j + /4 — r2 k (see Exercise 5 above with x? + y? 4 z2 = 4,
instead of x2 4+ y2 + 22 =9). For the first octant, let 0 < § < % . For the domain of 1: z = 1/x2 + y2 and

XX+y2+22=4 = xX>+y> + (\/x2+y2)2:4 = 2(x*+y)=4 =2 =4 = 1= V2. Thus, let /2 <r <2
(to get the portion of the sphere between the cone and the xy-plane).
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1026 Chapter 16 Integration in Vector Fields

7. In spherical coordinates, x = psin ¢ cos 6,y = psinpsin 0, p= /X2 +y2 +22 = p>*=3 = p=1/3
= Z:\/§COS¢f0rtheSphere;Z:§:\/§COS¢ = cosd):% = ¢:§;Z:—T3 = — 5 :\/gcosd)

= cosp=—3 = p=2. Thenr(qb,@):(\/gsin(ﬁcose)i—i-(\/gsinqbsinﬁ)j-i-( 3cos¢)k,
T<¢p<Tand0 <0< 2m

8. In spherical coordinates, x = psin ¢ cos 0,y = psindsinf, p=/x2+y2 +22 = p>=8 = p=+/8=212
= X = 2\/5 sin¢g cos b,y = 2\/5 sin ¢ sin f, and z = 2\/5 cos ¢. Thus let

r(¢,9):(2\/§sin¢cos9)i+(2 251n¢sin9)j+(2\/§cos¢)k;z:—2:>—2:2 2 cos ¢

= cosq/):—% = ¢:¥;z:2ﬁ:> 2/2=22cos ¢ = cosp =1 = ¢ =0. Thus 0 < ¢ < 37 and

0<6<2m.

9. Since z =4 — y?, we can letr be a function of x andy = r(x,y) = xi+yj+ (4 —y>)k. Thenz =0
= 0=4—-y?> = y= 42 Thus,let2<y<2and0<x <2.

10. Since y = x2, we can let r be a function of x and z = r(x,z) = xi + x%j + zk. Theny = 2
= x2=2 = x= :I:\/E. Thus,let—ﬁgxg 2and 0 <z < 3.

11. When x = 0, let y? + z> = 9 be the circular section in the yz-plane. Use polar coordinates in the yz-plane
= y=3cosfandz=3sinf. Thusletx =uandd =v = r(u,v) = ui+ (3 cos v)j + (3 sin v)k where
0<u<3and0<v<2m.

12. Wheny = 0, let x> + z? = 4 be the circular section in the xz-plane. Use polar coordinates in the xz-plane
= x=2cosfandz=2sinf. Thuslety =uvand § =v = r(u,v) = (2 cos v)i + uj + (3 sin v)k where
—2 <u<2,and 0 < v < 7 (since we want the portion above the xy-plane).

13. (8 x+y+z=1=2z=1—x—y. Incylindrical coordinates, let x =r cos § and y = r sin §
=z=1—-rcosf —rsinf = r(,0) =(rcosf)i+ (rsind)j+ (1 —rcosf —rsin )k, 0 < 0 < 27 and
0<r<3.
(b) In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let
y =ucos v,z =usinvwhere u = y/y2 + z2 and v is the angle formed by (x,y, ), (x, 0,0), and (x,y, 0)
with (x,0,0) as vertex. Sincex+y+z=1 = x=1—-y—z = x=1—ucosv—usinv,thenrisa
function ofuand v = r(u,v) = (1 —ucosv—usinv)i+ (ucosv)j+ (usinv)k,0 <u<3and 0 <v < 27.

14. (a) In a fashion similar to cylindrical coordinates, but working in the xz-plane instead of the xy-plane, let
X =ucos v,z = usin v where u = \/x2 + z2 and v is the angle formed by (x,y, z), (v, 0,0), and (x, y, 0)
with vertex (y,0,0). Sincex —y+2z=2 = y =x+ 2z — 2, then r(u, v)
=(ucosv)i+ (ucosv+2usinv—2)j+ (usinv)k,0 <u < \/gandOSV < 2m.

(b) In a fashion similar to cylindrical coordinates, but working in the yz-plane instead of the xy-plane, let

y =1ucosV,z=usinvwhereu = \/}m and v is the angle formed by (x,y, z), (x, 0, 0), and (x, y, 0)
with vertex (x,0,0). Sincex —y+2z=2 = x=y —2z+ 2, then r(u, v)
=(@cosv—2usinv+2)i+(ucosv)j+ (usinv)k,0 <u< ﬁandO <v<2m.

15. Letx =wcosvandz=wsinv. Then(x —2)2+22 =4 = x> —4x+22=0 = w?cos’v —4wcos v+ w2 sin’v
=0=>w2—4wcosv=0=>w=0orw—4cosv=0 = w=0orw=4cosv. Noww=0 = x=0andy =0,
which is a line not a cylinder. Therefore, let w =4 cos v = x = (4 cos v)(cos v) = 4 cos?> v and z = 4 cos v sin v.
Finally, let y = u. Then r(u,v) = (4 cos? v)i+uj+ (4 cosvsin vk, —g <v< gandO <u<3.
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16. Lety =wcosvandz =wsinv. Theny?> +(z—52? =25 = y?+ 22— 10z=0
= w2cos?v+w?sin?v—10wsinv=0 = w2 —10wsinv=0 = w(w—10sinv)=0 = w=0or
w=10sinv. Noww =0 = y = 0and z = 0, which is a line not a cylinder. Therefore, let w = 10 sin v

= y = 10sin v cos vand z = 10 sin? v. Finally, let x = u. Then r(u, v) = ui + (10 sin v cos v)j + (10 sin? v)k,
0<u<l0and0<v<m.

17. Letx =rcos § andy = r sin §. Then r(r, ) = (r cos 0)i + (r sin 0)j + (%W)k,ogrg land 0 <6 <27
= 1, = (cos 0)i + (sin 0)j — (%22) k and ry = (—r sin 0)i + (r cos O)j — (=2¢) k

i j k
= rxrp=| cosb sin 0 —#
—rsind rcosf —%

_ <7rsin296059+(51H9)(2f0059))i+ (rsi§20+rco2529>j+(r00520+rsin20)k: §j+rk

,, u pl 2 1 2
> Inoxnl =\ +e = 5 A= [0 rarag = [T[55] 0= [ a0 =

4

oS,

18. Letx =rcosfandy =rsinf = z=—x=—-rcos#,0<r<2and0 <6 < 27. Then
r(r,0) = (rcos 0)i + (rsin #)j — (rcos )k = r;

rg = (—r sin 0)i + (r cos #)j + (r sin H)k
i j k
= r.Xrg=| cosf sinf —cos@
—rsinf rcosf rsinf

= (cos 0)i + (sin #)j — (cos )k and

= (rsin? 6 +rcos?0) i+ (rsin @ cos § — rsin 6 cos §)j + (r cos? @ +r sin® §) k = ri + rk

= exr=vV24+2=1V2 = AzﬁzwﬁzrﬁdrdﬂzLzr[rz\f}zdézﬁzb\/id9z4ﬂﬁ

19. Letx =rcosfandy =rsinf = z=2/x2+y2=2r,1 <r<3and0 <6 <27. Then
r(r,0) = (r cos 0)i + (r sin )j + 2rk = r; = (cos 6)i + (sin 0)j + 2Kk and ry = (—r sin )i + (r cos 0)j
i i k

= rXryg=| cosd sinff 2| = (—2rcos )i — (2r sin 0)j + (r cos? § + r sin? #) k
—rsinf rcosf O

=(—2rcos )i — 2rsin§)j+1k = |r, X ry| = \/41r2 cos20 +4r2sin2 6 + 12 = /512 = r\/g
2 3 L 3 2
= A= [ [Trv/sarao = [T[E] a0 = [4y/500 =875

20. Letx =rcosfandy =rsinf = z:ivxz;yzzg,?agr§4and0§9§27r. Then

r(r,0) = (r cos O)i + (r sin 0)j + (%) kK = r; = (cos 0)i + (sin 0)j + (%) Kk and ry = (—r sin 0)i + (r cos 0)j
i J

= rxrg=| cos sinf 1|=(—3rcosd)i— (rsinf)j+ (rcos’f+rsin?6)k
—rsinf rcosf O

[

1

=(—1rcos)i— (3rsin)j+rk = |rr><r9|:\/%r200529+%r2sin29+r2: %ﬂ:@
I RVAT) _ (T [eviolt ) [T7VI0 4y 10/10
= A= [ [ drd@_fo[6 ]3d9_f0 /10 4 = Iy
21. Letx =rcosfandy=rsinf = > =x>+y?>=1,1<z<4and0 < @ <27 Then
r(z,0) = (cos )i + (sin 0)j + zk = r, = kand ry = (—sin )i + (cos 0)j
i i k
= rgXr,=|—sinf cosf O0|=(cosb)i+ (sinh)j=|ryp xr,| =+/cos?0+sin20 =1
0 0 1
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1028 Chapter 16 Integration in Vector Fields
= A= ["[ado= [3d0=6r

22. Letx =ucosvandz=usinv = 0> =x>+22=10,-1 <y <1,0<v <27 Then
r(y,v) = (ucos v)i +yj + (usin v)k = (\/ 10 cos v)i+yj+ (\/ 10 sin v)k

i j k
:>rV:(—\/IOSinV)i—f—(\/1Ocosv)kandry:j = Iy Xry=|—4/10sinv 0 10 cos v
0 1 0

= (—\/ﬁcosv)i— (\/Esinv>k:> [r, xr,| = V10 = A:ﬁ)znfillmdudvzﬁ)zw[\/ﬁu] 171 dv
:fOZWZ\/ﬁdv:%r\/ﬁ

23.z=2-x>—y?andz=/x2+y? = z2=2-272> = 224+2-2=0 = z=—2o0rz= 1. Sincez= /x2+y? 0,
we get z = 1 where the cone intersects the paraboloid. Whenx =0andy =0,z =2 = the vertex of the
paraboloid is (0,0, 2). Therefore, z ranges from 1 to 2 on the “cap” = r ranges from 1 (when x> +y?> = 1) to 0
(when x = 0 and y = 0 at the vertex). Letx =rcos#,y =rsin 6, andz = 2 — r2. Then
r(r,0) = (rcos )i+ (rsin)j+ 2 -r’)k,0<r<1,0<0 <21 = r, = (cos H)i + (sin #)j — 2rk and
i j k

rg =(—rsin@)i+ (rcosfh)j = r, xryg=| cosf sinf  —2r

—rsinf rcosf O

= (212 cos 0) i+ (22 sin 0) j + 1k = |r; X 1| = \/4r* cos? 0 + 4rt sin2 0 + 12 = r\/4r2 + 1

= A:fffolr\/mdrde:j:”[% (4r2+1)3/2};d9=f02n<5 f{l) d9=§(5\5—1)

24. Letx =rcosf,y =rsinf and z = x> + y*> = r2. Then r(r, ) = (r cos )i + (r sin 0)j +r’k, 1 <r < 2,
0<0<21m = r, =(cos 0)i+ (sin #)j + 2rk and ry = (—r sin O)i + (r cos 0)j
i ik
= rxrg=| cosf  sinf 2r|=(-2r*cosf)i— (2r’sinf)j+rk = |r. x ry|
—rsinf rcosf O

2 P2 2 2
= /4t cos2 0+ 4rtsin2 0 + 12 =r\/4r2 + 1 = A:j; f1 r\/4r2+1drd9:j; [%(49—1—1)3/2 1dt9

_ f:”(—”ﬁl;‘ﬁ) a0 = 7 (17v/17 = 51/5)

25. Letx =psingcosf,y =psingsinf,andz=pcos¢p = p=+/x2+y2+22= \/Eonthesphere. Next,
X2+y*+z22=2andz=/x>+y> = 22+2°=2 = 22=1 = z=1sincez 0 = ¢ = §. For the lower
portion of the sphere cut by the cone, we get ¢ = m. Then

r(¢,0) = (ﬁsin¢cos€)i+(ﬁsin¢sin0)j+<\/§cos¢)k,%§¢§7r,0§9§27r
=T, = <\/§cos¢cose)i—|—(\/EcosquinQ)j— (ﬁsin¢)kandrg: (—\/Esingbsine)ﬂ—<\/§sin¢>cos€)j

i i k
:>ro><r9:‘\/§005¢cosﬁ \/Ecos¢sin9 —\/Esinqﬁ
—\/Esinqﬁsine \/Esin¢cos9 0
= (2sin® ¢ cos 0) i + (2 sin® ¢ sin 6) j + (2 sin ¢ cos Pk
= |ry x 15| = /4 sin? ¢ cos? 0 + 4 sin? $ sin? O + 4 sin2 ¢ cos? ¢ = /4 sin2 ¢ = 2 |sin ¢| = 2 sin ¢

= A:fff;zsingﬁd(z)da:fo”(uﬁ) o = (4+2\/5)7r

26. Letx = psin¢cos b,y =psin¢sinf,andz = pcos ¢ = p=+/x>+y?+ z2 = 2 on the sphere. Next,

z=—-1 = —1=2cos ¢ = COSQS:—% = ¢:2§;Z:ﬂ:> \/§:2c:os¢ = cosqﬁzé = ¢ =% . Then
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r(p,0) =2sin¢pcosHi+ (2sinpsinh)j+ (2cos Pk, = < ¢ < %”,030327r
= 14 = (2 cos ¢ cos )i + (2 cos ¢ sin 0)j — (2 sin ¢)k and
r9 = (—2 sin ¢ sin )i + (2 sin ¢ cos ) j
i j k

= ry Xrg=|2cospcosf 2cos¢psinf —2sinp

—2sin¢sinf 2 sin ¢ cos 0
= (4 sin? ¢ cos 0) i+ (4 sin® ¢ sin @) j + (4 sin ¢ cos )k
= |ry x 1y = /16 sin* ¢ cos? @ + 16 sin? ¢ sin? @ + 16 sin2 ¢ cos? ¢ = /16 sin% ¢ = 4 [sin ¢| = 4 sin ¢

= A= fozwj;z/:/34sin¢d¢d9: f()h(z—k%/g) dg = (4-{-4\/5) T

j Kk
27. Let the parametrization be r(x,z) = xi + xXj+zk = r,=i+2xjandr,=k = r,xr,=|1 2x 0
0 0 1

=2i+j = [roxr|=Va&x2+1 = [[Gxy2do= j:fozx 4x?+ 1 dxdz = f03 [% (4" + 1)3/2] (2) @
S
:j:%(n 17<—1)dz=‘—74}—1
Yy

28. Let the parametrization be r(x,y) = xi +yj + /4 —y?’k, 2<y <2 = r,=iandr, =j— iy k

i k
= rxr=|10 Oy Z\/%—yzj-l-ké|rx><ry|:1/4—fzy2+1: 42_y2
0w

éffG(xy,z)do_ff m(

)@m_m

29. Let the parametrization be r(¢, #) = (sin ¢ cos 8)i + (sin ¢ sin 0)j + (cos ¢)k (spherical coordinates with p = 1
on the sphere), 0 < ¢ < 7,0 <0 <2m = 1, = (cos ¢ cos B)i + (cos ¢ sin 0)j — (sin ¢)k and

i j k
rg = (—sin¢sin @i+ (sinpcosh)j = ry; Xxrg=| cosgpcosf cos¢psing —sin¢
—sin ¢ sinf sin ¢ cos 0

= (sin® ¢ cos 0) i+ (sin® ¢ sin 0) j + (sin ¢ cos p)k = |ry x rg| = \/sin? ¢ cos? § + sin? ¢ sin? § + sin2 ¢ cos? ¢
=sin ¢; x = sin ¢ cos § = G(x,y,z) = cos®f sin’ ¢ = ffG(x, y,z)do = j:ﬂfoﬁ(cos2 6 sin® ¢) (sin ¢) d¢ dd
S
_ 27 B u = cos (b 2 -1 9 9
f f (cos?0) (1 — cos? @) (sin ¢) d¢ db; [du——sin¢d¢>] — j(‘) fl (cos*6) (u® — 1) dudd
u? -1 sin 2 T
= j; (cos? 0) [7—u}1 do =4 j; cos?0df =5 [§+ 2] " =4

30. Let the parametrization be r(¢, ) = (a sin ¢ cos )i + (a sin ¢ sin 0)j + (a cos ¢)k (spherical coordinates with
p=aa 0,onthesphere), 0 < ¢ < g (sincez 0),0<60 <27
= 1, = (acos ¢ cos 0)i 4 (a cos ¢ sin 0)j — (a sin ¢)k and

i j k
rp=(—asingsinf)i+ (asinpcosd)j = ry xrg=|acosgpcosfd acos¢psingd —asing
—asin¢sinf asin ¢ cos 6 0

= (a® sin® ¢ cos 6) i+ (a? sin ¢ sin 0) j + (a® sin ¢ cos )k

= |ry x 1y = \/alsint ¢ cos? 0 + al sint ¢ sin? @ + al sin2 ¢ cos? ¢ = a’ sin ¢; z = acosqS

= G(x,y,z) = a’cos’ ¢ = ffG(x y,z)da—f f (a% cos? ¢) (a? smqﬁ)daﬁd@-—
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31. Let the parametrizationbe r(x,y) = xi+yj+ @4 —-x—y)k = ry=i—Kkandry, =j—k

i j ok
S roxry=|1 0 —1|=i+j+k = | xr|=+3 = ffF(xy,z)da—ff(4—x—y)\/_dydx
01 -1

—f\f[4y—xy——2] ax=[V3(%- dx—f{%x—é—z} =33

32. Let the parametrization be r(r,0) = (rcos )i+ (rsin0)j +1k,0 <r <1 (since0 <z <1)and 0 < 0 <27
i j k
= 1, =(cos )i+ (sinf)j+kandry = (—rsin )i+ (rcos0)j = r, xrg=| cosf sinf 1
—rsinf rcosf O

= (—rcos )i — (rsin)j+ 1k = |r x rg| = \/(—rcos9)2+(—rsin9)2—|—r2:rﬁ;z:randx:rcosﬂ
27 1 27 1
= F(x,y,z) =r—rcosf = ffF(X,y,z)da:fo fo (rfrcosé)(r\/i) drd@zﬁfo fo(lfcosﬁ)errdG
S
_ 22

-3
33. Let the parametrization be r(r,0) = (r cos §)i + (rsin 0)j + (1 —r?)k,0 <r < 1 (since 0 <z < 1)and 0 < § < 27
i j k
= 1, = (cos )i+ (sin 0)j — 2rk and ry = (—rsinf)i+ (rcos #)j = r. xrg=| cosf sinf —2r
—rsinf rcosf O

= (2rfcos 0)i+ (2r’sin ) j+rk = |r; X ry| = \/(Zr2 cos 0)” + (2r2sin0) + 12 =r\/1 + 412,z =1 — 1% and
x=rcos = H(x,y,z) = (1? cos?’ ) \/1 + 4r2 = ff H(x,y,z) do

:j:rj;l (r? cos? 0) (\/1+4r2> ( \/1+4r2> drdﬂ—f f (1+412) COSQerda__zﬂ

34. Let the parametrization be r(¢, ) = (2 sin ¢ cos 0)i + (2 sin ¢ sin 0)j + (2 cos ¢)k (spherical coordinates with
p=2onthesphere), 0 < ¢ < T:x*+y? +z2 =dandz= /x> +y’ = 22+722=4 = 2?=2 = z= /2 (since

z 0) = 2005(;5:\/5 = cosqﬁ:g = ¢=7,0<0<2mrs = (2cos ¢ cos )i + (2 cos ¢ sin 0)j — (2 sin g)k

i j k
andrg = (—2sin¢sin@)i+ (2singpcosd)j = ry xrg =| 2cos¢pcosf 2cos¢sinf —2sin¢
—2sin ¢ sinf 2 sin ¢ cos @ 0
= (4 sin? ¢ cos 0) i+ (4 sin? ¢ sin @) j + (4 sin ¢ cos H)k
= |ry x 15| = /16 sin' ¢ cos? O + 16 sin? ¢ sin2 @ + 16 sin2 ¢ cos? ¢ = 4 sin ¢; y = 2 sin ¢ sin 6 and

2n /4
z=2cos¢ = H(x,y,z) =4cos¢sin¢sind = ff H(x,y,z)do = fo j:) (4 cos ¢ sin ¢ sin 0)(4 sin ¢) d¢ df
S

2 /4
Zj; j; 16 sin% ¢ cos ¢ sin 0 dpdf = 0

35. Let the parametrization be r(x,y) = xi +yj + (4 —y*)k,0<x<1,-2<y<2;z=0 = 0=4—y?

i j k
= y=x2%rx=iandry=j—-2yk = ryxry=|1 0 0 |=2yj+k = F-ndo
0 1 -2
= ‘:‘z:y‘ Irx x ry| dy dx = (2xy — 3z) dy dx = [2xy — 3(4 — y?)] dy dx :>ffF-ndU
S

1 9 1
= [ f,z (2xy + 3y? — 12) dy dx = fo xy? +y* — 12y)°, dx = [ —32dx = 32
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36. Let the parametrization be r(x,y) = xi + x%j+zk, -1 <x<1,0<z<2 = r,=i+2xjandr, =k

i j ok
= rxr, =1 2x 0/=2i-j = F-ndo=F- 2 [rx xr,| dzdx = —x* dzdx
0 0 1 ‘
1 2
= ffF ndo :filj; —x2dzdx——%
S

37. Let the parametrization be r(¢, 0) = (a sin ¢ cos 0)i + (a sin ¢ sin 0)j + (a cos ¢)k (spherical coordinates with
p=aa 0,onthesphere), 0 < ¢ < g (for the first octant) , 0 < 0 < % (for the first octant)

= 1y = (acos ¢ cos O)i + (acos ¢ sin 0)j — (a sin ¢)k and ry = (—a sin ¢ sin )i + (a sin ¢ cos 0)j

i j K
= ryXrg=|acos¢pcos acos¢sind —asing

—asin¢sin asin ¢ cos 0 0
= (a% sin? ¢ cos 0) i + (a® sin? ¢ sin §) j + (a’ sinpcos ¢) k = F-ndo =F - ‘:i:z‘ Ity X ro| dOdo

/2 pw/2
:a3cosQ¢sin¢d9d¢SinceF:zk:(acos¢)k:>ffF-ndo:j; j; a?’cos2¢sin¢dq§d0:%“3
S

38. Let the parametrization be r(¢, ) = (a sin ¢ cos )i + (a sin ¢ sin 0)j + (a cos ¢)k (spherical coordinates with
p=aa 0,onthesphere),0 < ¢ <7, 0<6< 27
= 1y = (acos ¢ cos )i + (a cos ¢ sin 0)j — (a sin ¢)k and ry = (—a sin ¢ sin 0)i + (a sin ¢ cos 6)j

i J k
= Iy, XTrpg=|acos¢pcosf acos¢sinf —asing@
—asin ¢ sin§ asin ¢ cos 0
= (a?sin? ¢ cos )i+ (a® sin® ¢ sin 0) j + (a’ sin p cos )k = F-ndo =F - ;:i::‘ Iry x rg| dOdg

= (a3 sin® ¢ cos? ¢ + a3 sin® ¢ sin® O + a3 sin ¢ cos? ¢) df dp = a® sin ¢ df d¢ since F = xi + yj + zk
2T ™
= (a sin ¢ cos #)i + (a sin ¢ sin 0)j + (a cos p)k = foF-ndo = j; j; a% sin ¢ d¢ df = 47a3

39. Let the parametrizationbe r(x,y) = xi+yj+2a—x—yk,0<x<a,0<y<a = ry=i—kandr, =j—k

i j k
= nxry=|1 0 —1|=i+j+k = F-ndo=F- 270 [r; X1y dydx
01 -1 '

= [2xy 4+ 2y(2a — x — y) + 2x(2a — x — y)] dy dx since F = 2xyi + 2yzj + 2xzk
=2xyi+2ya—x—y)j+2xQa-x—yk = [[F-ndo
S

= J, [} 2xy+2y@a—x -y +2x2a —x =yl dydx = [ [ (4ay — 2y + dax — 2x* — 2xy) dydx
=f0“(§a3+3a2x—2ax2)dx:(‘3—‘+%—§)a4:%a4

40. Let the parametrization be r(f,z) = (cos 0)i + (sin 0)j +zk,0 <z < a, 0 < 6 <27 (wherer = \/x2+y2 =1 on

i j k
the cylinder) = ry = (—sin )i+ (cos@)jandr, =k = rgxr,=|—sinf cosf 0| = (cos 0)i+ (sin 0)j
0 0 1

= F-ndo=F- |:Z§;Z| ry X 1, dzdf = (cos? @ + sin® #) dzdf = dzdb, since F = (cos 0)i + (sin 0)j + zk

N ffF-nda:fO%anldzdazzwa
S
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41. Let the parametrization be r(r,0) = (rcos )i+ (rsin0)j+1rk,0 <r<1(Gsince0<z<1)and0< 6 <27

i j k
= 1= (cos )i+ (sinf)j+kandry = (—rsinf)i+ (rcos#)j = rg xr,=|—rsinf rcosf 0
cos 6 sinf 1

=(@cosi+ (rsinf)j—1k = F-ndo =F - =k

o [re x x| dfdr = (r3 sin 6 cos? @ + r?) df dr since

2w 1 2m
F = (r? sin 6 cos )i — rk :>ffF-ndJ:f0 fo (rSSinGCOSQH—I—r?)drdG:j; (3 sin 0 cos*6 + 1) df
S

— [ Loy 012 — 2n
= 12C050+3]0_3

42. Let the parametrization be r(r, ) = (rcos 0)i + (rsin 6)j +2rk, 0 <r < 1 (since0 <z <2)and 0 < 6 < 27

i J k
= 1, = (cos )i+ (sinf)j+2kandry = (—rsin@)i+ (rcosd)j = rg Xxr,=|—rsinf rcosf O
cos 0 sinf 2

=Qrcos i+ 2rsinf)j—1k = F-ndo =F - &

[ro x|

rp X r;| dfdr
= (21 sin? @ cos 6 + 413 cos 0 sin 6 + r) df dr since
2m 1
F = (r?sin?0)i+ (2rcos ) j — k :ffF-ndo:j; fo(2r3sin290089+4r3cos€sin9+r)drd9
S

2
:j; (% sin® @ cos 6 + cos 6 sin 6 + 3) df = [%Sin39+%sin20+%9]§7r:7r

43. Let the parametrization be r(r,0) = (rcos )i+ (rsin0)j+rk, 1 <r<2ince 1 <z<2)and0< 60 <27

i ik

= 1, =(cos )i+ (sinf)j+kandry = (—rsin )i+ (rcos)j = rg xr,=|—-rsinf rcosf O
cos 6 sing 1

= (rcos O)i + (rsin0)j —rk = F-ndo =F- 120 |rg x 1, dfdr = (—1% cos® 0 — r* sin’ 0 —1°) df dr

2w 2
= (—r?> —13) df dr since F = (—r cos 0)i — (r sin 0)j + 1’k :>ffF-ndo:f0 fl (—r* =) drdg = - Z¢
S

44. Let the parametrization be r(r, #) = (r cos 0)i + (r sin 0)j + r’k,0<r<1(since0<z<1)and0<6 <27

i j k
= 1, =(cos )i+ (sinf)j+2rkandry = (—rsinf)i+ (rcos#)j = rg xr,=|—rsinf rcosf 0
cos 0 sinf 2r

= (2r’cos )i+ (2r’sinf)j—rk = F-ndo =F - =&

[rp x|

ry X 1| dfdr = (813 cos® § + 83 sin? @ — 2r) df dr

27 1
= (82% — 2r) df drsince F = (4r cos )i + (4rsin 0)j + 2k = [ [F-ndo= [ [ (8 —2r)drdg =2x
S

45. Let the parametrization be r(¢, ) = (a sin ¢ cos 0)i + (asin ¢ sin 0)j + (acos Pk, 0 <P < 7,0<60 < 7

= 1, = (acos ¢ cos )i + (a cos ¢ sin 0)j — (a sin ¢)k and ry = (—a sin ¢ sin H)i + (a sin ¢ cos 0)j

i j k
= Iy XTrp=|acos¢pcosf acos¢gsinf —asing
—asin ¢ sin§ asin ¢ cos 6 0

= (a% sin? ¢ cos 0) i+ (a® sin® ¢ sin 0) j + (a® sin ¢ cos ) k

= |ry x rg| = y/at sint ¢ cos? 0 + al sint ¢ sin? O + al sin2 ¢ cos? ¢ = +/a’ sin? ¢ = a® sin ¢. The mass is

M= fsfda = fomj;ﬂ/z(aQ sin ¢) d¢ df = ‘"‘27” ; the first moment is M, = fsfx do

3

/2 /2 . 9 . a3 _
:j; j; (asin ¢ cos 0) (a° sin ¢) dp df = & = X =

ABT
E;_; =2 = the centroid is located at (3, 3, %) by

2

symmetry

Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/cmg/pmmg/pmmg_mml_shared/copyright.html

Section 16.6 Parameterized Surfaces 1033

46. Let the parametrization be r(r,0) = (rcos )i+ (rsin0)j+rk, 1 <r<2ince 1 <z<2)and0< 6 <27

i j k
= 1= (cos )i+ (sinf)j+kandry = (—rsinf)i+ (rcos#)j = rg xr,=|—rsinf rcosf 0
cos 6 sinf 1

= (rcos O)i+ (rsin )j —rk = |rg x r;| = /12 cos? 0 +r2 sin2 @ + 12 = r\/2. The mass is

M= fféda_f fl 6r\/_drd9_ (3\/7> 76; the first moment is My, = ff 0z do = szf 6r( )drd@

(14v2)me
B G Y

1 ~ 1
Z= (3 \/5) p” 5 = the center of mass is located at (O, 0,3 ) by symmetry. The
o . S (15v3) s | .
moment of inertia is I, = ff 6(x* +y?)do = j; fl or (r\/E) drdf = = the radius of gyration is
S

2
/1, 5
R A \/j

47. Let the parametrization be r(¢, §) = (a sin ¢ cos 0)i + (a sin ¢ sin 8)j + (acos P)k,0 < ¢ < 71,0 <0 <27
= 14 = (acos ¢ cos 0)i + (a cos ¢ sin §)j — (a sin ¢)k and ry = (—a sin ¢ sin 0)i + (a sin ¢ cos 6)j

(14\/§)ms

3

i J k
= ryXrg=|acos¢pcos acos¢sind —asing
—asin ¢ sind asin ¢ cos 0 0

= (a? sin® ¢ cos 0) i+ (a% sin? ¢ sin 0) j + (a” sin ¢ cos ¢) k
= |ry x rg| = \/alsint ¢ cos? @ + al sint ¢ sin? @ + al sin2 ¢ cos? ¢ = y/al sin? p = a® sin ¢. The moment of

inertia is I, —ff 5 (x2+y?) do—f f [(a sin ¢ cos 0)? + (a sin ¢ sin 0)?] (a® sin ¢) d¢p df

*fzwf 6 (a%sin? ¢) (a smqﬁ)dcbd@—fo foléa4 sin3¢d¢d0:f()h6a4 [(— 1 cos ¢) (Sin2gi>+2)]gdt9:%m4

48. Let the parametrization be r(r,0) = (rcos )i+ (rsin0)j+rk,0 <r<1(Gince0 <z<1)and 0 <0 <27

i j k
= 1, =(cos )i+ (sinf)j+kandry = (—rsinf)i+ (rcos)j = rg xr,=|—rsinf rcosf O
cos sinf 1

=(cosB)i+ (rsinf)j—rk = |rg x| = \/r2 cos2 6 +r2sin26 + 12 = r\/E. The moment of inertia is

I—fféx—i-y da—f fﬁr( )drde—ms\/_

49. The parametrization r(r, #) = (r cos 0)i + (r sin 0)j + rk N —

atPoz(ﬁ,\/E,z) - 9=I.r=2 Q
rr:(cosg)i—l—(sinH)j—i-k:@i—i-\[.]—i—kand E
re:(—rsinG)i—l—(rcosH)j:—\/_H- DT ray e
i i Kk
= rxrg= V22 V22 1 y
V2 V2 0
2i — \/Ej + 2k = the tangent plane is

o_z (~v2i-V2i+2k) - [(x = V2) i+ (y= V2)i+@—2k| = V2x+ 2y —22=0,0rx +y — /2220

The parametrization r(r, /) = x =rcosf,y=rsinfandz =1 = x> +y? =r’> =7> = thesurfaceis z = \/x2 + y2.
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50. The parametrization r(¢, 6)
— (4 sin ¢ cos O)i + (4 sin ¢ sin 0)j + (4 cos P)k V2 x+V2 y+2V3 z=16 Cay? ez =16

atPy = (ﬁﬁzﬁ) = p=4dandz =23
=4cos¢p = qﬁzg;alsox:ﬁandy:ﬁ
= 0 =7. Thenr,

= (4 cos ¢ cos 0)i + (4 cos ¢ sin §)j — (4 sin p)k
= \/6i + v/6j — 2k and x y
rg = (—4 sin ¢ sin 0)i + (4 sin ¢ cos 6)j

i j k
= —\2i+/2jatPy = ryxrs=| V6 6 -2
V2 V2 0
= 2/2i 4+ 21/2j + 4\/3k = the tangent plane is
(2\/§i+2\/§j+4\/§k) : [(x—ﬁ)i—i—(y—ﬁ)j—i—(z—Z\/g)k} —0 = V2x+ /2y + 232 = 16,
orx+y-+ \/gz = 8\/5. The parametrization = x = 4 sin ¢ cos 0, y = 4 sin ¢ sin 0, z = 4 cos ¢
= thesurfaceis x> +y> + 22 =16,z 0.

51. The parametrization r(6,z) = (3 sin 20)i + (6 sin® 0) j + zk
at Py = (# 2 O) = 60 =% andz = 0. Then

19 2+(y-372=9

r9 = (6 cos 20)i + (12 sin 6 cos 0)j Vx4 y=9
= —3i+3+/3jandr, = k at P, -

i j k
= rexr,=|-3 3/3 0 =3/3i + 3j ' /D\\

o 0 1 (i)u ’

= the tangent plane is
(3v3i+3i) - [(x=22)i+ (y- i+ -0k =0

= \/gx +y = 9. The parametrization = X = 3 sin 26

andy = 6sin26 = x2+y2 = 9sin’26 + (6 sin? )’
=9 (4sin’f cos’ ) +36sin*0 =6 (6sin?0) =6y = x> +y>?—6y+9=9 = x>+(y—3)?=9

52. The parametrization r(x,y) = xi + yj — x?k at

P():(I,Z,—l) = rx:i—2xk:i—2kandry :jatP()
i j k
= ryxxry=|1 0 —2|=2i+k = the tangent plane
01 0
SQi+Kk)-[x—Di+(y—-2)j+@+Dk]=0 X471
= 2x + z = 1. The parametrization = x =X,y =y and
z = —x%> = the surface is z = —x>

53. (a) An arbitrary point on the circle C is (x,z) = (R +rcosu, rsinu) = (X,Yy,z) is on the torus with
x=R+rcosu)cosv,y=(R+rcosu)sinv,andz=rsinu, 0 <u<27,0<v <271
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55.

56.

57.

58.
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(b) ry = (—rsinucos v)i — (rsinusin v)j + (r cos u)k and ry = (—(R + r cos u) sin v)i + ((R + r cos u) cos v)j

i j k
= Iy XTIy = —rsinucosv —rsinusinv rcosu
—(R+rcosu)sinv (R+rcosu)cosv 0

= —(R 4 rcosu)(rcos vcosu)i — (R +rcosu)rsinvcosu)j + (—rsin u)(R + r cos u)k

= |ry x r,]> = (R 4 rcos u)? (12 cos? v cos? u 4 12 sin? v cos? u 4 12 sinu) = |r, X ry| = r(R + r cos u)

2 2 2m
= A= j; j; (rR +1? cos u) dudv = fo 27rR dv = 47%R

(a) The point (x,y, z) is on the surface for fixed x = f(u) when y = g(u) sin (% — V) and z = g(u) cos (g — v)
= x =1f(u),y =g(u)cosv,and z = g(u) sinv = r(u,v) = f(u)i+ (g(u) cos v)j + (g(u) sin v)k, 0 < v < 27,
a<u<b
(b) Letu=yandx =u?> = f(u)=uv?and gu) =u = r(u,v) =v’i+ @Ucosv)j+ (usinv)k,0 <v<2m,0<u
(a) Letw2+§—§ = 1 where w = cos ¢ and % = sin ¢ = z—;—i- ty,—z =cos’¢p = 2 =cos ¢ cos § and { = cos ¢ sin 0
= x=acosfcos ¢,y =Dbsinf cos ¢, and z = c sin ¢
= r(f,¢) = (acos b cos ¢)i + (b sin 8 cos ¢)j + (¢ sin p)k
(b) ry = (—asin f cos @)i+ (bcos b cos ¢)j and ry = (—a cos 6 sin p)i — (b sin  sin ¢)j + (c cos p)k
i j k
= Irg Xxry=|—asinfcos¢ bcosbcose 0
—acosfsing —bsinfsing ccoso
= (bc cos 0 cos® @) i+ (ac sin  cos? @) j + (ab sin ¢ cos p)k
= |y x 1y|* = b2c? cos? § cos? ¢ + a%c? sin? O cos? ¢ + a®b? sin? ¢ cos? ¢, and the result follows.

2T pm 2w
A= fo j; [rg x ry|de df = f; f; [a?b? sin? ¢ cos? ¢ + b2c? cos? 6 cos* ¢ + a%c? sin? § cos? ¢ ] d¢ db

(a) r(f,u) = (cosh u cos #)i + (cosh u sin #)j + (sinh u)k
(b) r(f,u) = (acoshucos 6)i+ (b cosh u sin 8)j + (c sinh u)k

r(f,u) = (5 cosh u cos #)i + (5 cosh u sin #)j + (5 sinh u)k = ry = (—5 cosh u sin )i + (5 cosh u cos #)j and
ry = (5 sinh u cos 6)i 4 (5 sinh u sin 8)j + (5 cosh u)k
i J k
= 19 Xy = |—5coshusinf 5 coshucosf 0
S5sinhucosf® 5Ssinhusinf 5coshu

= (25 cosh?u cos ) i + (25 cosh? u sin 6) j — (25 cosh u sinh u)k. At the point (xo, yo, 0), where x3 + y2 = 25
we have 5 sinhu=0 = u=0and x) =25cos 0, yp = 25sin § = the tangent plane is
5(xoi + yoj) - [(x —x0)i+ (y — yo)j + zk] =0 = xox — x5+ yoy —¥5 =0 = XX +yoy =25

&)

2 . 2 .
Let 5 —w? = 1 where £ = coshuand w =sinhu = w?* =%+ % = X =wcosfand{ = wsinf

o

= x =asinhucos f,y =bsinhusinf, and z = c coshu
= r(f,u) = (asinh u cos )i + (b sinh u sin #)j + (c cosh )k, 0 < 6 < 27, —co < u < 0

16.7 STOKES' THEOREM

1.

i j k
crlF=v xF=|%& & £|=0i+0j+Q2-0k=2kandn=k = curlF-n=2 = do = dxdy
x2 2x 72

= § F-dr= fRf 2 dA = 2(Area of the ellipse) = 47
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i j Kk
2. clF=v xF=|% & & |=0i+0j+3-2k=kandn=k = curl F-n=1 = do = dxdy
2y 3x -—7°

= fCF-dr:ff dxdy = Area of circle = 97
R

i j Kk
3. clF= v xF=|2 2 2 :—xi—2xj+(z—1)kandn:i+\j/§k = curlF-n

y Xz X

_ _ 3 _
= L (x—2x+z2-1) = do =" dA :>3§CF-dr—fRf J5(=3x+2-1)1/3dA

:flfH[—3x—|—(1—X—y)—l]dydx:folj;lix(—4x—y)dydx:y[;]_[4x(1_x)+%(1_x)2] dx

— [T +3x -1 dx = -3

i i k
) ) d . . it
4. clF= v xF=| 5 By 2 :(2y—22)1+(2z—2x)1+(2x—2y)kandn:—+\J/§k

y2+22 X2+Z2 X2+y2
= curl F-n=J2 2y =22+ 22— 2x + 2x —2y) = 0 ;»ch-dr:foOdo:o

i j Kk
5 culF=v xF=| £ = 9 | =2yi+ (22— 2x)j+ (2x —2y)kandn = k

V122 21y x4y
1 1 1
= curl F-n=2x -2y = do =dxdy :>3§CF-dr:flfl(Zx—Zy)dxdy:fl[x2—2xy]1_1dy

1
= [ —aydy=o0
i j Kk
9 9 9 . . i+ yj
6. culF= v xF=| 5t % 5 |=0i+0j—3x’y’kandn = j’;;zfyfzzlj = Mtyivsk
X2y3 1z
= curlF-n=-2 x y z;do = 4 dA (Section 16.5, Example 5, witha = 4) = fc F-dr

—ff (—3x%%2) () dA = -3 fzwfz(rZCOSQH)(IQsin29)rdrd9:—3sz{§}z(cosesin0)2d0

*732\[ = sin 20d0*74f sin udu_f4[%—%]3ﬂ:—87r

7. x=3costandy =2sint = F = (2sint)i + (9 cos?t) j + (9 cos? t + 16 sin? t) sin eVt VOK at the
base of the shell; r = (3 cos Di + (2 sin)j = dr = (—3sin )i+ (2cost)j = F- < = —6sin’t+ 18 cos’ t

27
=[] v xF-nda:fO (—6sin2t+ 18 cos® t) dt = [~3t + 2 sin 2t + 6(sin 0) (cos’ t + 2)] 2" = —67
S

i
8. culF= v xF = 2
1

1
—z+ 2+x tan y X_‘_4+z

k
0
0z

| S:J‘QD Qi e

= 2j:f(x,y,z) =4x> +y+ 27> = <y f=8xi+j+2zk

f . f . —
= n=Zrandp=j = |vf-p|=1= do= S dA=|vfldA; v xF-n= (-2 vH=rF

= v xF-ndo=-2dA = [[v xF-ndo= [[ ~2dA = —2(Areaof R) = —2(r - 1 - 2) = —4n, where R
S R

is the elliptic region in the xz-plane enclosed by 4x> + z? = 4.
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Section 16.7 Stoke's Theorem

9. Flux of XF:ff v ><F.ndcf:fCF-dr,soletheparametrizedbyr:(acost)i+(asint)j,
S

0<t<2r = & =(-asindi+ (acost)j = F- & =aysint+ axcost=a’sin’t+a’ cos’t = a’

27
= Flixof v xF=§ F-dr= [ adt=2ma

i j k
0. 7 xOb =5 5 #|=-kin=Zy= 252000 = ity + 2k
y 0 0

= Vv X@yi)-n=-z;do = %dA (Section 16.5, Example 5, witha = 1) = ff Vv X (yi)-ndo
S

= ff (-2) (2 dA) = - ff dA = —m, where R is the disk x? + y? < 1 in the xy-plane.
R R

11. Let S; and S, be oriented surfaces that span C and that induce the same positive direction on C. Then

J[v xFndoy=§ F-dr=[[ v xF-nydoy
Sl SQ

12. fsfv X F-ndo = “Efv xF-ndUJrfov x F - n do, and since S; and S are joined by the simple
1 2

closed curve C, each of the above integrals will be equal to a circulation integral on C. But for one surface
the circulation will be counterclockwise, and for the other surface the circulation will be clockwise. Since the

integrands are the same, the sum will be 0 = f f Vv xF-ndo=0.
S

i j Kk
13. v xF=|%& & &|=51+2j+3k:r = (cos 0)i+ (sin §)j — 2rk and ry = (—r sin 0)i + (r cos 0)j
2z 3x Sy
i J k
= r.xrpg=| cosf sinf  —2r| = (2r% cos 0)i + (2r° sinH)j+rk;n:%anddazhrxrﬂdrd@

—rsinf rcosfd O

= v XxF-ndo= (v xF)-(r; x rg)drdd = (10r> cos 6 + 41> sin 6 + 3r) drdf = ffv x F-ndo
S

2 2 2
j; f(10r2c0s9+4r2sin0+3r)drd0:j; [13—0r3c0s0+%r3sin0+%r2]§d0

o

2

= |7 (22 cos f + 2 sin 6 + 6) df = 6(2m) = 127

0

i j K
4. v xF=| & & & |=i-2j—2kir xry= (2 cos0)i+ (2rsin ) j + rk and

y—2 Z—X X+12z
v XF-ndo=(sy xF)-(r; X ry) drdf (see Exercise 13 above) = ffv X F-ndo
S

27 3 o
= j; j; (—2r? cos § — 4r? sin § — 2r) drdf = j; [,%IS cos 0 — gjrs Sinﬂfrz]zdﬂ
27
— j; (=18 cos @ —36sind —9)dd = —927) = —18x
i j Kk . i y
15. v x F = % aiy % :_2y3i_|_0j_x2k;rr><r6: cos 6 sin 0 1
X’y 2y’z 3z —rsinf rcosf O

=(-rcosO)i— (rsinf)j+rkandyy x F-ndo = (7 X F)- (r; X ry) drdf (see Exercise 13 above)
27 1
= [[v xF-ndo= [[ (2ry’ cos 6 —1x?) drdf = fo fo (2r* sin® 0 cos § — 13 cos® §) drdf
S R
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27 B s
:j; (% sin3000507%0052¢9) do = [% sin497%(g+sm429)]3 =-7
i j k i i k
16. v xF= % a% % =i+j+k;r,xrg=| cosf sinf —1
X—y y—z z—X —rsinf rcosf O

=(@cos @i+ (rsinf)j+rkandsy x F-ndo =(sy X F) - (r; X rp) drdf (see Exercise 13 above)
= [ xF-ndo*fznfs(rcosﬁ+rsin0+r)drd0*fh[(cosﬁJrsinGJrl)ﬁrdQ*(é)(27r)*257r
$ v —Jo Jo —Jo 2]y T\2 -

i j k
17. v xF=|5% & Z | =0i+0j - 5k;
3y 5-2x z2-2
i j k
Iy X Ty = \/gcosqbcosﬂ ﬁcosd)sin& —\/gsinqﬁ
—+/3 sin ¢ sin 0 \/gsin¢cos9 0

= (3sin® ¢ cos )i+ (3sin®psinf)j+ (3singcos p)k; v x F-ndo = (7 x F)-(r, x ry) dp df (see Exercise
21 pal2 2m 2
13above) = [ [ xF-ndo= [ [" -15cosgsingdpdo= [ [5cos?¢]ldo= [ ~15d9=—15r
S

i j Kk
18. v xF=|% & &|=-2zi—j—2yk;
y: 22 x
i j k
ry, Xrg=|2cos¢pcostl 2cos¢sind —2sing
—2sin ¢ sinf 2 sin ¢ cos 6 0

= (4 sin® ¢ cos )i+ (4sin* ¢ sin0) j+ (4sin ¢ cos pk; v x F-ndo = (7 x F) - (rs x rp) dp df (see Exercise
13 above) = ffv ><F~ndJ:ff(—stin2¢cosg—4sin2¢sin6’—8ysin¢)cos@)d¢d9
S R

2w 72
= j; fo (—16 sin ¢ cos ¢ cos § — 4 sin? ¢ sin  — 16 sin’ ¢ sin 6 cos §) d¢ d§
2 , . , , . T
= fo [~ L8 sin® ¢ cos O — 4 (£ — 222 (sin ) — 16 (§ — *%22) (sin 6 cos 0)] 0/2 do
2T

=0

2
:j; (7%COSQ*WSiH@*“-ﬂ'SiH@COS@) dg = [fﬁsin9+7rcost9727rsin29]0

3

19. (@) F=2xi+2yj+2zk = cul F=0 = ch-dr:fov xF-nda:foOdazo
(b) Letf(x,y,z) =x%y?23 = v xF= v x vf=0 = curlF=0 = fCF-dr:fov x F-ndo
=[[0do=0
© F:Sv Xx(xityj+7K) =0 = v xF=0 :>§CF-dr:fo v xF-nda:fo 0do =0

@ F=vi= vxF=vxvi=0=¢F-dr=[[ v xF-ndo=[[0do=0
S S

20. F= vf=— % (x2 4y + Z2)73/2(2x)i _ % (x24y2+ Z2)73/2(2y)j _ % (x4 y2+ Z2)73/2(22)k
= x4y +2) iy @y +2) (P y )k
(@ r=(acost)i+ (asint)j,0 <t <271 = % = (—asint)i + (acos t)j
= F- &= _x(x>+y’+ 22)73/2(—a sint) —y (x> +y? + 22)73/2(21 cos t)

= (— 2! (~asin) — (22 (acos) =0 = § F-dr=0
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Section 16.8 The Divergence Theorem and a Unified Theory

® §F-dr=[[v xF-ndo=[[v x vindo=[[0-ndo=[[0do=0
S S S S

i j Kk
21 LetF=2yi+3zj—xk = v xF=|&% & & |=-3i+j—2k;n=2*k
2y 3z —x

= v xF-n=-2 = fCZydx—I—3Zdy—xdz:§CF-dr:ffv xF-ndo:ff —2do
S S

=-2 f f do, where f f do is the area of the region enclosed by C on the plane S: 2x + 2y +z =2
S S

i j ok
2 v xF=5 & 4|=0
X 'y z

23. Suppose F = Mi + Nj + Pk exists such that 7 x F = (g—fy’—%—f)i—{— (%—I‘Z/I—g—s)j—i—(‘g—g—%—l‘;)k

=xi+yj+ zk. Then % (g—]y) — %—g) = % x) = a?gy g:az = 1. Likewise, aay (%—1\; — %) = a% (y)

°M 9°P ON M) _ 9 PN M __ : :
= %yor ~ Byox — land % (W — a_y) =52 = 55 20y = 1. Summing the calculated equations

5P o%P 9°N 9°N *M M\ _ _ : : :
= (axay - ayax) (azax — am) <6yaz — azay) = 3 or 0 = 3 (assuming the second mixed partials are

equal). This result is a contradiction, so there is no field F such that curl F = xi + yj + zk .

24. Yes: If sy x F = 0, then the circulation of F around the boundary C of any oriented surface S in the domain of
F is zero. The reason is this: By Stokes's theorem, circulation = fc F-dr= ff Vv xF-ndo = ff 0-ndo
S S

=0.
25. r= x2+y2:>r4—(x2+y2)2:F:v(4)—4x(x2+y2)'+4y(x2—|—y2)j:Mi+Nj
> § v -nds=§ F-nds=§ Mdy - Ndx_ff< ) dxdy

_ff (x> +y?) + 8x + 4 (x> +y2) + 8y?] dA = ff16x+y)dA—16ffx2dA+16ffy

= 161y + 161,
aP ON _ o oM aP N _ v—x* oM _ _y*-x 2 —x —x _
26. By = O, oz 0, 9z 0, ox O’ ox (32+y2)2 > 3_y - (:, T2 >2 = curl F = |:(Xyg+yz)2 - ()2;+y2>2:| k=0.

However, x> +y?> =1 = r = (cos t)i + (sint)j = % = (—sin t)i + (cos t)j
2
= F=(-sint)i+(cost)j = F- & =sint+cost=1= § F-dr=¢ 1dt=2rwhichis
0

not zero.

16.8 THE DIVERGENCE THEOREM AND A UNIFIED THEORY

L. F:&ﬁ—%’;ﬂ:»divF:(X;Yy;)ﬁ,Z:o 2. F=xi+yj = divF=1+1=2
_ _ GMGi+yj+7k) _ (24 y? +2)" =3 (2 gy 4 )
3. F=-— iyt s ) = divF = GM[ ity ]

- GM

(x> +y*+ 22)3 2 3y? (x? +y? +22)1”2 —GM (x> +y*+ 12)3/2 - 322 (x> +y* + 7% )1/2
(x2+y?+22)° (x2+y2 +22)°
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1040 Chapter 16 Integration in Vector Fields

4.

— _GM 3 (2y* 47?3 (Py? 47 (i) | 0
(x2+y2+22)7/?

2

2 — 1% in cylindrical coordinates = z=2a> — (x> +y?) = v=(a?—x* —y?)k = divv=0

Z=a

1 1 1
2y-0=-1L2G-y=-1L24G-0=0= v -F=-2= Fux=[ [ [ 2dxdydz=-2(2)
— 16

(,;?x( %) = 2x, ay(yZ)ZZy,%(ZQ):ZZ = v -F=2x+2y+2z
1 1 1 1 1 1
(a) Flux:fofofo @x+2y +2ndxdydz= [ [ [ +roxy+olydydz= [ [ (1 +2y+22)dydz
1 1
= [[ya+29+yYydz= [ @ +20dz =22+ 2] =3
1 1 1 1 1 1 1
® Flux= [ [ [ ex+2y+2dxdydze= [ [ [C+2xy+2)" dydz= [ [ @4y +42)dydz
—f [2y? +4yz] dz—f 8zdz—[4z} ;=0
(c) In cylindrical coordinates, Flux = f f f (2x + 2y + 2z) dxdydz
2 2
—f f f(2rcos9—|—2rs1n9+22)rdrd9dz—ff r? cos 0 + 317 sin 0 4 zr?] | df dz

*ff 18 cos 6 + 18 51n9+4z)d0dz:j:[1fsm97 cos&+4z€] dz:j;l87rzdz:[47rzz]é:47r

% (y) =0, % (xy) = x, % (-z)=-1 = v -F=x-1;z=x>+y?> = z=1?incylindrical coordinates
2r 2 2 2 2
= Flux:fgf (xfl)dzdydx:f0 foj; (rcostl)dzrdrdt?:fO fo(r?’cosﬂer)rdrdH

:ﬁzwgcosﬂ—ﬂzdﬂzﬁzw(%0059—4)d9—[ sin 0 — 49] —87

F() =22 0x2)=0,203)=3 = v -F=2x+3 :>Flux_fff(2x+3)dV

:ﬁ)zﬂj:j:(ZpsindacosH—FD(p sin(b)dpdgbd@zfo j; [% sinq&cos@—kp}osinqﬁdd)de
:j:ﬁj:(Ssinqbcos@—l—&sintj)dgzﬁd@:LZT[S(%—%) cosH—Scosqb]gdH:j:ﬁ(47r0050+16)d6

=327

% (x?) = 2x, a% (—2xy) = —2x, % (3xz) = 3x = Flux = fff 3x dxdydz
D

/2 pr/2 2 /2 /2 /2
= [ " Gpsing cos 0) (o sing) dpdgdd = [ [T 12sin2 pcos 6dgdd = [ 3w cos 6 df = 3n

S (6x7 +2xy) = 12x +2y, & (2y +x72) =2, & (4%*) =0 = ¥ -F = 12x + 2y +2

- Flux:fff(12x+2y+2)dvzf0f;/zf:(lzrcose+2rsin9+2)rdrd9dz
D

- f:fom(32 cos § 4 12 sin 4 4) df dz = j:(32+27r+ 5) dz= 112+ 6r

1L &02x2) =22, & (—xy) = —x, & (-2}) = =22 = v -F=—x éFlux:fgf—de

0 N
:j:fo o j: ’ —xdzdydx:j:j; o (xy—4x)dydx:j:[%x(l6—4x2)—4x\/16—4x2} dx

3/27 2
_ {4){2—%)(4—}—%(16—4)(2)/}0:_43_0
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12.

13.

14.

18.

Section 16.8 The Divergence Theorem and a Unified Theory
F () =3 5 () =3y 5, (2) =32 = v -F=3x"+3y"+327 = Flux= [[[ 3(* +y*+72%)dV
D

:3J:Wf0ﬂf0p2(pzsin¢)dpd¢d9:3f0%j:§sin¢d¢d9:3f02ﬂ2%5d9=M

Ib

Letp = \/x2 +y? + 72 Then3”—§ o %,% L= Spx) = ( )x+p——+p o (py) = (§—§)y+p
—l—p,az(pz) (—p)z—l—p:%—l—p = v-F:M—I—b’p:4p,sincep:\/x2—l—y2—|—z2

:>F1ux—fff4pdV fff (4p),0s1nq§)dpd¢d9—szj:3sin¢d¢d9:fo%6d9:127r

9 3 9 8 1 3 1
Let p = v/x2 + y2 + z2. Then p*%,—’y’:/y—],—’;:% = a(%):;f(ﬁ)a—g:;f%. Similarly,

0 (y)=1l_Yadl(z)=1_2 F=3_Xiyes 2
8y() p 3ad8<)*n n v F*ﬂ 0 7/’
2

%(5x3—|—12xy ) = 15x% + 12y2, —(y +e¥sinz) = 3y? +e¥ sinz, (SZ +e¥ cosz) = 1522 — ¢ sinz
= v -F =15+ 15y2 + 1522 = 150> = Flux:fgf 15p2 dV = j; R fl (1502) (p* sin ¢) dp de 6

= [ [ (12v2-3) sinpdpan = [ (24v26) do = (482 12) n

1
e lIn (2 +y)] = g gy (- R ™ ) = (%) [w(x(gf] = =iy 5 (/R EY) = VY
=V - F_—X2+y —x22+Zy2—|-VX2+y :Flux_fff (x2+y - +)’“+ X2+y2) dz dy dx

—fzwf f dregsh 2z~z+r)d21rd1rd0:f0 f] (6 cos 0 — 2 +3r%) drdd
Lo ( 2—1)0050—31nﬁ+2\/§—1} do =27 (- 312+2y2-1)

L@ G=Mi+Nj+Pk = v xG:curlG:(@——)1+(3—M—%)k+(g—f——)k:s v-v xG

dy 0z
— 0P _ 0N 2 (oM _ oP 9 (oN _ oM
le(CllI'l G) (By 82) + ay (82 8x) + 0z (8)( (?y)
_ 0°P 9°N *M H2p 2N PM _ . . . .
= oxdy ooz T oyor — Byox T vzox T bady — 0 if all first and second partial derivatives are continuous

(b) By the Divergence Theorem, the outward flux of 57 x G across a closed surface is zero because
outward flux of v x G= [ [ (v xG)-ndo
S

= f f f Vv -V xGdv [Divergence Theorem with F = 7 x G]
D

=/ jg J @av=o0 [by part (a)]

(a) Let F1 = Mll + Nl.] + P1k and F2 = M21 + N2j + PQk = aFl + bF2
= (aM; + bMy)i + (aN; + bNy)j + (aP; +bPo)k = <7 - (aF; + bFy)

_( 6M1+b8M2) ( 6N1+b6N2) ( apl+bapz)
_ (6M1+6N1+8P1)+b(8M2+8N2+8P2) —a(y -F)+b(7 -F)

(b) Define F; and Fy asinparta = <7 X (aF; + bFy)
_ |:( Py +b3P2) ( ONy +b8N2):|i—|—|:( c')Ml +b3M2)_( oPy +b3P2):|
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BB (e (- 20 - B (- )1
+b|:(&—%)l+( M, 3P2)J+(3N7_68My2)k:|:av XF1+bv X Fy
i j ok
() FixFy=|M; N; P;|=®NP; —PNpi— (M;Py — PiMy)j+ M;Ny — N Mok = 7 - (F; x Fo)
M; N; P

= V - [(N1P2 — PiNp)i — (M;Py — PiMy)j + (M Ny — N1 My)K]

= 5 (N1Py —P\Ny) — & (M;Py — PiMy) + £ (MiNy — NiMy) = (Py Gt + Ny G2 — Ny Gt — Py 5¢)

— (My 22 4P, B0 P%7M2@>+(Ml%+Nga§’h Ny 2% — M, 2%)

ay 0z
— M, (8P1_6N1)+N2 (aMl_@)+PQ (m_aM1)+Ml<aN2_aP2)+N1(aP2_M)
+P1(M—%N°) —F,- v xF, —F, - v xF

oz

19. @ divegR) = v - gF = 2 @M+ 2 @)+ 2@ = (g2 +M%) + (e X +N%E)+ (e £ +P%)
:(M%+Ng—§+ )+g(9M+3N+ )_gv F+ veg-F
®) 7 x (@) =[5 @)~ 2 @i+ [ M- &@EP]i+[&e)-Fewk
(Po+e2 N2 -p2)it (ME+g2 —PE—g2)j+ (NE+g2 M%)k
(PE-NZ)i+(e2—g2)it (ME-PE)j+ (g2 -eP)i+(NE-ME)k

+(gg—f—g8—y>k:gv xF+ vgxF

20. Let F; = Mji + Nyj + P;k and Fo = Msi 4+ Nyj + Pok..
(@) F1 x Fy = (N1Py — P1No)i + (P1My — M1P2)j + M1Ny — Ni1Mok = 7 x (F; x Fy)
= |2 MiN = NiMy) = & (1M — MiPy)] i+ [ (N1P2 — PiN2) = & (MiNz = NiMy)]
+ [2 Mz = MiPy) — £ (NiP2 — PN Kk
and consider the i-component only: (% (M;N; — N1My) — Q ~ (P1My — M;Py)
—N 8M1+M 3N> Mzﬁ—N1aa—l\;[,2—M28P1 P 3MZ+P 8M1+M QPZ
(Ng aé\gl 4P, 8M1) _ (N1 65\32 4P BM)) i (38_1\;2 i %) M, — (aNl 4 apl) M,
= (M B0 + N B0 4Py B0 ) — (M B Ny Bl Py B8 ) 4 (Bl 4 J% 4 )

— (%% + %%+ %) M. Now, i-comp of (Fz - 7 )Fy = (Ma & +Na 5 + P2 2 ) My

<M2 aé\;h +Np 2

3Ml) - likewise, i-comp of (F, - 7 )Fy = (M1 M N, D 4 Py 3M“) :

i-comp of (7 - Fo)F; = ((’M + 5+ %‘;’) M; and i-comp of (7 - F1)F, = (BMI + 20 BPI) M,.
Similar results hold for the j and k cornponents of 7 X (F; x Fs). In summary, since the corresponding
components are equal, we have the result
V x (F1 xFy) = Fy- v)Fi —(F1- VIF:+ (Vv -F)F — (v -F)F,

(b) Here again we consider only the i-component of each expression. Thus, the i-comp of <7 (F; - F2)

2 (M{M; + NNy + P1Py) = (M 28 4 M, S 4 Ny 08 4 Ny T 4 py 22 4 p, OF1)

i-comp of (Fy - 7 )z = (My %% + Ny 3% 4 py %),

i-comp of (F, - v )F, = (M2 My | N, & 4 P, OMI) ,

i-comp of Fy x (7 x F) = Ny (%% — %ﬂy) Py (2 — %) and
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22.

23.

24.

25.

26.

27.

28.
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i-comp of Fo x (v X F1) =Ny (%_aa_wy[l) PZ(OM1 _%)'

Since corresponding components are equal, we see that
VEF-F)=F - )Fs+Fs- v)F1 +F X (v xFo)+Fy x (7 xFyp),as claimed.

The integral's value never exceeds the surface area of S. Since |F| < 1, we have |[F-n| = |F| |n| < (1)(1) = 1 and

f f f v -Fdo = f f F-ndo [Divergence Theorem]
D S
< f f |F - n|do [A property of integrals]
S
<[] (do |F-n| <1]
S
= Area of S.

Yes, the outward flux through the top is 5. The reason is this: Since 7 -F = v - (xi —2yj + (z+ 3)k

=1—2+4 1 =0, the outward flux across the closed cubelike surface is 0 by the Divergence Theorem. The flux

across the top is therefore the negative of the flux across the sides and base. Routine calculations show that

the sum of these latter fluxes is —5. (The flux across the sides that lie in the xz-plane and the yz-plane are 0, while the flux
across the xy-plane is —3.) Therefore the flux across the top is 5.

@ Z@0=LZW=L2®»=1= v -F=3 :>Flux—fff3dV—3ffde

= 3(Volume of the solid)
(b) If F is orthogonal to n at every point of S, then F - n = 0 everywhere = Flux = f f F-ndo =0.
S

But the flux is 3(Volume of the solid) # 0, so F is not orthogonal to n at every point.

v -F=—2x — 4y — 6Z+12:>Flux_fff (—2x — 4y — 62 + 12) dzdy dx

:f f (—2x—4y+9)dydx:f0 (—2xb — 2b? + 9b) dx = —a?b — 2ab* + 9ab = ab(—a — 2b + 9) = f(a, b);

O — —2ab—2b>+9band & = —a’ —4ab+ 9asothat & =0and I =0 = b(—2a—2b+9) =0and
a(—a—4b—|—9)—0:>b—Oor—2a—2b—|—9=O,anda:OOr—a—4b+9:0. Nowb=0ora=0

= Flux=0; -2a—2b+9=0and —a—4b+9=0 = 3a—9=0 = a=3 = b=3sothatf(3,3) = F isthe

maximum flux.
[[¥-ndo=[[[<w -Fav=[[[3dv = L [[ F-ndo= [[[ dV = Volume of D
S D D S D
F=C= v -F=0= Flux=[[F-ndo= [[[ v -Fav=[[[0dv=0
S D D

(a) FromtheDivergenceTheorem,ff vf-ndaszf Vv - vde:fff VQde:ffdeV:O
S D D D
(b) From the Divergence Theorem, ff ff-ndo = fff v -fsyfdV. Now,
S D
v f=(F2)i+ (f12)j+(Fhk = v - fvf=[r2+ (gi)ﬂ+[fg_;g+(g—;)2]+[fg_;g+(g)2]

= f7 o+ | f|> =0+|w f|” since f is harmonic = ff fvf-nda:fff | 7 f]* dV, as claimed.
S D

From the Divergence Theorem, f f vfi-ndo= f f f v - vfdv = f f f (azf + giﬁ + ‘92f) dV. Now,

— /%2 2__ of _ X ﬁ_ y o — __z
f(x,y,2) = In \/x +y +z7 = 21 (X +y +Z) = Ox T x2+y2+z2° 9y T x4y 422’ 9z~ xX24yi+4z?
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N azf _ —X2+y2+22 a_zf _ X2—y2+22 32f o X2+y2—22

o o% | & ., o
0 T (4y2422)7 0 O T (R4+y242)’ 0 022 T (R4y24+22)7 = o + oy* + 927

2,2, ¢ /2 5 .
C b = [ = [T b= [ apasw

T/2 /2 . /2 . /2 .
j; j; asmq&dqﬁdQ:j; [—acosqS]O/QdG:j; adf =73}

29. fffvg-nda:fff v-fvgdvszf v - (FRi+ERI+f5EK)av
_fff (fﬁx2 3; g§+f62g ay dy iaf) dv

—fff (G5 +52) + (5 %+2§ 2§+3£ Blav=[[] Gt vi- vy

30. By Exercise 29, ff fvg-ndo = fff (fw%g+ v f- g dV and by interchanging the roles of f and g,
S D
f f gvf-ndo= f f f (g ?f+ v g- wf)dV. Subtracting the second equation from the first yields:
S D

fsf(ng—gvﬂ-ndo:fJD"f (fvig—gvf)dVsince vf- veg= veg- v

31. (a) The integral f f f p(t, x,y,z) dV represents the mass of the fluid at any time t. The equation says that
D

the instantaneous rate of change of mass is flux of the fluid through the surface S enclosing the region D:
the mass decreases if the flux is outward (so the fluid flows out of D), and increases if the flow is inward
(interpreting n as the outward pointing unit normal to the surface).

O [J =4[ pav=— [ ovnir=[[] & pva¥ = %=

Since the law is to hold for all regions D, 7 - pv + ap = 0, as claimed

32. (a) <7 T points in the direction of maximum change of the temperature, so if the solid is heating up at the
point the temperature is greater in a region surrounding the point = <7 T points away from the point
= — v T points toward the point = — <7 T points in the direction the heat flows.
(b) Assuming the Law of Conservation of Mass (Exercise 31) with —k 57 T = pv and cpT = p, we have

3 fff cpTdV = — ff —ksy T-ndo = the continuity equation, 3/ - (— va)+ ; (cpT) =

=M=y '(*kVT):kVQT = %:% Vv 2T = K v T, as claimed

C,

CHAPTER 16 PRACTICE EXERCISES

I Pathl: r=ti+t+tk = x=t,y=tz=60<t<1 = f(gt),h®,k@®) =3 —3and & =1, ¥ =1,

2
i o \/(‘31—1)2+(‘31—{) +(2)dt=V3d = [fxy,nds= [ V/3(3-3¢)dt=2\/3

Path2: 1 =ti+4j,0<t<1 = x=ty=tz=0 = f(gt),h(®),k{®) =2t -3 +3and & =1, =1,

2 1
& () = \/(%)2+(‘;—{) + (%) dt= /2 dt = J fx,y,2) ds = [0 v/2(2t =32 +3) dt = 34/2;
p=itjttk = x=1,y=1Lz=t = f(g®,h®,k®)=2—2tand & =0, ¥ =0, % = |

2
= \/(‘jl—’;)ZJr(i—{) (&) d=dt = [ fxyods=[ @-2wd=1
= [y, nds = [ fxyzds+ [ fxy,=3v2+1
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2. Pathl: iy =ti = x=ty=0,2=0 = f(g®©),h(),k®) =tand & =1, =0, L =0

> dt > dt

2
= \/(‘3)2+(‘(’1{) (@ d=d = [ fxy,ds= [ =1

n=it+tf = x=1Ly=tz=0 = f(g(t),h(t),k(t)):1+tand%§:o,dl:1 o

t > dt

2
= \/(%)QJF(‘;—Z) (@ a=d = [ foy,nds= [0 +0di=1;

r;=i+j+tk = x=Ly=1Lz=t = fgt),h®),k@®)=2—tand & =0, % =0, % = |

> dt
2
= \/(%)2+(§1—{) (@ d=d = [ fwyods= [ @-nd=3

= f(x,y,z)ds:fCl f(x,y,z)ds—l—qu(x,y,z)ds—f—fc3 f(x,y,z)ds = %

Path 1

Path2: ry=ti+tj = x=ty=tz=0 = f(g®),h®), k) = +tand & =1, ¥ =1, L =0

o (B @ = VA = [ = [IVAE 0@ =35
r3 =i+ j + tk (see above) = fc f(x,y,z)ds = 3

= f(x,y,z)ds:foZ f(x,y,z)ds—!—fCI f(x,y,z)ds:%\/E—F%: 5\/2+9

Path 2

Path3: r; =tk = x=0,y=0,z=t,0<t<1 = f(g®),h®),k(t) = —tand & =0, 2 =0, % = |

> dt > dt
2
= \/(?1—’;)2+(‘;—{) (@) a=dt = [ fxynds= [ —tdi=-1;

r=titk = x=0,y=tz=1,0<t<1 = f(gH),h(t),k@®) =t—Tand & =0, & =1, % =0
@ () @ ama = [ e = [ pa- -4

rr=ti+j+k = x=ty=12z=1,0<t<1 = f(gt),h(t),k®) =t*and & =1, ‘;{:0,%:0
S (8) @ aa s fya= [t

= Jos f()gy’z)ds:fCSf(x,y,z)derfCU f(x,y,z)ds+fc7f(x,y,z)ds:f%f%+%:*%

r=(acost)j+(asint)k = x =0,y =acost,z=asint = f(g(t),h(t),k(t)) = v/a? sin>t = a [sin t| and

2
dx _ dy _ : dz _ dx )2 dy dz\2 _
E—O,I——asmt,a—acosté \/(a) +(a) +(a) dt—adt

2m T 2w
= fcf(x,y,z)ds:j; a’ |sint|dt:j; a2sintdt—|—j; —a? sin t dt = 4a’

r=(cost+tsint)i+ (sint—tcost)j = x=cost+tsint,y=sint—tcost,z=10
= f(g(t), h(t),k(t)) = \/(cos t + t sin t)2 + (sin t — t cos t)2 = V142 and ‘é—’t‘ = —sint+sint+tcost

2
_ dy _ : _ : dz __ dx )2 dy dz\2
=tcost, F =cost—cost+tsint=tsint, ¥ =0 = \/(I) +(E) + (%) dt

V3
:\/t2cos2t+t2sin2tdt:|t|dt:tdtsince0§t§\/§ :>fcf(x,y,z)ds:fo t 1+t2dt:§

=ity + =G B = Ly +) =R P = - x+y+) = G
= de+Ndy+szisexact;%: \/x+lﬁ = fx,y,z2) =2/x+y+z+gly,z) = %: m+g—§
= = ¥=0= gy,0=h@ = fxy,2)=2\/x+y+z+h@) = 5 = Sl (09
(4,-3,0)
=t 2 N@W=0=h®»=C = fxy,2)=2/x+y+2z+C :>f< et

= f(4,-3,0) — f(~1,1,1) =2y/1 = 2y/1 =0
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1046 Chapter 16 Integration in Vector Fields

6. 2—5272@:%—5,%—?:0:%,%:0:% = de+Ndy+szisexact;%:l = f(x,y,2)
=x+gy,2) = % = %ﬁ :f\/% = gly,2) = -2,/yz+h(z) = f(x,y,2) =x—2,/yz+ h(z)
= G\ Tin@ ==/ 5 H@ =0 = h@®) =C = fx,y,9) =x—2,/j7+C
(10,3,3)
= j;l”) dx—\/%dy—\/gdz:f(10,3,3)—f(1,1,1):(10—2-3)—(1—2-1):4—1—1:5
7. oM __

S, = —YCOSZF#ycCosz= %E = F is not conservative; r = (2 cos t)i+ (2 sint)j — k,0 <t <2~

= dr = (~2sin i — (2cos 0j = [ F-dr= | [—(~2sint)(sin(—1))(~2 sin ) + (2 cos t)(sin(~1))(~2 cos t)] dt
=4 sin(l)j;h(sin2 t + cos? t)dt = 8 sin(1)

§ogo0= B Moo= A _ge_ o

dy = Fis conservative = fc F-dr=0

9. LetM =8xsinyandN = —8ycosx = M

_ AN _
oy = 8x cosy and G¢

=8ysinx = fc8xsinydx—8ycosxdy
w2 w2 2

= fRf By sinx — 8x cos y) dydx = j; j; (8y sinx — 8x cosy)dydx = f (7 sin x — 8x) dx
=412 =0

10. LetM=y?andN =x? = M —

dy

2y and & = 2x :>fcy2dx+x2dy:fRf(zx_zy)dXdy
2 2 o
:j; fO(Zrcosﬂersinﬂ)rdrdQ:j; ?(COSQ*SiHQ)dHZO

1. Letz=1-x-y = fix,y)=—landfy(x,y) = -1 = /{2 +{2+ 1= \/g = Surface Area = ff\/gdxdy
R
= \/§(Area of the circular region in the xy-plane) = 7r\/§

12. s7yf=-3i+2yj+2zk,p=i = |wvf|l=+v9+4y?+4z2and |y f-p|=3
G - 2w \/5 /
= Surface Area = fRf 7V9+43yz+422 dydz = fo fo 9%“2 rdrdf =

1 [P (2 9 r
L) (BvRr-3)ae =z (7v21-9)
13. syf=2xi+2yj+2zk,p=k = |wf|=+4x>2+4y2+422=2/x>2+y2+ 722 =2and |y f- p| = |2z| = 2z since
_ 2 gA 1 gA — 1 _ (U
z 0= SurfaceArea—fRf EdA—fRf EdA—fRf \/Tﬁdxdy— j; j;

L V=) 7 (- gy =2 (1- )

14, (a) yf=2xi+2yj+2zk,p=k = | f| = /4x2 +4y? + 422 =2,/x2+y2 + 722 =4and | 7 f- p| = 2z since
. 4 . 5 . w2 2cosf
z 0= SurfaceArea—fRdeA—fRf sz—2j; .

\/1177 rdrdf

\/%rdrd9=47r—8

(b) r=2cosf = dr = —2sin 0 df; ds®> = r?> d§? + dr? (Arc length in polar coordinates)
= ds? = (2 cos 0)> dF? + dr? = 4 cos’ 0 dP? + 4 sin’ 0 dF?> = 4 d9> = ds = 2 df); the height of the
cylinderisz = /4 —12 = \/4 —4 cos20 =2 |sin 0| = 2sin 0if 0 < 0 < 5

72 /2
= Surface Area = [ hds=2 [ 2sin0)(2d0) =8
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20.
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22.
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fx,y,n)=24+{+2=1= vi=01)i+ )i+ k= |vil=y/s+z+sadp=k = |vf-p/=1

since ¢ > 0 = Surface Area = ff
R

ot hh [f aa=fabe L e d,
R

&

since the area of the triangular region R is % ab. To check this result, let v = ai + ck and w = —ai + bj; the area can be

found by computing %|V X W|.

(@ wvi=2yj—k,p=k = |vi|l=vV4y>’+land |y f-p|=1 = do = /4y?> + 1 dxdy
1 3
= fsfg(x,y,z)dcr:fRf\/% \/4y2+ldxdy:fRf y(y2—1)dxdy:filj; (y? —y) dxdy
1 S|
_ 3 _ _
= [30 -y =3[5-%] =0

(b) ffg(x,y,z)daszf\/ﬁ 1/4_y2+1dxdy:fillj;3(y2_ 1)dxdy:fjl3(y2_1)d

2[3-)’, -

vi=2yj+27k,p=k = | f|=/4y2 +422 =2,/y?+ 22 =10and |/ f-p| =2z sincez 0
= do = %dxdy:gdxdy:ffg(x,y,z)dcr:ff (x*y) (y* + %) (%) dx dy
R

—ff xy(25)( )dxdy ff gsyy 4dxdy:j(‘f\/;ssyfyzdy:SO

Define the coordinate system so that the origin is at the center of the earth, the z-axis is the earth's axis (north

is the positive z direction), and the xz-plane contains the earth's prime meridian. Let S denote the surface

which is Wyoming so then S is part of the surface z = (R? — x% — yQ)l/ ®. Let R,, be the projection of S onto

2
the xy-plane. The surface area of Wyoming is ff l1do = ff \/1 + (%)2 + (g—;) dA

ff Ve e + 1dA = ff e maa= [T T R® ) rdra

(where 01 and 0 are the radian equivalent to 104°3’ and 111°3’, respectively)

Rsin 49° [
- f _R(R? - 2)"/? = ["R(R? - R?sin?45°)"/? — R (R? — R sin?49°)"/? dg

R sin45° 0
= (05 — 01)R3(cos 45° — cos 49°) = 17870 R2(cos 45° — cos 49°) = 180 T (3959)%(cos 45° — cos 49°)
~ 97,751 sq. mi.

A possible parametrization is r(¢, 8) = (6 sin ¢ cos )i 4 (6 sin ¢ sin 6)j + (6 cos ¢)k (spherical coordinates);

nowp=6andz=-3 = —-3=6cos¢ = cosp=—1 = ¢= 2”andz—3f:3f—6cos¢

:>cos¢:\/73 = ¢=I = I<¢<Talso0<H<2r

A possible parametrization is r(r, #) = (r cos 0)i + (r sin 6)j — (%)) k (cylindrical coordinates);

now r = x2+y2:>z:—§and—2§z§0:>—2§—§§O:>4 ? 0= 0<r<2sincer
also0 < 0 < 2w

A possible parametrization is r(r, #) = (r cos 6)i + (r sin 8)j + (1 + r)k (cylindrical coordinates);
nowr=+/x24+y?2 = z=1+rand1<z<3 = 1<1+4r<3 = 0<r<2als00<0 <27

A possible parametrization is r(x,y) = xi+ yj+ (3 —x — J) kfor0 <x < 2and 0 <y <2
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1048 Chapter 16 Integration in Vector Fields
23. Letx = ucos vandz = usin v, where u = /x2 4 z2 and v is the angle in the xz-plane with the x-axis

= r(u,v) = (u cos V)i + 2u’j + (u sin v)k is a possible parametrization; 0 <y <2 = 20> <2 = u? <1
= 0<u< lsinceu 0;also, for just the upper half of the paraboloid, 0 < v < 7

24. A possible parametrization is (\/ 10 sin ¢ cos 0) i+ (\/ 10 sin ¢ sin 9)j + (\/ 10cos )k, 0 < ¢ < 7 and

0<0<3
i j Kk
25. ry=i+j,ry=i—-j+k = rxr,=1 1 0 :i—j—2k:>\ru><rv|:\/g
1 -1 1

= SurfaceArea:ff ry ><rv|dudV:j;lj;1 V6 dudv = /6
RUV

26. ff(xy—z2)da=j:j: [(u+v)(u—v)—v2]\/gdudv:\/gj;lj:(u2—2v2)dudv
S
= V6 ) [5 -] av= 6 (3 -22) av= VB iy -3 = =\ f3

i J k
27. v, =(cos )i+ (sinB)j, rg = (—rsinh)i+ (rcosA)j+k = r. xryg=| cosf sinf 0
—rsinf rcosf 1

= (sin 0)i — (cos O)j + 1k = |r; X 1| = Vsin20 + cos2f + 12 = /1412 = SurfaceArea—ff |r; X rp| drdf
Ry

e e o e R T ey R VRS (RN
=7 [V2+1n(1+2)]

28. ff\/x2+y +1 da—f f\/r200529+rzsm20+1\/1 rzdrdﬁ—f f ) drdé
:ﬁhﬁ+ﬂow:jfgw:§n

29. ‘35—0—%1;1,%1\24—0:‘;—5,‘3—12 0—%—1;4 = Conservative

= -7y __ON oM _ _ -3xz _ _ 0P ON _ Xy _ _ IM _ (gpservative

30 oP —3zy _ ON M —3xz __ 0P ON __ —3xy _ oM
© Oy (x2+y2 +22)7°2 0z’ 0z (x2+y2 +22)72 ox’ Ox (x2+y2 +22)72 9y

31. g_ly’ =0#ye* = %—f = Not Conservative

P _ _x _ 9N M _ _ -y _ 9P ON _ -z _ M -
32 o =GP T % e = Ghy = 80 ox = Gyf = oy = Comservative
33. %:2 = {x,y,z) = 2x + g(y,z) = g—§— 9% —2y+z = g(y,z) =y2+zy + h(z)
= f(x,y,z) =2x+y> +zy+ h(z) = %:y—l—h’(z):y—l—l = h@z)=1= h(z)=z+C
= f(x,y,z) =2x+y>*+zy+z+C

34. %L = zcosxz = f(x,y,2) = sinxz+ gy, z) = %:%:ey = o(y,z) = & +h(z)
= f(x,y,z) =sinxz+ e + h(z) = % =xcosxz+h'(z)=xcosxz = hW(z)=0 = h(z)=C

= f(x,y,z) =sinxz+e¥ +C
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35. OverPathl: r=ti+tj+tk,0<t<1 = x=t,y=tz=tanddr=({+j+k)dt = F=22%i+j+’k
— Fodr=(3C+1)d = Work= [ (3 +1)dt=2;
OverPath2: rj =ti+tj,0<t<1 = x=ty=tz=0anddr; = (i+j)dt = F, =2%i+j+t°k
= F,-dr = (22 + 1) dt = Worklzf(2t2+1)dt ry—itjttk,0<t<1 = x=1,y=1,z2=tand

dry=kdt = F, =2i+j+k = F,-dr, =dt = Work2:f0dt:1 — Work = Work; + Work, = 3 41 =8

36. OverPathl: r=ti+tj+tk,0<t<1 = x=ty=tz=tanddr=(i+j+k)dt = F=2%1+¢}j+k
= F-dr=(32+1)dt = Work:j;l(3t2+1)dt:2;
Over Path 2: Since f is conservative, fc F - dr = 0 around any simple closed curve C. Thus consider
[ Foar= fc F-dr+ [ F-dr, where C is the path from (0,0,0) to (1,1,0) to (1, 1,1) and C; is the path
from (1,1, 1) to (0,0,0). Now, from Path L above, [ F-dr=-2 = 0= [ F-dr= fClF-dr—k(—Z)
= [ Fdr=2

37. (a) r=(e'cost)i+ (e'sint)j = x =e'cost,y=e' sintfrom(1,0)to (e*,0) = 0<t< 27
dr __ /.t oAt . t o t . _ o xityj (e'cost)i+ (e'sint)j
= G = (e'cost—e'sint)i+ (e'sint+e' cost)jand F By = oot irct sy

_ sint) s Jdr cos®t _ sintcost smt smtcosl _ a—t
= (@) i+ (80 = Fg = (= ) =

et et

27
= Work = fo e ldt=1—e?"

__xi+yj of X (2 2\—1/2 o _ y
®) F= (x2+y2)*? = o = (x2+y2)*? = fxy,2) = (X Ty ) tely,2) = Iy T (x24y2)*?
~1/2

=—Y — = gy, z)=C = f(x,y,z) = — (x> +y?)” /" is a potential function for F = fc F-dr

(+y?)
=f(e*,0) —f(1,0)=1—e"

38. (a) F= w7 (x’ze") = Fis conservative = fc F - dr = O for any closed path C

(1,0,27) )
(b) fc F.-dr= f;l,o’o) Vv (x*ze¥) - dr = (x°zeY))| (Lo2m — (X26%)[ 100y =27 —0 =27

i k
|2 2 0| _ _ - iop — 2t6i-3k _ 24, 61 3
39. v xF= 6,2( fy 3522 = 2yk,umtnormaltotheplanelsn7\/mfﬂ—l—%] sk
y y 2z
= v xF-n=S§y;p=kandf(x,y,z) =2x+ 6y —3z = | f-p|=3 = do= % dA=T]dA

= fCF-dr:ffgde:ff (%y) (%dA):ff2ydA:j:ﬂj;ersinHrdrd@:j; %sin(‘)dH:O
R R R

i j k
40. v xF = % 8% % = 8yi; the circle lies in the plane f(X,y, z) = y 4+ z = 0 with unit normal
xX2+y x+y 4y’ -z

n=tij+hk= vxFn=0= fCF-dr:fRfv xF-nda:fRf 0do=0

4. @ r=V20+ 2+ @ -k, 0<t<1 = x=2ty=2tz=4-¢ = & =/2,¥ =2 &_
= \/(%)2+(3—§) + (%) dt=Va+ald = M= [ sxynds= [ 3 4+4t2dt:[§(4+4t)3/2]é
=4y/2-2
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1050 Chapter 16 Integration in Vector Fields

b) M= [ 6(x,y,20ds = [ /4 +40 dt = [t\/m+ln(t+ 1+t2)};:\/§+ln(l+\/§)

2. r=ti+2+ 2%k, 0<t<2 = x=ty=2z=2072 = & =], D=2 & _ 2

> dt > dt

2
= \/(%)Q—F(i—o —|—(%)2dt=\/t—|—5dt = szcé(x,y,z)ds:fo3\/5—|-t1/t+5dt
— [+ 5dt=36:M, = [ xsds= [ 3tt+35)di=38M, = | ysd —f26 5) dt = 76;
— Jo - ’ yz — CX s = 0 t(t+ ) t= 5 Xz — Cy S = 0 t(t+ ) t =
Mxy:fc z&ds=f022t3/2(t+5)dt=#ﬁ > x=t=_8_0D

wy _ (4V2)

M 36 87 36 9’z M 36
_ 4

43. r=ti+ T‘[ )j+<§>k,0§t§2:x:t,y:%ﬁ@/?,z:ﬁ o T

_ dy _ 1/2 dz __

. N Vo UL =
dx

:,\/d_

() + (%) de= VT+2t+Cdi= T D2 de= e+ 1] de =t

+ 1) dt on the domain given.
ThenM= [ sds= [ () @+ Ddi= [ d=2M, = [ xods= [ t(25)+Ddi= [ ta=2
szzf y&ds=f2(¥t3/2) () t+ Ddt= [ 222 a=2My = [ 26ds

150
2 5 _ M,, — 32 = M,
(t5> [us) (t+1)dt f %dt:% :>Xz_y:2 Ly= X‘_(IS)_E’Z:
2
3

=

M 2 T 15° M

=L ot asas=[ (304 )dt B [ asa= [1(e

,/% N_R_\/f

Ul‘-b

L
4

86) di= 3R, =

‘ o)

u\

ﬂ\x

le

44. 7 = 0 because the arch is in the xy-plane, and X = 0 because the mass is distributed symmetrically with respect
to the y-axis; r(t) = (acos t)i+ (asint)j, 0 <t <7 = ds = \/(i;tc)? i <%)2 R (%)2 dt
=+/(-asint)2 + (acost)2dt = adt, sincea O;M = fc 6ds = fC Ra—y)ds = ﬁ)ﬂ(2a—asint)adt
=2a’7m —2a%; M, = fc yé dt = fc y(2a —y)ds = j: (asint)(2a —asint) dt = j:(ZaQ sin t — a% sin? t) dt

2
. 9 _ 4a2 — LT _, o
~ ot costat (3= ) [§ = = > = s -+ w3 - 0,350
45. r(t) = (e'cost)i+ (e'sint)j+e'k,0<t<In2 = x:e‘cost,y:etsint z=¢e" = & = (e'cost—e'sint),
‘3{ (e'sint+e'cost), ¥ =e' = \/ (Q)2dt

In2
\/(e‘cost—e‘sint) + (et sin t + et cos 1) + (e)? dt:\/3ez‘dt:\/ge‘dt;M:fcéds: j; V3e dt

ENE]
:ﬁ;MXyszzédszfom(ﬁet) yat= [ VEera=38 5 7= M o <:> _
IZ:fC(X2+y2)5d5:j;lnz(emcos?t%-emsin?t)( 3e>dt f V3etdt="108 5 R, =

3 R, = /4
e

46. r(t) = 2sint)i+ (2cost)j+3tk,0 <t <27 = x=2sint,y=2cost,z=3t = ‘c’l—’l‘—Zcost, @ = —2sint,
dz dx ) 2 d 2 dz\2
a=3= \/(dt) + (&

+ (%) dt=A+9di=/13dsM = [ sds= [ 5/13dt=2r6\/13;

s

[ 1198

[
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xy_fczéds_f (3t)<6\/_)dt*657r2\/_ Myz_fcxéds:fh(Zsint)(é\/E)dt:O
My, = [, ysds = fo (ZCost)(cS\/E>dt:0éi:y:OandZ:lﬁyff’g;ff%ré (0,0, 37) is the

center of mass

47. Because of symmetry X =y = 0. Let f(x,y,z) = x> + y? + 22 =25 = 7= 2xi + 2yj + 27k
= |vfl=v4x2+4y?+422=10andp=k = |y f-p|=2zsincez 0 = M:ffé(x,y,z)da

= ff dA ff 5 dA = 5(Area of the circular region) = 807; Myy = ff z6 do = ff 5z dA

:fRfs 25—x2—y2dxdy=f“f (5\/25—r2>rdrd9=f"‘3ﬂd9=9§;°7r = 7= (ﬁf) =%

= (57,2 =(0,0,%):1, = [ [(x +y)5da—ff5 (2 +y?) dxdy = [ [ 5P drad = [ 320 d0 = 640r;
R

_ I, 640m __
R =/ = /S =2V2

48. Onthefacez=1: g(x,y,z)=z=1landp=k = wg=k = |vg/=land|wg-p/|=1 = do=dA
w4 sech
:>I:ff (X2+y2)dA:2]; f(‘) r3drd0:%;0nthefacez:0: 2gx,y,2)=z2=0 = yyg=kandp=k
g :

lvegl=1=|wvegp=1= da:dAéI:fRf (x* +y?) dA = % ; On the facey = 0: g(x,y,z) =y =0

1 1
= wveg=jadp=j = |vg=1= |vg-p\:1:>da:dA:>I:ff(x2+0)dA:j;j;x2dxdz:%;
R
Onthe facey =1: gx,y,z)=y=1 = wyg=jandp=j = |wvg=1=|wveg-p=1=do=dA
1 1
= 1= [[62+19)da= [ [ (@+1)dxdz=4:Onthefacex = I: gx,y,) =x=1 = vg=iandp=i
R

1 1
Ive=1=|vepl=1=d=dr = szRf(12+y2)dA:f0fo (1+y?) dydz = 4; On the face

x=0: gx,y,2)=x=0 = wyg=iandp=i= |vg=1=|veg-p=1=do=dA
1 1
> 1= [[@+y)da=[ [y dydz=1 = L, =2+2 4114444 1=1
R

49. M=2xy+xandN=xy —y = %—?—Zy—i—l,%l;d—Zx,giI y,g—l;l:x—l = Flux:ff (%_1\}:1_’_%_1;1) dx dy

— [[ @y+1+x—Ddydc= [ [ @y+x dydc=2; Cer—ff (B—N——) dx dy
R

:fRf (}’—2x)dydx:j;lj;] (y—zx)dydx:_%

50. M=y - 6x>andN=x+y" = M= _12x, M =1 N 1,g§_2y;»F1ux:fRf(%1‘x4+%) dx dy

:ff (—12x +2y) dxdy = ‘/;1‘/;](—12x+2y)dxdy:fol(4y2+2y_6)dy:_l3_l;

Cer—ff (a—N——)dxdy—ff (1—1)ydxdy =0

sin y

51 M= —-=YandN =Inxsiny = %—I\y“:smyandg—ﬁ: . éﬁlnxsinydyfwdx

S () e ) (2o
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1052 Chapter 16 Integration in Vector Fields

52. (1) LeeM=xandN=y = M =1 M0 N_0 N_| > F1ux=fRf (0 + %) axay
:ff 141 dxdyszf dx dy = 2(Area of the region)
R R

(b) Let C be a closed curve to which Green's Theorem applies and let n be the unit normal vector to C. Let
F = xi + yj and assume F is orthogonal to n at every point of C. Then the flux density of F at every point
of Cis Osince F - n = 0 at every point of C = %—1;4 + %—1;1 = 0 at every point of C

= Flux = fRf (%—I;/I + %—I;) dxdy = fRf 0 dxdy = 0. But part (a) above states that the flux is

2(Area of the region) = the area of the region would be 0 = contradiction. Therefore, F cannot be

orthogonal to n at every point of C.

53 B xy) =2y, £ Qy) =22, £ (2x2) =2x = v -F=2y+22+2x = Flux:ij"f (2X 4 2y + 2z) AV
— [ [ [ ox+y+2mdcaydz= [ [ +2y+2mdydz= [ @+22)dz =3

54 o) =2, L =221)=0=> v -F=2 = Flux:fgf 2zrdrdfdz
:f:”f:fjﬁ 2zdzrdrdd= [ ['x(16 1) drad = [~ 64.d9 = 128r

55. %(—ZX):—2,%(—3y):—3,%(z):1 > v -F=-4x+y’+22=2andxX’>+y’ =z = z=1
S Xy =1 = Flux:fjgf —aav=—4 [ [ Lmdzrdrdez—4f027f0]<rm—r3) drdy
:—4f027(—%+%\/§)d9:%77(7—8\/§)

56. J(6x+y) =6, 2 (—x—2)=0, L (dyz) =4y = ¥ F=6+4y;2=+/x2+y2=r
= Fx=[ [ ] ©+anav=["["[ @+arsinoyazrarad = [ [ (6 + 4% sin 6) drdy

/2
= [T @+sing)do=m+1

57. F=yi+zj+xk = v -F=0 = Flux= [ [F-ndo= [[[ v -Fdv=0
S D

58 F=3x22i+yj— 7k = v -F=32+1-32=1= Flux= [ [ F-ndo= [[[ v -Fadv
N D
:‘/;4‘/; 16 /ZJ;Y/ZledeX:‘/(\)A(ml—%XZ) dX:{X_%}():%

59. F=xy’i+x%j+yk = v -F=y>+x>+0 = Flux= [ [F-ndo= [ [ [ v -FdV
S D

—[[f+yyav=[ [ [ arad=["[20aw=["La=x
D

60. (a) F=G@3z+ 1)k = v -F=3 = Fluxacrossthehemisphere:ffF-nda:fff v -Fdv
S D

:fgf 3dV =3 (1) (4 ma®) = 2ma®

b) fx,y,2)=x>+y?*+2>—a’>=0 = yf=2xi+2yj+27k = | f| = /4x2+4y? + 422 = \/4a? = 2a since
a 0= n= 22k itk o pon=3z41)(2);p=k = vi-p=vi-k=2
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= |vf-p|=2zsincez 0= do= Fh=2dA=2dA = [[F-ndo=[[ Gz+1D(%)(2)da
S

Xy

:ff (3z+1>dxdy:{;f (3y/a2—xT—y2+1) dxdy:f(f”fj@ 22— +1) rdrdg
Xy

= f ( ) df = wa® + 27a’, which is the flux across the hemisphere. Across the base we find

= [3(0) + 1]k = k since z = 0 in the xy-plane = n = —k (outward normal) = F-n = —1 =- Flux across
the base = f f F-ndo = f f —1dxdy = —ma?. Therefore, the total flux across the closed surface is
S

xy
(ma? + 27a’) — ma® = 2ma’.

CHAPTER 16 ADDITIONAL AND ADVANCED EXERCISES

1. dx=(— 2s1nt+251n2t)dtanddy—(2cost—20052t)dt Area——§ xdy —ydx

[(2 cost—cos 2t)(2 cost — 2 cos 2t) — (2 sin t — sin 2t)(—2 sin t 4+ 2 sin 2t)] dt

DO

2 2
[ 16— (6 cos teos 2t + 6sintsin 201 dt =1 [ (6~ 6cos ) dt =67

[N

2. dx =(—2sint— 2sin 2t) dt and dy = (2 cos t — 2 cos 2t) dt; Area——fcxdy y dx
= %fo [(2 cost+cos2t)(2cost—2cos2t) — (2sint — sin 2t)(—2 sin t — 2 sin 2t)] dt

2r 2T
—%j; [2—2(costcos2t—sintsin2t)]dt:%j; (2—20053t)dt:%[2t—%sin3t]§ﬂ:27r

3. dx:cos2tdtanddy:costdt;Area:%54‘C xdy—ydx:%j;“ (l sin2tcost—sint0052t) dt

2

= %j:[sintcoth—(sint)(2coth—1)] dt = 3 j:(—sintcosgt—i—sint) dt=1[jcosdt—cost]j=—3+1=3

4. dx = (—2asint— 2acos 2t) dt and dy = (b cos t) dt; Area——fcxdy —ydx

2w
f; [(2ab cos? t — ab cos t sin 2t) — (—2ab sin® t — 2ab sin t cos 2t)] dt

2 2m
j; [2ab — 2ab cos? t sin t + 2ab(sin t) (2 cos? t — 1)] dt = § j; (2ab + 2ab cos? t sin t — 2ab sin t) dt

NI= N N

[2abt — 2 ab cos® t 4 2ab cos t] = 2mab

5. (a) F(x,y,z) = zi+ xj + ykis 0 only at the point (0,0, 0), and curl F(x,y,z) =i+ j+ Kkisnever0.
(b) F(x,y,z) =zi+ykis0Oonlyonthelinex =t,y =0,z = 0and curl F(x,y,z) =i+ jisnever 0.
(¢) F(x,y,z) = ziis 0 only when z = 0 (the xy-plane) and curl F(x,y,z) = jis never 0.
xi+yj+zk _ xi+yj+zk

S A "=, 50 Fis parallel to n when yz* =

> y=+xandz?= £ §=2x = z= +v/2x. Also,

2 _ %
XZ =R

— 2 2 —
6. F=yzi+xz°j+ 2xyzkand n = R

2 2
and 2xyz = ¢ = %z%szy = y2=x

X +y' +2° =R* = X’ +x* + 2 =R’ = 4 =R’ = x = £ 7. Thus the points are: (%%@)

(3 R _@) (_B R @) (_3 R _@) (5 _R ﬁ) (3 _R _@)
2720 2 ’ 2 27 2 2 2 27 2 ’ 2 27 2 ’ 2 27 2 ?
_R R V2R) (LR R _ VR

272297 2 ’ 272 2

7. Set up the coordinate system so that (a,b,c) = (0,R,0) = 6(x,y,z) = \/x2 +(y —R)2 + 22
=/x2 +y2+7> — 2Ry +R2 = \/2R2 — 2Ry ; let f(x,y,z) = x> +y* +z> —R?and p = i

= Vi=22i+2j+2Kk = |Vi=2/2+y +22 =2R = do = [Z dzdy = R dzdy
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Mass = 5(x,y,2) do = \/2RZ — 2Ry (®) dzdy =R VIR Y 4zd
= Mass fsf x,y,z)do {Qy[ y(x)zy ff\/sz

— RI_y?
—4RffRyﬁdzdy 4Rf\/72Rysm(227> dy
0
R
— 2R [* \/2R? 2Ry dy = 27R (51) (2R? — 2Ry)"| = 16k’
-R
i ik

8. rr,f)=(@cosi+ (sind)j+0k,0<r<1,0<0<2mr = r; Xxryg=| cosf sinf O
—rsinf rcosf 1

= (sin 0)i — (cos O)j + 1k = |r; X 1| = \/1Jrr2;(‘>‘:2\/x2+y2:2\/r2 cos2 6 +r? sin2 6 = 2r

= Mass= [ [y, 0do = [ [/ T e ara = [T 20+ ao= [72(2v2-1) a
S
S5

b a
9. M=x*+4xyandN = —6y = M =2x+4yand N = —6 = Flux_f()j;(2x+4y—6)dxdy

= j;b(aZ + day — 6a) dy = a’b + 2ab® — 6ab. We want to minimize f(a, b) = a’b + 2ab®> — 6ab = ab(a + 2b — 6).
Thus, f,(a,b) = 2ab + 2b?> — 6b = 0 and f,(a,b) = a®> + 4ab—6a=0 = b(2a+2b—6)=0 = b=0or
b=-a+3 Nowb=0 = a>—~6a=0 = a=0o0ra=6 = (0,0)and (6,0) are critical points. On the other
hand,b=—a+3 = a’+4a(-a+3)—6a=0 = —3a2+6a=0 = a=0o0ra=2 = (0,3)and (2, 1) are also
critical points. The flux at (0,0) = 0, the flux at (6,0) = 0, the flux at (0,3) = 0 and the flux at (2,1) = —

Therefore, the flux is minimized at (2, 1) with value —4.

10. A plane through the origin has equation ax + by + cz = 0. Consider first the case when ¢ # 0. Assume the plane is given
by z = ax + by and let f(x,y,z) = x> + y? + z? = 4. Let C denote the circle of intersection of the plane with the sphere.
By Stokes's Theorem, ¢. F - dr = [ [ <7 x F - ndo, where n is a unit normal to the plane. Let
S

i j k
r(x,y) = xi + yj + (ax + by)k be a parametrization of the surface. Thenry xry=|1 0 a|=—ai—bj+k
01 b
i j Kk
= do = |ry X ry| dxdy = v/a? + b2 + 1 dxdy. Also, 77 x F = % S =i+j+kandn= 72
Xy

= fsfv xF-nda:{J S Va1 b2+ dxdy—ff (a—i—b—l)dxdy—(a—i-b—l)ff dxdy. Now

X +y* 4 (ax +by)’ =4 = (ail)x +(b+1>y + (2 )Xy—l = thereglonR is the interior of the

ellipse Ax? + Bxy + Cy? = 1 in the xy-plane, where A = 2+ 4 ,B=2,and C = . By Exercise 47 in
. . . 27 _ 47 N _ __ 4m@+b-1)

Section 10.3, the area of the ellipse is T 5 = Jov & fc F - dr = h(a, b) = Joor

Thus we optimize H(a, b) = &=°= D, oH _ 2atb- D’ +1razab) _ g ,pq

a2+b2+1 " da (a2 + b2+ 1)

OH _ 2a+b-D(@+1+b—ab) _ _ _ _
== <32+12+1)2 2 =0 = a+b—1=0,orb?’+1+a—ab=0anda’+1+b—ab=0

= a+b—-1=0,0ra>—b>4+(b—-a)=0 = a+b—1=0,or(a—b)a+b—-1)=0 = a+b—1=0o0ra=b.
The critical valuesa+b — 1 =0 give asaddle. fa=b,then0=b>+1+a—ab = a>+1+a—a>=0

= a= —1 = b= —1. Thus, the point (a, b) = (—1, —1) gives a local extremum for fCF -dr = z=—Xx-y
= X +y + z = 0is the desired plane, if ¢ # 0.
Note: Since h(—1, —1) is negative, the circulation about n is clockwise, so —n is the correct pointing normal for
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the counterclockwise circulation. Thus f f Vv X F - (—n)do actually gives the maximum circulation.
S

If ¢ = 0, one can see that the corresponding problem is equivalent to the calculation above when b = 0, which does not
lead to a local extreme.

(a) Partition the string into small pieces. Let A;s be the length of the i piece. Let (x;,y;) be a point in the
i™ piece. The work done by gravity in moving the i™ piece to the x-axis is approximately
W, = (gx;yiAis)y; where x;y;4\;s is approximately the mass of the i™ piece. The total work done by

gravity in moving the string to the x-axis is Y W; = ¥ gx;y?A;s = Work = fc gxy? ds
1 1

72 72
(b) Work = f gxy? ds = fo 2(2 cos t) (4 sin?t)y/4 sin2t + 4 cos? t dt = 16g j; cos t sin? t dt

/2
)i __ 16
= [1oz ()], = ¥e
oGy as andy — J. vy as

(c) x= T ; the mass of the string is fC xy ds and the weight of the string is
¢ Xyds

Xy ds

g fc xy ds. Therefore, the work done in moving the point mass at (X, y) to the x-axis is

W:(gfC xyds)y:gfc xy?ds =g

. (a) Partition the sheet into small pieces. Let A;o be the area of the i™ piece and select a point (x;, y;, ) in

the i piece. The mass of the i piece is approximately x;y;A;o. The work done by gravity in moving the

i™ piece to the xy-plane is approximately (gx;yiAi0)z; = gxiyiziAic = Work = f f gxyz do.
S

b [[exyzdo=g [[ xy(1 —x =T+ D2+ 02 dA=3g [ [ (xy = Py — xy?) dydx
S ny

:\@gfol[%XYQ—%XZYQ—lXYB]l_XdX=\/ggf(, [% —%x2+%x3—%x4] dx
Ve[t = e dx - ) = V(- ) = 4
(c) The center of mass of the sheet is the point (X, y,z) where Z = MW with M, f f xyz do and
S

M= f f xy do. The work done by gravity in moving the point mass at (X, ¥, Z) to the xy-plane is
S

gMZ:gM(%) :gMXy:ffgxyzdor:%.
S

. (a) Partition the sphere x> + y? + (z — 2)? = 1 into small pieces. Let Ao be the surface area of the i" piece

and let (x;,y;, z;) be a point on the i piece. The force due to pressure on the i piece is approximately
w(4 — z)A;0. The total force on S is approximately > w(4 — z)A;o. This gives the actual force to be
1

[ [ w4 —2) do.
S

(b) The upward buoyant force is a result of the k-component of the force on the ball due to liquid pressure.
The force on the ball at (x,y, z) is w(4 — z)(—n) = w(z — 4)n, where n is the outer unit normal at (X, y, z).
Hence the k-component of this force is w(z — 4)n - k = w(z — 4)k - n. The (magnitude of the) buoyant force

on the ball is obtained by adding up all these k-components to obtain f f w(z —4)k-ndo.
S
(c) The Divergence Theorem says ff w(iz—4k-ndo = fff div(w(z — 4)k) dV = fff w dV, where D
isxX2+y2+@2z-272<1 = ffw(z—4)k ndo—wfff 1dV = 37TW the weight of the fluid if it

were to occupy the region D.
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14.

15.

16.

17.

18.

19.

20.

21.

The surface S is z = /x2 + y2 from z = 1 to z = 2. Partition S into small pieces and let A;o be the area of the
i™ piece. Let (x;,Vi,7) be a point on the i™ piece. Then the magnitude of the force on the i piece due to
liquid pressure is approximately F; = w(2 — z,)A,0c = the total force on S is approximately

EF =Xw2 —-z)Ao = theactualforcelsffw(Z—Z)da—ff 2—\/X2+y \/1 = +y2—|-x2+y dA

:fRf V2w (2 - /X2 +y?) dA = f f \/W(2—r)rdrd€_f V2w [ r3]1d9:j;2”2\/3§wd6
_4\/§7rw
=73

Assume that S is a surface to which Stokes's Theorem applies. Then fc E-dr= f f (v XxE)-ndo
S
= f f — %—? -ndo = — % f f B - ndo. Thus the voltage around a loop equals the negative of the rate
S S

of change of magnetic flux through the loop.

According to Gauss's Law, f f F - n do = 47GmM for any surface enclosing the origin. Butif F = v x H
S

then the integral over such a closed surface would have to be 0 by the Divergence Theorem since div F = 0.

j;c fvg-dr= ff VvV x(fwvg-ndo (Stokes's Theorem)
S
= ff v xvegt+t vix vg- -ndo (Section 16.8, Exercise 19b)
S
= [[1DO0) + vix vgl-ndo (Section 16.7, Equation 8)
S

=[[(vfx vg-ndo
S

VvV XFi =y xFy= v x(Fy;—F;)=0 = Fy —F;isconservative = Fy, — F; = sy f;also, v -F1 = v -F,
= v -(Fy —F)) =0 = <7 2f =0 (sofis harmonic). Finally, on the surface S, 57 f-n= (F, —F;)-n
=F;-n—F,-n=0. Now, v -(f\vf) = \wf- v+ 2fso the Divergence Theorem gives

[[[wfPav+ [[[twv*dav=[[[ v -EvDHdV=[[fvf-ndo =0, andsince 7 f =0 we have
D D D S

[[[|Ivtfdv+0=0= [[[|F—F|*dV=0 = F,—F; =0 = F,=Fy,as claimed.
D D

i j Kk
False; letF =yi+xj#0 = v -F=Z M+ L0 =0and v xF=|5 £ 5|=0i+0j+0k=0
x y 0

Ity x ry|? = [ry]? [ry|? sin2 0 = [ry|* [ry|* (1 = cos?0) = [ry|* ry]? — |r)? |ry|? cos2 0 = [ry|* ry|* — (ry - 1y)?

= |ryxr,]*=VEG-F = do = |r, x ry| dudv = v/EG — F? dudv

r=xi+yj+zk = v-r=1+1+1=3= [[[ v -rdav=3[[[dv=3Vv= V=L [[[ ¢ -rav
D D D

= % fsf r - n do, by the Divergence Theorem
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NOTES:
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