Engineering Mechanics - Dynamics Chapter 21

Problem 21-1

Show that the sum of the moments of inertia of a body, 1+l +1,, is independent of the orientation
of the x, y, z axes and thus depends only on the location of the origin.

Solution:

|xx+|yy+|zz=J y2+22dm+J' x2+22dm+l[ x2+y2dm

IXX+IW+IZZ:2‘[ X2+y2+22dm
m

However, x2+ y? + z2 = r2 , where r is the distance from the origin O to dm. The magnitude | r |
does not depend on the orientation of the x, y, z axes. Consequently, I,,+1,, +1,, is also

independent of the x, y, z axes.

Problem 21-2

Determine the moment of inertia of the cylinder with respect to the a-a axis of the cylinder. The
cylinder has a mass m.

[
o dy
s
a !
RS I |1I
I\
- H"‘-\..l.
B
h a
i
Solution:
h m
m:J pﬂazdythﬂ'a p=—-
2
0 hra
h
m a2 21 2 m (1 4 1 23
Iaa:—2 — +y |(za” dy| = 2—h7za +—mah
hra 0 4 h za 4 3
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2 2
I :ma—+h—
aa 4 3

Problem 21-3
Determine the moments of inerta I, and I, Z
of the paraboloid of revolution. The mass
of the paraboloid is M. {i]f o
o
Given: \ —T
M = 20 slug 0
r=2ft : ¥
h=2ft
Solution: A L5
h
2 M
V = rr=d = —
[ere -t
0
~h
10 2y\(,2Y 2
Iy = —| = r=|d Iy = 26.7 slug-ft
X P 2(” h)( h) y X g
“0
°h
1
ly = P ;rrzz — rZZ + y2 dy ly = 53.35Iug«ft2
) h)L4\' h
0

*Problem 21-4

gt

Determine the product of inertia I, of the — g " b -
body formed by revolving the shaded
area about the line x =a +b. Express
your answer in terms of the density p.

Given:
a=3ft
A
b=2ft
c=3ft
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Solution:
a
k = J [Zﬂc/z(a+ b—x)}(a+b)£/zdx
a 24 a
0
5
Ixy = kp k = 636ft
Problem 21-5

Determine the moment of inertia I, of the body formed by revolving the shaded area about the line
X =a + b. Express your answer in terms of the density p.

Given: ¥
a=3ft L ik —
b=2ft
c=3ft
A
Solution:

a
k = J |:2ﬂC\/§(a+b—X):|I:(a+b—X)2+(a+ b)2] dx
0

ly=kp k= 4481ft°

Problem 21-6

Determine by direct integration the product of inertia I, for the homogeneous prism. The density of
the material is p. Express the result in terms of the mass m of the prism.

Solution:
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1
Iyz = Emah

Problem 21-7

Determine by direct integration the product of inertia I, for the homogeneous prism. The density of
the material is p. Express the result in terms of the mass m of the prism.

x h
j /G(E'-"’ T)
1

o .

Solution:

P ="
a2h
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a

2m a-y
Ixy = - h(a—Y)y(T) dy =
a"h
0
| —iazm
Y12

Chapter 21

1 2/ m
12 a

*Problem 21-8

Determine the radii of gyration k, and k,

for the solid formed by revolving the
shaded area about the y axis. The density
of the material is p.

Given:
a=4ft “
b =025 ft |
X
I
p =12 S_L;g
ft L a -
Solution:
a
b
5 r a2 b2
M = pra dy+ | pz——dy M = 292.17 slug
0 y2
b
b a
a2 ) 5 ( a2b2 ) a2 b2 9
Iy = P " +y |ma"dy+ | p > +y T dy Iy = 948.71 slug- ft
0 X 4y y
b a
2 ( 2,2 2,2
a 2 ab ab 2
ly = P Y ma dy+ | p — 7 dy ly = 1608.40 slug- ft
0 2y y
b
Ix
kx = — kx = 180ft
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Chapter 21

Problem 21-9

Determine the mass moment of inertia of the homogeneous block with respect to its centroidal x'

axis. The mass of the block is m.

L ]

/ th

Solution:
m
m = pabh = —
» P = abh
h
m 2 1 2 2
Iy = — —a +7 |abdz=
abh 12
—h

Iy = 1—”;(&12 + h2)

_m ia3bh+iabh3
12

abh\ 12

Problem 21-10

Determine the elements of the inertia tensor for the cube with respect to the x, y, z coordinate system.

The mass of the cube is m.
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Chapter 21
Solution:
2 2
Ixx = lyy = Izz = -ma .
3 “a
2 2 &
Iyy = Ixz = —m a :—ma— I
xy = Ixz 5 1
2 2 A ¥
yz= "5 ) TN o .4
2 4 --.____.-' Jrf-r H'\{:H
X / .
.rfr R‘“‘
1 1
ma2 8 3 3 X
l=——|3 8 -3
12
3 -3 8

Remember to change the signs of the products of inertia to put them in the inertia tensor

Problem 21-11

Compute the moment of inertia of the
rod-and-thin-ring assembly about the z axis.
The rods and ring have a mass density p.

Given:

p=2—
m

I = 500 mm

h = 400 mm

N
Il

120 deg

Solution:

ASS
I

o

o

o

wn
7/
— =
N

N
I

2
- 3(p|%sin(¢)2j + p(270) ¢ I, = 0.43kg-m?
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*Problem 21-12

Determine the moment of inertia of the cone about the z' axis. The weight of the cone is W, the
height is h, and the radius is r.

Given:
W=151b
h=15"ft
r=05ft :
= 32.2 ft
g = ac. >
S
Solution:

r
6 = atan| —
9

2
3 3n

I = —~wlar? + 1) - w[ "
80 4

3 2
Iy = IX IZ = EWI’
ly = Iysin(6)® + 1,cos(6) I = 0.0962 slug- ft>

Problem 21-13

The bent rod has weight density . Locate the center of gravity G(x', y') and determine the principal
moments of inertia I, I, and 1, of the rod with respect to the X', y', z' axes.

Given:
_15k l
y =1L ft
a=1ft
b=1ft ¥
—322E
g = ac. >
S
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Solution:
2aE +ba
X = — X' = 0.667 ft
2a+b
b
ab+ bE
(g — ' = 0.50 ft
y 2a+b i
2 2 1 2 b 2 2
Iy = yay'"” +ya(b-y) + Eybb + yb(z - y') Iy = 0.0272 slug- ft
2 2 a 2 2 2
ly = E},aa T 27""(5 _ x') +yb(a—-x) ly = 0.0155slug-ft
2
7 = Iy + Iy I = 0.0427 slug- ft

Problem 21-14

The assembly consists of two square plates A and B which have a mass M, each and a
rectangular plate C which has a mass M. Determine the moments of inertia I,, 1, and 1.

Given:
Ma = 3 kg
Mc = 4.5 kg
6 = 60 deg s
61 = 90 deg N
&> = 30 deg I
a=03m — 3
b=02m
c=04m

Solution:

Ma

PR = (2b)
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C
Iy = %MC(Za)Z " 2J pa(2b) (a + £cos(6)? + (¢sin(0)?] a2
0

b rc
ly = %MC(Zb)z n 2J J oalo® + Zsin(0)?) de dx
“b Y0

b rc
Iz = %Mc[(zb)2 v 2?4 ZJ J Pl + (a+ zcos(6)°] 0z ax
-b -0

Iy = 1.36 kg-m> ly = 0.380kg:m® I, = 1.25kg-m*

Problem 21-15

Determine the moment of inertia I, of the composite plate assembly. The plates have a specific

weight .
Given: -
6 Ib
y=0—
ft? -+
_t
a=05ft —
b = 05 ft __4‘_"1.?..{ T ¥
c =0.25ft
X
= 32.2 ft
g = oe >
S
Solution:

a
6 = atan| —
(b)

2 2 2

12
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2 2 02
I = yc24/a" +b 3

2
Iy = 2(|1 sin(6)° + 1 cos(@)z) + 7(2a)(2b) % Iy = 0.0293 slug- ft°

*Problem 21-16

Determine the product of inertia I, of the composite plate assembly. The plates have a specific
weight 7.

Solution:

Due to symmetry,

IyZZO

Problem 21-17

Determine the moment of inertia of the composite body about the aa axis. The cylinder has
weight W, and each hemisphere has weight W;..

Given:
We =201b
Wp =101b
b=2ft
c=2ft
—322ft
g = ac. >
S [ -l
Solution:
c
6 = atan| —
9
o= 222 b [S) I, = 0.56 slug ft?
7= 5 h > > c > z=U. g
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83 c 2 b 3¢ 2 b2 c 21
ly =2—Wh|Z| +2Wh| - +—<| +W—=+|Z| —
320 2 2 82 12 2) 4

2

ly = 1.70slug-ft

laa = 1;¢08(6)° + Iysin(6)* laa = 1.13slug-ft>

Problem 21-18

Determine the moment of inertia about the z axis of the assembly which consists of the rod
CD of mass Mg and disk of mass Mp,

Given:
MR = 1.5 kg o
Mp = 7 kg

r = 100 mm 5o

I = 200 mm 'i

Solution:

r
0 = atan(T)

1 1
EMRIZ + ZMDrZ + MDI2

I1 =
.__!l
&

I =11

1 2
Il = =Mpr
3=7Mp
1 0 0 I1 0 0Y1 o 0

Imat = || 0 cos(6) sin(6) || 0 12 0 | 0 cos(6) -sin(6)
0 —sin(e) cos(e) 0 0 I3)\0 sin(e) cos(@)

Iz = Imat, I, = 0.0915 kg-m>
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Problem 21-19

Chapter 21

The assembly consists of a plate A of weight W,, plate B of weight W, and four rods each of weight

W,. Determine the moments of inertia of the assembly with respect to the principal x, y, z axes.

Given:
Wp =15 1b
Wg = 40 Ib
Wy =71b
ra = 11t
rg = 4 ft
h=4ft

Solution:

L = (I’B— rA)2+h2

i
0 = asin| —
L

2
L L
Iy = 2wr(?j sin(6)° + z{wr(
I‘A2
+ Wp v + WAh2

ly = Ix by symmetry

2
I; = 4{Wr|1_—2 cos(té’)2 + Wr(

Ix 20.2
ly | = 20.2 |slug ft?
I, 16.3

0 = 53.13deg

Jou

b

h

*Problem 21-20

The thin plate has a weight W, and each of the four rods has weight W,. Determine the moment of
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inertia of the assembly about the z axis.

Given:
[!
Wr - 3 Ib
h=15ft
a=05ft fn
Solution: V4
/ g
Iy

L =+ h2+a2+a2 ffi”'
F

1 _ 1
Iz = 45Wr L?sin(6) + Ewp[(za)2 + 2?1, = 00881 slug >

Problem 21-21

If a body contains no planes of symmetry, the principal moments of inertia can be determined
mathematically. To show how this is done, consider the rigid body which is spinning with an angular
velocity o, directed along one of its principal axes of inertia. If the principal moment of inertia about
this axis is 1, the angular momentum can be expressed as H = lo = lai + 1gj + oK. The

components of H may also be expressed by Eqgs. 21-10, where the inertia tensor is assumed to be
known. Equate the i, j, and k components of both expressions for H and consider «,, @, and @, to be
unknown. The solution of these three equations is obtained provided the determinant of the
coefficients is zero. Show that this determinant, when expanded, yields the cubic equation

I3 '(Ixx+ Iyy+ Izz)I2 + (Ixxlyy+ Iyylzz+ Izzlxx' szy' I2yz'|2zx)I '(Ixxlyylzz' 2|xy|yz|zx' Ixxlzyz' Iyylzzx' Izzlzxy) =
0. The three positive roots of I, obtained from the solution of this equation, represent the principal
moments of inertia l,, I, and I,.

Solution: p
v
H=lo = loxi + layj + ok
(™=
Equating the i, j, and k components to the scalar k‘n._{w
(Eqg. 21 - 10) yields

('xx - |)a)x — Ixyoy — Iz, =0 (0]

—lyxa)x + (lyy - |)(0y — Iyza)z =0
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—sza)x - Izya)y + (IZZ - I)a)z =0
Solution for nontrivial @, &, and @, requires
(ha=1) by -l

—lyx - (lyy—=1) Iy [=0

“lx =y (121

Expanding the determinant produces the required equation

Chapter 21

Problem 21-22

Show that if the angular momentum of a body is determined with respect to an arbitrary point A, then

H, can be expressed by Eq. 21-9. This requires substituting p, = pg + pga into Eq. 21-6 and
expanding, noting that prdm = 0 by definition of the mass center and Vg =Va+ ® X pga.

&
|
Solution: X
r
Ha = pAdeVA+J’ pr(mpr)dm
r
Ha = pG+pGAdeVA+J (pc +pca)x[ox (pc + paa)] dm
r
Ha = demeA+pGA><mVA+J pGx((oxpg)dm+4[ demx((oxpGA)

+ PGA X wXJ pG dm|+pgax (@x pga)m
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Since J'p(;dm:O and HG:J’ pG x (0 x pg) dm

HA = pGA X MVA+HG + pGax % (pGA)m = pgax MVA + @ x pga) + Hg

Ha = pgx mvg + Hg Q.E.D

Problem 21-23

The thin plate of mass M is suspended at O using a ball-and-socket joint. It is rotating with a
constant angular velocity @= @k when the corner A strikes the hook at S, which provides a

permanent connection. Determine the angular velocity of the plate immediately after impact.

Given: -
M = 5 kg A @
. I
rad S
o] =2—
S : 4
[ iy L a
a = 300 mm ‘Q:“'“‘m%
X :
b = 400 mm B
Solution: }
Angular Momentum is conserved about the line OA. . T e
0 ]
OA E—
|0A]
-b
1 2 1 2
lp = =Mb I3 = —M(2a 1 =1l +1
2 =73 3 = ;M) 1=1I2+13
1 0 O

Imat: 0 |2 0
0 0 I3

T
lopa = 0a Imatoa

Guess wy =1—
S
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0
Given Imat 0 Oa = Ioawz
w1
0.00
. rad
wy = Flnd(wg) wy0a = | —0.75 <
1.00

*Problem 21-24

Rod AB has weight W and is attached to two smooth collars at its end points by ball-and-socket
joints. If collar A is moving downward at speed v,, determine the kinetic energy of the rod at the

instant shown. Assume that at this instant the angular velocity of the rod is directed perpendicular
to the rod’s axis.

Given: |
W=561Ib

ft
VA=8Z

a=3ft

b==6"ft

c=2ft

Solution: L = \/ a2 + b2 + 02

Guesses 7

wx c
Given 0 + oy |x| b |=]0
2
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vB
o 0.98
Wx ) rad ft
= Find(vg, ox, oy, @;) o =| @y ©=|-106 |——  vg=1200—
“y o 147
w7
C
0 2
2
b 1(w (W)L
vg=| 0 |+ox > = E(_)(VGVG) + E(_) E(mm) T = 6.46 Ib-ft
2

Problem 21-25

At the instant shown the collar at A on rod AB of weight W has velocity v,. Determine the kinetic

energy of the rod after the collar has descended a distance d. Neglect friction and the thickness of the
rod. Neglect the mass of the collar and the collar is attached to the rod using ball-and-socket joints.

Given: |
W =61lb 1
ft
vp =8 —
S
a=3ft
b==6*ft
_1.
c=2ft
d=3ft
Solution: l_/
L :\/a2+b2+02
Guesses
ft rad
vg = 1— wy =1 —
S S
rad rad
oy =1— w; =1—
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0 24 c VB wx c
. ft
Given 0 |+|awy|x| b |=|0 oy || b |=0—
s

VB
Ox .
= Flnd(vB,a)X,a)y,a)z)
wy
wz
wx 0.98
rad ft
o = a)y o=|-106 T VB = 12()0?
w; -1.47
C
0 2
b
VG = O + ® X E
—a
2

Ty = %(%)(VG'VG) + %(g)&—g(m-m) Tq = 6.46 Ib-ft

In position 2 the

center of mass has d
fallen a distance d/2 T1+0=Ty - W(E)

d
Tp =T1+ W(Ej Ty = 155 Ib-ft

Problem 21-26

The rod AB of mass Mg is attached to the collar of mass M, at A and a link BC of mass Mg using

ball-and-socket joints. If the rod is released from rest in the position shown, determine the angular
velocity of the link after it has rotated 180°.

Given:
Mag = 4 kg
Ma = 1 kg
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MBc = 2 kg
a=12m
b=05m
2

c = a2+b

Solution:

2
6 = atan| —
a

1 . 1
I = EMABCZ sm(e)2 + EMBC b2

Guess w=1—

. 1
Given (MAB + MBC)gb = Ela)2

Chapter 21

Problem 21-27

The rod has weight density yand is suspended from parallel cords at A and B. If the rod has angular
velocity @ about the z axis at the instant shown, determine how high the center of the rod rises at the

instant the rod momentarily stops swinging.

Given:
B Ib
Y=
rad
w=2—
S
a=3ft
= 32.2 ft
g = ac. >
S
Solution:

T1+V1=Tr+ V>
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1M1 2
—[— M}(Za)2 o = y2ah
2112 ¢
2
h iaz(a)_j h = 2.24in
6 g

*Problem 21-28

The assembly consists of a rod AB of mass mug Which is connected to link OA and the collar
at B by ball-and-socket joints. When 8= 0 and y = y;, the system is at rest, the spring is

unstretched, and a couple moment M, is applied to the link at O. Determine the angular
velocity of the link at the instant 6= 90°. Neglect the mass of the link.

Units Used:
KN = 10° N
Given:
mag = 4 kg
M=7Nm
— ~¥
a = 200 mm v a ~
5= - W
y1 = 600 mm '
kN
k=2—
m
Solution:
2 2 2
L=,a +a" +y]
1 2
| = —maplL
3 AB
6=L-yn
rad
Guess w=1—

a 1 1
Given mABQE + M(90 deg) = Elw2 + Ekéz
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o = Find(o) o= 6.10%

L rad
WOA = O— oA = 20.2—
a S

Problem 21-29

The assembly consists of a rod AB of mass mug Which is connected to link OA and the collar
at B by ball-and-socket joints. When 8= 0 and y = y;, the system is at rest, the spring is
unstretched, and a couple moment M = My(bé + c), is applied to the link at O. Determine the
angular velocity of the link at the instant €= 90°. Neglect the mass of the link.

3

Units Used: kN = 10" N
Given:
mag = 4 kg
Mp=1Nm a”
S0
y1 = 600 mm A~
T (=] Z
T H W, 1_9‘\\
a = 200 mm il ik
b=4 = . s v
S _
c=2 '
kN
k=2—
m
Solution:
2 2 2
L=,a" +a" +y]
1 2
| = —maplL
3 AB
6=L-yn
rad
Guess o=1—
S

90 deg 1 9 1
Given mABgE+J Mo(b9+ c)dQ:EIw +Ek52
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L

Chapter 21

rad

rad
w=522— WOA = O— wop = 17.3—
S a S

Problem 21-30

The circular plate has weight W and diameter d. If it is released from rest and falls horizontally a
distance h onto the hook at S, which provides a permanent connection, determine the velocity of
the mass center of the plate just after the connection with the hook is made.

Given:

W =191b

d=15ft

h=25ft

ol
_3o L T
g = ac. >
S

Solution:

ft h
Vg1 =4/ 2gh Va1 = 12.69 —
s

G- G- |

8vG1 rad

Wy = wp = 13.53—
5d s

d ft

VG2 = @ — Vg2 = 10.2—
2 S

Problem 21-31

A thin plate, having mass M, is suspended from one
of its corners by a ball-and-socket joint O. If a stone

,
strikes the plate perpendicular to its surface at an —
adjacent corner A with an impulse |, determine the U a
instantaneous axis of rotation for the plate and the = \ TNy
impulse created at O. 1/ \ >

Given: /\ > .
M = 4 kg \// .
a = 200 mm
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0 = —45 deg
-60
IS = O NS
0
Solution:

Il = =Ma®  Ip = ~Ma’

2
I3 =1o Irg = Ma—
3 4

1 0 0
Cmat =| 0 cos(@) sin(e)
0 —sin(e) cos(e)

i1 O 0

T
Imat = Cmat| 0 12 -123 [Cmat

0 -log I3
lox 1 Vx 1 @x 1
m rad
Guesses loy|={1|Ns Wl=]1]— wy | = .
S S
loz 1 vz 1 0z 1
Given
lox Vx
Is+| loy | = M| vy
loz vz
0 Wy
a
ﬁ -1 |xls = Imat| @y
_1 w;
wy 0 Vyx
0
S ol IR Bl B
0] ﬁ vz
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Wy

Vx

Vy

Vz
lox N

Impulse = | loy o =| oy axis =
loz Wz

a)y = Find(IOX,IOy,IOZ,wX,a)y,wz,Vx,Vy,Vz)

(O]

|l

8.57
Impulse = | 0.00 |N-s
0.00

0.00
axis=| 0.14
-0.99

Chapter 21

*Problem 21-32

Rod AB has weight W and is attached to two smooth collars at its ends by ball-and-socket joints.
If collar A is moving downward with speed v, when z = a, determine the speed of A at the instant

z = 0. The spring has unstretched length c. Neglect the mass of the collars. Assume the angular

velocity of rod AB is perpendicular to its axis.

Given:
W=561Ib
ft
vp =8 —
S
a=3ft
b==6*ft
c=2ft
k=40
ft
o =2ft _1/
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= 32.2 ft
g =92z~
S

L :\/a2+b2+02

Solution:

First Position

Guesses
ft rad
vBL=1—  ox=1—
s S
rad rad
y=ioensiYs
0 wx1 c VB1
Given 0 |+|oy1|x| b |=]0
wx1 C
ft
wyl b |=0 ;
wz1 J)\8
wx1
wx1 0.98
wy1 ) rad
= Find(wx1, y1, @71,VB1) 01 =| oyl 01 =|-106 |—
e a7) °
wz1 :
VB1
0 C
1
vg1 =| 0 [+o1x E b
—VA —a
6.00
ft
ve1=| 0.00 |=
-4.00
1w 1w L2
T1 = =—(vg1-vg1) + = — —(01-0 T1 = 6.46 Ib-ft
1 29(6161)2912(1 1) 1

Work - Energy T1+V1=Tr+ Vs
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2
a 1 (]

Second Position Note that B becomes the instantaneous center

ft ft
1— vgy =1 —
S S

Guesses VA2

S

rad rad
1

— oy

S

Il
'_\

0x2

wpp =1—

Given 0 +| wy2 | x b =| 0

) | o 0 0

VA2
VB2 Ox2 2.23

. rad ft
wx2 | = Find (VA2 VB2, Wx2, Wy2, 0)22) oy | =| -1.34 o vgz = 0.00 5
wy2 w72 0.00

ft
wz2 vao = 18.2—
S

Problem 21-33

The circular disk has weight W and is 1 ™
mounted on the shaft AB at angle & with i :
the horizontal. Determine the angular
velocity of the shaft when t=t; if a

constant torque M is applied to the shaft. = 4
The shaft is originally spinning with angular M 7
velocity e, when the torque is applied. -

o '.-:;-]

-8
.
o
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Given:
W =151b
6 = 45 deg
t1 =3s
M = 2 Ib-ft
rad
w =8 —
S
r = 0.8ft
ft
g =322 -
s
Solution:
2 2
W[ r Wil r
g = | — || = feos(0)? + [ || = |sin()®  1ag = 011 1b-ft.82
g/\ 4 g/\2
M rad
oa = — W) = w1 + atq wy = 61.7—
IAB S

Problem 21-34

The circular disk has weight W and is mounted on the shaft AB at angle of & with the horizontal.
Determine the angular velocity of the shaft when t =1t if a torque M = Moebt applied to the shaft. The
shaft is originally spinning at @, when the torque is applied.

Given:

W =151b
0 = 45 deg M

F
e
g Voo
A = f /,"’ / ]
tg] =2s | — a_.. ——— i g

alth, Y 3
Mg = 4 Ib-ft M
rad

L

o] =8 —
S

r =028 ft
ft

g=32.2—2
S
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b=01s

Solution

(2t 2

1

Iag = 0.11 Ib-ft-s°

rad

Chapter 21

Problem 21-35

The rectangular plate of mass m,, is free to rotate about the y axis because of the bearing supports

at A and B. When the plate is balanced in the vertical plane, a bullet of mass m is fired into it,
perpendicular to its surface, with a velocity v. Compute the angular velocity of the plate at the

instant it has rotated 180°. If the bullet strikes corner D with the same velocity v, instead of at C,
does the angular velocity remain the same? Why or why not?

Given:
Mp

Mp

<
Il

QD
Il

o
Il

(=]
Il

Solution:

Given

2000 2
S

150 mm

150 mm

15 kg

0.003 kg

9.81 L
2

S

Guesses W) =

mpva 1m a2
=— a)
b 3 p 2

1
—m
2

2

a 2+mga
— w —
P73 2 PYy

1
==m
2
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@2 rad rad
( ] = Find(a)g, a)3) wy = 8.00 — w3 =214 —
3 S S

If the bullet strikes at D, the result will be the same.

*Problem 21-36

The rod assembly has a mass density o and is rotating with a constant angular velocity o= @k

when the loop end at C encounters a hook at S, which provides a permanent connection.
Determine the angular velocity of the assembly immediately after impact.

Given:

ki
p =25 9

m

. (!

a=05m ,*? e~ S

rad } o S
w =2 — f t Ty
h=05m ,

|'|' !
Solution: |
N 2 |
o |

0

OC =] a -
T -"f.
—-h
1 3 1 3 2
1 = —ph™ + —p(2a)~ + p2ah
1=3F 12p( )" +p
1

I, = 5,1)h3+,02ah2 I3=11-1

11 0 O

T

Imat =| 0 12 0 loc = oc ImatoC

0 0 I3

rad
Guess wy =1 —
S
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0

rad
Given Imat| O |oc = locwy @y = Find(a)g) @y =-0.63—
S
w1
0.00
rad
@poc = | -0.44 | —
S
0.44

Problem 21-37

The plate of weight W is subjected to force F which is always directed perpendicular to the face
of the plate. If the plate is originally at rest, determine its angular velocity after it has rotated one
revolution (360°). The plate is supported by ball-and-socket joints at A and B.

Given:
W=151Ib
F=81Ib
a=04ft
b=12ft
ft
g =322 -
S
Solution:
a
0= atan(g) 6 = 18.43deg

o = (g )t () oo

Iag = 0.0112 Ib-ft.s>

Guess w=1—

Given Facos(&)(Z;r) = %lABa)Z

= Find(a)) o= 58.4%
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Problem 21-38

The space capsule has mass m and the radii of gyration are k, = k, and k. If it is traveling with
a velocity v, compute its angular velocity just after it is struck by a meteoroid having mass m,
and a velocity V= (Vi +vyj +V,K ). Assume that the meteoroid embeds itself into the capsule at

point A and that the capsule initially has no angular velocity.
Units Used:
Mg = 1000 kg
Given:
me =35Mg my = 0.60 kg
m
kx = 08 m VX = —200 —_—
S

m
ky = 05 m Vy = —400 ?

m m
VG = 600 — v, =200 —

a=1m b=1m ¢c=3m

Solution:
Guesses
rad rad rad
=1— =1— w =1—
S
2
a Vy ke 0 O oy
Given C |x|mm Vy—VG ||=m¢ 0 ky2 0 wy
—b v
z 0 0 Kk’ J\¥Z
wx wx -0.107
= Find( ) ~| 0000 [
a)y wx, a)ya A a)y ° S
Wy Wy -0.107

Problem 21-39

Derive the scalar form of the rotational equation of motion along the x axis when Q # o and the
moments and products of inertia of the body are not constant with respect to time.
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Solution:
In general
M = :—(Hxi + Hyj + HzK)
t

M = (Hxi + Hyj + H'zK) + Q x (Hyi + Hyj + Hzk)

Substitute Q = Qi + Q) + 2k and expanding the cross product yields

M = (Hx — 2;Hy + QyHy)i + (HYy — QxHz + Q7 Hy)j ...
+(Hz - 2y Hy + 2 Hy)k

Substitute H,, H,, and H, using Eq. 21 - 10. For the i component

d
=My = =f(Ieax ~ hyy = Ixgg) = o lyay = lyzr = Iyxex) ..
dt
+ Qy(lz[{)z — sza)x — Izy(()y

One can obtain y and z components in a similar manner.

*Problem 21-40

Derive the scalar form of the rotational equation of motion along the x axis when Q = o and the
moments and products of inertia of the body are constant with respect to time.

Solution:
In general
M = d_(HXi + Hyj + HzK)
dt
M = (Hi + Hyj + H'zK) + Q x (Hyi + Hyj + Hzk)
Substitute Q = Qi + Q) + 2k and expanding the cross product yields

M = (Hx — 2;Hy + QyHy)i + (HYy — QxHz + Q7 Hy)j ...
+(Hz - 2y Hy + 2 Hy)k

Substitute H,, H,, and H, using Eq. 21 - 10. For the i component

d
ZMX = — (IXC()X - Ixya}y - Ixza)z) - .QZ(Iya)y - IyZa)Z - IyXa)X)
dt
+ Qy(lza)z — sza)x — Izya)y
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For constant inertia, expanding the time derivative of the above equation yields

ZMX = (Ixa)lx — Ixya)ly — IXZa)Iz) — Qz(lya)y — Iyza)z — Iyxa)x)
+ Qy(lz[{)z — sza)x — Izya)y

One can obtain y and z components in a similar manner.

Problem 21-41

Derive the Euler equations of motion for Q = wi.e., Egs. 21-26.

Solution:
In general
M = d_(HXi + Hyj + HzK)
dt
M = (Hxi + Hyj + H'zK) + Q x (Hyi + Hyj + Hzk)
Substitute Q = Qi + Q) + 2k and expanding the cross product yields

M = (Hx — 2;Hy + QyHy)i + (HYy — QxHz + Q2 Hy)j ...
+(Hz - 2y Hy + 2 Hy)k

Substitute H,, Hy, and H, using Eq. 21 - 10. For the i component

d
ZMX = — (IXa)X — |Xya}y - |XZa)2) - .Qz(lya)y — |yZCE)Z - |yxa)x)
dt
+ Qy(lza)z — sza)x — Izya)y

Set Ixy = lyz = Izx =0  and require Ix, ly, Iz to be constant. This yields
ZMX = Ixa)lx — Iy.Qz(Uy ar Izgya)z

One can obtain y and z components in a similar manner.

Problem 21-42

The flywheel (disk of mass M) is mounted a distance d off its true center at G. If the shaft is
rotating at constant speed o, determine the maximum reactions exerted on the journal bearings at A
and B.
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Given:
M=40kg a=075m
d=20mm b =125m
rad m e
w=8— g=0981— ~— b
S 32 e

Solution:  Check both up and down positions z

Guesses Agp =1N By =1N

. 2
Given Aup +Byp — Mg = -Mdo

—Aupa+ Bupb =0
Aup Aup 213.25
= Flnd(Aup, Bup) = N
Bup Bup 127.95
Guesses Adown = 1N Bdown = 1 N

. 2
Given Adown + Bdown -M g =M da)

—Adowna + Bgownb = 0

Adown i d(A B ) Adown [277.25) N
= FINd{ Adown > Bdown =
Bdown Bdown 166.35
Thus Amax = maX(Aup, Adown) Amax =277 N

Bmax = maX(Bup,Bdown) Bmax = 166 N

Problem 21-43

The flywheel (disk of mass M) is mounted a distance d off its true center at G. If the shaft is
rotating at constant speed @, determine the minimum reactions exerted on the journal bearings at A
and B during the motion.
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Given:
M=40kg a=075m
d=20mm b =125m
rad m a
w=8— ¢g=981—
S 32

Solution:  Check both up and down positions z

Guesses Agp =1N By =1N

. 2
Given Aup +Byp — Mg = -Mdo

—Aupa+ Bupb =0

Aup ) Aup 213.25
) " (Aup-Bup) Bup ) \127.95 )
up up -

Guesses Adown = 1N Bdown = 1 N

. 2
Given Adown + Bdown -M g =M da)

—Adowna + Bgownb = 0

Adown i d(A B ) Adown (277.25) N
= FInd{ Adown Bdown =
Bdown Bdown 166.35
Thus Am|n = min(Aup, Adown) Am|n =213 N
Bmin = min(Bup,Bdown) Bmin = 128 N
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*Problem 21-44

The bar of weight W rests along the smooth
corners of an open box. At the instant shown,
the box has a velocity v = v,k and an

acceleration a = a;k. Determine the x, y, z

components of force which the corners exert ""
on the bar.
Given:
W=4Ilb a=2ft 7
ft
vi=5— Db=1f
S
ff c=2f f‘c l
a] =2 — X b
2 - -
S
Solution:
Guesses

AX:lIb szllb

Given
AX + BX = 0
Ay + By = 0
BZ -W= _al
- Bx c Ax
—| b ><By+——b><Ay=O
-a B, a 0
Ax
Ay Bx 2.12
_ Ax -2.12
BX = Flnd(AX 5 Ay 5 BX 5 By 5 Bz) = Ib By = —106 Ib
Ay 1.06
By B, 4.25
Bz
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Problem 21-45

The bar of weight W rests along the smooth
corners of an open box. At the instant shown,
the box has a velocity v = v;j and an acceleration

a = a,j. Determine the x, y, z components of
force which the corners exert on the bar.
Given:

W=4Ib a=2ft

ft
V1:3Z b=1ft

ft C = 2 ft e . - i ¥

e
al = -6 —2 r ™ }
S - -
Solution:
Guesses
AX = l Ib BX = 1 Ib
B,=11Ib .
Given
AX =+ BX = 0
Ay + By = _al
BZ - W - 0
—C Bx c Ax
1
—| b |x|By|+—=|-b|x|Ay|=0
2 y Yy
-a B, a 0
Ax
Ay Bx 2.00
_ Ax -2.00
Bx | = Find(Ayx, Ay.By,By,B;) = Ib By | =| -1.37 |Ib
Ay 0.63
By B, 4.00
B;
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Problem 21-46

The conical pendulum consists of a bar of mass m and length L that is
supported by the pin at its end A. If the pin is subjected to a rotation o,
determine the angle @that the bar makes with the vertical as it rotates.

Solution:
I = I, = %m L2
ly=0 wx=0
wy = —wcos(e)

ZMX = Ixa)lx - (Iy - Iz)a)ya)x

—mg@sm(e) _ o_(o_gmﬁj(_wcos(e»(a,sin(g))

1 3
g = —Lm2 cos(@) 6 = acos g
2 3 2
2Lw

Problem 21-47
The plate of weight W is mounted on the shaft AB so that the plane of the plate makes an angle &

with the vertical. If the shaft is turning in the direction shown with angular velocity o, determine
the vertical reactions at the bearing supports A and B when the plate is in the position shown.
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Given:
W =20 Ib il
6 = 30 deg
rad
o =25—
S
a=18in
b=18in
c=26Iin
Solution:
L (w(
X = 9 6
Ix
IZ = E Iy = IZ
wy = wsin(@) wy = —wcos(@)
rad
w7 = 0—
S
Guesses Fa =11b Fe=11b

Given Fa+Fg-W=0

0 oy Ix 0 0\ ax
0 =| oy |x 0 Iy 0 wy
Feb-Faa w; 0 0 I\

Fa _ Fa 8.83
= Find(Fa.Fg) = Ib
Fg Fg 11.17

Chapter 21

S

*Problem 21-48

The car is traveling around the curved road of radius p such that its mass center has a constant
speed vi. Write the equations of rotational motion with respect to the X, y, z axes. Assume that the

car’s six moments and products of inertia with respect to these axes are known.
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Solution:
Applying Eq. 21-24 with  wy =0 @y =0

VG
w7 = — a)lxza)lyza)'zzo

2 2
VG VG =
ZMX = Iyz (_j ZMy = sz(_j ZMZ 0
p p

Note: This result indicates the normal reactions of the / p X x
tires on the ground are not all necessarily equal.

Instead, they depend upon the speed of the car, radius

of curvature, and the products of inertia, 1., and I,,.

(See Example 13-6.)

Problem 21-49

The rod assembly is supported by journal bearings at A and B, which develops only x and z force
reactions on the shaft. If the shaft AB is rotating in the direction shown with angular velocity o,
determine the reactions at the bearings when the assembly is in the position shown. Also, what is the
shaft’s angular acceleration? The mass density of each rod is p.

Given:
rad |
w=-5—
S
k
p =15 “9
m
a = 500 mm L i
b = 300 mm
¢ = 500 mm e '
d = 400 mm
e = 300 mm
_ 981 1
g =29 >
S
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Chapter 21

Solution:
2 2 2
a+b+c e e
Iy = p(a+b+c)g+pda2+peE+pe{(a+ b)2+(5)}
2 2 2
a+b+c d d
Iy = p(a+b+c)g+pd—+pd a2+ — +,oe(a+b)2
3 12 2
lyy = dd2+ ee2 Ly = pdad lyy = pe(a +b) =
yy—/J3 ,03 Xy =P > yz = P 5
Ixx —Ixy O 1.5500 -0.0600 0.0000
Imat = | “Ixy lyy —lyz Imat = | —0.0600 0.0455 —0.0540 kg-m2
0 -y Iz 0.0000 -0.0540 1.5685
rad
Guesses Ay=1IN A;=1N By=1N B;=1N a)'yzl—z
S
Given
dd 2+ ee '
-pd—ow —
Ax) (Bx 0 pPRG@ TP
0 |+| 0 |- 0 = 0
A B d e
z z pla+b+c+d+e)g —pd—a)'y—pe—a)z
2 2
0 d
0 — 0 0 0 0
a+b+c 2 i
5 0 + X 0 e = Imat C()y +| —w | X Imat -
a
0 —-p(a+b+c)g 0 -pdg 0 0 0
0
0 0 Bx
b
+ ar X 0 +|la+b+c|x| 0
e
= —pe 0 B
2 reg z
Ax
Az
_ Ax -1.17 Bx -0.0791
Bx | = Find(Ax, Az,Bx,B;, dy) = N = N
A; 12.33 B, 12.3126
B;
Wy . rad
2

S
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Problem 21-50

Chapter 21

The rod assembly is supported by journal bearings at A and B, which develops only x and z force
reactions on the shaft. If the shaft AB is subjected to a couple moment M, j and at the instant shown

the shaft has an angular velocity @ j, determine the reactions at the bearings when the assembly is in
the position shown. Also, what is the shaft's angular acceleration? The mass density of each rod is p.

Given:
rad
o =-5— ¢ = 500 mm
S
K g
,0:1.5—g d = 400 mm
m

a=500mm e =300 mm

m X ;
b=300mm g=0981— B
2 .
S
Mg = 8 N-m
Solution:

<
<
Il

(a+b+c)2 2 e2 2 e 2
p(a+b+c)T+pda +peE+pe(a+b) + >

(@a+b+0’ & s (d)? )
IZZ:p(a+b+c)T+pdE+pda +[Ej + pe(a+bh)

2 2
d e d e
|yy = pd? +pe? |xy = pdaE |yz = pe(a+ b)z
Ixx —lxy O 1.5500 —0.0600 0.0000
Imat = | “Ixy lyy —lyz Imat = | —0.0600 0.0455 —0.0540 kg-m2
0 -y Iz 0.0000 -0.0540 1.5685
rad
Guesses Ay=1IN A;=1N By=1N B;=1N a)'yzl—z

S
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Given
dd 2+ ee ]
-pld—-w —w
Ax) (Bx 0 pEQY TRy
0 |+| 0 |- 0 = 0
A B d e
z z p(a+b+c+d+e)g —pd—a)'y—pe—a)z
2 2
0 d
0 — 0 0 0 0
a+b+c 2 -
5 x 0 + X 0 o = lmat] @y |+| —o | X|Imat| —@
a
0 —-p(a+b+c)g 0 -pdg 0 0 0
0
0 0 Bx 0
a+b
+ * x 0 +la+b+c|x| 0 [+] Mg
e
— —pe 0 B
5 peg z 0
Ax
Az
_ Ax 3.39 Bx 7.2243
Bx | = Find(Ax, Az,Bx, By, dy) = N = N
A, —0.66 B, 41977
B;
Wy rad

'y = 201.7 —
a)y SZ

Problem 21-51

The rod assembly has a weight density r. It is supported at B by a smooth journal bearing, which
develops x and y force reactions, and at A by a smooth thrust bearing, which develops X, y, and z
force reactions. If torque M is applied along rod AB, determine the components of reaction at the
bearings when the assembly has angular velocity @ at the instant shown.
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Given:
Ib
y=5— a=4ft d=2ft 4
ft =, )
f
M =501Ibft b=2ft g=32.2—2 C__'fjf.
s - ¥
d - o
w=1022 c-2 P b
S
i
Solution:
bt e
g : . S
c d i
ly; = pcb—+ pdc| b+ = -
yZ p 2 p ( 2) 5 | ¥
A
:»-”‘

¢ 2 ol
IZZ = pC? +pdC !

(a+b)? s ()2 d? ) )2
a+b +pC—+pgb"+|=| |+ pd—+pdc”+|b+—
p(a+Db) 3 P EP (2) pdo+p ( 2)

(a+b)> ) 2
lyy = p(@a+b)——— + pcb™ + pd— + pd| b + —
yy = p(@a+Dh) 3 p pd p( 2)

<
<
Il

Ixx 0 0 16.98 0.00 0.00
mat =| 0 Iy -lyz Imat = | 000 1532 -2.48 |Ib-ft.s°
0 Iy Iy 0.00 -248 1.66
rad
GueSSGS AX = 1 Ib Ay = 1 Ib Az = 1 Ib BX = 1 Ib By = 1 Ib a = 1 _2
S
Given
- pd
AX) (B 0 P
Ay | +| By | — 0 = c
y y —pCE (()Z—pdCa)2

A, 0 pla+b+c+d)g
0
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o

0 Bx 0 0 0 0
c
0 X By + E X O vee = Imat 0 + 0 X Imat O
a+b 0 b -pcg a 1) 1)
0
0 0
c
+ X 0 +| 0
b+— -pdg M
Ax
Ay
X -15.6
" | Find(A Ay A By Byoa) | A T e N el I
= In s s s s , O = - . =
By ory ey g By ) \—46.4
A, 50.0
B
y
rad
a a= 30.19—2
S

*Problem 21-52

The rod AB supports the sphere of weight W. If the rod is pinned at A to the vertical shaft which
is rotating at a constant rate w K, determine the angle & of the rod during the motion. Neglect the
mass of the rod in the calculation.
Given:
W =10 1Ib
rad
7

fi
g =322~
S

Solution:

el

) |

=
Il
w
+
TN
Ql|=
~
™~
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Guess 6 = 50 deg
Given  Wlsin(6) = (13 - I1) wcos(6) wsin(6)

6 = Find(6) 6= 70.8deg

Problem 21-53

The rod AB supports the sphere of weight W. If the rod is pinned at A to the vertical shaft which is
rotating with angular acceleration « k, and at the instant shown the shaft has an angular velocity
aK, determine the angle @of the rod during the motion. Neglect the mass of the rod in the

calculation.
Given:
W=101b
a =2 @
2
S
rad
w=171—
S
d =05 ft
| =2 ft
ft
g = 32.2 _2 Fil] . ; ey
S o ;:'
Solution: fn

SO
o

Guess 6 = 50 deg
Given  Wlsin(6) = (13 - I1) wcos(6) wsin(6)

6 = Find(6) 6= 70.8deg
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Problem 21-54

The thin rod has mass m, 4 and total length L. Only half of the rod is visible in the figure. It is rotating

about its midpoint at a constant rate @', while the table to which its axle A is fastened is rotating at
angular velocity @. Determine the x, y, z moment components which the axle exerts on the rod when
the rod is in position 6,

Given:
.1.
mrod = 08 kg
L = 150 mm
g =6 @
S
o =2 @
S
Solution:
= Mg =
A = Mrod 12
a)sin(ﬁ)
Oy = wcos(@)
ag
wsin(ﬁ) wd COS(H)
o= a)cos(H) X Oy = —wﬁsin(e)
0 0

M = Imatat + oy X (Imatov)

Mx 0 0 0 w0 cos(6) wsin(6) 0 0 0\ wsin(o)
My [=]0 1a 0 |x| —w@sin(6) | +| wcos(6) |x|| O 1A O || wcos(6)
M, 00 I 0 g 00 I p
My ° k °

My | - —2Ia8 wsin(6) o | - —2Ip0

M, %IAa)Zsin(Ze) k, %lsz
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MX = 0
My = kysin(6) ky = —0.036 N-m
M; = k;sin(2 6) k; = 0.0030 N-m

Problem 21-55

The cylinder has mass m; and is mounted on an axle that is supported by bearings at A and B. If the
axle is turning at w j, determine the vertical components of force acting at the bearings at this

instant.
Units Used:
kN = 10° N ;
b S e
Given:
me = 30 kg
a=1m
rad
o =-40 —
S
d=05m
L=15m
m
=981 —
g 2
S
Solution:

0
0 = atan| —
L

|—m"2+mCOIZ Iy = | |—mCO|2
X701 a2 Zo X Y= 2 2

1 0 0 Ix 0 031 o0 0
I =| 0 cos(6) —sin(6) | 0 1y 0|0 cos(6) sin(6)
0 sin(e) cos(e) 0 0 I )\0O —sin(H) cos(e)
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Guesses Ak =1N A;=1N By=1N B;=1N

Given

Ax Bx 0 0 Bx 0 Ax 0 0
O [+| 0 |- O |[=0 alx| 0 |+]|-a|x| 0 |=|-0|x|lg -@
A; B, mcg 0 B, 0 A; 0 0
Ax
Az _ Ax 0.00 Az 1.38

= Find(Ay, Az, Bx.B;) = N = kN
By By 0.00 B; -1.09
B;

*Problem 21-56

The cylinder has mass m; and is mounted on an axle that is supported by bearings at A and B. If the

axle is subjected to a couple moment M j and at the instant shown has an angular velocity @],
determine the vertical components of force acting at the bearings at this instant.

Units Used: kN = 103 N

Given:

me = 30 kg d=05m

a=1m L=15m 3
rad m
S 2
S
M = -30 N-m
Solution:
(d)
0 = atan| —
L

| —mL2+mCd2
X701 a2

Mc (d 2
Iz' = IX' Iy' = ? E
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1.38

()

1 0 0 Ix 0 03)1 o0 0
I = | 0 cos(6) —sin(6) || 0 Iy 0|0 cos(6) sin(6)
0 sin(6) cos(6) o 0 1, )\0 —sin(6) cos(6)
rad
Guesses Ay =1N A;=1N Bx=1IN B;=1N a=1—
S
Given
Ax Bx 0
0 |+|01|-| O =0
Az Bz mcg
0 0 Bx 0 Ax 0 0 0
M|+|a|x| 0 |+|-a|x| 0 |=lgla|+|-w|x|lg -
0 0) |8, 0 A, 0 0 0
Ax
Az
B Find(Ax, Az, By, Bz, @) AX PO &
= In ) ) > , = =
X o e T By ~15.97 B,
B;
(04
o = 206579
&2

Problem 21-57

The uniform hatch door, having mass M and mass center G, is supported in the horizontal plane by
bearings at A and B. If a vertical force F is applied to the door as shown, determine the components
of reaction at the bearings and the angular acceleration of the door. The bearing at A will resist a
component of force in the y direction, whereas the bearing at B will not. For the calculation, assume
the door to be a thin plate and neglect the size of each bearing. The door is originally at rest.

Given:
M =15kg ¢ =100 mm
F=300N d=30mm g
a=200mm e =30 mm
b = 150 mm g:9.81m2
S
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Solution: Guesses
rad
Ay =1N Ay:lN A;,=1N By=1N B;=1N a)'y:1—2
S
Given Ax Bx 0 0
Ay [+] 0 |+ 0 =M O
A, ) \B;) \F-Mmg ~dya
0
-a Bx —a Ax a—e 0 ,
b [x| 0 |+]|-b|x|Ay|+|b+c—d|x|0 :'V'(za)a,-y
12
0 B, 0 A, 0 F
0
AX
A
y
AX 0
& Find(Ax, Ay, Az, B, Bz, dy) A 0 [N % ° In
= in B B B B :a) = =
Bx ry e e me T Y B, \(-143
A, ) \207
B;
rad
@y Wy = ~102—
S

Problem 21-58

The man sits on a swivel chair which is

rotating with constant angular velocity o. He

holds the uniform rod AB of weight W - F. =
horizontal. He suddenly gives it an angular

acceleration o measured relative to him, as

shown. Determine the required force and i
moment components at the grip, A, necessary
to do this. Establish axes at the rod’s center of B
mass G, with +z upward, and +y directed

along the axis of the rod towards A.

Given:
a):3@
S
W =5Ib
L=3ft

765



Engineering Mechanics - Dynamics Chapter 21

a=2ft
rad
a=2—
2
S
=322 —
g 2
S
2
. W L
Solution:  Ig = ——
g 12
Guesses
AX:lIb Ay:llb Azzllb

My = L1Ib-ft My =1Ibft M, =1Ibft

Given

S

Ay 0 L\ 2 z . z
Wi la+—|w

Ay + 0 = — 2 (b ¥ ‘
g L]

A, -W L _1./’/ 1./

a

0 A My I 0 0)/_g\ (0 Ic 0 0o

L

— |x|[Ay|+|My|[=]0 0 0 0o [+|0]|x|]|0 0 00O

2

0 A, M, 0 0 Ig 0 W 0 0 Ig)\w

Ax

A

y

A Ax 0.00 My -8.43

zZ

" = Find(Ax, Ay, Az, My, My, My) Ay | =|4.89 |Ib My | =| 0.00 [lb-ft

X A, | \547 M, 0.00

My

M;

Problem 21-59

Four spheres are connected to shaft AB. If you know m¢ and mg, determine the mass of D and F and

the angles of the rods, g,and & so that the shaft is dynamically balanced, that is, so that the bearings
at A and B exert only vertical reactions on the shaft as it rotates. Neglect the mass of the rods.
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Given:
mc = 1 kg
mg = 2 kg
6 = 30 deg
a=01m
Solution: We need to put the center of mass along AB

and to make the product of inetia go to zero.
Guesses mp = 1 kg mg = 1 kg 6p = 40 deg 6F = 10 deg

Given

mEacos(eE) — mp(2a) sin(HD) - m;:asin(ep) =0
mc a + mp(2a) cos(&D) - mEasin(eE) + mFacos(H;:) =0
mcaa + mp(2a)(2a) cos(HD) - mE(Sa)asin(ﬁE) + m;:(4a)acos(6|:) =0

—mp(2a)(2a) sin(HD) + mE(Sa)acos(ag) - m|:(4a)asin(6|:) =0

mp

mE Find( . 65) mp 0.661 ) ) 139.1 .
= Find{mp,mg, ép, = = e
D-TF- 7D °F mE 1323) 0 OF 109 )9

*Problem 21-60

The bent uniform rod ACD has a weight density y, and is supported at A by a pin and at B by
a cord. If the vertical shaft rotates with a constant angular velocity o, determine the x, y, z
components of force and moment developed at A and the tension of the cord.

Given:
s
™
a=1ft
b=1ft
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c=05ft z
rad
o =20 — _-;
S
ft
= 322 —
g 2

Solution: p = z A )
Y

2 2 2
I aa— + bb— + pbla’ + b
XX = P 3 P 12 P 2 b
2
b
|yy=pb[?j e LS
Iy
(az 2 ™
Izz—pa? +pba
b
Iyz——pbaE
Iyx O 0

Guesses My =1 Ib-ft Ay =11b A, =11b

Mz =1 Ib-ft Ay =11b T=11Ib

Given
Ax 0 0
a
Ay |+ 0 = —paEa) —pbaa)2
AZ_T _}/(a+b) 0
a
—7a§—7ba—Tc 0 0
My =10 [x]|la O
M, ® ®

768



Engineering Mechanics - Dynamics

= Find(Ax,Ay;AZaT’My’MZ)

Chapter 21

Ax 0.0
A -93.2 M 0.00
- Ib Y2 Ib- ft
A, 57.1 M, 0.00
T 47.1

Problem 21-61

Show that the angular velocity of a body, in terms of Euler angles 4, fand ywmay be expressed as
® = (¢ sindsiny+ G cosy) i + (4 sinfcosy— G siny) j + (¢ cosd+ ) k, where i, j, and k
are directed along the x, y, z axes as shown in Fig. 21-15d.

Solution:

From Fig. 21 - 15b, due to rotation ¢, the X, y, z components of ¢ are simply ¢ along z axis

From Fig. 21 - 15c, due to rotation 6, the x, y, z components of ¢ and & are ¢ sin@in the y
direction, ¢ cos@in the z direction, and & in the x direction.

Lastly, rotation y; Fig 21 - 15d, produces the final components which yields

o = (¢'sin(0)sin(y) + 0 cos(y)i + (¢ sin(6) cos(y) ~ Fsin(y))i + (g eos() + Wk g p

Problem 21-62

A thin rod is initially coincident with the Z axis when it is given three rotations defined by the Euler
angles ¢, 6 and . If these rotations are given in the order stated, determine the coordinate direction
angles «, S, y of the axis of the rod with respect to the X, Y, and Z axes. Are these directions the

same for any order of the rotations? Why?

Given:
¢ = 30 deg
6 = 45 deg
w = 60 deg
Solution:

cos(¢) —sin(¢) 01

u=|sin(g) cos(g) 010 cos(¢) —sin(6)

0 cos(z//) —sin(z//) 0)/0
sin(y/) cos(z//) 01l 0

0 0 1)lo sin(6) cos(0) 0 o 1)1
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a a 69.3
Bl = acos(u) B | =1|127.8 |deg
7 y 45.0

The last rotation () does not affect the result because the rod just spins around its own axis.

The order of application of the rotations does affect the final result since rotational position is not a
vector quantity.

Problem 21-63

The turbine on a ship has mass M and is mounted on bearings A and B as shown. Its center of mass
is at G, its radius of gyration is k,, and k, = k. If it is spinning at angular velocity @, determine the

vertical reactions at the bearings when the ship undergoes each of the following motions: (a) rolling
ay, (b) turning @,, (c) pitching ;.

Units Used: y
kN = 1000 N
1_.51}_-_
Given:
rad
w = 200 — k; =03 m )
S .
rad = 5o /
w =02 — a=08m : L,-H“““-a
S
b=13m
rad
@y =08 —
S
rad
w3 =14 —
S
Solution:
kZ 0 0
Ic=M 0 Kk’ 0
0 0 k?

Guesses

770



Engineering Mechanics - Dynamics Chapter 21

(@) Rolling Given
Ax Bx 0 0
Ay + By + —Mg = O N
0 0 0 0
0 Ax 0 Bx 0 0 0
olx| Ay |+ 0 x|By|=1g 04| 0 |x|ig o
X X = e X
Yy y G 32 G
b 0 —-a 0 0 1) @
Ax
Ay _ Ax 0.00 Ay 1.50
= Find(Ax, Ay, By, By) = kN = kN
By By 0.00 By 2.43
By
(b) Turning Given
Ax Bx 0 0
Ay + By + —Mg = O N
0 0 0 0
0 Ax 0 Bx 0Y0y) 0 0
Ox|Ay|+]| O |x|By|=Ig 0 |[+| @ |x|lg| @2
b 0 —a 0 0 w w
Ax
Ay _ Ax 0.00 Ay -1.25
= Find(Ax, Ay, By, By) = kN = kN
By By 0.00 By 5.17
By
(c) Pitching Given
Ax Bx 0 0
Ay + By + —Mg = O N
0 0 0 0
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0 Ay 0 By 0 @3 w3

Ox|Ay|+| O |x|By|=Ig —wo3 |+| 0 |x|lgl 0

b 0 —a 0 0 ) w

Ax

Ay _ Ax -4.80 Ay 1.50

= Find(Ax, Ay, Bx,By) = kN = kN

By By 4.80 By 2.43

By

*Problem 21-64

An airplane descends at a steep angle and then levels off horizontally to land. If the propeller is
turning clockwise when observed from the rear of the plane, determine the direction in which
the plane tends to turn as caused by the gyroscopic effect as it levels off.

Solution:

As noted on the diagram M, represents the effect of the plane on the

propeller. The opposite effect occurs on the plane. Hence, the plane
tends to turn to the right when viewed from above.

Problem 21-65

The propeller on a single-engine airplane has a mass M and a centroidal radius of gyration kg

computed about the axis of spin. When viewed from the front of the airplane, the propeller is turning
clockwise at e, about the spin axis. If the airplane enters a vertical curve having a radius p and is

traveling at speed v, determine the gyroscopic bending moment which the propeller exerts on the
bearings of the engine when the airplane is in its lowest position.
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Given:
M = 15 kg
ke =03 m
ki
v = 200 0
hr
rad
s = 350 e
S
p =80m
Solution: ey
P
Y p

M; = (Mke2) 2o

M, = 328N-m

Chapter 21

Problem 21-66

The rotor assembly on the engine of a

jet airplane consists of the turbine,

drive shaft, and compressor. The total
mass is m,, the radius of gyration about

the shaft axis is Kng, and the mass
center is at G. If the rotor has an

angular velocity w,g, and the plane is
pulling out of a vertical curve while

traveling at speed v, determine the

components of reaction at the bearings
A and B due to the gyroscopic effect.

Units Used:
KN = 10° N
Given:
my = 700 kg
kag = 0.35 m
rad
WAB = 1000 T
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p = 130 km

a=08m

b=04m

m

v = 250 —

S
. Vv
Solution: M = mrkABza)AB—
2

Guesses A=1N B=1N

] A ] A 13.7
Given Aa-Bb=M A+B=0 = Find(A,B) = kN
B B -13.7

Problem 21-67

A motor has weight W and has radius of gyration k, about the z axis. The shaft of the motor is
supported by bearings at A and B, and is turning at a constant rate @, = @,K, while the frame has an
angular velocity of @, = wg,] Determine the moment which the bearing forces at A and B exert on the
shaft due to this motion.

Given: y
W =501Ib
kZ = 02 ft
d
v, = 100 22
S
rad
= 2 _—
“y S
a=05ft
ft
g =322 -
S
Solution:
0
0 12.4
0
M =| ay|x M=| 0.0 [Ib-ft
w
g
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*Problem 21-68

The conical top has mass M, and the moments of inertia are I, = 1, and I,. If it spins freely in the
ball-and-socket joint at A with angular velocity @, compute the precession of the top about the axis of

the shaft AB.
Given:
M = 0.8 kg a = 100 mm
-3 2
Iy =3510 " kg-m 6 = 30 deg
_ m
I, = 08x10 ° kgm®> g = 9.81—
S
rad
ws = 750 —
S
Solution: Using Eq. 21-30.

IMy = —ly ¢'25in(6) cos(6) + 1,4 sin(6)(¢ cos(6) + )

rad
Guess g =1— :
s

Given M gsin(e)a = —ly ¢'23in(0) cos(H) + 174 sin(&)(qﬁ' cos(e) + a)s)

¢4 = Find(¢') ¢ = 1.31@ low precession
s

rad
Guess ¢ = 200—
S

Given M gsin(e)a = —ly ¢'23in(0) cos(H) + 174 sin(&)(qﬁ' cos(e) + a)s)

¢ = Find(¢') ¢ = 255@ high precession
s

Problem 21-69
A wheel of mass m and radius r rolls with constant spin @ about a circular path having a radius a. If

the angle of inclination is 6, determine the rate of precession. Treat the wheel as a thin ring. No
slipping occurs.
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Solution:
. - ! a+ rcos(@) )
Since no sipping occurs, ry =a+ rcos(9)¢ Y = — ¢
. .2
Also, o=4¢+y F:m(a¢) N-mg=0
mr2 2
IX = Iy = T IZ =mr
o=d¢ sin(e)j + (—1// + 4 cos(H)k
Thus, wy =0 wy=¢ sin(e) w;=-yY + ¢ cos(e)
& = ¢ xy =4 ysin(0)
Wy = —¢ vsin(6) Wy = oz =0
Applying

ZMX = Ixa)lx + (IZ - Iy)a)za)y

2 2
F rsin(ﬁ) - Nrcos(e) = %(—qﬁ' z/}sin(e)) + (mr2 - %j(—y) + 4 cos(e))(qﬁ' sin(e))

Solvina we find

mag?rsin(6) - mgroos(d) - (‘”;rzqu-zsmw)[a resld) [”"Zj@) #sin(0)

r 2

2gcos(6) = agsin(6) + rgsin(6) cos(6) 4 :/W cott &
a+ rcos(e)

Problem 21-70

The top consists of a thin disk that has weight W and radius r. The rod has a negligible mass and
length L. If the top is spinning with an angular velocity a,, determine the steady-state precessional

angular velocity a,.
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i

Given: L
W =8 1lb 0 = 40 deg _ \ T N
J o = b 0
r=03ft ft ! J) —~—
s /A %y
rad >
L =05 ft s = 300 — . Py 4
S {\ s ll,-’ﬂ-‘;."‘l
. |
S In'
Solution: X '

My = I ¢'Zsin(¢9) cos(e) + ;¢ sin(e)((,zﬁ' cos(e) + y/)

oy

rad ) / ”1 w
Guess oy =1 — Given ]
p S 'F'.'.l

vt ()81 ttr (3] sttt

wpy = Find(a) ) wp = 121@ low precession
p P p= et

rad .
Guess wp = 70 T Given

vt (2] (81 ttr (3] sttt

rad
= Find =76.3— high precession
@p (@p)  ep S gnp

Problem 21-71

The top consists of a thin disk that has weight W and radius r. The rod has a negligible mass and
length L. If the top is spinning with an angular velocity «,, determine the steady-state precessional

angular velocity a,.
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Given:
W =281lb 6 = 90 deg
= ﬁ
r=03ft g =322
2
S
rad
L =05ft ws = 300 —
S
Solution:

My = I ¢'Zsin(¢9) cos(e) + ;¢ sin(e)(¢' cos(e) + y})

rad .
Guess wp = 1 T Given

vt ()81 ttr (3] sttt

wp = Find(wp)  @p = 1.19%

*Problem 21-72

The top has weight W and can be considered as a solid cone. If it is observed to precess about the
vertical axis at a constant rate of &, determine its spin .

Given:

W =31Ib

o =5
S

6 = 30 deg

L==6In

r=15in

g:32.2E
2
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Solution:

S(sz
IZ:__r
10\ g

My = I ¢'Zsin(¢9) cos(e) + ;¢ sin(@)(qﬁ' cos(@) + y})

X

W%sin(&) S a)y2 sin(6) cos(6) + 1@y sin(6)( @y cos(6) + )

3WL + 41 myz cos(6) - 4|Za>y2 cos(6)

1
_4 |Z&)y

" :652%

Problem 21-73

The toy gyroscope consists of a rotor R which is attached to the frame of negligible mass. If it is
observed that the frame is precessing about the pivot point O at rate @, determine the angular velocity

wx, of the rotor. The stem OA moves in the horizontal plane. The rotor has mass M and a radius of
gyration ko, about OA.

Given: Il
5 rad - o
wpy = 2 —
P S
M = 200 gm
koa = 20 mm
a =30 mm
_ g8 1
g =29 >
S
Solution:
ZMX = Izgya)z s
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Mga=M kOAzwpr

ga
a) =
R 2
rad
wR = 368 —
S

Problem 21-74

The car is traveling at velocity v, around the horizontal curve having radius p. If each wheel has mass
M, radius of gyration kg about its spinning axis, and radius r, determine the difference between the
normal forces of the rear wheels, caused by the gyroscopic effect. The distance between the wheels

is d.

Given:

km
Ve = IOOF kG = 300 mm

p =80m r = 400 mm

M = 16 kg d=13m

Solution:
| = 2Mkg2 | = 2.88kg-m>
Ve rad
g = — s = 69.44 —
r S
Ve 0.35 rad
wp = — wp = 0.35—
P p S
M = |a)sa)p
@p
AFd = loswp AF = IwST AF =534 N
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Problem 21-75

The projectile shown is subjected to torque-free motion. The transverse and axial moments of inertia
are | and |, respectively. If @represents the angle between the precessional axis Z and the axis of

symmetry z, and £ is the angle between the angular velocity wand the z axis, show that fand fare
related by the equation tan 8= (I/1,)tan S.

Solution:
Hgsinl 8 Hgcos( 8
FromEq. 21-34 oy = © ( ) and Wy = © ( )
| I;
|
Hence 2 = —Ztan(e)
C()Z I
However, wy = wsin(ﬂ) and w7 = wcos(ﬂ)
|
ﬂ = tan(,B) = —Ztan(a)
w7 I
tan(6) = Iltan(ﬂ) QED

z

*Problem 21-76

While the rocket is in free flight, it has a spin @, and precesses about an axis measured angle dfrom

the axis of spin. If the ratio of the axial to transverse moments of inertia of the rocket is r, computed
about axes which pass through the mass center G, determine the angle which the resultant angular
velocity makes with the spin axis. Construct the body and space cones used to describe the motion.
Is the precession regular or retrograde?

Given:

rad
@5 =3~

6 = 10 deg

781



Engineering Mechanics - Dynamics

r=—
15

Solution:

Determine the angle S from the result of prob.21-75

tan()

r

tan( 0) =

spin axis
body cone

precession axis

.
CERECe Cone

I.
[

B = atan(rtan(e)) B = 0.673deg
Thus,
a=0-p a = 9.33deg
Regular Precession ~ Since 1, < |

Chapter 21

Problem 21-77

The projectile has a mass M and axial and transverse radii of gyration k, and k;, respectively.
If it is spinning at @, when it leaves the barrel of a gun, determine its angular momentum.

Precession occurs about the Z axis.

Given:
i,
= rad ™ i
M = 0.9 kg ws =6 — f’_d__,__#— 7__!_#.__:_‘\_!-rr
k; = 20 mm (rg = 7
0 = 10 deg \ A |
ki = 25 mm - 6
Solution:
| = Mk | = 5.625x 10~ *kg-m?
l, = Mk, I, = 3.600 x 10~ *kg-m?
Y = s
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e - wl| — 2 H —609><1o‘:‘3kg'—m2
c=V cos(9)(1 - 1) G=> s

Problem 21-78

The satellite has mass M, and about axes passing through the mass center G the axial and
transverse radii of gyration are k, and k;, respectively. If it is spinning at e, when it is

launched, determine its angular momentum. Precession occurs about the Z axis.

Units Used:
Mg = 10° kg
Given:
= rad
M=18Mg  _ . rad
k; = 0.8 m S
k= 1.2 m 0 =5 deg
Solution:
| = Mk | = 2592 kg m?
l; = Mk I, = 1152kg-m>
Y = ws
-1,
W= HGcos(H)
1,
H | ' Hg = 12.5M m’
G=V cos(6)(1 - 1) G = 2eoMITS

Problem 21-79

The disk of mass M is thrown with a spin @,. The angle @is measured as shown. Determine the
precession about the Z axis.
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Given: M = 4 kg Z
0 = 160 deg
e
r =125 mm e N
pla—"1]
rad r\____f/
w; =6 — \ i)
S ,;
Solution: \
1 1 1-
I:—Mr2 |Z:_|\/|r2 -
4 2

Applying Eq.21 - 36

V= o T HGcos(H)
z
Hg = o 'z Hg = 0.1995 <8
G- cos(6)(1 - 1) G=" s
Hg rad
g = — 4 =128—

Note that this is a case of retrograde precession since |, > |

*Problem 21-80

The radius of gyration about an axis passing through the axis of symmetry of the space
capsule of mass M is k,, and about any transverse axis passing through the center of mass G,

is k;. If the capsule has a known steady-state precession of two revolutions per hour about the
Z axis, determine the rate of spin about the z axis.

Units Used: . 7
3 & H"-Hq_ ____ [
Mg = 10" kg . P ”
{ Sl ,_—f'=_'7l?- =P |
. frl k ol
Given: é _k)—
M = 1.6 Mg =
k, = 1.2 m e
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ki = 1.8 m

0 = 20 deg
Solution:

| = Mk

IZ = Mkzz

Using the Egn.

tan(6) - (,ljtanw)

z

B = atan (tan(a) %j

£ =9.19deg

Zrevih

"\-\.H_ ﬁ

L.

Chapter 21

Sprin Axis

Zrev| h

- .
- Precession
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