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Equations of motion in terms of x and ߠ 

ሷݔ݉ ൅ ݇ଵሺݔ െ ݈ଵߠሻ ൅ ݇ଶሺݔ ൅ ݈ଶߠሻ ൌ 0 
ሷߠ଴ܬ െ ݇ଵ݈ଵሺݔ െ ݈ଵߠሻ ൅ ݇ଶ݈ଶሺݔ ൅ ݈ଶߠሻ ൌ 0 

For free vibrations, assume a solution 
ሻݐሺݔ ൌ ݐሺ߱ݏ݋ܿܺ ൅  ሻ׎
ሻݐሺߠ ൌ Θcos ሺ߱ݐ ൅ ߶ሻ 

In matrix form, 

൤െ݉߱ଶ ൅ ݇ଵ ൅ ݇ଶ െሺ݇ଵ݈ଵ െ ݇ଶ݈ଶሻ
െሺ݇ଵ݈ଵ െ ݇ଶ݇ଶሻ െܬ௢߱ଶ ൅ ݇ଵ݈ଵ

ଶ ൅ ݇ଶ݈ଶ
ଶ൨ ቄݔ

ቅߠ ൌ ቄ0
0ቅ 

Frequency equation is: 

ฬെ߱ଶ ൅ 5000 100
100 െ0.3߱ଶ ൅ 2030

ฬ ൌ 0 

⇒0.3߱ସ െ 3530߱ଶ ൅ 10.14 ൈ 10଺ ൌ 0 
ω2=6785.3373, 4981.3293 
⇒߱ଵ ൌ 70.5785 ݀ܽݎ ൗܿ݁ݏ    ߱ଶ ൌ 82.3732 ݀ܽݎ ൗܿ݁ݏ  
Mode shapes: 

ሺെ1000߱ଵ
ଶ ൅ 5 ൈ 10଺ሻܺ ൅ 0.1 ൈ 10଺Θ ൌ 0 

Or 
ܺ
Θฬ

னభ

ൌ
െ0.1 ൈ 10଺

െ1000ωଵ
ଶ ൅ 5 ൈ 10଺ ൌ െ5.3476 

And 
ܺ
Θฬ

னమ

ൌ
െ0.1 ൈ 10଺

െ1000ωଶ
ଶ ൅ 5 ൈ 10଺ ൌ 0.05601 
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Frequency Equation: 
 |െ߱ଶሾ݉ሿ ൅ ሾ݇ሿ| ൌ 0 

 ฬ݇ଵଵ െ ߱ଶ݉ଵ ݇ଵଶ
݇ଶଵ ݇ଶଶ െ ߱ଶ݉ଶ

ฬ ൌ 0 

Then,  
 ሺ݉ଵ݉ଶሻ߱ସ െ ሺ݉ଵ݇ଶଶ ൅ ݉ଶ݇ଵଵሻ߱ଶ ൅ ሺ݇ଵଵ݇ଶଶ െ ݇ଵଶ

ଶ ሻ ൌ 0 
Roots: 

 ߱ଵ,ଶ
ଶ ൌ

௠భ௞మమା௠మ௞భభטටሺ௠భభ௞మమି௠మ௞భభሻమାସ௠భ௠మ௞భమ
మ

ଶ௠భ௠మ
 

Substituting known expressions for k11, k12 and k22 yields: 

߱ଵ,ଶ
ଶ ൌ

48
7

ܫܧ
݉ଵ݉ଶ

ቂሺ݉ଵ ൅ 8݉ଶሻ ט ඥሺ݉ଵ െ 8݉ଶሻଶ ൅ 25݉ଵ݉ଶቃ 
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Equations of motion: 
݉ଵݔሷଵ ൅ ݇ଵݔଵ െ ݇ଵݔଶ ൌ 0   (E1) 

݉ଶݔሷଶ ൅ ሺ݇ଵ ൅ ݇ଶሻݔଶ െ ݇ଵݔଵ ൌ 0 
Let:  ݔ௜ሺݐሻ ൌ ௜ܺ cosሺ߱ݐ ൅  ;ሻ׎
 i=1,2     (E2) 
Eq. (E1) becomes: 

൤െ݉ଵ߱ଶ ൅ ݇ଵ െ݇ଵ
െ݇ଵ െ݉ଶ߱ଶ ൅ ݇ଵ ൅ ݇ଶ

൨ ቄ
ଵݔ
ଶݔ

ቅ ൌ ቄ0
0ቅ 

Frequency equation is: 

ฬെ݉ଵ߱ଶ ൅ ݇ଵ െ݇ଵ
െ݇ଵ െ݉ଶ߱ଶ ൅ ݇ଵ ൅ ݇ଶ

ฬ ൌ 0 



i.e., 
݉ଵ݉ଶ߱ସ െ ሺ݉ଵ݇ଵ ൅ ݉ଵ݇ଶሻ߱ଶ െ ݇ଵ݉ଶ߱ଶ ൅ ݇ଵ݇ଶ ൌ 0 

i.e., 
߱ଶ

ൌ
൤ሺ݉ଵ݇ଵ ൅ ݉ଵ݇ଶ ൅ ݇ଵ݉ଶሻ ט ሺ݉ଵ

ଶ݇ଵ
ଶ ൅ ݉ଵ

ଶ݇ଶ
ଶ ൅ ݉ଶ

ଶ݇ଵ
ଶ ൅ 2݉ଵ

ଶ݇ଵ݇ଶ െ 2݉ଵ݉ଶ݇ଵ݇ଶ ൅ 2݉ଵ݉ଶ݇ଵ
ଶሻ

ଵ
ଶ൨

2݉ଵ݉ଶ
൙

     (E3) 
Since m1=1000 Kg, m2= 300 Kg, k1= 4x105 N/m and k2=5x105 N/m, 
Eq. (E3) gives 
 ω1=14.4539 rad/sec,  ω2=56.4897  rad/sec 
 ଵ݂ ൌ ଵସ.ସହଷଽ

ଶగ
ݖܪ ൌ ௦భሺଵ଴଴଴ሻ

ଷ଺଴଴
ቀଵ

௟
ቁ ൌ ௦భ

ଶଵ.଺
 

Where ݈ =6m and s1 is in km/hr 
⇒s1= critical velocity#1 = ଵସ.ସହଷଽ

ଶగ
ሺ21.6ሻ ൌ 49.6887 ݇݉

ൗݎ݄  

ଶ݂ ൌ
56.4897

ߨ2 ݖܪ ൌ
ଶሺ1000ሻݏ

3600 ൬
1
݈ ൰ ൌ

ଶݏ

21.6 

⇒s1= critical velocity#2 = ହ଺.ସ଼ଽ଻
ଶగ

ሺ21.6ሻ ൌ 194.1968 ݇݉
ൗݎ݄  
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Equations of motion: 

݉൫ݔሷ െ ሷ൯ߠ݁ ൌ െ݇ݔ 
ሷߠ஼ீܬ ൌ െ݇௧ߠ െ  ݁ݔ݇

֜ ሷݔ݉ ൅ ݔ݇ െ ሷߠ݁݉ ൌ 0 
ሺܬ଴ െ ݉݁ଶሻߠሷ ൅ ݇௧ߠ ൅ ݔ݁݇ ൌ 0 



 
 
Assuming a harmonic solution, we get the frequency equation as: 

ฬെ݉߱ଶ ൅ ݇ ݉݁߱ଶ

݇݁ െሺܬ଴ െ ݉݁ଶሻ߱ଶ ൅ ݇௧
ฬ ൌ 0 

Or ሺܬ଴ െ ݉݁ଶሻ݉߱ସ െ ሺܬ଴݇ ൅ ݉݇௧ሻ߱ଶ ൅ ݇݇௧ ൌ 0 
 
Roots of this equation give the natural frequency of the system. 
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݇ଵ ൌ ݇௕௘௔௠ ൌ
ܧ192 ቀ 1

12 ଷቁݐܽ
݈ଷ ൌ

ଷݐܽܧ16

݈ଷ  
Equations of motion: 
݉ଵݔሷଵ ൅ ݇ଵݔଵ ൅ ݇ଶሺݔଵ െ ଶሻݔ ൌ ሻݐଵሺܨ ൌ  (E1)………                     ݐ߱ݏ݋଴ܿܨ
݉ଶݔሷଶ ൅ ݇ଶሺݔଶ െ ଵሻݔ ൌ 0  
 
Assuming harmonic response 
ሻݐ௝ሺݔ ൌ ௝ܺܿݐ߱ݏ݋          ;        j=1,2 
 
 
 
 
Equations (ܧଵ) yield 



ଵܺ ൌ
ሺ݇ଶ െ ݉ଶ߱ଶሻܨ଴

ሺ݇ଵ ൅ ݇ଶ െ ݉ଵ߱ଶሻሺ݇ଶ െ ݉ଶ߱ଶሻ െ ݇ଶ
ଶ 

ܺଶ ൌ
ሺ݇ଶሻܨ଴

ሺ݇ଵ ൅ ݇ଶ െ ݉ଵ߱ଶሻሺ݇ଶ െ ݉ଶ߱ଶሻ െ ݇ଶ
ଶ 

 
For no steady state vibration of the beam, X1=0 and hence the condition to be satisfied is: 

݇ଶ

݉ଶ
ൌ ߱ଶ 

 
 
 

    
 


