CHAPTER 2 LIMITS AND CONTINUITY

2.1 RATES OF CHANGE AND LIMITS

1. (a) Does not exist. As x approaches 1 from the right, g(x) approaches 0. As x approaches 1 from the left, g(x)
approaches 1. There is no single number L that all the values g(x) get arbitrarily close to asx — 1.
(b) 1
(¢) 0

2. (a) O
(b)y —1
(c) Does not exist. As t approaches 0 from the left, f(t) approaches —1. As t approaches 0 from the right, f(t)
approaches 1. There is no single number L that f(t) gets arbitrarily close toast — 0.

3. (a) True (b) True (c) False
(d) False (e) False () True

4. (a) False (b) False (¢) True
(d) True (e) True

5. limo ﬁ does not exist because ﬁ =2=1lifx>0and ﬁ = % = —1ifx < 0. Asx approaches 0 from the left,
X —

Ii_\ approaches —1. As x approaches 0 from the right, ﬁ approaches 1. There is no single number L that all

the function values get arbitrarily close to as x — 0.

6. As x approaches 1 from the left, the values of ﬁ become increasingly large and negative. As x approaches 1
from the right, the values become increasingly large and positive. There is no one number L that all the
function values get arbitrarily close to as x — 1, so lim1 X—il does not exist.

X —

7. Nothing can be said about f(x) because the existence of a limit as x — x( does not depend on how the function
is defined at xy. In order for a limit to exist, f(x) must be arbitrarily close to a single real number L when
x is close enough to xy. That is, the existence of a limit depends on the values of f(x) for x near Xy, not on the
definition of f(x) at x itself.

8. Nothing can be said. In order for limo f(x) to exist, f(x) must close to a single value for x near O regardless of
X —

the value f(0) itself.

9. No, the definition does not require that f be defined at x = 1 in order for a limiting value to exist there. If f(1)
is defined, it can be any real number, so we can conclude nothing about f(1) from lim1 f(x) = 5.
X —

10. No, because the existence of a limit depends on the values of f(x) when x is near 1, not on f(1) itself. If

liml f(x) exists, its value may be some number other than f(1) = 5. We can conclude nothing about liml f(x),
X — X —

whether it exists or what its value is if it does exist, from knowing the value of f(1) alone.
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68 Chapter 2 Limits and Continuity

11. (a) f(x) = (x> —9)/(x +3)

X —3.1 —3.01 —3.001 —3.0001 —3.00001 —3.000001
f(x) -6.1 —6.01 —6.001 —6.0001 —6.00001 —6.000001
X -2.9 —2.99 —2.999 —2.9999 —2.99999  —2.999999
f(x) -5.9 —-5.99 —5.999 —5.9999 —5.99999  —5.999999
The estimate is lim 5 f(x) = —6.
X — —

(b)

f) =0 -9)/(x+3)

i
|
f
]
[ -3
|
|
|
|

_x*-9 _ x+3)x-=3) _ ; ; _ _
(C) f(X)— X137 x+3 —X—31fX7é—3,andxliIIlg(X—3)— -3 —-3=-6.

12. (a) g(x) = (x2 —2)/ (x _ ﬁ)

X | 14 1.41 1.414 1.4142 1.41421 1.414213
g(x) | 2.81421 2.82421 2.82821 2.828413  2.828423  2.828426

(b)

73

/-/2— /z
8(x) = (x? = 2)/(x — V2)

© g0 =% = (”(@%ﬁ) —x+/2ifx # /2, and tim (x+ﬁ):ﬁ+ﬁ:2\/§.

X —

13. (a) G(x) = (x +6)/ (x* +4x — 12)

X -5.9 -5.99 -5.999 —5.9999 —5.99999  —5.999999
G(x) —.126582 —.1251564 —.1250156 —.1250015 —.1250001 —.1250000
X —6.1 —6.01 —6.001 —6.0001 —6.00001 —6.000001
G(x) —.123456  —.124843 —.124984 —.124998 —.124999 —.124999
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Section 2.1 Rates of Change and Limits

()
y
10
X
-6 2
-10
20 Gx) = (x + 6)/(x? + 4x — 12)
_ 6 _ 46 _ 1 - - 1T 1 1
© G = mra—m = Grox—y — x—3 L X7 —6, a"delm,(; 2= 52 = 5 = 0125

14. (a) h(x) = (x2 —2x — 3)/(x?> —4x + 3)

X 29 2.99 2.999 2.9999 2.99999 2.999999
h(x) 2.052631  2.005025  2.000500  2.000050  2.000005  2.0000005
X 3.1 3.01 3.001 3.0001 3.00001 3.000001
h(x) 1.952380  1.995024  1.999500  1.999950  1.999995  1.999999
(b)
y
l
10
T3
-10
-20
h(x) = (x* - 2x — 3)/(x* - 4x + 3)
(© h() = 22353 = G5y = yo7 ifx #3.and lim M =35 =3 =2
15. (@) f(x)=(x>2—-1)/(]x]—1)
X —1.1 —1.01 —1.001 —1.0001 —1.00001 —1.000001
f(x) 2.1 2.01 2.001 2.0001 2.00001 2.000001
X -9 -.99 —.999 —.9999 —.99999 —.999999
f(x) 1.9 1.99 1.999 1.9999 1.99999 1.999999

(b)

f@) =@ =D/(x| -1

X

-1 1
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70 Chapter 2 Limits and Continuity
e R =x+1,x Oandx #1 ' B B
(© 109 =j=i1 = —(xf(??—(l_)l) =1-x, x<0andx # —l’andx1—1>m—1 I-x=1-Ch=2

16. () F(x) = (x2 +3x+2)/(2 - |x|)

X —2.1 —-2.01 —2.001 —2.0001 —2.00001  —2.000001
F(x) -1.1 —1.01 —1.001 —1.0001 —1.00001 —1.000001
X -1.9 —-1.99 —1.999 —1.9999 —1.99999  —1.999999
F(x) -9 —-.99 —.999 —.9999 —.99999 —.999999

(b)

20

-60

_ox243x42
(© Fx)= 5=+ = { G +D(x+1)

xX+2)x+1)
2—x ’

24x

F(x) = (x2+3x +2)/(2 = Ix])

x 0

=x+1, x<0Oand x # -2

, and limz(x+1):—2—|—1:—1.
X — —

17. (a) g(@) = (sin H)/6
0 A .01 .001 .0001 .00001 .000001
2(6) .998334 .999983 999999 .999999 999999 .999999
0 —.1 —.01 —.001 —.0001 —.00001 —.000001
2(6) .998334 999983 999999 .999999 999999 .999999
Jm, g0) =1
b
(b) B
1 y= smTO (radians)
L. J—~ Ll ] 0
=57 -4 37w -2~~m 0| wAmw 37 4w 5w
NOT TO SCALE
18. (a) G(t) = (1 — cos t)/t?
t 1 .01 .001 .0001 .00001 .000001
G(t) 499583 499995 499999 5 5 5
t —.1 —.01 —.001 —.0001 —.00001 —.000001
G(t) 499583 .499995 499999 5 .5 5
5

Jlim G(v) = 0.
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Section 2.1 Rates of Change and Limits

()
y
1-cost
G(t) Sl
+2
05
+4- 04
+4-03
+ 0.2
+ 0.1
+—t + +— + + t
+0.0003 -0.0001 0.000% 0.0003
Graph is NOT TO SCALE
19. (a) f(x)=x/0)
X 9 .99 .999 .9999 .99999 999999
f(x) .348678 .366032 .367695 .367861 367877 .367879
X 1.1 1.01 1.001 1.0001 1.00001 1.000001
f(x) 385543 369711 .368063 367897 .367881 367878
lim f(x) ~ 036788
X —

(b)

1/(x-1)

f(x) = x

2.71825

€.9999 0.99995

X
1.00003%001

2.71815

Graph is NOT TO SCALE. Also the intersection of the axes is not the origin: the axes intersect at the point

(1,2.71820).

20. (a) f(x) = (3*—1)/x

X A .01 .001 .0001 .00001 .000001
f(x) 1.161231 1.104669 1.099215 1.098672 1.098618 1.098612
X —.1 —.01 —.001 —.0001 —.00001 —.000001
f(x) 1.040415 1.092599 1.098009 1.098551 1.098606 1.098611
lim f(x) ~ 1.0986
x—0
(b)
21. lim 2x =212) =4 22. lim 2x =2(0)=0
X — 2 x—0
23. lim, Gx—1)=3(3)-1=0 24 lim o = 55ty = — 3
3
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72 Chapter 2 Limits and Continuity

25 lim 3x2x—1)=3(=D2=D -1 =9 26. lim 2 = ;(:1;121 =% =-1
27. xliingxsinx:gsing:% 28. X@pﬂ%i%:ﬁ:ﬁ
2. @ x =557 =EE =19 () 4 =0-fEb 200

30. (@) 3= =5=0 (b) 3¢ = 202D _ 024

31. (a) % — h(%‘%:}%(%) _ —lg—l _ _% (b) % _ h(%g:g(%) — 0—§\ﬁ _ —3;5
2. (@ 4= S0 = =hopen () 3 = e = BhpEeb

33 AR _ RQ-RO) _ VEFI-V1 _3-1 _ 1
AT T 2-0 2 - 2 =

34, AP _ PQ-P() _ (8—16+10:—(1—4+5) —92_972-0

© NG 21
35. (a) Q Slope of PQ = 2P
Q1(10,225) 630-235 — 42.5 m/sec
Q:(14,375) 650375 — 45.83 m/sec
Q3(16.5,475) 60273 = 50.00 m/sec
Q4(18,550) 830-330 — 50.00 m/sec

(b) Att =20, the Cobra was traveling approximately 50 m/sec or 180 km/h.

36. (a) Q Slope of PQ = 2P
Q1(5,20) -2 — 12 m/sec
Q2(7,39) 89=3 = 13.7 m/sec
Q3(8.5,58) -8 — 14.7 m/sec
Q4(9.5,72)  H=2 — 16 m/sec

(b) Approximately 16 m/sec

37. (a)
y
g 200
% 100
= 0 1 1 1 x
2 91 92 93 94
Year
(b) % = % = % = 56 thousand dollars per year
(c) The average rate of change from 1991 to 1992 is% = % = 35 thousand dollars per year.
The average rate of change from 1992 to 1993 is 32 = 1= — 49 thousand dollars per year.

So, the rate at which profits were changing in 1992 is approximatley %(35 + 49) = 42 thousand dollars per year.
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Section 2.1 Rates of Change and Limits

38. (a) F(x) = (x +2)/(x —2)

X | 1.2 1.1 1.01 1.001 1.0001 1
F(x) | —4.0 —-34 —3.04 —3.004 —3.0004 -3
AF _ —40-(3) _ s 0. AF _ 34-(3) _ 47

Ax T T 12-1 —=5.0; Ax — T 11-1 —4.4;

AF _ —304—(-3) _ 7. AF _ —3.004—(-3) _ A
Ax — 101—-1 —4.04; Ax — 1001—-1 — —4.004;
AF __ —3.0004—(=3) _ ANNA-

Ax — T 10001—-1 —4.0004;

(b) The rate of change of F(x) at x = 1 is —4.

39. (a) A = f@Q=s) _ V2ol 40414213 As _ U3 -s) . VIS-1 () 449489
Ag _ gli+h—g) _ /I+h-1
Ax d+h—1 h
(b) g(x) = /x
1+h L1 1.01 1.001 1.0001 1.00001 1000001
V1+h 1.04880  1.004987  1.0004998 1.0000499 1.000005  1.0000005
(\/ 1+h— 1) /| 04880 04987 04998  0.499 0.5 0.5

(c) The rate of change of g(x) at x = 1is 0.5.

(d) The calculator gives lim - lflhfl = %
—
. £(3) — (2 i-1 2
0. @ B HRE ==t =g
” fD-f2 _ 1-5 _ m—g _ 2-T _ _2-T _
ii) T2 = T3 = T3 _2T2(T;F2)_ 72%(2TT)__%’T7£2
b) T 2.1 2.01 2.001 2.0001 2.00001 2.000001
f(T) 0.476190  0.497512  0.499750  0.4999750 0.499997  0.499999
(f(T) — £(2))/(T —2) | —0.2381 —0.2488 —0.2500 —0.2500 —0.2500 —0.2500

(c) The table indicates the rate of change is —0.25 att = 2.

@ fim, (=) = -3

41-46. Example CAS commands:

Maple:
f:=x->xM—-16)/(x —2);
x0:=2;

plot( f(x), x = x0-1..x0+1, color = black,
title = "Section 2.1, #41(a)" );

limit( f(x), x = x0);
In Exercise 43, note that the standard cube root, x(1/3), is not defined for x<0 in many CASs. This can be
overcome in Maple by entering the function as f := x -> (surd(x+1, 3) — 1)/x.
Mathematica: (assigned function and values for x0 and h may vary)

Clear([f, x]

flx_]:=(x> — x> — 5x — 3)/(x + 1)?

x0=—-1;h= 0.1;

Plot[f[x],{x,x0 — h,x0 + h}]

Limit[f[x], x — x0]
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Chapter 2 Limits and Continuity

2.2 CALCULATING LIMITS USING THE LIMIT LAWS

1.

10.

11.

12.

13.

18.

19.

20.

21.

lim7(2x+5):2(—7)+5:—14+5:—9 2. lim12 (10 -3x) =10—-3(12) =10 - 36 = —-26
X — — X —

lim2(—x2—|—5x—2):—(2)24—5(2)—2:—4—1—10—2:4
X —

lim | (x* = 2 +4x+ 8) = (<2)° = A2 +4(-2)+8= -8 -8 —8+8=—16

X— —

Jim. 8(t = 5)(t = 7) =8(6 — 5)(6 —7) = -8 6. 511_1}1; 3@s—1D=3(3)[2(3) -1]=2(3-1)
Jim, =3 =4 8 Jlim, =gty = 4=

y£n15 sy—zy:%:%:%

yll_r>n2 ¥ j/-JSry2+6 (2>2i§(§)+6 = 4+l%+6 =2 =3

lim | 3(2x — D2 =3@2(=1) — 1)? = 3(=3)? =27

x——1

lim
X — —4

lim
y— -3

(X + 3)1984

(5 - =

Jim (22 — Q)3 =

( 4 + 3)1984 ( 1)1984
[5— (—3)]4/3 — (8)4/3 — ((8)1/3)4 —24—16

(2(0) — 8)1/3 = (—8)1/3 = -2

lim 3 3 __3 _3
hoo Vahtl+l  BO+1+1  ie1l 2
lim 2 2 =r2—=3
hig Vahtd+2 ) +a+2 Vir2 4
lim MShti-1 _ g oBhtt-1 W3hel+l e GheD-1 o 3 g 3
h—0 h h—0 h VEETHL TS0 (VA T+1) b0 h(VEhET+1)  h—0 V3helel
= 3 = 3
Vitl © 2
lim Yht4=2 gy VShEdo2 vShdddd gy, Ohid o4 gy S o iy 5
=0 h h—0 h V442 T h—o h(\/5h+ +2) h—0 n(vsh+4+2) h—0 VShtd+2
= 5 = §
Va+2 4
. x—5 _ x=5 _ _ |1 1
xl£n5 =25 T Xhin5 T Xhin5 Xt5 545 10
+3 x+3 . L1 1
im T = Im, a5 =, M, o7 =57 = 3
. 2 _ 5)(x —2) .
llm w: 1 (X-‘—i: hm x_2 _ _2:_
X — =5 X+5 X — =5 X+5 XH75( ) E 7
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22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Section 2.2 Calculating Limits Using the Limit Laws

lim) =750 = fim C=302 = im (x—5)=2-5= -3
X — 2 X X — 2
: 2re—2 _ t+2)t=1) _ qs t+2 _ 142 _ 3
Jim = T = lm oy = m 7= 01 =2
: C43t+2 . q; E+2+D _ q; t+2 _ 142 _ 1
Jim HEEy = lim Gy = il S =55 =5
. ox—4 _ 7 2x+2) 1 2 _ 2 1
xli}nl2 x3 + 2x? 7X1*1,H172 x2(x +2) 7x141,H172 Xz 4 — T2
. 5y +8y* . V’Gy+8) 1 S5y+8 _ 8 1
ylgno W16y ylgno VBy2—16) — ylfﬂo W16  —16 2
. 1 g @HD@EDu-h o @4 )@tD _ A+DA+D) _ 4
Jim =y = Im SH e = M e = i = s
: vi-8 _ v=2) (V2 +2v+4) Vi42v+4 44444 12 3
VIEHQ VI—16 _VIEHQ V=212 (V+4) —V11n2 IOV T T @®® 328
. -3 . Vx=3 . 1 1 1
im Y3 = im0 fim =1 1
x—9 x-9 x—9 (Vx=3)(Vx+3) — xo9 Vx+3 Vo+3 6
. —x? . 4-x) s x(24vX) 2= VX) :
lim 2% — |jm =0 — iy XEEVIEZVY i x (2 X) =42 +2) =16
X—d 2-x Xx—d4 2=V x—4 2-/x x —4 ( +\/_) 2+2)
. x—1 1 x—D(Vx+3+2) . =D (Vx+3+2) ( )
Jm S S T M o ey A T e o m (VX342
=V4+2=4
lim /E18-3 _ lim (\/x2+873) (\/x2+8+3) lim (2 +8) —
x— -1 x*1 x——1 (x+l)(x/x2+8+3) —amy (x+1)(\/x2+ +3)
lim x+ D=1 _ o x-1 2 —_1
oy (x+1)(\/x2+ +3) x—>—l Vets+3 3+ 3
lim Y24 i (VXQH )(VXQH +4) lim (x2+12)— 16
Xx—2  x-2 X2 (x72)<\/x2+12+4> T x—2 (x72)(\/x2+1 +4)

X

lim

X —

X

lim

X —

X

=D+ _ X142 4 1

lim —————— lim =
—»2 (x72)(\/x2+1 +4> x—>2 \/X2+12+4 V1644 2

a1z (x+2) (V¥ +5+3) Ctm (x+2) (VX +5+3)

Ly Ve A (s ) (eses) iy TwEns
(x+2) (\/)(2—+3)

. . VX543 _ V943 3
linlz G+DGx=2) _xlinb x—2 4 — T2
—Vx2—5 _ (2—\/)(2—5) (2+\/x2—5) . 4—(x2—5)

lim

2 — = lim —F—F———
-3 x+3 X — =3 (x+3) (2+\/x2—5> X — =3 (x+3) (2+\/x2—5>

3 -—x)(3+x)

lim — =¥  _— [jm —G-®6+Y _ _ oy _3-x 6 __ 3
—»—3(x+3)(2+\/ﬂ) X — 3(x+3)(2+\/ ) x> -324Vx—5  2++/4 2
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76 Chapter 2 Limits and Continuity

36, i dox =9 (s+Vx2+9) i (4-x) (5+Vx2+9)
My RS T, e ) Ay T E

~ lim (4—x)(5+\/x2+9) ~ im (4—x)(5+\/x2+9) ~ lim 54/x219 _ 5+/25 _ s
X — 4 16 — x2 X — 4 4 —x)(4+x) X — 4 4+x 8 4

37. (a) quotient rule
(b) difference and power rules
(c) sum and constant multiple rules

38. (a) quotient rule
(b) power and product rules
(c) difference and constant multiple rules

39. (@) lim f(x)g(x) = [xlgnc f(x)} [lemc g(x)} — (5)(=2) = —10

(b) lim_26(x) g(x) = 2 L(liLnC f(x)] {Xli_lpc g(x)} — 2(5)(=2) = —20

(© Jim_ [f(x) +3g(] = Jim 00 +3 lim_g(0 =5 +3(~2) = -1
lin 1 s s

- fo0 _
@ Jim, H=em = o fmew — D 7

40. (a) lim [g(x)+3]= lim gx)+ lim 3=-3+3=0
X —4 X — 4 X — 4
(b) Ilim xf(x) = lim x- lim f(x) = (4)0)=0
X —4 X —4 X —4

2
© lim [g00F = | lim g(0] =[-37 =9

. )
@ lim 20 = =52=3

x—4 [0=T = Tmife)—TlmT ~— 0-1

A1 @ lim (560 +g00] = Tim 60+ lim () =7 +(~3) =4
(b) lim fx)- 200 = | lim 60| [ lim g00] = (7)(-3) = 21

(@ lim f(0/g(o) = lim f(0/ lim g0 = 75 7

42. @ _tim [p()+100+500] = lim pe0+ lim 100+ lim s =4+0+(=3) =1
() lim p()-r(x)-s(x) = [ lim peo] | tim ro] [ tim | s60] = @)0)=3) =0

(© _lim [—4p(x) + SrCOls(x) = {74)( lim pe) +5_lim r(x)] / lim | s(x) = [—4(4) + 5O)1/—3 = 1

4. ylim SRS = lim SR = i S = fim, @+ =2

4. lim C2EWZ D gy Athib’od iy DO gy (n 4y = 4
=0 h—0 h—0 h—0

45. hﬁ_{no [3(2+h)74117[3(2)74] :hli_fflo 3h_h -3

46. lim, % = pim, %—i;h_l = e = lim o = 1
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47.

48.

49.

50.

51.

52.

53.

54.

55.

Section 2.2 Calculating Limits Using the Limit Laws

) A1 ¢ (\/7+h—\ﬁ) (\/7+h+\ﬁ) _ T+h)—7

fim h = plim, h(V7+h+/7) =i (VI+h+7)

T h o 1 1

- hlgno h(V7+hev7) hhino Vi+ht/7 T 27

. VIOFW 130 +1 . <V3h+1*1) (V3h+1+1) o Gh+1—1
hlgno h n hlgno h(v3h+1+1) B hlgno h(V3h+1+1)

3h

_ 3 3

= lim = lim ———— =3
h—0 h(\/3h+1+1> heo V3hti+l 2

lim0 V5 —=2x2=4/5-2(0) = \/g and lim0 V5—-x2=4/5-(0)2= \/5; by the sandwich theorem,
X — X —
Jim £x) = V5

lim0 (2-x>)=2-0=2and limO 2 cos x = 2(1) = 2; by the sandwich theorem, lim0 g(x) =2
X — X — X —

(a) lim0 (l - %) =1-2=1and limo 1 = 1; by the sandwich theorem, lim0 SEsinx_ —
X — X — X — s
(b) Forx # 0,y = (x sin x)/(2 — 2 cos x) y = (x sin x)/(2 — 2 cos x) y
lies between the other two graphs in the . h(x) =1 3
figure, and the graphs converge as x — 0. \<
0.5
o) = 1 - (x%6)~"
-2 —al 1
(a) XliLn0 (% — ;—2> = XliLn0 i- XliLn0 % =1-0=3and xli;n0 1 = 1 by the sandwich theorem,
: 1—cos x 1
xlgn() : T2
(b) For all x # 0, the graph of f(x) = (1 — cos x)/x? o

lies between the line y = % and the parabola

y = % — x2%/24, and the graphs converge as x — 0.

lim_f(x) exists at those points ¢ where lim x* = lim_ x%. Thus,c* =c?> = c?(1 —¢c?) =0
X —C X—C X—cC

= ¢c=0,1,or —1. Moreover, lim f(x) = lim x> =0and lim f(x)= lim f(x) = 1.
x—0 x—0 X — —1 x — 1

Nothing can be concluded about the values of f, g, and h at x = 2. Yes, f(2) could be 0. Since the

conditions of the sandwich theorem are satisfied, lim2 f(x) = -5=#£0.
X —
Lo fo-s _ fimfo - fim S lim fo =5 - -
1= Xlgn 5 = Tim x— i 2 == = Xlgnzlf(x) -5=2() = Xlgnzlf(x) =245=7.
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78 Chapter 2 Limits and Continuity

lim_f(x) lim_ f(x)
Xx——2 Xx——2

— 1 fo _
56. (a) 1= xl_1)m_2 X2 T dim_x2

x——2

= lim f(x)=4.
X — —2

®) 1= tim =] tim ][ tim, 1) =] tim, ©[(L) = tim =2

X — —2 Xx— -2 X X — —2 X — — X — —

_a2.0—|n fx) =5 : _ T f) -5 _ — i — 5= | _
57. () 0=3-0= [xl% f0 -5 } L@Q (x 2)} = lim, K ) )(x 2)} = lim, [f(x) = 5] = lim (x)—5
= lim2 f(x) = 5.

X —

() 0=4-0=] lim f“)ﬂ [lim (x—z)] — lim_f(x) = 5 as in part (a).
X — 2 X — 2

lx -2 X~

r 2
58. (@) 0=1-0=[lim @] {lim x] - [nm Q] [nm x'ﬂ — lim [L} -x'ﬂ — lim f(x). Thatis, lim f(x) = 0.
x—0 0 X X x—0 x—0

lx — 0 x—0

) 0=1-0=] lim @} [nm x]: lim [Mx} — lim . Thatis, lim % — 0.
x—0 0 —0 X x—0

lx — 0 X

59. (a) lim0 X sin % =0 y

X —

(b) —1<sinl < 1forx#0:
x>0 = —x<xsin, <x = limo X sin % = 0 by the sandwich theorem;
X —

Xx<0 = —x xsin

ol

x = lim xsin 1 = 0 by the sandwich theorem.

X —

60. (a) lim x? cos (%) =0 y
x — 0 X
h(z) = 22 cos(1/z?)

(b) —1<cos (&) <lforx#0 = —x?<x%cos (&) <x* = lim0 x% cos (&) = 0 by the sandwich
X —

X

theorem since lim x% = 0.
x—0

2.3 PRECISE DEFINITION OF A LIMIT

L 1 )
T 7—>X
L. 1 5 7

Stepl: |x—=5|<8 = —6<x—-5<86 = —6+5<x<6+5
Step2: 6+5=7 = 6=2,or—6+5=1= 6=4.
The value of § which assures [x — 5] < § = 1 < x < 7 is the smaller value, § = 2.
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11.

Section 2.3 Precise Definition of a Limit

—t— X
12 7
Stepl:  |x—2| <6 = —6<x—2<86 = —64+2<x<6+2
Step2: —-64+2=1= 6=1Loré6+2=7 = §=5.
The value of  which assures [x —2| < ¢ = 1 < x < 7 is the smaller value, 6 = 1.
A Y}
—7>2—3 —1;2
Stepl:  |x—(-3)|<é6 = -6<x+3<6=> —-6-3<x<6-3
. __1 _ 1 _ 1 _s
The value of § which assures [x — (—=3)| < § = — 2 < x < — } is the smaller value, 6 = 1.
“ ¢ t } > X
-L 3 _1
2 T2 T2
Stepl:  [x—(=3)|<é6=> —6<x+i<bd= -6-3<x<b6-3
Step2: —b6—-3=-1=6=2o006-3=-1=06=1.
The value of 6 which assures |x—(— %)|<6 = —%<X<—%isthesmallervalue,ézl.
¢ I Y} >
4/\9 172 4;7
Stepl:  |[x—1| <6 = —6<x—-Li<6=> b+i<x<b+]
Step 2: —6+%:g:>6:%8,0r6+%:‘7—‘:>§:ﬁ.
The value of § which assures [x — 1| <& = § < x < % is the smaller value, § = L.
“ <+ +— } > X
2.7591 3 3.2391
Stepl: |x—3]<8 = —6<x—-3<6=> —-6+3<x<6+3
Step2: —6+3=2.7591 = §=0.2409,0r 6 +3 =3.2391 = § =0.2391.
The value of § which assures |[x — 3| < § = 2.7591 < x < 3.2391 is the smaller value, 6 = 0.2391.
Stepl: |x—=5|<8 = —6<x—-5<86 = —-6+5<x<6+5
Step 2:  From the graph, -6 +5=49 = § =0.1,or6 +5=5.1 = 6 = 0.1; thus 6 = 0.1 in either case.
Stepl:  |[x—(-3)|<é = —6<x+3<éd=> —-6-3<x<6-3
Step2:  From the graph, -6 —3 = —-3.1 = §=0.1,0or6 —3=-29 = 6 =0.1; thus 6 = 0.1.
Stepl: |x—1]|<éd = —6<x—1<6 = —-6+1<x<é6+1
Step 2: Fromthegraph,—6+1:% = 6:%,or6+1:§ = 6:19—6;thus<5:17—6.
Stepl: [x=3]<éd = —6<x—3<éd=> —6+3<x<6+3
Step 2:  From the graph, —6 +3 =2.61 = § =0.39,0or6 +3 =3.41 = 6 = 0.41; thus 6 = 0.39.
Stepl:  |x—2| <6 = —6<x—2<8§ = —64+2<x<6+2
Step 2: Fromthegraph,—5+2:\/§ = 5:2—\/§m0.2679,0r6+2:\/§ = 6:\/_—2%0.2361;

thusé:\/g—l
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Chapter 2 Limits and Continuity

. Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

x—(-D|<éd = -6d<x+1<éd=>-b6—-1<x<b-1

From the graph, —6 — 1 = — %3 = § = ¥35-2 x 0.1180,0r§ — 1 = — 2 = § = 223 ~0.1340;
thuséz@.

x—(-Dj<éd = -6<x+1<éd=-b6—-1<x<b6—-1

From the graph, =6 — 1 = — 4 = 6§ =71~077, 006 — 1 = — 1 = % =0.36; thus § = % = 0.36.
x—1|<6=> b6<x—1<b6=> —6+i<x<b+]

From the graph, =6 + § = 557 = 6 =3 — 557 ~ 0.00248, or § 4+ § = 155 = 6 = 155 — 5 ~ 0.00251;
thus 6 = 0.00248.

x4+ 1) =5 <001 = |x—4/ <00l = —00l <x—4<00l = 399 <x <401
x—4|<éd => —6<x—4<b6=> —6+4<x<d+4 = §=00L.

|2x —2) — (=6)] < 0.02 = [2x+4| <0.02 = —0.02 <2x+4 <0.02 = —4.02 < 2x < —3.98
= —2.01 <x<—-1.99
x—(-2)|<éd = —6<x4+2<é=> —-6-2<x<6—-2 = 6§=0.01.

‘\/x+l—1‘<0.l o 0l <\x+1-1<01=09<+/x+1<11= 08l <x+1<121

= —0.19 <x<0.21
x —0| <6 = —6 <x< 6. Then, —6 = —0.19 = § = 0.19 or § = 0.21; thus, § = 0.19.

|[Vx =3 <01 = —01</x—3<01 = 04<,/x<06 = 0.16 <x <0.36
x—3<é6=> 6<x-1<é=> b6+i<z<b+1
Then, =6 + § =0.16 = §=0.09 or 6 + § =0.36 = & = 0.11; thus 6 = 0.09.

‘\/197x73‘<1 = 1< y/19—x-3<1=2</19-x<4 = 4<19-x<16
= 4>x—19>—-16 = 15>x>3o0r3<x<15

x—10]<é6 = —6<x—-10<6 = —6+10<x <6+ 10.

Then —6+10=3 = 6 =T7,0or6 +10=15 = 6 =5;thusé = 5.

’\/x—7—4‘<1 ol y/x—T-4<1 2 3</x—7<5=9<x-7<25 = 16<x<32

x =23 <6 = —6<x—-23<6 = —6+23<x<6+23.

Then -6 +23 =16 = 6§ =7,0r6 +23 =32 = 6 =9;thusd =7.

|1 -1]<005 = —005<1-12<005=02<1<03=0>x>Uorlcxc<s.
x —4]<d = —6<x—4<éd=> —6+4<x<5+4
Then76+4:13—00r6:%,0r6+4:50r6:1;thu56:%.

x2—-3] <01 = —01<x2-3<0.1 = 29<x*<3.1 = /29<x<+/3.1

‘x—\/g‘<(5 = —6<x—\/§<6 = —6+ﬁ<x<6+ﬁ.

Then —6 + /3 =129 = 6§ =1/3—/29~00291,0r6+/3=1/3.1 = §=1/3.1 — /3 ~ 0.0286;

thus 6 = 0.0286.
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:
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X2 -4/ <05=> —05<x2—4<05=>35<x2<45=/35< x| <45 = —/45<x<—/35,
for x near —2.

x—(=2)|<éd = —6<x+2<éd = —6—-2<x<b6—-2.

Then —6 — 2 = —\/45 = 6§ =/45—-2~0.1213,0r6 —2 = —/35 = 6§ =2 — /3.5~ 0.1292;
thus 6 = \/4.5 — 2 ~ 0.12.

L-(-D[<01l = -01<i+1<0l=-P<ic—F=-P>x>-Po-P<x<-
x—(-D|<éd = -6<x+1<éd=>-6-1<x<é6-1

Then—6—-1=-2 = s=Liors6-1=-1 = §=

_ 1
9 thusé—ﬁ.

1.
11°
(xX2=35)—11]<1 = [x2—-16)]<1 = —-1<x*-16<1 = 15<x2<17 = VI5<x< /17
x—4|<éd = —6<x—4<b6=> —6+4<x<b+4.

Then —6 +4 =15 = § =4—+/15~=0.1270,0or 6 +4 =+/17 = 6§ = /17 — 4~ 0.1231;

thus 6 = /17 —4 =~ 0.12.

120 -5|<1 = 1< _5<] =24<P0cp= 1> >3 = 30>x>200r20 < x <30
x —24] <6 = —6<x—-24<6 = —6+24<x<6+24.

Then —6 +24 =20 = 6 =4, or6 +24 =30 = 6 = 6;thus = 6 =4.

|mx —2m| < 0.03 = —0.03 < mx —2m < 0.03 = —0.03 4+ 2m < mx < 0.03 +2m =
2008 x4 003

x =2l <6 = —6<x—-2<6 = —6+2<x<6+2.

Then —6 +2=2— 98 = §=00 or§42=24008 = 5= 08 [pyejther case, § = 205,

Imx —3m| <c = —c<mx—-3m<c = —c+3m<mx<c+3m = 3-=<x<3+2
x—3]<é = —6<x—-3<é6=> —-6+3<z<é6+3.
Then—6—|—3:3—% = 6:%,0r6+3:3—|—% = 6==<. Ineithercase,ézé.

m

mx+b)— (2 +b)|<c = —c<mx—2<c= —c+P<mx<c+d =>Li-Sox<it s

x—1|<b6=> —6<x—3<b6=> —6+5<x<b+1.

Then —6+3=1-¢ = §=S oré6+4i=1+< = 6= <. Ineither case, § = <.

|(mx +b) — (m +b)| < 0.05 = —0.05 <mx —m < 0.05 = —0.05+ m < mx < 0.05+m
0.05 0.05

=122 <x<1+ 72

x—1l<éd = —-6<x—-1<6=> —-6+1<x<b+1.

Then—é—i—lzl—% = (5:%,0“5—}—1:1—1—% = 6:%. In either case, § = 29,

m

lim (3—2x)=3-23)= -3
X — 3

Step 1:

Step 2:

[(3—2x)—(=3)] <002 = —-002<6-2x<0.02 = —-6.02< —2x< —598 = 3.01 >x>299or
299 < x < 3.0l

0<|x=3|<é = -6<x—-3<6d=>—-6+3<x<6+3.

Then -6 +3=2.99 = 6 =0.0l,0or6 +3 =3.01 = § =0.01; thus 6 = 0.01.

lim (3x -2 = (-3)(-D-2=1

Step 1:

[(—3x —2)—1] < 0.03 = —0.03<-3x—3<0.03 = 001l >x+1>-001 = —1.01 <x< —0.99.
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82 Chapter 2 Limits and Continuity

Step2: |x—(-1D|<éd = —d<x+1<éd=> -6-1<x<b6—1.
Then -6 —1=-1.01 = 6§ =0.01,or6 —1=-0.99 = 6 =0.01; thus 6 = 0.01.

33. lim 2=2% = lim ®+2&=2 _ lim (x+2)=2+2=4x#2
X —

x—2 X—2 X —2 x=2

x—2 -2
= 1.95 <x <2.05,x #2.

Step2:  |x—2| <8 = —6<x—2<86=> —6+2<x<b6+2.
Then -6 +2=195 = §=0.05,0or6 +2 =205 = 6 =0.05; thus 6 = 0.05.

Step 1: ‘(*4) 74‘ <005 = —0.05< 5F26=2 4 2005 = 395 < x+2 <405 x #£2

: X2+ 6x+5 _ |3 EEHE+D g5 — _
34. fim RS = lim CEIOCED = lim (x+ 1) = 4. x # 5.

Step 1: ’(%)—(—4)
= —5.05<x < —4.95 x # —5.

Step2: [x—(-5)|<éd = -6<x+5<6=> —6-H<x<—h.
Then —6 — 5= —-5.05 = 6§ =0.05,0or6 —5=—4.95 = 6 = 0.05; thus 6 = 0.05.

<005 = —0.05 < BN 44 <005 = —405 <x+1<—3.95x# 5

35. Xgrrl_gx/175x:\/175(73):\/ﬁz4

Step 1: ]\/1 —5x—4’ <05 = —05</1—5x-4<05 = 35<+/1-5x<45 = 1225 < 1 —5x < 2025
= 1125 < —5x < 1925 = —3.85 < x < —2.25,

Step2: |x—(-3)|<éd = —-6<x+3<d=> —-6-3<x<6—-3.
Then —6 — 3 = —3.85 = & =085, 0r6 —3 = —225 = 0.75: thus § = 0.75.

36. lim

X —

>

:%:2
Stepl:  [$-2|<04 = —04<2-2<04=16<1<24= 2>2500 o Wy Oordax<
Step2: [x—2| <6 = —6<x—-2<6 = —6+2<x<b+2.
_ 5 _ 1 _ 5 _ 1. 1
Then—6+2—§:>6—§,or6+2_§:>6—§,thusé—§.
37. Stepl: |9 —x)—5|<e=>—€e<4—-x<e=> —€—4<—x<e—-4d=>ect+4d>x>d—c=>4d—e<x<4d+e
Step2:  |x—4|<d = —6<x—4<d=> —6+4<x<b+4.
Then - +4=—c+4 = 6=¢,ord+4=€+4 = 6 =ec. Thuschoose § =e.

38. Stepl: [Bx—7)—2|<e = —e<3x-9<e = 9—-e<3x<9+e = 3-5<x<3+4.
Step2:  |x—3|<8 = —6<x—-3<6=> —-6+3<x<6+3.
Then -6 +3=3-5 = 6 =5,0r0+3 =3+ 35 = 6= 5. Thuschoose 6 = 3.
39. Step 1: ‘\/x—5—2‘<e o e /Xx—5-2<e = 2-e<\/x—5<24¢c = Q-2 <x-5<@2+e)?
= 2-e?+5<x< 2+ +5.
Step2: [x—9] <6 = —6<x—-9<d = —6+9<x<6+09.
Then -6 +9=¢2—4c¢+9 = §=4de— €2, or 6 +9=e24+4¢+9 = & = 4e + . Thus choose

the smaller distance, § = 4e — €2.

40. Step 1: ‘\/47x72‘<e = < \V4-x-2<e=>2—€e<VI—-x<24€ = 2-€2<4—-x<2+¢€)?
= Q2+l <x—4< -2 = -2+’ +4<x<—2—-€e>+4
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41.

42.

43.

44.

45.

46.

47.

48.

Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
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x —0] <6 = =6 <x<6é.

Then —6 = -2+ €’ +4=—€>—4e = §=4de+ €%, 0r6 = —(2 — €)> +4 = 4e — €2. Thus choose

the smaller distance, § = 4e — €2.

Forx#1,[x2—1]<e = —e<xX’—1<e=l-e<x?<1l+e = V0I—e<|x|<y1+e¢

= V1—e<x<+/1l+enearx =1.

x—1<é = -6<x—1<é6 = —6+1<x<d+1

Then —6+1=+v1—€¢ = 6§=1—+/1—¢cord+1=+/14+€¢ = 6 =+/1+¢— 1. Choose

6 = min {1 —V1—€61+e— 1}, that is, the smaller of the two distances.

Forx # -2, x> —4|<e = —e<x’—d4<e = d—-e<xX*<dte = Vhd—e<|x|<d+e

= —V4+e<x<—v4—¢€enearx = —2.

x—(=2)|<éd = —6<x4+2<éd=> —6-2<x<6-2
Then —6 —2=—+v/4+¢€¢ = 6=+/4+e—2,0r6 —2=—/4—¢€¢ = § =2—+/4— €. Choose
(S:min{ 44€—2,2—+/4—- }

1 1

f-ll<e= —e<i-l<e=l-e<i<l+4e= - <x<ii
x—1l<éd = —6<x—-1<6=>1-6<x<1+6.

_ 1 _ 1 € _ 1 _ 1 _ €
Thel’l].—(sfl—_‘_e:>5—].—1+E—1—+€,0r1+67::>6—1_€—1—1_6.
Choose 6 = 1%6, the smaller of the two distances.
11 11 1 1 1 1-3¢ _ 1 1+ 3¢ 3 2 3
T —il<e= —e<t-i<e=zt-e<h<ite=s I cdd o S o

= \/iom <Xl < /i35 or /125 <x < /35 for x near /3.
‘x—\/i‘<6 = —§<x—V3<6=>V3-6<x<+\3+6.

Then /3 — 6= \/135 = 6=V3 /12500 V3+6= /125 = 6=1/25 — V3.
Choosec‘i:min{\/g—,/ﬁﬂ/ﬁ,\/g}.

‘(X2_9>—(—6)‘<e = —e<(x—-3)4+6<ex# -3 = —e<x+3<e=> —e—3<x<e—3.

x+3
x—(-3)]<éd = -6<x+3<éd=>-6-3<x<6-3.
Then -6 —3=—-€—3 = 6 =¢c,or6 —3=¢—3 = 6 =¢€. Choose 6 = ¢.

‘(%)‘2‘<6 > —e<X+D)—-2<ex#£1l = 1—e<x<l+e

x—1l<éd = —d6<x—1<6=>1-6<x<1+6.
Thenl —6=1—¢ = 6=¢c,orl+6=1+¢ = 6 =c. Choose 6 = ¢.

x<I:|4-2x)-2|<e = 0<2—-2x<esincex <1.Thus, 1 — § <x <0;
X Lf6x—4)—2]<e = 0<6x—6<esincex 1.Thus,1<x<1+¢.
x—1]<é6 = -6<x—1<é6=>1-6<x<1+6.

Thenl —6=1-§ = 6=5,orl+6=1+¢ = 6= ¢. Chooseé = ¢.
Xx<0: 2x-0[<e = —e<2x<0 = —5<x<0;

x 0 |3-0[<e=0<x<2e
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49.

50.

51.

52.

53.

54.

55.

56.

Chapter 2 Limits and Continuity

Step2: [x—0] <6 = =6 <x<é.

Then—(S:—% = 5:§,or6:2e = 6 = 2e. Chooseézg.

1

By the figure, —x < x sin % <xforallx >0and —x X sin TX for x < 0. Since lim0 (—x) = lirn0 x=0,
X — X —

then by the sandwich theorem, in either case, lim0 X sin % =0.
X —
By the figure, —x? < x? sin 1 < x? for all x except possibly at x = 0. Since lim0 (—x%) = limo x? = 0, then
X — X —

by the sandwich theorem, lim x?sin 1 = 0.
x—0 X

As x approaches the value 0, the values of g(x) approach k. Thus for every number ¢ > 0, there exists a6 > 0
suchthat 0 < [x — 0] < ¢ = |g(x) — k| <e.

Writex =h+c. Then0 < |[x —¢c|<d & -6 <x—c<éfxFce —6<(h+c)—c<dh+c#c

& —-6<h<6h#0<0< |h—-0|<é.

Thus, limf(x) = L < for any € > 0, there exists § > 0 such that |f(x) — L| < e whenever 0 < |x —c¢| < ¢
X—C

< |f(h+c¢) —L| < e whenever 0 < |h — 0] < 6 <:>}llin(1)f(h+c) =L.

Let f(x) = x. The function values do get closer to —1 as x approaches 0, but lim0 f(x) = 0, not —1. The
X —

function f(x) = x? never gets arbitrarily close to —1 for x near 0.

Let f(x) = sin x, L = §, and xo = 0. There exists a value of x (namely, x = £) for which |sin x — | < e for any
given € > 0. However, xli_r>n sin x = 0, not % The wrong statement does not require x to be arbitrarily close to
Xo. As another example, let g(x) = sin %, L= %, and xg = 0. We can choose infinitely many values of x near 0
such that sin % = % as you can see from the accompanying figure. However, X1i_r>n0 sin % fails to exist. The
wrong statement does not require all values of x arbitrarily close to xo = 0 to lie withine > 0 of L = % Again
you can see from the figure that there are also infinitely many values of x near 0 such that sin % =0. If we

choose € < I we cannot satisfy the inequality |sin £ — 1| < € for all values of x sufficiently near xy = 0.

X

A—9 <001 = —0.01 <7(3)"-9<001 = 899<™ <901 = %899 <x>< %(9.01)
= 2 % <x <24/ % or 3.384 < x < 3.387. To be safe, the left endpoint was rounded up and the right

endpoint was rounded down.

V=Rl = y=1= |[g-5/<01 = -01<2-5<01=49<2<51 =18 R 10
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(120)(10) (120)(10)
(2000 < g < 120000 - 2353 <R < 24.48.

To be safe, the left endpoint was rounded up and the right endpoint was rounded down.

57. (@) —6<x—1<0=1-6<x<1 = f(x)=x. Then|f(x) —2|=|x—2|=2—-x>2—1=1. Thatis,

[fx)—2| 1 % no matter how small 6 is takenwhen1 — 6 <x <1 = lim1 f(x) # 2.
X —

b) 0<x—-1<8§=1<x<1+6 = f(x) =x+1. Then [f(x) — 1| = |[(x+ 1) — 1| = |x| = x > 1. Thatis,
[f(x) — 1| 1 no matter how small § is taken when1 < x <146 = lim1 f(x) # 1.
X —
) —6<x—-1<0=1-6<x<1 = f(x)=x. Then|f(x) —1.5|=|x—1.5|=15-x>15-1=0.5.
Also,0<x—1<6 = 1 <x<1+8§ = f(x) =x+ 1. Then [f(x) — 1.5| = |(x+ 1) — 1.5] = |[x — 0.5]
=x—0.5>1-0.5=0.5. Thus, no matter how small ¢ is taken, there exists a value of x such that

—6<x—1<8butff) — 15| § = lim (o) # LS.
X —

58. (a) For2<x<2+4+6¢ = h(x) =2 = |h(x) —4| =2. Thusfore < 2, |h(x) —4| € whenever2 <x <2+ 6no

matter how small we choose 6 > 0 = lim2 h(x) # 4.
X —

(b) For2 <x<2+4+6 = h(x)=2 = |h(x) —3| =1. Thusfore < I, |h(x) —3| € whenever2 < x <2+ 8 no

matter how small we choose 6 > 0 = lim2 h(x) # 3.
X —

() For2 —§ <x <2 = h(x) =x%so0|h(x) — 2| = [x* — 2|. No matter how small § > 0 is chosen, x? is close to 4

when x is near 2 and to the left on the real line = [x? — 2| will be close to 2. Thusif e < 1, [h(x) — 2| €
whenever 2 — 6 < X < 2 no mater how small we choose 6 > 0 = lim2 h(x) # 2.
X —

59. (@) For3—-6<x<3= f(x) >48 = |f(x) —4| 0.8. Thusfore < 0.8, [f(x) —4| € whenever
3 — § < x < 3 no matter how small we choose § > 0 = lim3 f(x) # 4.
X —

85

(b) For3<x<3+4+6 = f(x) <3 = |f(x) —4.8] 1.8. Thusfore < 1.8, |f(x) —4.8] ¢ whenever3 <x<3+¢

no matter how small we choose 6 > 0 = lim3 f(x) # 4.8.
X —

(c) For3—6<x<3 = f(x) >48 = |f(x) —3| 1.8. Again, fore < 1.8, |f(x) — 3| € whenever3 —¢é < x <3

no matter how small we choose § > 0 = lim3 f(x) # 3.
X —

60. (a) No matter how small we choose § > 0, for x near —1 satisfying —1 — § < x < —1 + 6, the values of g(x) are
near I = |g(x) — 2|is near 1. Then, for e = } we have |g(x) —2| 1 for some x satisfying

—1-6<x<—-14+6000<|x+1]<é = limlg(x);«éZ.
X — —

(b) Yes, lim | g(x) = 1 because from the graph we can find a 6 > 0 such that |g(x) — 1| < €if 0 < |x — (—=1)| < 6.
X — —

61-66. Example CAS commands (values of del may vary for a specified eps):

Maple:
f:=x->x"-81)/(x-3);x0 := 3;
plot( f(x), x=x0-1..x0+1, color=black, # (a)
title="Section 2.3, #61(a)" );
L := limit( f(x), x=x0); #(b)
epsilon :=0.2; #(c)

plot( [f(x),L-epsilon,L+epsilon], x=x0-0.01..x0+0.01,
color=black, linestyle=[1,3,3], title="Section 2.3, #61(c)" );
q := fsolve( abs( f(x)-L ) = epsilon, x=x0-1..x0+1 ); # (d)
delta := abs(x0-q);
plot( [f(x),L-epsilon,L+epsilon], x=x0-delta..x0+delta, color=black, title="Section 2.3, #61(d)" );
for eps in [0.1, 0.005, 0.001 ] do #(e)
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q := fsolve( abs( f(x)-L ) = eps, x=x0-1..x0+1 );
delta := abs(x0-q);
head := sprintf("Section 2.3, #61(e)\n epsilon = %5f, delta = %5f\n", eps, delta );
print(plot( [f(x),L-eps,L+eps], x=x0-delta..x0+delta,
color=black, linestyle=[1,3,3], title=head ));
end do:

Mathematica (assigned function and values for x0, eps and del may vary):

Clear[f, x]

yl: =L —eps; y2: =L +eps; x0 = 1;

flx_]: = (3x> — (7x + 1)Sqrt[x] + 5)/(x — 1)

Plot[f[x], {x, x0 — 0.2, x0 + 0.2}]

L: = Limit[f[x], x — x0]

eps = 0.1; del = 0.2;

Plot[{f[x], y1, y2},{x, xO — del, xO + del}, PlotRange — {L — 2eps, L + 2eps}]

2.4 ONE-SIDED LIMITS AND LIMITS AT INFINITY

1. (a)
(e
(@)

2. (a)
(e)
()
3. (a)
(b)
(©)
(d

(b)
()
(d)

(b)
(©)

(b)
©

True (b) True (c) False (d) True
True () True (g) False (h) False
False (j) False (k) True (1) False
True (b) False (c) False (d) True
True () True (g) True (h) True
True (j) False (k) True

1 = Z = 1 = — =
Xlin%+ fx)=35+1 2,Xll>n’§7 fx)y=3-2=1
No, lim_f(x) does not exist because lim f(x) # lim f(x)
X — 2 x — 2% X—2
. _ 4 _ . _ 4 _
i 00 = § 4 1=3, lim fo)=§+1=3

Yes, lim f(x) =3 because 3 = lim_ f(x) = lim f(x)
X—4 X — 4 x —4F

Xllm2+ f(x)=35=1, XILmT fx)=3-2=1,f2)=2
Yes, lim f(x) = 1because 1 = lim f(x)= Ilim_f(x)
X — 2 X — 21 X — 2
lim fx)=3-(-1)=4, lm fx)=3—-(—-1)=4
x——1 x— —17F
Yes, lim f(x) =4because4 = Ilim f(x)= Ilim f(x)
X — —1 X — —1 X — —1*%
No, lirrb . f(x) does not exist since sin (%) does not approach any single value as x approaches 0
X —
Iim fx)= lim 0=0
x—0 x—0

lim f(x) does not exist because lim f(x) does not exist
x—0 x — 0"

Yes, 1in6+ g(x) = 0 by the sandwich theorem since —\/X <gx) < \/g when x > 0
X —

No, 1inb _ g(x) does not exist since /X is not defined for x < 0
X —

No, lim0 g(x) does not exist since lir% _ g(x) does not exist
X — X —
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10.

11.

13.

14.

15.

(a)

()

(b)

(©
(d)

(a)

(b)

()
(d)

Ii

tim () (320) = (5) (&35

s y:{XB, x#1
0, x=1
-1 1 *
_1 =
y
2 ]
y= 1- x2,
/\ 2, X =
-2 1 2 X
S
-2
=

domain: 0 <x <2
range: 0 <y <landy =2
xlian f(x) exists for ¢ belonging to

0, 1HuU,2)
Xx=2
x=0

domain: —oo < x < 00

range: —1 <y <1

XliLnC f(x) exists for ¢ belonging to
(=00, 1)U (=1,1)U(1,00)
none

none

- [x+2 _ [—05+2 _ [32 _
B P Vi e Ve s e VA V3

2

X — —2%

lim () (58) (55%) = (7)) (

X — 17

h— 0"

" h

+

Section 2.4 One-Sided Limits and Limits at Infinity 87

(b) lim f(x)=1= Ilim f(x)
X — 17 X — 1*
(¢) Yes, lim1 f(x) = 1 since the right-hand and left-hand
X —

limits exist and equal 1

(b) lim f(x)=0= Ilim_f(x)
X — 1t x — 1
(¢) Yes, lim1 f(x) = 0 since the right-hand and left-hand
X —

limits exist and equal 0

|\I1—x2 , 0<x<1
y=

1, 1<x<2
2, x=2
2r [
1l>\o—o
1 x
0 1 2
Y
2
»
4—-x
-2 - 2
. x, -1<x<0 or 0<x<]1
-2 y= 1, x=0
0, x<1or x>-1

12. lim (/L= /1=l =/0=0

x — 17

(1) -1

) =) () () =1

h— 0"
(h2+4h+5) -5

lim = lim
o0t h(\/h2+4h+5+ﬁ) h— 0+ h

TRV iy (LIRSS (/RIS

Vh2+4h+5++/5

0+4 2

(Vieranis+y5)  Vs+v5 s
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.
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lim YO VERETINGS iy (ﬁwmﬂﬁwm
h= 0" Ch— 0" V6++/52 +11h+6

— lim 6—(5h>+11h+6) —h(Sh+11) _ —0O+11

_ 1
= h - h(\[+\/5h2+llh+6) h1—>0* h(\f+\/5h°+llh+ ) T Ve+v/6 T 26

(@ lim (x+3) 7 - lim(x+3) N (Ix 42| = x + 2 forx > —2)
— lim (x+3)=(-2)+3=1
X — —2%
) dim 3 = i x4 3) [*(;*j;)} (X +2| = —(x +2) forx < —2)

= lim (x+3)(=1) = —(-2+3) = —

(a) Xlirn1+ %:Xlinh % (x—1]=x—1forx >1)
= hm+ V2x =4/2
X —
(b) tim_ %:xgmr YD) (x— 1] = —(x — D forx < 1)
= lim —\/2X=—\/§
X
; Bl 3 _ i o _2
@ i =3 ® i =
l. — = — = i — = — =
(@ lim (t—[t])=4-4=0 (b) lim (t—[t])=4-3=1
elimo Sir:/\i/fe = lim0 = (where x = \/20)
— X —
: sinkt __ 1; ksinkt _ 1; ksing __ : sinf _ 1.1 — _
tlgn0 : tlgn0 = 015110 = kelgno : k-1=k (where 6 = kt)
. 3y _ 1 3sin3y _ 3 1 in3y _ 3 . sing _ 3 _
yhlno s12yy thﬂo % = Zylgno % =3 algno =3 (where 0 = 3y)

lim - =
h—( sin3h h—0

sin 2x .
lim w02 = gim S5 = gim 2 = (Gim L) (lim 22) =12 =
X — 0 X X — 0 X -0 Xcos2x =0 cos 2X X — 0 2x

lim 2 =2 lim —L- =2 lim ‘90“:2(1' ) 1) _0.1.1=
t—0 fant t—0 (&) t—0 sint oy o8 ) i = 2-1-1=2

t—0

: Xcsc2X 13 X R 1 _ 1 2X 1 _ (1. _ 1
xlgno cos 5x _Xlgno (sin2x cosSx) - (2 lmo sm2x) (Xlil’lo cosSx) - (2 1)(1)_ 2
hm 6x2(cot x)(csc 2x) = hm OxPeosx iy (3 cos x - - B2 )=3-1-1=3

. sinxsin2x X — 0 sinx  sin 2x

: X+XCcosX __ 1 X X COS X 1 x . _1 : X
xl~>0 sinxcosx XIE,HO (sinxcosx + sinxcosx) - xlgno (sinx cosx) +xl£n0 sin x
= Jim () - Jim (o) + Jim (&) = () +1=

dim () - dim (k) + tim () = @+ 1=2

lim X=XEsX = fim (314l (8))=0-14+1i)=0

x—0 2 x—0 X
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31. tlim0 W:@limo snf — 1 sinced =1—cost — Oast— 0

32. lim SnGinh g sind g gince =sinh — Oash — 0

h—o0 sin h HHO [4
: sinf __ 1: sinf 20 _ 1 135 sinf 20 _ 1. _ 1
33. 6]11‘1 sin26 gllno (sin29 29) -2 0]51]0 ( 0 sin 29) -2 1-1= 2
: sin5x __ 1; sin5x _4x 5\ _ 5 7q; sin5x | _4x _5.1.1—-35
34. xlgno sindx xlﬂno (- s-3) =3 lim (%% 5)=3-1-1=3

sin3x | _1 .Q.Q)
cos3x sin8x 3x 8

: tan3x __ 13 sin3x 1 I
35. lim sin 8x Xh_r,no (cos 3x sin8x) - Xh_r,no (

= % Xli_I)IlO (c0s13x) (Sig)?x) (sir81X8x) = % -l-1-1= %

36. lim sin 3y cot S5y — lim sin 3y sin 4y cos S5y — lim sin 3y sin 4y cos S5y 3-4-5y
' y—0 y cot 4y y—0 y cos 4y sin 5y y—0 y cos 4y sin Sy 3-4-5y

1 sin 3y sin 4y Sy cos Sy 34y _1.1.1.1.12_ 12
_ylgno ( 3y )( dy )(sin5y>(0034y)(5)_1 L-1-1-5 =3

Note: In these exercises we use the result liri x“l‘/“ = 0 whenever T+ > 0. This result follows immediately from
X — o0
. . 1 . 1\m/n . 1 m/n
Example 6 and the power rule in Theorem 8:  lim (%) = lim ()" = ( lim —) =0"" =0.
X — oo ¥ X — oo ‘X Xx— oo X
37. (a) —3 (b)) -3
38. (a) = b)) w
39. (@ 1 () 3
40. (a) ) 1
41. (@) —3 (b) —3
42. (a) 3 () 3

43. f% < Sinxz" < % = XILmOO % = 0 by the Sandwich Theorem

44, — L <b <L o elirgoo c? — 0 by the Sandwich Theorem

2 sin t
: 2_tisint _ 1; 1) o—140
45. tll,moo t+cost _tlimoo L4 (<) = 1+0 1
. i . 1+ (s .
46, lim st gy G gy k0 1

r—=oo 2r+7—5sinr r — 00 2+%—5(M) T r—=0o0 2+0-0 T 2

. . 243
47. (a) Xleoo éii; :XleOC 51; :% (b) % (same process as part (a))
7
. 24T 2+(5)
48 @) Jlim  m=oy = imy oy =2

(b) 2 (same process as part (a))
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49.

50.

51.

52.

53.

54.

55.

56.

57.

59.

60.

61.

62.

63.

64.

65.
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1 1
. 1 . ; xj
(a) Xleoo ;‘213 = XleOO = =0 (b) 0 (same process as part (a))
3x+7 ito
1 X — 1 X I
(a) XleOO oy = XleOC e 0 (b) 0 (same process as part (a))
: 7x3 1 7 _
(a) Xleoo TRTe = XleOO g = 7 (b) 7 (same process as part (a))
. 1 . L
(a) XleOO oI = XlgnOo l—ii—+i3 =0 (b) 0 (same process as part (a))
10 1 31
: 10x°+ x4 +31 _ 1; xtete
(@) xlgmoo x5 - lemoo 1 =0

(b) 0 (same process as part (a))

: 9x! 4+ x _ : 9+L3 _9
(a) x1l>moo 2x14+5x2—x+6 —Xll)moo 2+Xi27}3+% -2
(b) % (same process as part (a))
; —2x3—2x+3 _ 1; 2-%+3 5
(a) x1l>moo 3x3 + 3x2 — 5x _xli{noo 3+§_i; - 3
b)) — % (same process as part (a))
. x4 T 1 _
@ m  amimers = img [EE 1
(b) —1 (same process as part (a))
. -1 2 + 1 2 +1
lim z\f‘fx = lim (x1°) 7(X‘):0 58. lim 24X _ lim (XW) — 1
X — 00 x—7 X — 00 3-1 X500 2—4/x X500 (%)_]
X
1
lim - Vx lim 1= — 17(815) —1

. R . X+ %5

lim X=X lim 2 = 0
X =00 X X X =00 1-—%

1/15 1

. 5B X137 . 2% — TO/TF + 35 _

x&mm x8/5 4 3x + /x 7x1Lmoo H’,@%"‘ﬁ =0
S/ 513 1543

lim 3/x—5x+ — lim 25 x _ 5

X = —00 2x+x23—4 X =>=00 24 fz-12 2
X
Yes. If lim f(x) =L = Ilim_f(x), then lim f(x) =L. If lim f(x) # lim_f(x), then lim_f(x) does not exist.
+ X—a Xx—a X — at X —a X—a

X —a
Since XliLnC f(x) = L if and only if lim+ f(x) = L and . lirré f(x) = L, then xlimC f(x) can be found by calculating
X —C - -
lim+ f(x).

X—=C

If f is an odd function of x, then f(—x) = —f(x). Given lin%)+ f(x) = 3, then lin%) _f(x) = -3.
X — X —
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66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

7.

78.
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If f is an even function of x, then f(—x) = f(x). Given lirréf f(x) = 7 then lim2+ f(x) = 7. However, nothing
X — X — —

can be said about limT f(x) because we don't know lin%+ f(x).
X = — X —

Yes. If _lim_ 1 — 2 then the ratio of the polynomials' leading coefficients is 2, so _ lim ) — 2 as well.
X — 00 8x) X — —oo g(x)
Yes, it can have a horizontal or oblique asymptote.
At most 1 horizontal asymptote: If lim % = L, then the ratio of the polynomials' leading coefficients is L, so

lim &

= L as well.
X — —oo gx)

: . x2+x+ x2—x X2+ X x2—x
X im, \/X?+X_\/X?_szlmm [\/x2+x_\/X2_ } { - VX2 —x = lim, %

x2+x x —X

= lim —2% = lim —2*— =
X =00 /x2+x+Vx2—x X =00 1+§+\/@ 1+

For any € > 0, take N = 1. Then for all x > N we have that |f(x) — k| = |k —k| =0 < e.

2 2 =1

For any € > 0, take N = 1. Then for all y < —N we have that [f(x) — k| = [k —k| =0 < e.

I=(55+68) = 5<x<5+6. Also, /x—5<e€ = x—5<€ = x <5+ € Choose § = ¢
= lim x—5=0.

x — 5"

I=(4—-6,4) = 4—-6§<x<4 Also,/4—x<e = 4—x< € = x>4— €’ Choose § = €

= lirr}r vV4i—-—x=0.
X —

As x — 07 the number x is always negative. Thus,

1)‘ <e = |X +1] <e = 0< ewhichis always

true independent of the value of x. Hence we can choose any 6 > 0 with —6 <X <0 = lir% _ ‘% =—1.
X —

Since x — 2% we have x > 2 and |x — 2| = x — 2. Then,

2o ==E 1] <e= 0<e

which is always true so long as x > 2. Hence we can choose any 6 > 0, and thus 2 < x < 2+ §

=2 - 1‘ <e Thus, lim 22 =1,

x — —o+ =2

(@) li%o+ |x] = 400. Just observe that if 400 < x < 401, then |x] = 400. Thus if we choose § = 1, we have for any
X —

number € > 0 that 400 < x < 400+ ¢ = |[x| — 400] = |[400 — 400| =0 < e.
(b) hm _ [x] = 399. Just observe that if 399 < x < 400 then |x| = 399. Thus if we choose 6 = 1, we have for any

X — 4
numbere > 0that 400 — 6 < x <400 = ||x] —399] =399 —399| =0 < .
(c) Since . _1}1{4%0+ x| # . l}l%o | x| we conclude that . EIELIOO | x| does not exist.

(@ lim fx)= lim \/x=1/0=

= Xli}n}J+ f(x) = 0.

—0| <e = —e< /x<e = 0<x < e forx positive. Choose § = ¢

(b) lin%) f(x) = hn%] x? sin ( ) = 0 by the sandwich theorem since —x? < x? sin ( ) < x? for all x # 0.
X —

Since [x? — 0] = |[—x? — 0| = x? < e whenever |x| < /€, we choose § = /e and obtain |x* sin () — 0| < €
if —6 <x<0.
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79.

81.

82.

83.

84.

2.5

10.

11.

13.

15.

16.

17.

Chapter 2 Limits and Continuity

e 1=

lim xsini= lim isinf=1, (9 = l) 80. lim =
+ o0 X 0 — X

= lim
X — 0 °f X = =00 1+

1|

lim  (3+2)(cos?) = Jim (3 + 20)(cos ) = 3)(1) = 3, (6=1)

X— *oo X

X — 00

lim (% —cosi) (1+sini)=  lim (3¢ — cos 0) (1 +sin ) = (0 — 1)(1 +0) = —

—0

lim (2 —cotf)=—ooand lim (2 — cot#) = oo, so the limit does not exist

6 — 0" 6—0"
: 1 _

(a) . EH%+ c_4 — X 1i> o+ (x+2)(x 2) — =00 (posmve posmve)
: 1 _ — —

(b) . 11}1’1’57 e i 11}%7 (x+2)(x 2y — (ple[lVe negatlve)
: 1 _

(©) . iIHEZ+ 2_4 — X il Do (x+2)(x 2) — = - (pomlve Hegdthe)

1 _ N S
(d) 111'1’127 2—4 th, (x+2)(x 2) =00 (negatlve negatlve)

90— 0" l+9

(c) The function f has limit 0 at xy = O since both the right-hand and left-hand limits exist and equal O.

INFINITE LIMITS AND VERTICAL ASYMPTOTES
lim % = 00 (posmve) 9. lim 5 _ - —00 (posmve)
X — 0+ 3% ositive X — 0~ 2x negative
: 3 _ _ positive : 1 positive
Xll{%— x—2 S (negallve) 4. X 11{%+ x=3 S ( osmve)
27;( _ negdtlve 3x o negative
X — —8F x+8 o0 ( ositive ) 6. X _1} —5— 2x+10 =0 (negauve)
. 4 positive -1 _ negative
x1£n7 (x=7)2 S (posmve) 8. xh_> 0 x2(x+l) S (posmve pmmve)
i 2 2
(@) Xgng)+ i = 00 (b) lim 555 = —o0
: 2 _ 2
@ Jim, = o ® lin, = o
lim - = lim —%; =0 12. lim - = lim —5 =
X — 0 x2/5 X — 0 (Xl/{;)Z X — 0 x2/3 X — 0 (xl/3)2 0.}
lim tanx = o0 14. lim secx = o0
x= (3 x—=(3)"
lim (1 +4+csch)=—
0— 0 ( + )
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18.

19.

20.

21.

22.

23.

24.

25.

(a)
(b)
()
(d)

(a)
(b)
(©

(d)

(a)
(©)
(d)

(a)
(b)
(c)
(d)
(e)

(a)
(b)
()
(d)
(e)

()

(a)

(a)
(©)

Section 2.5 Infinite Limits and Vertical Asymptotes

. positive
N li{ri-*- C_1 1111’{+ x+1 )(x n— X (poeitive-positive)
. x . X _ positive
X EH%, x2—1 — X li{ri, x+Dx=1) — S (posmve negauve)
. x . X _ negative
x l}r£11+ e l}rill-# GFDe-n — (posmve negauve)
. x . X _ negative
X *13117117 x2—1 = X l}njlf x+Dx-1) — o0 (negatlve negatlve)
. 2
lim X5—1—0—1— lim L =—-c ( )
X0+ X X —0 X negative
lim ¥ -1=0+ lim 2+ =o0
X 50" X X =0 posmve
: X2 1 _ 2% -1/3 -1/3 _
lim _ % — - =271 —2718 =0
X — \/E
; X _1_1_(1)y_3
xl_lfrll 2 T x T2 (71)_2
. x2—1 _ positive : XX—1 _ _ positive
L= (e ® | lim, 5= = —o0
. 2_ . Hx-1) 2-0
lim -1 — iy GED6-D_ 20 _
X 1F 2XH4 Zx+4 2+4
. -1 _ -1
X 11{%7 X4 2
. X2—3x+2 __ . x=2)x-1) _ negative-negative
. li{%*- —nf T li{%*' Cx—2) X positive-negative
. x2—3x+2 _ . x=2)x-=1) __ . x—=1 __ 1
X]Ln%+ S —X]LH;+ X(x~2) _XEI%Jr x? _4’X7é2
. 2_ . —)(x—1) . x—1 1
lim  Xe342 — iy G0 D gy =7,X#2
X — 2~ —2x? X — 22—  XA(x=2) X — 92— X 4> 7&
) 2 . —2)(x—1) . x—1 _ 1
lim X7%+2 _ |ipy —(X lim X5~ =31,x#2
X —2 -2 x—2 X&- x—2 x 47 7
. x2—3x+2 __ 1: (x—2)(x — 1) . negative-negative
xlgn() oo — xlgn() X(x—2) o0 positive-negative
: X2=3x+2 _ 1 x=2)x-1 __ =D _ 1 _1
XEII%+ Foax xli ot XXx—2(XF2) _,H%Ar xx+2) T 24 T8
. K2_3x42 x=(x—-1) _ 1 =D _ __ negative
X _1>1H_12+ xX3—dx T _1}m2+ Xx(x=2)(x+2) _1311_12+ xxt2) X negative-positive
. 2o3x+2 1 x=x—1) _ 1 x=0 _ __ nmegative
X ]l{r(l)f X3—dx Ty ]l{%— x(x=2)(x+2) T x ll,n}]— x(x+2) o0 negative-positive
. X2—=3x+2 _ x=2x=D _ =D _ _0_ _
xlin’h X3—4x XILH%- xx—2)x+2) XILIIb_ x(x+2) (DG T 0
x—1 _ negative
X E}H%ﬁ x(x+2) o0 ( positive-positive )
. x—1 negative
and X 11}1%7 x(x+2) o0 (negalivepositive)
so the function has no limitas x — 0.
i _ 3] =_ ; _ 37—
. le(J+ [2 [1,’3] = -0 (b) Lm(l)— [2 g '3] =000
. 1 o 1 —
Jim (5 +7] =0 (b) lim [z +7] = —o0
i Aoy 2 | = i
i [+ ] = o i [ ] -
) _ . 1 2 _
i, [+ ] = @ . [ ] o
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94 Chapter 2 Limits and Continuity

. 1 1 o . 1 1 —
26 (@ lim, [~ o] = o0 0 lim |~ ol = o0
. 1 1 o . 1 1 —
© lim, | — | = —o0 @ tim [~ tys] = o0
217. ylel 28. y:x}r1
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33y:x—:X—|—1+ 1 34.y:X2+1:X+1+ 2

39. Here is one possibility. 40. Here is one possibility.
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41. Here is one possibility. 42. Here is one possibility.
y y

! 1 y=f@ 4
A 3

1 ' 2

X

L ey 2N
N -1 2 2 a4 X
o N

44. Here is one possibility.

45. Here is one possibility. 46. Here is one possibility.
y Y
h(x)=ﬁ,x¢() . 4/ 1
k(X) =1 - ')?_—T

I

X
0 K’—_
-4 -2 4 6 X
-1
-2

-4

47. For every real number —B < 0, we must find a § > 0 such that forall x, 0 < |[x — 0| < § = ;—} < —B. Now,
~L<-B<0& 4>B>0& )< & |x|<ﬁ. Chooseézﬁ,then0<\x|<6 = |x|<ﬁ

-1 . 1
= 7 <-Bso thatxlln0 — g = —o0.

48. For every real number B > 0, we must find a § > O such that forall x,0 < [x — 0] < § = ﬁ > B. Now,

[x

n > B >0 [x| < . Choose § = 5. Then 0 < [x — 0| <6 = [x| < § = ;; > Bsothat lim, L= oo.
X —

49. For every real number —B < 0, we must find a § > O such that forall x, 0 < |[x — 3| < § = 3)2 < —B.

Now, =27 < -B<0 & 25 >B>0 & 65¥ <1 @(x—3)2<%<:>0<|x—3|<\/;.Choose
6:\/>then0<|x—3|<6:> 3)2< —B < 0so that hmgﬁ:—oo.

50. For every real number B > 0, we must find a 6 > 0 such that for all x, 0 < |x—(—5)| <6 = m > B.
Now, g5 >B>0 & x+5* < g & [x+5[< \lf Choose § = f Then 0 < [x — (=5)| < §

1 : 1 —
= [x+5| < 5 = sy > Bsothat lim 75y = oo
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51.

52.

53.

54.

55.

56.

57.

Section 2.5 Infinite Limits and Vertical Asymptotes

(a) We say that f(x) approaches infinity as x approaches x, from the left, and write . lin}( _f(x) = oo, if
— X0

for every positive number B, there exists a corresponding number § > 0 such that for all x,
Xo— 6 <x <Xy = f(x)>B.

(b) We say that f(x) approaches minus infinity as x approaches x, from the right, and write lim+ f(x) = —o0,
X — XO

if for every positive number B (or negative number —B) there exists a corresponding number 6 > 0 such
that for all X, xg < X < X9+ 6 = f(x) < —B.
(c) We say that f(x) approaches minus infinity as x approaches x, from the left, and write . 1in)1( _f(x) = —o0,
— X0

if for every positive number B (or negative number —B) there exists a corresponding number 6 > 0 such
that for all X, xg — 6 < X < X9 = f(X) < —B.

ForB>0,1>B>0 < x<3. Choose6=12. Then0 <x<é = 0<x< g = :>Bsothat lim 2= cc.
x— 0t X
ForB>0,1<-B<0& —-1>B>0« —x<3 & —% <x. Choose=£. Then —§ <x <0
= —%<X:> 1 <« _Bsothat lim ! = —cc.
X x— 0" X
ForB>0,5 <-B& -1, >B & —(x-2)<4§ & x—2>—1% & x>2—&. Choose § = &. Then
2-6<x<2 = —§<x—-2<0 = —£<x-2<0 = 215 <—B<O0sothat lim _ L =—0c0.
X —

ForB>O,Xi2>B & 0<x72<%. Chooseé:é. Then2 <x<2486 = 0<x—-2<6 = 0<x72<%
= 5 >B>0sothat lim 15
X x — 2t X

= Q.

ForB>0and0<x<1,15>B & 1-x*<3 & (1 -x)(14+x) < 3. Now 15* < I since x < 1. Choose

x? 2
§< Thenl—-6<x<1l= —06<x-1<0=>1-x<6<44 => 1-x0+x)<i(H) <3
1
=

1—x2

>BforO0<x<landxnearl = lim

X — 1"

= Q.

1—x2

y:secx—f—% 58

1
y=secx+ 3

—-n/l2<x<m/2
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98 Chapter 2 Limits and Continuity

59. y=tanx + & 60. y =1 —tanx

y=ta.nx+i

%2 ! 1
Falie y=1
o X2
L A
—m2<x< T2 J \\:

1T

1 Y S
_ X —1

6l. y= ra— 62. y= a—

y y
o= : ; St
! L ! | y= f—'—Q:
- ! ! 4-x"1
y= 1 t — X
:4_"2 r E Ix=-2 x=2
- L : Y \
2 -1 12 1 1
: -1k I ! |
| ‘ ! |
! 2r ' | |
! =2

63. y:x2/3+#

3L/
2
1
| y=xP+—
\ 1 L3
1 1 1 1 1

x
-3 2 —1‘\ 1 2 3
N\l

2F

3

2.6 CONTINUITY
1. No, discontinuous at x = 2, not defined at x = 2

2. No, discontinuous atx = 3,1 = lin%)r gx) #£gB)=1.5
X —
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10.

11.

12.

13.

15.

16.

17.

18.

19.

20.

21.

22.

Section 2.6 Continuity
Continuous on [—1, 3]

No, discontinuous at x = 1, 1.5 = lirr%f k(x) # lirr%+ kx)=0
X = X —

(a) Yes (b) Yes, lir£11+ fx)=0
(¢) Yes (d) Yes

(a) Yes, f(1)=1 (b) Yes, Xliin1 f(x) =2
(¢) No (d) No

(a) No (b) No

[-L0O)UO, DU, 2)U(2,3)

f(2) =0, since lim f(x) = -2Q2)+4=0= lim f{(x)
X — 2 x — 2%
f(1) should be changed to 2 = lim1 f(x)
X —

Nonremovable discontinuity at x = 1 because lim1 f(x) fails to exist ( lin} f(x) = 1 and lini . f(x) = 0).
X — X — X —
Removable discontinuity at x = 0 by assigning the number lirn0 f(x) = 0 to be the value of f(0) rather than
X —

f(0) = 1.

Nonremovable discontinuity at x = 1 because lim1 f(x) fails to exist ( lini _f(x) =2 and lirri+ f(x) = 1).
X — X — X —
Removable discontinuity at x = 2 by assigning the number lim2 f(x) = 1 to be the value of f(2) rather than
X —

f(2) = 2.

Discontinuous only whenx =2 =0 = x =2 14. Discontinuous only when (x +2)> =0 = x = —2
Discontinuous only when x> —4x4+3=0 = x—-3)x—-1)=0 = x=3o0rx=1

Discontinuous only when x> —3x —10=0 = (x—5)x+2)=0 = x=5o0rx = -2

Continuous everywhere. (|x — 1] + sin x defined for all x; limits exist and are equal to function values.)
Continuous everywhere. (|x| + 1 # 0 for all x; limits exist and are equal to function values.)

Discontinuous only at x = 0

Discontinuous at odd integer multiples of 7, i.e., x = (2n — 1) Z, n an integer, but continuous at all other x.

nmw

Discontinuous when 2x is an integer multiple of 7, i.e., 2Xx = n7, n an integer = X = o.nan integer, but

continuous at all other x.

Discontinuous when 7‘7" is an odd integer multiple of Z, i.e., 7‘7" =2n—-1) g, naninteger = X =2n— 1l,nan

integer (i.e., X is an odd integer). Continuous everywhere else.
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100  Chapter 2 Limits and Continuity

23. Discontinuous at odd integer multiples of 7, i.e., x = (2n — 1) 7, n an integer, but continuous at all other x.

24. Continuous everywhere since x*4+1 land—1<sinx<1 = 0<sin?x<1 = 1+sin®x I;limits exist
and are equal to the function values.

25. Discontinuous when 2x +3 < Qor x < — % = continuous on the interval [f %, oo) .

26. Discontinuous when 3x — 1 < 0 orx < § = continuous on the interval [, 00) .

27. Continuous everywhere: (2x — 1)!/3 is defined for all x; limits exist and are equal to function values.
28. Continuous everywhere: (2 — x)1/5 is defined for all x; limits exist and are equal to function values.
29. xli_r}n7T sin (X — sin X) = sin (7w — sin ) = sin (7 — 0) = sin 7 = 0, and function continuous at X = 7.

30. tli_r)n0 sin (g cos (tan t)) = sin (g cos (tan (0))) = sin (% cos (0)) = sin (g) = 1, and function continuous at t = 0.

31. hm1 sec (y sec’y —tan’y — 1) = hm sec (y sec’y —sec’y) = lim1 sec ((y — 1)sec?y) = sec ((1 — 1)sec® 1)

—

=sec 0 = 1, , and function contlnuous aty = 1.

32. Xliﬂm0 tan [Z cos (sin x'/3)] = tan [ cos (sin(0))] = tan (Z cos (0)) = tan (Z) = 1, and function continuous at x = 0.

=
[=)}

33. lim cos |——ZL——| =cos | ——L——| =Ccos 7= =cos & = V2 , and function continuous at t = 0.
t— 0 V19 — 3 sec 2t V19 —3 sec 0 4 2

34, lim_ \/05025( + 5\/§tanx = \/0502 % + 5\/§tan (%) =4/4+ 5\/3 (%) = \/5 = 3, and function continuous at

X— g

X =

oIy

35. g0 = ¥=9 = SR — x4 3,x#3 = g3) = lim (x+3)=6

36. h() = HRAGI = D = (£5,1#2 = hQ) = lim ((+5) =7

_ 1 (PHsHDG-D _ 24st1 T s4+s+1) _ 3
3. f8) = g1 = “Gineon sl s # 1 if(l)*slgnl( St1 )*E

_ X216 x+Hhx-4) _
38. 2(X) = =527 = Goaeah —

= Jim (559) =3

39. As defined, lin% fx)=3)>—1=28and lin}3+ (2a)(3) = 6a. For f(x) to be continuous we must have
X — X —

6a=8 = a:;—‘.

40. As defined, lim27 g(x) = —2 and lim2+ g(x) = b(—2)? = 4b. For g(x) to be continuous we must have
X — — X — —
4b=-2 = b=— %
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41.

43.

45.

46.

47.

48.

Section 2.6 Continuity 101

The function can be extended: f(0) =~ 2.3. 42. The function cannot be extended to be continuous at
x = 0. If f(0) ~ 2.3, it will be continuous from the
right. Or if f(0) = —2.3, it will be continuous from the
left.

y y

2.6 .

10" -1
2'4/ 10" ~ 1 : foy ==
/ fx)= X

-0.1 -0.05 0.05 0.1

The function cannot be extended to be continuous 44. The function can be extended: f(0) ~ 7.39.
atx = 0. If f(0) = 1, it will be continuous from
the right. Or if f(0) = —1, it will be continuous

from the left.
ll 7.5 f(x):(l-}.zx)llx
0.5 7.3k\\\\\\\\\\~

-0.5 -0.01 -0.005 0.005 0.01
£(x) sin x
x)=—
| x|

f(x) is continuous on [0, 1] and f(0) < 0, f(1) > 0
= by the Intermediate Value Theorem f(x) takes

on every value between f(0) and f(1) = the
equation f(x) = 0 has at least one solution between
x=0and x = 1.

cosXx =X = (cosx)—x=0. IfX:—%,cos(—g)—(—g) > 0. Ifx:g,cos(g)—%<0. Thuscosx —x =0

for some x between — 7 and 7 according to the Intermediate Value Theorem.
Let f(x) = x3 — 15x + 1 which is continuous on [—4,4]. Then f(—4) = —3, f(—1) = 15, f(1) = —13, and f(4) = 5.
By the Intermediate Value Theorem, f(x) = 0 for some x in each of the intervals —4 < x < —1, —1 < x < 1, and

1 < x < 4. Thatis, x3 — 15x 4 1 = 0 has three solutions in [—4, 4]. Since a polynomial of degree 3 can have at most 3
solutions, these are the only solutions.

Without loss of generality, assume that a < b. Then F(x) = (x — a)> (x — b)? + x is continuous for all values of

X, S0 it is continuous on the interval [a, b]. Moreover F(a) = a and F(b) = b. By the Intermediate Value

at+b at+b
2 P

Theorem, since a < < b, there is a number ¢ between a and b such that F(x) =

Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/cmg/pmmg/pmmg_mml_shared/copyright.html

102

49.

50.

51.

52.

53.

54.

55.

56.

57.

Chapter 2 Limits and Continuity

Answers may vary. Note that f is continuous for every value of x.

(a) f(0) =10,f(1) =13 —8(1) + 10 = 3. Since 3 < 7 < 10, by the Intermediate Value Theorem, there exists a c
sothat 0 < ¢ < 1 and f(c) = 7.

(b) f(0) = 10, f(—4) = (—4)> — 8(—4) + 10 = —22. Since —22 < _\/§ < 10, by the Intermediate Value
Theorem, there exists a ¢ so that —4 < ¢ < 0 and f(c) = ,\/g_

(c) f(0) = 10, f(1000) = (1000)? — 8(1000) + 10 = 999,992.,010. Since 10 < 5,000,000 < 999,992,010, by the
Intermediate Value Theorem, there exists a ¢ so that 0 < ¢ < 1000 and f(c) = 5,000,000.

All five statements ask for the same information because of the intermediate value property of continuous
functions.
(@) A root of f(x) = x* — 3x — 1 is a point ¢ where f(c) = 0.
(b) The points where y = x> crosses y = 3x + 1 have the same y-coordinate, ory = x3 = 3x 4 1
= fx)=x3-3x—-1=0.
() x3—-3x=1 = x3—3x—1=0. The solutions to the equation are the roots of f(x) = x> — 3x — 1.
(d) The points where y = x3 — 3x crosses y = 1 have common y-coordinates, or y = x> — 3x = 1
= fx)=x3-3x—1=0.
(e) The solutions of x> — 3x — 1 = 0 are those points where f(x) = x®> — 3x — 1 has value 0.

W is discontinuous at x = 2 because it is not defined there.

Answers may vary. For example, f(x) =

However, the discontinuity can be removed because f has a limit (namely 1) as x — 2.

Answers may vary. For example, g(x) = ﬁ has a discontinuity at x = —1 because lim ) g(x) does not exist.
X — —

( lim  g(x) = —coand lim g(x) = +oo.)
X — —1 X — —17F

(a) Suppose xg is rational = f(xg) = 1. Choose € = % For any 6 > 0 there is an irrational number x (actually
infinitely many) in the interval (xo — 8,X¢ + 6) = f(x) = 0. Then 0 < |x — Xq| < 6 but |f(x) — f(x0)|
=1> % =€, S0 XILH}( . f(x) fails to exist = fis discontinuous at x, rational.
On the other hand, X, irrational = f(xg) = 0 and there is a rational number X in (xg — 0, X + 0) = f(x)

= 1. Again XILII}( . f(x) fails to exist = f is discontinuous at X, irrational. That is, f is discontinuous at

every point.
(b) fis neither right-continuous nor left-continuous at any point x, because in every interval (xg — 6, X) or
(X0, Xg + 6) there exist both rational and irrational real numbers. Thus neither limits . ll)n’)l( _ f(x) and
0

lirn+ f(x) exist by the same arguments used in part (a).

X — XO
Yes. Both f(x) = x and g(x) = x — % are continuous on [0, 1]. However % is undefined at x = % since
g (%) =0 = % is discontinuous at x = %

No. For instance, if f(x) = 0, g(x) = [x], then h(x) = 0 ([x]) = 0 is continuous at x = 0 and g(x) is not.

Let f(x) = Xi ; and g(x) = x + 1. Both functions are continuous at x = 0. The composition f o g = f(g(x))

= m = % is discontinuous at x = 0, since it is not defined there. Theorem 10 requires that f(x) be

continuous at g(0), which is not the case here since g(0) = 1 and f is undefined at 1.

Yes, because of the Intermediate Value Theorem. If f(a) and f(b) did have different signs then f would have to
equal zero at some point between a and b since f is continuous on [a, b].
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58.

59.

60.

61.

62.

63.

65.

67.

69.

Section 2.7 Tangents and Derivatives

Let f(x) be the new position of point x and let d(x) = f(x) — x. The displacement function d is negative if x is
the left-hand point of the rubber band and positive if x is the right-hand point of the rubber band. By the
Intermediate Value Theorem, d(x) = 0 for some point in between. That is, f(x) = x for some point x, which is
then in its original position.

If f(0) = 0 or f(1) = 1, we are done (i.e.,c = 0 or ¢ = 1 in those cases). Thenletf(0) =a > 0andf(1) =b < 1

because 0 < f(x) < 1. Define g(x) = f(x) —x = g is continuous on [0, 1]. Moreover, g(0) = f(0) —0 =a > 0 and

g(l)=1f(1) =1 =b—1< 0 = by the Intermediate Value Theorem there is a number c in (0, 1) such that
gc)=0 = f(c)—c=0orf(c) =c.

Lete = @ > 0. Since fis continuous at x = ¢ thereisa § > O such that |[x —c| < § = [f(x) — f(c)| < €
= f(c) — e < f(x) < f(c) + .

If f(c) > 0, then e = § f(c) = 1f(c) < f(x) < 3 f(c) = f(x) > 0 on the interval (c — &, ¢ + &).

Iff(c) < 0, thene = — 1 f(c) = 2f(c) < f(x) < 1 f(c) = f(x) < 0 on the interval (c — 6, ¢ + 6).

y  flc)+e

fle)r

A

f(c)-e

By Exercises 52 in Section 2.3, we have lim f(x) =L < lim f(c +h) = L.
Xx=c h—0

Thus, f(x) is continuous at x = ¢ <> lim_f(x) = f(c) < hh—I>nO f(c +h) = f(c).

By Exercise 61, it suffices to show that hlimo sin(c + h) = sin ¢ and hlimo cos(c 4+ h) = cos c.
Now lim sin(c +h) = lim_[(si h inh)] = (sin c) (_lim cos h) (lim sin )
ow lim, sin(c + h) Jim [(sin ¢)(cos h) + (cos ¢)(sin h)| = (sinc) Jim cosh ) + (cosc) Jim sin
By Example 6 Section 2.2,hlimocos h=1and hlimosin h = 0. So hlim0 sin(c + h) = sin ¢ and thus f(x) = sin x is
continuous at x = c. Similarly,
I h) = Ii h) — (sin c)(sin h)] = (lim cos h) = (sin )  lim sinh) = cosc.
Jim cos(c + h) Jim [(cos ¢)(cos h) — (sin ¢)(sin h)] = (cos ¢) lim cos (sin ¢) Jim sin cos ¢

Thus, g(x) = cos x is continuous at x = c.

x ~ 1.8794, —1.5321, —0.3473 64. x ~ 1.4516, —0.8547, 0.4030
x =~ 1.7549 66. x ~ 1.5596

x =~ 3.5156 68. x ~ —3.9058, 3.8392, 0.0667
x ~ 0.7391 70. x ~ —1.8955, 0, 1.8955

2.7 TANGENTS AND DERIVATIVES

1.

Pll rnl:l,Pg: m2:5 2. Pll I’I11:—2,P21 m2:O
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DO =
~
e
Ei
I

0
)
.
8
[V}

I

|

W

. _ 5 . —
3. Pl. m; = E,PQ. mp = —

5 m— lim M=CLEwl-@-c1n?) y
’ h—0 h

— lim —(I=2h+h)+1 lim he=h _ ,.
h—0 h h—o P ’
at(—1,3): y=34+2(x—-(-1) = y=2x+5,

tangent line

12 _ _1)2 2 Y
6. m= lim [A+h=1D?+1]-[A1=1*+1] — lim h?
h—0 h h—0 h 5

:hlimoh:O;at(l,l): y=140x—-1) = y=1,

y=(x—1)2+1

tangent line

4

(L) y=1

2y/1+h-2/1 _ li 2y/1+h—2 2y/1+h+2
=== lim o -
h—0 2y/14+h+2
41+h)—4

- T BT 2 _1.
= i, 20 (VT+h+1) piMy rreer L
at(1,2): y=2+1x—-1) = y =x+ 1, tangent line

7. m= lim
h—0

1 1
_ Ciem? — (2 g 1—(=1+h)?
8. m= hlgno b = hlgno h(—11hy?
. —_— 2 . —
= lim {\=2hth) 2-h _ .

ny BRI Erny
at(—1,1)y y=142x—-(—1) = y=2x+3,
tangent line
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9.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19

Section 2.7 Tangents and Derivatives

m= lim — lim =8+12h—o6h?+h’+8 y
h 0 h=0 h y=12x+16 y=x
=1 12 — 6h + h?) = 12;
hlino ( 6h + ) >
at(—2,—-8): y=—-8+12(x — (-2)) = y=12x+ 16,
tangent line

(=2+h)* = (=2)}
h

(-2,-8)¢ -8
S I 8—(—24h) y
S H “2+03 (=23 q; —o—(= ’
m—hlgn h —hlgno ZSh(—2 1 by’
T —(12h=6h2+h3) _ . 12 — 6h+h? a1
= 11_1}10 —8h(—2 + h) *hlgno 8(—2+h)y -2~ 118) 1 =3
12 _ _ 3.
~8(=8 — 16’
1. y_— _1_ 3
at (—2,—3):y=—1— 2(x—(-2)
= y=— 13—6 X — %, tangent line
2 —_ . 2 —_ .
m— lim @th?+i-5 o Stdhib) -5 hdh) _ .

h=0 h h—0 h hoo h
at(2,5): y — 5 = 4(x — 2), tangent line

m = lim [(1+h)—2(1h+h)2]—(—1) — lim (1+h—2—;lth—2h2)+l _ :
h—0 h—0 h—0
at(1,—1): y+ 1= —3(x — 1), tangent line

34h 3
T Gih-2 T BG+h—=3h+D _ q: )
m = hlgno h = hlgno CESY) hh_I,nO GRS 2;
at(3,3): y — 3 = —2(x — 3), tangent line
_8 _ 9 5 2
T 2 n2 T 8—22+h)? _ . 8—2(4+4h+h%) _ 4. —2h(4+h) _ -8 _ .
m= hlﬂ,no ho hlgno [PES hh_l,no TP hlgno harh? = a = %

at(2,2): y—2=-2(x—-2)

m= lim @+W’'-=8 _ pi, G+12046h7+h)-8 4. lez;
h—0 h h—0 h h—0 h
at(2,8): y — 8 = 12(t — 2), tangent line

3
m= lim +h’+3a+hj-4
h—0 h h—0

at(1,4): y —4 = 6(t — 1), tangent line

= lim

h—

(1+3h+3h”+h*+3+3h)—4 h(6+3h+h?) — 6
h h — Y

m= lim YAHRoZ iy VEERZZ VATREZ g GENCA - iy b=
h—0 h—0 VAEhE2 T hS0 n(VATh+2)  h—0 h(VArhe2) VA2

=1;at(4,2): y — 2= 1 (x — 4), tangent line

m= lim 7\/(1”*‘}3**3: lim v9+hh—3. VO+h+3 iy _O4D-9 o h
h—0 h—0 V9+h+3  h50 h(\/9+h+3) h—=0 h(\/9+h+3)

= 1 at(8,3): y —3 = i (x — 8), tangent line

- 2 . 5(1—2h+h?) -5 . —
5(—1+h3?—5 im 3 =5 o Sh(=24h) _

. = h1—> . A i, & —10, slope

Atx=—-1,y=5 = m= lim
h—0
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106  Chapter 2 Limits and Continuity

(1-4—4h—h?+3

20. Atx=2,y=-3 = m= lim [=CWI-CH_ 4y b = lim 74D — 4 slope
h—0 h—0 h—0
1 1

_ _ 1 S T Gih-1_2 __ 2—-2+h) _ —h _ 1

21. Atx=3,y=35 = m_hlgno S _hhin0 0 T h) —hlin0 T = — 4. slope
. bl (-1 . (h—D+(h+1)

— — — h+1 —

22. Atx=0,y=-1 = m—hlgno o —hh_r)n0 CES)) —hl_r>n(J h(h+l) = 2, slope

2 11— (x2 _
23. At a horizontal tangent the slopem =0 = 0 =m = hl1m0 [x+h) +4(X+h)h [-CCtdx-1)
—

— Jjm (b D)o (Eeo D) gy 2R iy (x4 h 4 4) = 2x + 4
h—0 h—0 h—0

2x+4=0 = x=—-2. Thenf(—-2) =4—-8—1= -5 = (=2, -5) is the point on the graph where there is a
horizontal tangent.

24. 0 =m= lim [(x+h)373(x4£h)]*(x373x) — lim (x3+3x2h+3xh2+h3h—3x—3h)—(x3—3x)
h—0 h—0
:hlim() w— hm (3x2 +3xh+h*>—-3)=3x>-3;3x>~3=0 = x=—lorx = 1. Then

f(—1)=2and f(1) = -2 = (-1, 2) and (1, —2) are the points on the graph where a horizontal tangent exists.

1 1
1 — — 1 G+h—1  x—1 x—1)—(x+h-1) . —h _ 1
2. 1_m_hlgno h —h1£“0 h(xX— D(x+h—1) —hlgno M —Dx+h=1) —  x=17
= x—-12=1=x>-2x=0 = x(x—2)=0 = x=00orx=2. Ifx=0,theny = —l andm = —1

> y=—1-xx—-0=—-x+1). fx=2,theny=1landm=-1 = y=1—-(x—-2)=—(x—3).

2. §=m= lim, P \/—_hlgno S gi? B h(ﬁ;\(/—)
:hILO h(ﬁ+[) = ﬁ Thus,%:ﬁ = y/X=2 = x=4 = y =2. The tangent line is
y:2+z(x—4)zz+1.
27 im fEEM=Q) _ gy (100-492+h7) — (100-4927) _ . —49(4+dhth?) +4.904)
h—0 h h—0 h h—0 h

= hlim0 (—19.6 — 4.9h) = —19.6. The minus sign indicates the object is falling downward at a speed of

19.6 m/sec.
F F 2 2 2
28, fim MOSHMO0 _ gy 003007y 3R 60 e
— — —
‘ 2 2 2 _ .
29 lim BHW-f® _ |3y TCED-7G) _ y5, 7O -9 hhm() 7(6 +h) = 67

h—0 h h—0 h h—0 h

T @2+h)? -4 P 4% [12h + 6h? + h]

30. lim D@ _ gy = lim = lim_ % [12 4 6h 4 h?] = 167
h—0 h h—0 h h—0 h h—o 3
S f0+h)—f0) _ 1: hZsin (3) .. 1y
31. Slope at origin = hlgn0 —_— = 1121O = hlgn0 h sin (H) =0 = yes, f(x) does have a tangent at

the origin with slope 0.

. - . hsin (+ . . . . . .
32. lim M = lim hsin (5) _ lim sin % Since lim sin % does not exist, f(x) has no tangent at
h—0 h—o b h—=0 h—=0

the origin.

Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/cmg/pmmg/pmmg_mml_shared/copyright.html

Section 2.7 Tangents and Derivatives

33, lim  OHR-IO o gim =120 = oo and lim  TOER=TO = jim 120 = o, Therefore,
-0 h—0" h— 0" h— 0"
hlirn0 w = 00 = yes, the graph of f has a vertical tangent at the origin.
—
34, lim  YOR=UO = gim 92l = oo and lim  ZOHN=UO — jim 1=l =0 = no, the graph of f
h— 0~ h— 0~ h— 0" h— 0"

does not have a vertical tangent at (0, 1) because the limit does not exist.

35. (a) The graph appears to have a cusp at x = 0.

2/5

<
"
x>

(b) lim [OERZIO g R0 iy L = ooand  lim
h— 0" h— 0" h— 0 h¥ h— 0+

hSL = oo = limit does not exist

= the graph of y = x*/® does not have a vertical tangent at x = 0.

36. (a) The graph appears to have a cusp at x = 0.

=% =00 = limit does not exist

. i — . 4/5 . .
(b) lim w = lim =& h—o = lim - = —occand lim
h— 0" h— 0" h— 0" h" h—0*

= y = x¥/% does not have a vertical tangent at x = 0.

37. (a) The graph appears to have a vertical tangent at x = 0.

_1/5

(0,0) y=x
X
(b) lim fOEW=fO _ jpy BP0 — iy L = o = y = x!/5 has a vertical tangent at x = 0.
h—0 h h—0 h h—o0 I
38. (a) The graph appears to have a vertical tangent at x = 0. 1
3/5

(0,0) y=x

(b)  lim Mrn-1 - Jim B0 - Jim 3% =00 = the graph of y = x*° has a vertical tangent
— — —

atx = 0.
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39. (a) The graph appears to have a cusp at x = 0. o

5

y=ax/5 o
3

X
-1 0 1 2
. (0 + h) — £(0) _ . 4h2/5 —2h _ . i _ _ . i _ _
(b) hlir%f —_— —hlir%f = —hlir%f mE 2= ooandhll)r%+ mE — 2=00

= limit does not exist = the graph of y = 4x*/° — 2x does not have a vertical tangent at x = 0.

40. (a) The graph appears to have a cusp at x = 0.

y=x5/3 523
(0,0)

(2.0,-4.76)

(b) hlim0 w = lim % = hlim0 h?/3 — % =0- hlim0 % does not exist = the graph of
— —

h—0 —

y = x°/3 — 5x2/3 does not have a vertical tangent at x = 0.
41. (a) The graph appears to have a vertical tangent at x = 1 y
andacuspatx =0.
2
yex/3_(xo1)l/3
1
X
-1 0 1 2
. 1+h*3—(1+h-—1Y3 -1 : 1+h?3—h'/3—1
(b) x=1: lim 0 (h ) :hlgn(J R . )h = —00
= y =x?% — (x — 1)!/3 has a vertical tangent at x = 1;
— 0 Tim [0+h-—f® _ . hP-(m-DVP-DY . 1 _ G-D
x=0: hlgno h a hlgn h a hlgno [h”"‘ T h}

does not exist = y = x*/3 — (x — 1)/3 does not have a vertical tangent at x = 0.

Copyright (c) 2006 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/cmg/pmmg/pmmg_mml_shared/copyright.html

Section 2.7 Tangents and Derivatives

42. (a) The graph appears to have vertical tangents at x = 0 and y

x=1. 2

X
-1 ﬁ.s 1.5
/ y=xBaxn3

1/3 1/3 _ (_1\1/3
Jim 04— 10 = lim RPN — o0 = y=x3 4 (x — DY hasa
— —

vertical tangent at x = 0;
x=1 lim =T — jiy

h—0 h—0

vertical tangent at x = 1.

b)) x=0:

=00 = y=x"/4+x-1"hasa

A+ +h-—DY3—1
h

43. (a) The graph appears to have a vertical tangent at x = 0. y

_y=Yixa, x<0
Y /_x_, x>0
b) lim OEW=fO _ gy VA0 gy o
®) h— 0+ h x—0t B h—0 vh
lim MO iy V0 gy VI gy Lo
h— 0" h— 0" h—0- —h " h=0- Vi

= y has a vertical tangent at x = 0.

44. (a) The graph appears to have a cusp at x = 4.

(b) lim MEN_G gy VBZGERIZ0 g VR gy o
h— 0+ h— 0+ h— 0* h— o0+ Vh
lim DI iy VRSO g VM gy oL
h— 0" h— 0" h=0- —h " hS0- Vil

= y = /4 — x does not have a vertical tangent at x = 4.

45-48. Example CAS commands:

Maple:
f:=x->x"3 +2*%x;x0 :=0;
plot( f(x), x=x0-1/2..x0+3, color=black, # part (a)
title="Section 2.7, #45(a)" );
q := unapply( (f(xO+h)-f(x0))/h, h ); # part (b)
L :=1limit( q(h), h=0); # part (c)
sec_lines := seq( f(x0)+q(h)*(x-x0), h=1..3); # part (d)

tan_line := f(x0) + L*(x-x0);
plot( [f(x),tan_line,sec_lines], x=x0-1/2..x0+3, color=black,
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linestyle=[1,2,5,6,7], title="Section 2.7, #45(d)",
legend=["y=f(x)","Tangent line at x=0","Secant line (h=1)",
"Secant line (h=2)","Secant line (h=3)"] );
Mathematica: (function and value for x0 may change)

Clear[f, m, x, h]

x0 = p;

f[x_]: = Cos[x] + 4Sin[2x]

Plot[f[x], {x,x0 — 1,x0 + 3}]

dq[h_]: = (f[x0+h] — f[x0])/h

m = Limit[dq[h],h — 0]

ytan: = f[x0] + m(x — x0)

yl: = f[x0] + dq[1](x — x0)

y2: = f[x0] + dq[2](x — x0)

y3: = f[x0] + dq[3](x — x0)

Plot[{f[x], ytan, y1,y2,y3}, {x,x0 — 1,x0 4 3}]

CHAPTER 2 PRACTICE EXERCISES

1.

Atx = —1: . iirglf f(x) = . _lffilﬁ fx)=1 ly y=f@x)
= lim f0=1=f(-D
X — —
= fis continuous atx = —1. T o N
Atx=0: lim f(x)= lim f(x)=0 = lim f(x)=0. ’\
x—0 x — 0 x—0 -1

But f(0) = 1 # lim f(x)

= fis discontinuous at x = 0.
If we define f(0) = 0, then the discontinuity at x = 0 is

removable.
Atx=1: lim f(x)=—-1and lim f(x)=1
x—1 X — 1t

= lim_ f(x) does not exist
x—1

= fis discontinuous at x = 1.

Atx=—1: lim f(x)=0and lim f(x)=—1 4
X — —1 x — —1F
= lim _f(x) does not exist 0, x=<-1
x— —1 F) = 1/x, 0<|x|<1
= fis discontinuous at x = —1. ?' z: i
Atx =0: lim f(x) = —ocoand lim f(x) =00 ' 1
x—0 x — 0" ~
= lim0 f(x) does not exist P a
X —

= fis discontinuous at x = 0.
Atx=1: lim fx)= Ilim fx)=1 = Ilim f(x)=1.
x—1 x — 1t Xx— 1

S

Butf(1)=0+# lim f(x)

= fis discontinuous at x = 1.
If we define f(1) = 1, then the discontinuity at x = 1 is

removable.
(@) lim (3f(t)) =3 lim f(t) =3(-7) = -21
t— tU t— tU

b lim (f(1)2 = ( lim f(t))2 = (-7 =49

t—1p t— 1y
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(© lim (1) - () = lim £(t)- lim g(t) = (~7)(0) = 0
t— 1ty t— 1y t—1p
f(t lim f(t) lim f(t)

o _ 1 _ =t I
(d) th_r)I%U g®—=7 — lim (g(t) —7) — lim g(t) — lim7 — 0-7 1
—1y =1 t—to

(e) lim cos(g(t)) = cos (tlgr% g(t)) =cos0=1

t— 1ty

@ lim uan::‘nm ﬂg‘:|—7p:7
tﬂtg t*)tg

(g) lim (f(t) +g(t)) = lim f(t) 4+ lim g(t)=-7+0= -7
t—to t—ty t— 1

: 1y _ 1 1 _ _1
0 Jim () = = 4 =

t—ty

(@) lim —g(x) = — lim g(x) = —V/2
(b) Tim (20 f(9) = lim g(0) - lim f(x) = (ﬁ) (1) =2

(©) xlim (f(x) + gx)) = hm f(x) + hm g(x) = % \/5
(d lim __,4_%:2

S

x — 0 [® }%f(x) I
e) lim (x+f(x)) = lim x4+ lim f(x) = 11
) x—>0( +()) x — 0 +x—>0() 0+2 2
lim f(x)- lim cos x 1
: fx)-cosx 5T I _Gwm_ 1
(® [lim === - lim 1 01 = 3

Since hmo x = 0 we must have that hm (4 — g(x)) = 0. Otherwise, if 11m (4 — g(x)) is a finite positive

X —

number, we would have hrr(l) B {%} = —oo and hm {%} = 00 so the limit could not equal 1 as
X —

X —

x — 0. Similar reasoning holds if limo (4 — g(x)) is a finite negative number. We conclude that limo g(x) = 4.
X — X —

2= lim, [Xxlgno g(x)} = m  x- lm, [xlgno g(x)} =4, lim, [xlﬂno g(x)] = —4 Jim ()
1

(since lim g(x)is a constant) = lim g(x) = 2 = — 1.
Xx—0 X —0 —4 2

(@) lim f(x) = lim_ x'/3 = c!/3 = f(c) for every real number ¢ = f is continuous on (—o0, c0).
X—C X—C

3/4

(b) Jlim g(x) = lim x3/4 = ¢3/4 = g(c) for every nonnegative real number ¢ = g is continuous on [0, co).

(

. T —2/3 _ 1

(¢) Jlim h(x) = lim x =an
(

(d) Jim k X) = Jim, x~1/6 = CILG = k(c) for every positive real number ¢ = k is continuous on (0, co)

@ U ((n—3)m, (n+ 4)7), where I = the set of all integers.
I

(b) U (nm, (n+ 1)), where I = the set of all integers.
nel

(c) (—o0, ) U (7, 00)
(d (—o0, 0)U (0, c0)

x2—4x+4 x=2)(x-2)

(a) xhin0 ey —XlgnO TN = hm0 e +7),X7£2; the limit does not exist because
: x—2 __ Xx—2 _ _
xli}r%f Xx+7) ooandxlil%Jr xaxtn X
x> —4x+4 7 x=2)x=2) _ 1; x=2 _ 0 _
(b) IEHQ X5 152 — 14x _XIEnQ XKD —2) _XIEHQ x(x+7)’x # 2, and th o = 29 =0
x2 +x _ x(x 4+ 1) _ x+1 : _
10. (2) lgno x? +2xT 4+ x3 —XIILI'IO x3(x2+2x+1) x]~r>n0 X2x+Dx+1) Xl_>0 XZ(erl),X#O&HdX?é L
_ : 1 _ X% +x _
NOWXILH}r x2(x+1) —ooandxlirr(lﬁ aED - X = hmO i 0
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11.

12.

13.

15.

16.

18.

19.

20.

21.

23.

24.

25.

27.

28.

29.

30.

() lim —5tx = Jim o 2%ED iy

1 ..
m g = MM srer o = amy 2o X # 0and x # —1. The limit does not

—ooand lim

1 —
oL e T %

. . 1 _
exist because . _l}rglf oTD =

. l—ﬁ T 1—\/; BT 1 1
R I (oY (v L I Eav
: x2—a2 _ q; (x* —a%) S F 1 _ 1
xh—r>na xt—at ™ xh—rpa (x2+a2) (x2—a?) — Xll_I’)Ila x2+a?2 = 2a?
. 2 _ 2 . 2 2\ _ 2 .
lim % — 1lim % = lim (2x 4+ h) = 2x
h—0 h—0 h—0
. 2 _ x2 . 2 +2hx +h%) —x2 :
lim OEW =X iy CERER) =X iy 2x+h)=h
x—0 h x—0 h x%()( +h)
1 1
; PES SR T 2-2+x) _ 15 -1 _ _1
Jim 25— = lim e St = img ams =
. 3— . 3 2 —_ .
lim @GHX°=8 iy CEOCHIES -8 iy (x2 4 6x + 12) = 12
x — 0 X x — 0 X x — 0

1/3
- lim 4 g00) =2 = [X lim 4 g(x)] =2 = lim 4g(9 = 8.since2’ = 8. Then lim g(x) = 2.

lim L -=2= lim_ x+gx)=1%= 5+ lim_ gx)=1% = lim_gx)=1-+/5
) VG X x5 g 2 V5 xﬁﬁg 2 x—>\/§g 2 V5

lim 341
x—1 &x

=00 = lim g(x) = Osince lim (B3x2+1)=4
X — X —

5—x?

. o . _ . . 2 _
Jm, 5 =0 lim ) = oosine, lim (5 <) =

3

cox43 g 248 940 2 . 2243 1 tE 240 _ 2

x1l>m005x+7 _xli> 005-4-% T 5+0 5 22. xl}nloo5xz+7 - xl}nloo5+ iz T 540 T 5
X*—4x4+8 __ 1 _ 4 8Y _n_ _
xgnfloo 3 7xl}rgoo(3 3x2 +3x3) 0-04+0=0
1 % 0

] — ] X! — .

x1i>moox2—7x+l 7xli>mool—;+% — 1-0+40 =0
: X2—=Tx _ : x=7 _ _ : xt+ x4 : x+1  _

xLlnloo x+1 _xllnfloclJr% =7 26. xlgmoo12x3+128 _xgnloo12+% -

lim "X < Jim L — 0 sinceint x — oo as x — oo = lim "X — 0
x =00 [x] X = 00 [X] x =00 [x]

. sh—1 . -2 . s6—1

lim ‘Coge l< | %:O:>11m %:O.
0 — oo 0 — oo 0 — o0

x+sinx+2ﬁ 1+%+% 1

: — : x _ 14040 __

lim . = lim W — =1
X — 00 X +sin X X =00 14X 1+0

. x2B 4 x 1 . 14+ x93 Y _ 140 _
thnmXZ//3+coszx - xhamoo 14 | 7140 1
2
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31 Atx = —1: lim fx)= lim *&-D i
X — —1 X — —1 [x 1] /
— lim =D _ jim x=—1,and .
x— —1 X x — —1
. _ . x(x2—1) . x(x2—1)
im fx) = lim Ta—r = lim T . 1 )
= lim . (—x) = —(—1) = 1. Since
X — —
lim fx)# lim f(x) !
o x oL £ =x(c* = /5 — 1]
= lim . f(x) does not exist, the function f cannot be =
X — —
extended to a continuous function at x = —1.
1. . T x(x2=1) 1. x(x2=1) _ . N
Atx = 1: xlimr f(x) = xlin} BT xlin} o) T xlimr (—x) = —1, and
lim f(x) = lim %j” = lim x(’éz_fw = lim x = 1. Again lim_ f(x) does not exist so f
x — 1t x—1t K= x— 1t ¥l x — 1t x —1

cannot be extended to a continuous function at x = 1 either.

32. The discontinuity at x = 0 of f(x) = sin (1) is nonremovable because lim0 sin 1 does not exist.
X —

X

33. Yes, f does have a continuous extension to a = 1: y
. T x—1 _ 4
define f(1) = xlgnl oyl 2
1
X
21 1
x -1
f(x)=x-:/;. a=1
34. Yes, g does have a continuous extension to a = 7: 9(e)
T\ 1 5cosf __ 5
g(i) _algnj 6-—27r — 4 !
2
2 /2 o
N
5cos8
80) = g —on 2=/
35. From the graph we see thatt lir%f h(t) # lin(l]+ h(t) h(t)
— t—

so h cannot be extended to a continuous function
ata=0.

-1
Ay =1 +1DY, a=0
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114 Chapter 2 Limits and Continuity

36. From the graph we see that lin}r k(x) # lirr%)+ k(x) k{x)
X — X —

so k cannot be extended to a continuous function
ata=0.

-1 1

-1

-2

x
k(*’)=m. a=0

37. (a) f(—1)=—1and f(2) =5 = fhasaroot between —1 and 2 by the Intermediate Value Theorem.
(b), (¢) root is 1.32471795724

38. (a) f(—2) = —2and f(0) = 2 = fhas aroot between —2 and 0 by the Intermediate Value Theorem.
(b), (¢) root is —1.76929235424

CHAPTER 2 ADDITIONAL AND ADVANCED EXERCISES

1. (@ x | 0.1 0.01 0.001 0.0001 0.00001
x* | 0.7943 0.9550 0.9931 0.9991 0.9999
Apparently, . li)rrz)+ x* =1
(b)
Yy
1
0.6
y=x"
0.2
X
0.2 0.6 1
2. (@ x | 10 100 1000

()™ 03679 03679 03679

Apparently, lim (%)1/(1“) =03678 =1
(b)

y

1 1/(1n x)
fx)= (-)

X
0.4

0.2
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Chapter 2 Additional and Advanced Exercises 115

lim L= lim Loy/1—%=Loy1-2Y 1, /1—¢—0
yam L= _lm_ Lo —z2=Lo -~ =Lo —a =

The left-hand limit was needed because the function L is undefined if v > ¢ (the rocket cannot move faster
than the speed of light).

-1 <02 =5 —02< 12025 08< L <12 = 16</X<24 = 256 <x <576

[P 1] <01 5 01 <P o1<01 5 09< Y <Ll = 18</Xx<22 = 324 <x <484

|10 + (t — 70) x 10~* — 10| < 0.0005 = |(t — 70) x 10*4| < 0.0005 = —0.0005 < (t — 70) x 10~* < 0.0005
= 5<t—-70<5 = 65°<t<75° = Within 5°F.

We want to know in what interval to hold values of h to make V satisfy the inequality

|V —1000| = |36h — 1000| < 10. To find out, we solve the inequality:

|367h — 1000| < 10 = —10 < 367h — 1000 < 10 = 990 < 367h < 1010 = % <h< %

= 8.8 < h < 8.9. where 8.8 was rounded up, to be safe, and 8.9 was rounded down, to be safe.

The interval in which we should hold h is about 8.9 — 8.8 = 0.1 cm wide (I mm). With stripes 1 mm wide, we can expect

to measure a liter of water with an accuracy of 1%, which is more than enough accuracy for cooking.

Show lim () = lim (x* =7) = =6 = f(1).
X — X —

Stepl: [(x2=7)+6]<e = —e<x*—1<e=1l-€e<x*<l+e=>I-e<x<l+e
Step2: [x—1|<6 = —6<x—-1<6 = —-6+1<x<é+1

Then -6 +1=+1—¢coré6+1=+/1+¢e. Chooseézmin{l—\/1—6,\/1—|—e—1},then

0<|x—1|/<é6 = |(x2—7)—6| <eand lim1 f(x) = —6. By the continuity test, f(x) is continuous at x = 1.
X —

Show lim, 500 = lim,  =2=g(1).
4

4

Step 1: 2%(—2|<€:> —e<2LX—2<6:>2—6<2iX<2+6:>

Step2: |z -1 <6 = —6<x-1<é= 6+i<x<o+l.
Then—é—l—%: 1 :>(5:%— L —;0r5+i:4_12€:>5:4—12e_%:4(26—e)'

T3 Itz ~ A0to°
Choose § = the smaller of the two values. Then0 < [x — 3| <6 = |£ —2| <eand lim 3 =2
'

4

_1 _1
=2 > X2 I3oc-

_e
i2+e ’

. . . . _ 1
By the continuity test, g(x) is continuous at x = 7 .

Show lim h(x) = lim_ V2x —3=1=h(Q).

Step 1: ‘\/ﬁ-l‘<e S —e<V/2x—3-1<e=> l-e</2x—3<1+e = =95 oy o Qrg73
Step2: |x—2| <86 = —6<x—2<bdor—6+2<x<b+2

Then —§ +2 = 1=9°43 5 s (=0fxd _1o(-0' (¢ or542= r9+3

= 6= % —2= % :e—l—%2. Choose 6 = € — E;,the smaller of the two values. Then,

O<|x—=2|<é6 = ‘\/2)( -3 - 1‘ < €, 50 lim2 v/ 2x — 3 = 1. By the continuity test, h(x) is continuous at x = 2.
X —

Show lim_F(x) = lim_\/9 —x =2 = F(5).
X — X —

Step 1: ’\/9—X—2’<e = eI x—2<e=9-Q2—e2>x>9— 2+
Step2: 0<|x—35]<8 = —6<x—-5<éd=> —6+5<x<b+5.
Then -6 +5=9—24¢? = 6§=Q2+eP —-4=€>4+2¢,0r6+5=9-2—¢) = §=4—(2—¢)? =€> — 2e.
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12.

13.

14.

15.

Chapter 2 Limits and Continuity

Choose 6 = €2 — 2¢, the smaller of the two values. Then, 0 < [x — 5| < § = ‘\/ 9 —x— 2‘ < €, S0

lim5 1/9 — x = 2. By the continuity test, F(x) is continuous at x = 5.
X —

. Suppose L; and L are two different limits. Without loss of generality assume Ly > L. Lete = % Loy — Ly).

Sincelen%(O f(x) =L thereisa é; > Osuchthat 0 < [x —xg| < é; = [f{X)— L] <e = —e<f(x)—L; <e
= — % Lo —Lp)+L; <f(x) < %(Lg —Ly)+L; = 4L; — Ly < 3f(x) < 2L; 4+ Lo. Likewise, Xli_)rr;((J f(x) = Lo
so thereis a d suchthat 0 < [x — x| < 62 = [f{X) — Lo/ <e = —e <f(x) — Ly <€

= — 1Ly —L)+Ly <f(x) <$(Ly—L)+Ly = 2Ly + Ly <3f(x) <4Ly — L,

= L; — 4Ly < —3f(x) < —2Ly — Ly. If 6 = min {61, 62} both inequalities must hold for 0 < |x — xo| < §:

4L, — Ly < 3f(x) < 2L + Lo
Ly — 4Ly < =3f(x) < —2L, — L

a contradiction.

} = 5(L; — L) <0<L;—Ls. Thatis,L; — Ly <0Oand L; — Ly > 0,

Suppose lim f(x) = L.Ifk =0, then lim kf(x) = lim 0 =0=0- lim_ f(x)and we are done.
X —C X —C X—C X —C

Ifk # 0, then given any € > 0, thereisa 6 > 0 so that 0 < |x —¢| < & = [f(x) — L| < 7 = [K|[f(x) —L| <e

= [k(f(x) — L)| < € = |(kf(x)) — (KL)| < e. Thus, lim_kf(x) = kL = k(x@qc f(x)).

(@ Sincex — 07,0<x* <x<1 = (X*-x) - 07 = lim f(x*-x)= lin}rf(y):Bwherey:x3—x.
y*)

x—0

X —

(b) Sincex — 07, -1 <x<x*<0 = (xX*-x) — 07 = 1i1r(1)7f(x3—x): 1inb+f(y):Awherey:x3—x.
yH

(© Sincex — 07,0<x*<x*<1 = (x¥*—x') — 0" = lim f(x*—x')= 11113J+ f(y) = A where y = x* — x*.
y;}

x—0

(d) Sincex — 07, -1<x<0 = 0<x'<x*<1 = (*—-x') - 07 = lim f(x>—x')=Aasinpart(c).

x—0

(a) True, because if Xlil)na (f(x) + g(x)) exists then Xli_Ipa fx) + g(x)) — Xli_r)na f(x) = Xli_r)na [(f(x) + g(x)) — f(x)]

= XliLna g(x) exists, contrary to assumption.

(b) False; for example take f(x) = % and g(x) = — % Then neither lim0 f(x) nor lim0 g(x) exists, but
X — X —
. — 1 11y — = i

Xlgn0 f(x) + g(x)) = xhino (-1 xhin0 0 = 0 exists.
(c) True, because g(x) = |x| is continuous = g(f(x)) = [f(x)| is continuous (it is the composite of continuous

functions).

-1, x<0 . . .

(d) False; for example let f(x) = L x>0 = f(x) is discontinuous at x = 0. However |f(x)| = 1 is

continuous at x = 0.

: 1 x2=1_ 1 x+Dhx-=1) _ _

Showxlimilf(x)fxlimi1 = fxlimi1 aiD = 2,x #£ —1.

x*—1 _
Define the continuous extension of f(x) as F(x) = { ki X 7 11 . We now prove the limit of f(x) asx — —1
_ L X = —

exists and has the correct value.

Step 1:

2 x+Dx—1)
’;H —(—2)‘<e = —€<W+2<6 > —e<X—D4+2<e6x#£#-1 = —e—1<x<e—1.

Step2: [x— (=D <6 = —d<x+1<6 = -6-1<x<é6-1
Then -6 —1=—e—1 = d§=¢cor6—1=€e—1 = §=¢c. Choose 6 =e. Then0 < |[x —(=1)| < ¢

= ’;:;11 — (—2)’ <e = lim . F(x) = —2. Since the conditions of the continuity test are met by F(x), then f(x) has a
X — —
continuous extension to F(x) at x = —1.
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: T X2—2x—-3 _ 1; x=3)+1 _
16. Show Xlgn3 g(x) = X11_r>n3 e = xlgll3 Sy = 2,x # 3.

x2—2x-3 X 7& 3
Define the continuous extension of g(x) as G(x) = { 5 2x=6 °

. We now prove the limit of g(x) as
, X =

X — 3 exists and has the correct value.

2_2x-3 G=3)E+1)
e —2’<e = —e < 22D

Step 1: 3

—2<€ = —6<XTH—2<6,X753 = 3—2¢ <X <3+ 2e.

Step2: [x—3|<6 = —6<x—-3<6=>3-6<x<6+3.
Then,3 —6=3—-2¢ = 6 =2¢,or 6 +3=3+2¢ = 6 =2¢. Choose§ =2¢. Then0 < |[x — 3| < ¢

=3+

= 2(x—3)

"22;2—1‘6’3 - 2‘ <e = lim3 = 2. Since the conditions of the continuity test hold for G(x),
X —

g(x) can be continuously extended to G(x) at z = 3.

17. (a) Lete > 0be given. If x is rational, then f(x) = x = |f(x) — 0| =|x — 0| < € < |x — 0] < €; i.e., choose
6 =¢c. Then|x — 0] < 6§ = |f(x) — 0| < e for x rational. If x is irrational, then f(x) =0 = |f(x) — 0| < ¢
< 0 < e which is true no matter how close irrational x is to 0, so again we can choose § = €. In either case,
given e > Othereisad = ¢ > Osuchthat 0 < |[x — 0] < § = [f(x) — 0| < e. Therefore, f is continuous at
x=0.

(b) Choose x = ¢ > 0. Then within any interval (c — 8, ¢ + §) there are both rational and irrational numbers.
If c is rational, pick € = % No matter how small we choose § > 0 there is an irrational number X in
(c—0d,c+0) = [f(x) —f(c)] = [0 —c| =c > § =e. Thatis, fis not continuous at any rational ¢ > 0. On
the other hand, suppose c is irrational = f(c) = 0. Again pick ¢ = 5. No matter how small we choose § > 0
there is a rational number x in (¢ — 6,¢ + 6) with [x —¢| < § =€ < § < x < 3. Then [f(x) — f(c)| = [x — 0|
= |x| > § =€ = fis not continuous at any irrational ¢ > 0.
If x = ¢ < 0, repeat the argument picking € = % = . Therefore f fails to be continuous at any
nonzero value x = c.
1

18. (a) Letc = % be a rational number in [0, 1] reduced to lowest terms = f(c) = % Pick € = 5. No matter how

small 6 > 0 is taken, there is an irrational number X in the interval (c — 6,¢ + ) = |f(x) — f(c)| = |O — %|
= % > 2%] = €. Therefore f is discontinuous at X = ¢, a rational number.

(b) Now suppose c is an irrational number = f(c) = 0. Let ¢ > 0 be given. Notice that % is the only rational
number reduced to lowest terms with denominator 2 and belonging to [0, 1]; % and % the only rationals with
denominator 3 belonging to [0, 1]; 1 and % with denominator 4 in [0, 1]; %, %, % and % with denominator 5 in
[0, 1]; etc. In general, choose N so that % < e = there exist only finitely many rationals in [0, 1] having
denominator < N, say ry, g, ... ,T,. Leté =min{|c —r|: i=1,... ,p}. Then the interval (c — 8, ¢ + §)
contains no rational numbers with denominator < N. Thus, 0 < |[x —¢| < § = |f(x) — f(c)| = |f(x) — O]

= [f(x)] < % < € = fis continuous at x = c irrational.
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19.

20.

21.

Chapter 2 Limits and Continuity
(c) The graph looks like the markings on a typical ruler Y
when the points (X, f(x)) on the graph of f(x) are ]
connected to the x-axis with vertical lines.
0.8
0.6
0.4
0.2
— x
0 0.2 0.4 0.6 0.8 1
f) = { 1/n  if x'=m/n is a rational number in lowest terms
if x is irrational
Yes. Let R be the radius of the equator (earth) and suppose at a fixed instant of time we label noon as the

zero point, 0, on the equator = 0 + 7R represents the midnight point (at the same exact time). Suppose X,
is a point on the equator “just after" noon = x; + 7R is simultaneously “just after" midnight. It seems
reasonable that the temperature T at a point just after noon is hotter than it would be at the diametrically
opposite point just after midnight: That is, T(x;) — T(x; + 7R) > 0. At exactly the same moment in time
pick x5 to be a point just before midnight = x5 + 7R is just before noon. Then T(x3) — T(x2 + 7R) < 0.
Assuming the temperature function T is continuous along the equator (which is reasonable), the Intermediate
Value Theorem says there is a point ¢ between 0 (noon) and 7R (simultaneously midnight) such that

T(c) — T(c + mR) = 0; i.e., there is always a pair of antipodal points on the earth's equator where the
temperatures are the same.

2 2
Jim, 100200 = Jim, [ (500 + 260)” = (F00 — 200)°] = 4] (Jlim (00 + x0))” = (Jlim, (00 — £(0))) |
@ 1) =2,

=0: “lhyVita oy “1+y1+a) (-1-\/1+a
(a) Atx=0: hm r.(a) = algno ) _algn0 ( Y )(717 —1+a)

Cim s o
a—0 a(-1—+/1+a) —1—-+/140

1-(1+a) : —a -1 -1

B[

Atx=—1 lim n@= lin oy =M e T v
(b) Atx = 0: alim r_(a):alin(l)* Zl-yli+a 2\I/H‘a: lim (—1—\/1+a) (—1+\/1+a)

a— 0~ a —1++/1+a
_ . 1—(1+a) —1 _
_alin(l) i a—>0’ i Hm) a—»n%)* 771+ — oo (because the
denominator is always negative); lim r_(a 11m = —oo (because the denominator
ys negative); lim r( ) = lim = J_ (

is always positive). Therefore, lim0 r_(a) does not exist.
a —

— _1- : _ . —1—y1+a __ . —1 .
Atx=-1 lm r@= lm ——=—= Im, S5 5r=1
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(©)
r(a)
1
0.8 ro(a) = L+ vT+a
a
0.6
a
-1 -0.5 0.5 1
Graph not to scale
(d)

f(x)

-1 .5 1

f)=axt+2x -1

Chapter 2 Additional and Advanced Exercises

r_(a)

-1-J1+a
/2 ) -——

S 2 4
-2
-4
f(x)
a=0.2 =
Lol a=0.5
a=0.05
20
a=1

-50 \ -30

f@ =ax*+2x-1

22. f{x)=x+2cosx = f(0)=04+2cos0=2>0and f(—7) = -1+ 2 cos(—7m) = —m — 2 < 0. Since f(x) is
continuous on [—, 0], by the Intermediate Value Theorem, f(x) must take on every value between [—7 — 2, 2].
Thus there is some number ¢ in [—, 0] such that f(c) = 0; i.e., ¢ is a solution to X + 2 cos x = 0.

23. (a) The function f is bounded on D if f(x)

M and f(x) < N for all x in D. This means M < f(x) < N for all x

in D. Choose B to be max {|M|, |N|}. Then |f(x)| < B. On the other hand, if |f(x)| < B, then

—B <f(x) <B = {(x)
M = —B a lower bound.

(b) Assume f(x) < N for all x and that L > N. Lete =

—B and f(x) < B = {(x) is bounded on D with N = B an upper bound and

. Since Xler%(O f(x) = L there is a 6 > 0 such that

0<[x—xo|<é = [fx)—L|<e e L-e<fx)<L+e e L-5N <fx) <L+ 5N
& HN o f(x) < &N ButL >N = YN > N = N < f(x) contrary to the boundedness assumption

f(x) < N. This contradiction proves L < N.

(¢) Assume M < f(x) for all x and that L < M. Lete = % As in part (b), 0 < |x — Xxo| < 6
= LMok < f(x) <L+ M-L o LM o fi(x) < MEL < M, a contradiction.

24. (a) Ifa b,thena—b

0= la—b/=a—b = max(a,b)=2t> 4 b —ath L azb

2a
) ) 2 2 2 — &
Ifa<b,thena—b<0 = [a—b|=—(a—b)=b—a = max(a,b) =2t 4 220l _atb | b-a
=2 _y
b — b,
(b) Let min(a,b) = 20 — LBl

2 2
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25. lim

X —

26.

Chapter 2 Limits and Continuity

_ sin(l—cosx) _ lim sinl(lfcos X)  l—cosx . }+c0sx — 1im sinl(lfcos x) | lim 11_ cos? x
X X — 0 —cos X X + cos x X — 0 —Cos X X_)()X( +cos X)
_ : sinx  _sinx __ C(0)
- Xlgno X 14+cosx 1 (2) =0.

sin X

: _ : sin X X : 1 : _ _
Xli,nzﬁsin\/; - xlinz)JrTﬁﬁ_l lim Ty lim \/;—100—0

x%O*( \ﬂ) x — 0"

27. lim SNX — pjy Sl sing iy sinGin gy sinx —p Ly =
X — 0 X — 0 Sin X X X — 0 Sin X X — 0 X
. sin(x? +x) — i sin(x? +x) . BT sin(x? +x) BT — 1.1 —
28. xlgno— Xlin oo (x+1) x11_r>n07X2+X Xllno(x +1)=1-1=1
s osin(®—4) g osin(x®—4) — i SNC—4) — 1.4 —
29. 11m24X —— = xlgnz—x2 — - (x+2) xhinzixz — Xlgnz(x +2)=1-4=4

30. lim

MMVETY) L4 1 _q.1_1
s Ty Ay imyes =15 =

sin (}2(9— 3) xliing sin\(/\é;_—gb’) . 1 — 1 sin(\/; - 3)
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sin” x

(1+cos x)
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