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 (d) The root in question is near 1.57.  

90. (a) When sin x 0 there are gaps in the sketch.  The width!

 of each gap is .1
 

 (b) Let f(x) (sin x)   ln f(x) (tan x) ln (sin x)œ Ê œ
tan x

   lim  ln f(x)  lim   Ê œ

x 2 x 2Ä Î Ä Î1 1

ln (sin x)
cot x

  lim    lim   0œ œ œ

x 2 x 2Ä Î Ä Î1 1

ˆ ‰
sin x (cos x)

csc x ( csc x)
cos x

! !

   lim  f(x) e 1.  Similarly,Ê œ œ

x 2Ä Î1

!

  lim  f(x) e 1.  Therefore,  lim  f(x) 1.
x 2 x 2Ä Î Ä Î1 1

œ œ œ
!

 

 (c) From the graph in part (b) we have a minimum of about 0.665 at x 0.47 and the maximum is about 1.491 at¸

 x 2.66.¸

7.6  INVERSE TRIGONOMETRIC FUNCTIONS

 1. (a)  (b)  (c)   2. (a)  (b)  (c) 1 1 1 1 1 1

4 3 6 4 3 6" " "

 3. (a)  (b)  (c)   4. (a)  (b)  (c) " " "
1 1 1 1 1 1

6 4 3 6 4 3

 5. (a)  (b)  (c)   6. (a)  (b)  (c) 1 1 1 1 1 1

3 4 6 4 3 6
3

"

 7. (a)  (b)  (c)   8. (a)  (b)  (c) 3 2 3 2
4 6 3 4 6 3
1 1 1 1 1 1

 9. sin cos  sin  10. sec cos  sec 2Š ‹ ˆ ‰ ˆ ‰ ˆ ‰!" !"

# #

" "
È

È
2

4 32
œ œ œ œ

1 1

11. tan sin  tan  12. cot sin cotˆ ‰ ˆ ‰ ˆ ‰ˆ ‰ Š ‹Š ‹!" !"" " "

# #
" œ " œ " " œ " œ "

1 1

6 33 3
3

È È
È

13.  lim  sin x  14.  lim  cos x
x 1 x 1Ä Ä !

!" !"

#
œ œ

1

1

15.  lim  tan x  16.  lim  tan xx xÄ _ Ä !_

!" !"

# #
œ œ "

1 1

17.  lim  sec x  18.  lim  sec x  lim  cosx x xÄ _ Ä !_ Ä !_

!" !" !"

# #

"
œ œ œ

1 1ˆ ‰
x

19.  lim  csc x  lim  sin 0 20.  lim  csc x  lim  sin 0x x x xÄ _ Ä _ Ä !_ Ä !_

!" !" !" !"" "
œ œ œ œˆ ‰ ˆ ‰

x x
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21. y cos x    22. y cos sec  x  œ Ê œ ! œ œ œ Ê œ
!" # !" !"

!

! " "

! !

a b ˆ ‰dy dy
dx x dx

2x 2x

1 x 1 x x  x 1É a b È Èk k

23. y sin 2t   24. y sin (1 t)  œ Ê œ œ œ ! Ê œ œ
!" !"

!
! !

!" !"

! !

È dy 2 2 dy
dt dt

1 2t 1 2t 2t t1 (1 t)

È È

Ê Š ‹È È È È

25. y sec (2s 1)  œ " Ê œ œ œ
!"

" " ! " " " "

"dy
ds

2 2
2s 1  (2s 1) 1 2s 1  4s 4s 2s 1  s sk k È È Èk k k k

26. y sec 5s  œ Ê œ œ
!"

!

"

!

dy
ds

5
5s  (5s) 1 s  25s 1k k È Èk k

27. y csc x 1   œ " Ê œ ! œ
!" #

" " !

!

" "

a b dy
dx

2x 2x

x 1  x 1 1 x 1  x 2xk k a bÉ a b È

28. y csc   œ Ê œ ! œ œ
!"

#
!

!" !

!

ˆ ‰x 2dy
dx  1 x  x  x 4

Š ‹

É Éˆ ‰ k k k k È¸ ¸x x x 4
4

29. y sec cos t  œ œ Ê œ
!" !"" !"

!

ˆ ‰
t dt

dy
1 tÈ

30. y sin csc   œ œ Ê œ ! œ œ
!" !"

!

! !

!

ˆ ‰ Š ‹3 t 2t 6
t 3 dt

dy

 1 t  t t 9

ˆ ‰

¹ ¹ Š ‹

2t
3

t t
3 3

t 9
9Ê É È

31. y cot t cot t   œ œ Ê œ ! œ
!" !" "Î#

"

!"

# "

È dy
dt

t

1 t t(1 t)

Š ‹
a b È

32. y cot t 1 cot (t 1)   œ ! œ ! Ê œ ! œ œ
!" !" "Î#

!

" !

!" !"

! " ! !

È dy
dt

(t 1)

1 (t 1) 2 t 1 (1 t 1) 2t t 1

Š ‹
c d È È

33. y ln tan x   œ Ê œ œa b!" "

"

dy
dx tan x tan x 1 x

Š ‹
a b a b

1 x

34. y tan (ln x)  œ Ê œ œ
!"

" "

"dy
dx 1 (ln x) x 1 (ln x)

ˆ ‰
x

c d

35. y csc e   œ Ê œ ! œ
!"

!

!"

!

a bt dy
dt

e

e  e 1 e 1

t

t t 2tk k a bÉ È

36. y cos e   œ Ê œ ! œ
!" ! !

!
!

a bt dy
dt

e e

1 e 1 e

t t

t 2tÉ a b È

37. y s 1 s cos s s 1 s cos s  1 s s 1 s ( 2s)œ ! " œ ! " Ê œ ! " ! ! !
È a b a b a bˆ ‰# !" # !" # #

"Î# "Î# !"Î#" "

#
!

dy
ds 1 sÈ

 1 s 1 sœ ! ! ! œ ! ! œ œ
È È# #

! ! ! ! !

" " ! ! ! !s s 1 1 s s 1 2s
1 s 1 s 1 s 1 s 1 sÈ È È È È

38. y s 1 sec s s 1 sec s  s 1 (2s)œ ! ! œ ! ! Ê œ ! ! œ !
È a b a bˆ ‰# !" # !" #

"Î# !"Î#" " "

#
! ! !

dy
dx s  s 1 s 1 s  s 1

s
k k k kÈ È È

 œ
s s 1

s  s 1
k k

k k È
!

!
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t dt
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3
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3 3
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 1 s 1 sœ ! ! ! œ ! ! œ œ
È È# #

! ! ! ! !

" " ! ! ! !s s 1 1 s s 1 2s
1 s 1 s 1 s 1 s 1 sÈ È È È È
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!

!
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39. y tan  x 1 csc x tan x 1 csc x  œ ! " œ ! " Ê œ !
!" !" !" # !"#

"Î#
!

" !

"

!

È a b dy
dx

x 1 (2x)

1 x 1 x  x 1

Š ‹ a b

’ “a b k k È

 0, for x 1œ ! œ #
" "

! !x x 1 x  x 1È Èk k

40. y cot tan x tan x tan x  0 0œ ! œ ! ! Ê œ ! ! œ ! œ
!" !" !" !" !"" ! " " "

# " " ""

ˆ ‰ a bx dx 1 x x 1 1 x
dy x

1 x
1

a b

41. y x sin x 1 x x sin x 1 x   sin x x 1 x ( 2x)œ " ! œ " ! Ê œ " " ! !
!" !" # !" ##

"Î# !"Î#" "

!
#

È a b a bŠ ‹ ˆ ‰dy
dx 1 xÈ

 sin x sin xœ " ! œ
!" !"

! !

x x
1 x 1 xÈ È

42. y ln x 4 x tan tan x tan tanœ " ! Ê œ ! ! œ ! ! œ !a b ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰– —# !" !" !" !"

# " # " # " #
"

x 2x x 2x x 2x xdy
dx x 4 x 4 4 x1

Š ‹
ˆ ‰x

43.  dx sin C' "

!

!"

È9 x
x
3œ "ˆ ‰

44.  dx  dx , where u 2x and du 2 dx' ' '" " "

! !
# #!È È È1 4x 1 u

2 du
1 (2x)

œ œ œ œ

  sin u C  sin (2x) Cœ " œ "
" "

# #

!" !"

45.  dx  dx  tan  C' '" " "

"
"

!"

17 x 17 x 17 17
x

œ œ "

Š ‹È È È

46.  dx  dx  tan C  tan C' '" " " "

"
"

!" !"

9 3x 3 93 x 3 3 3 3
x x3

œ œ " œ "

Š ‹È È È È
ÈŠ ‹ Š ‹

47. , where u 5x and du 5 dx' 'dx du
x 25x 2 u u 2È È

! !

œ œ œ

  sec  C  sec  Cœ " œ "
" "!" !"

È È È È2 2 2 2
u 5x¹ ¹ ¹ ¹

48. , where u 5x and du 5 dx' 'dx du
x 5x 4 u u 4È È

! !

œ œ œÈ È

  sec  C  sec  Cœ " œ "
" "

# # # #

!" !"¸ ¸ ¹ ¹u 5xÈ

49. 4 sin  4 sin  sin 0 4 0'
0

1
4 ds s 2
4 s 6 3È
!

!" !" !"

# #

"

!

"
œ œ ! œ ! œ# ‘ ˆ ‰ ˆ ‰1 1

50.   , where u 2s and du 2 ds; s 0  u 0, s   u' '
0 0

3 2 4 3 2 4
ds du

9 4s 9 u
3 2 3 2

4È È
È È

! !

"

# #
œ œ œ œ Ê œ œ Ê œ

  sin  sin  sin 0 0œ œ ! œ ! œ# ‘ ˆ ‰Š ‹" " "

# # # #

!" !" !"u
3 4 8

23 2 2

0

È
1 1

51.  , where u 2t and du 2 dt; t 0  u 0, t 2  u 2 2' '
0 0

2 2 2
dt du

8 2t 8 u2" "

"
œ œ œ œ Ê œ œ Ê œÈ

È È È

  tan  tan  tan 0 tan 1 tan 0 0œ œ ! œ ! œ ! œ’ “ Š ‹ a b ˆ ‰" " " " "!" !" !" !" !"

# #

!
È È È È

È È
2 8 8 8

u
4 4 4 4 16

2 2
†

1 1
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  sin  sin  sin 0 0œ œ ! œ ! œ# ‘ ˆ ‰Š ‹" " "

# # # #

!" !" !"u
3 4 8

23 2 2

0

È
1 1

51.  , where u 2t and du 2 dt; t 0  u 0, t 2  u 2 2' '
0 0

2 2 2
dt du

8 2t 8 u2" "

"
œ œ œ œ Ê œ œ Ê œÈ

È È È

  tan  tan  tan 0 tan 1 tan 0 0œ œ ! œ ! œ ! œ’ “ Š ‹ a b ˆ ‰" " " " "!" !" !" !" !"

# #

!
È È È È

È È
2 8 8 8

u
4 4 4 4 16

2 2
†

1 1
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52.    , where u 3t and du 3 dt; t 2  u 2 3, t 2  u 2 3' '
2 2 3

2 2 3
dt du

4 3t 4 u3! !

"
œ œ œ œ ! Ê œ ! œ Ê œÈ

È È È È

  tan  tan 3 tan 3œ œ ! ! œ ! ! œ’ “ ’ “È ÈŠ ‹ " ‘ˆ ‰" " " "

# #

"" "" ""

# $

"# $
# #

È È È È

È

È3 3 3 3 3
u

3 3†

1 1 1

53. , where u 2y and du 2 dy; y 1  u 2, y   u 2' '
1 2

2 2 2dy 2
y 4y 1

du
u u 1È È

È
" "

#
œ œ œ œ ! Ê œ ! œ ! Ê œ !

È

 sec  u sec  2 sec  2œ œ ! ! ! œ ! œ !c d k kk k ¹ ¹È"" "" ""
" #

"# #

È
1 1 1

4 3 1

54.  , where u 3y and du 3 dy; y   u 2, y   u 2' '
2 3 2

2 3 2dy 2
y 9y 1

du 2
u u 1 3 3È È

È
" "

œ œ œ œ ! Ê œ ! œ ! Ê œ !
È

 sec  u sec  2 sec  2œ œ ! ! ! œ ! œ !c d k kk k ¹ ¹È"" "" ""
" #

"# #

È
1 1 1

4 3 1

55.  , where u 2(r 1) and du 2 dr' '3 dr 3 du
1 4(r 1) 1 uÈ È" " #

"

œ œ ! œ

  sin u C  sin 2(r 1) Cœ " œ ! "
3 3
# #

"" ""

56. 6  , where u r 1 and du dr' '6 dr du
4 (r 1) 4 uÈ È" ! "

œ œ " œ

 6 sin  C 6 sin Cœ " œ "
"" ""

# #

!u r 1ˆ ‰

57.  , where u x 1 and du dx' 'dx du
2 (x 1) 2 u! " !

œ œ ! œ

  tan  C  tan Cœ " œ "
" " """ ""

È È È È2 2 2 2
u x 1Š ‹

58.  , where u 3x 1 and du 3 dx' 'dx du
1 (3x 1) 3 1 u! ! !

"
œ œ " œ

  tan u C  tan (3x 1) Cœ " œ " "
" """ ""

3 3

59. , where u 2x 1 and du 2 dx' 'dx du
(2x 1) (2x 1) 4 u u 4" " "

"

#
"

È Èœ œ ! œ

  sec  C  sec  Cœ " œ "
" " " "

# # # #

"" ""
†

¸ ¸ ¸ ¸u 2x 1
4

60. , where u x 3 and du dx' 'dx du
(x 3) (x 3) 25 u u 25! ! " "

È Èœ œ " œ

  sec  C  sec  Cœ " œ "
" " !"" ""

5 5 5 5
u x 3¸ ¸ ¸ ¸

61. 2  , where u sin  and du cos  d ; u , u' '
2 1

2 1
2 cos  d du

1 (sin ) 1 u
) ) 1 1

)! ! # #
œ œ œ œ ! Ê œ !" œ Ê œ ") ) ) ) )

 2 tan u 2 tan 1 tan ( 1) 2œ œ ! ! œ ! ! œc d a b " ‘ˆ ‰"" "" ""
"

""

1 1

4 4 1

62.   , where u cot x and du csc x dx; x   u 3 , x   u 1' '
6 3

4 1
csc x dx du

1 (cot x) 1 u 6 4! !

#
œ ! œ œ ! œ Ê œ œ Ê œ

1 1È

 tan u tan 1 tan 3œ ! œ ! " œ ! " œc d È"" "" ""
"

$ #
È 1 1 1

4 3 1

63.   , where u e  and du e  dx; x 0  u 1, x ln 3  u 3' '
0 1

ln 3 3
x xe  dx du

1 e 1 u
x

2x
! !

œ œ œ œ Ê œ œ Ê œÈ È

 tan u tan 3 tan 1œ œ ! œ ! œc d È"" "" ""
$

" #

È
1 1 1

3 4 1
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52.    , where u 3t and du 3 dt; t 2  u 2 3, t 2  u 2 3' '
2 2 3

2 2 3
dt du

4 3t 4 u3! !

"
œ œ œ œ ! Ê œ ! œ Ê œÈ

È È È È

  tan  tan 3 tan 3œ œ ! ! œ ! ! œ’ “ ’ “È ÈŠ ‹ " ‘ˆ ‰" " " "

# #

"" "" ""

# $

"# $
# #

È È È È

È

È3 3 3 3 3
u

3 3†

1 1 1

53. , where u 2y and du 2 dy; y 1  u 2, y   u 2' '
1 2

2 2 2dy 2
y 4y 1

du
u u 1È È

È
" "

#
œ œ œ œ ! Ê œ ! œ ! Ê œ !

È

 sec  u sec  2 sec  2œ œ ! ! ! œ ! œ !c d k kk k ¹ ¹È"" "" ""
" #

"# #

È
1 1 1

4 3 1

54.  , where u 3y and du 3 dy; y   u 2, y   u 2' '
2 3 2

2 3 2dy 2
y 9y 1

du 2
u u 1 3 3È È

È
" "

œ œ œ œ ! Ê œ ! œ ! Ê œ !
È

 sec  u sec  2 sec  2œ œ ! ! ! œ ! œ !c d k kk k ¹ ¹È"" "" ""
" #

"# #

È
1 1 1

4 3 1

55.  , where u 2(r 1) and du 2 dr' '3 dr 3 du
1 4(r 1) 1 uÈ È" " #

"

œ œ ! œ

  sin u C  sin 2(r 1) Cœ " œ ! "
3 3
# #

"" ""

56. 6  , where u r 1 and du dr' '6 dr du
4 (r 1) 4 uÈ È" ! "

œ œ " œ

 6 sin  C 6 sin Cœ " œ "
"" ""

# #

!u r 1ˆ ‰

57.  , where u x 1 and du dx' 'dx du
2 (x 1) 2 u! " !

œ œ ! œ

  tan  C  tan Cœ " œ "
" " """ ""

È È È È2 2 2 2
u x 1Š ‹

58.  , where u 3x 1 and du 3 dx' 'dx du
1 (3x 1) 3 1 u! ! !

"
œ œ " œ

  tan u C  tan (3x 1) Cœ " œ " "
" """ ""

3 3

59. , where u 2x 1 and du 2 dx' 'dx du
(2x 1) (2x 1) 4 u u 4" " "

"

#
"

È Èœ œ ! œ

  sec  C  sec  Cœ " œ "
" " " "

# # # #

"" ""
†

¸ ¸ ¸ ¸u 2x 1
4

60. , where u x 3 and du dx' 'dx du
(x 3) (x 3) 25 u u 25! ! " "

È Èœ œ " œ

  sec  C  sec  Cœ " œ "
" " !"" ""

5 5 5 5
u x 3¸ ¸ ¸ ¸

61. 2  , where u sin  and du cos  d ; u , u' '
2 1

2 1
2 cos  d du

1 (sin ) 1 u
) ) 1 1

)! ! # #
œ œ œ œ ! Ê œ !" œ Ê œ ") ) ) ) )

 2 tan u 2 tan 1 tan ( 1) 2œ œ ! ! œ ! ! œc d a b " ‘ˆ ‰"" "" ""
"

""

1 1

4 4 1

62.   , where u cot x and du csc x dx; x   u 3 , x   u 1' '
6 3

4 1
csc x dx du

1 (cot x) 1 u 6 4! !

#
œ ! œ œ ! œ Ê œ œ Ê œ

1 1È

 tan u tan 1 tan 3œ ! œ ! " œ ! " œc d È"" "" ""
"

$ #
È 1 1 1

4 3 1

63.   , where u e  and du e  dx; x 0  u 1, x ln 3  u 3' '
0 1

ln 3 3
x xe  dx du

1 e 1 u
x

2x
! !

œ œ œ œ Ê œ œ Ê œÈ È

 tan u tan 3 tan 1œ œ ! œ ! œc d È"" "" ""
$

" #

È
1 1 1

3 4 1
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64. 4 , where u ln t and du  dt; t 1  u 0, t e   u' '
1 0

e 4
44 dt du

t 1 ln t 1 u t 4a b! !

"
œ œ œ œ Ê œ œ Ê œ

1

 4 tan u 4 tan  tan 0 4 tan  œ œ ! œc d ˆ ‰"" "" "" ""
Î%

!

1
1 1

4 4

65. , where u y  and du 2y dy' 'y dy
1 y

du
1 uÈ È"

"

#
"

#
œ œ œ

  sin u C  sin y Cœ " œ "
" "

# #

"" "" #

66. , where u tan y and du sec y dy' 'sec y dy
1 tan y

du
1 uÈ È" "

#
œ œ œ

 sin u C sin (tan y) Cœ " œ "
"" ""

67. sin (x 2) C' ' 'dx dx dx
x 4x 3 1 x 4x 4 1 (x 2)È È Èa b" ! " " " ! " "

""
œ œ œ ! "

68. sin (x 1) C' ' 'dx dx dx
2x x 1 x 2x 1 1 (x 1)È È Èa b" " " ! " "

""
œ œ œ ! "

69.  6 6 6 sin' ' '
" " "" " " ! ! " !

"" !

#

!

""1 1 1

0 0 0
6 dt dt dt t 1

3 2t t 4 t 2t 1 2 (t 1)È È Èa bœ œ œ ! ‘ˆ ‰

 6 sin sin 0 6 0œ ! œ ! œ! ‘ ˆ ‰ˆ ‰"" """

#

1

6 1

70.  3 3 3 sin' ' '
1 2 1 2 1 2

1 1 1
6 dt 2 dt 2 dt 2t 1

3 4t 4t 4 4t 4t 1 2 (2t 1)È È Èa b! " " " ! " "

"" "

#

"

"Î#
œ œ œ ! ‘ˆ ‰

 3 sin sin 0 3 0œ ! œ ! œ! ‘ ˆ ‰ˆ ‰"" """

# #

1 1

6

71.  tan C' ' 'dy dy dy y 1
y 2y 5 4 y 2y 1 (y 1)" ! ! " ! # ! " # #

" "" "

œ œ œ "ˆ ‰

72. tan (y 3) C' ' 'dy dy dy
y 6y 10 1 y 6y 9 1 (y 3)! ! ! ! ! ! !

""
œ œ œ " "a b

73. 8 8 8 tan (x 1) 8 tan 1 tan 0 8 0 2' ' '
1 1 1

2 2 2
8 dx dx dx

x 2x 2 1 x 2x 1 1 (x 1) 4" ! ! " ! ! "

"" "" ""
#

"
œ œ œ ! œ ! œ ! œa b c d a b ˆ ‰1

1

74.  2  2  2 tan (x 3) 2 tan 1 tan ( 1) 2' ' '
2 2 2

4 4 4
2 dx dx dx

x 6x 10 1 x 6x 9 1 (x 3) 4 4" ! ! " ! ! "

"" "" ""
%

#
œ œ œ ! œ ! ! œ ! ! œa b c d c d ! ‘ˆ ‰1 1

1

75. dx dx dx; dx du where u x 4 du 2x dx du x dx' ' ' ' 'x 4 x 4 x 1
x 4 x 4 x 4 x 4 u
! " "

! ! ! ! # #

#
œ " œ œ " Ê œ Ê œ

 dx ln x 4 2 tan CÊ œ " " "' x 4 1 x
x 4 2 2

1!

!

# "a b ˆ ‰

76. dt dt Let w t 3 w 3 t dw dt dw dw dw;' ' ' ' 't t w 1 w 1
t 6t 10 w w wt 3 1

" # " # !

" ! ! " ! " ! "" !

œ œ ! Ê " œ Ê œ Ä œ "a b ’ “

 dw du where u w 1 du 2w dw du w dw dw dw' ' ' 'w 1 w 1
w u w w! " # # ! " ! "

" "#
œ œ " Ê œ Ê œ Ê "

 ln w 1 tan w C ln t 3 1 tan t 3 C ln t 6t 10 tan t 3 Cœ " " " œ ! " " ! " œ ! " " ! "
1 1 1
2 2 2

1 1 1a b a b a b a b a b a bˆ ‰# " " # "#

77. dx 1 dx dx dx 10 dx; dx du where u x 9' ' ' ' ' ' 'a bx 2x 1 2x 10 2x 1 2x 1
x 9 x 9 x 9 x 9 x 9 u
! " "

! ! ! ! !

#
œ " œ " ! œ œ "

 du 2x dx dx dx 10 dx x ln x 9 tan CÊ œ Ê " ! œ " " ! "' ' '2x 1 10 x
x 9 x 9 3 3

1
! !

# "a b ˆ ‰

78. dt t 2 dt t 2 dt dt 2 dt; dt du where u t 1' ' ' ' ' ' 'a b a bt 2t 3t 4 2t 2 2t 1 2t 1
t 1 t 1 t 1 t 1 t 1 u

3 2
" ! " "

! ! ! ! !

#
œ ! " œ ! " ! œ œ "

 du 2t dt t 2 dt dt 2 dt t 2t ln t 1 2 tan t CÊ œ Ê ! " ! œ ! " " ! "' ' 'a b 2t 1 1
t 1 t 1 2

2 1
! !

# "a b a b
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64. 4 , where u ln t and du  dt; t 1  u 0, t e   u' '
1 0

e 4
44 dt du

t 1 ln t 1 u t 4a b! !

"
œ œ œ œ Ê œ œ Ê œ

1

 4 tan u 4 tan  tan 0 4 tan  œ œ ! œc d ˆ ‰"" "" "" ""
Î%

!

1
1 1

4 4

65. , where u y  and du 2y dy' 'y dy
1 y

du
1 uÈ È"

"

#
"

#
œ œ œ

  sin u C  sin y Cœ " œ "
" "

# #

"" "" #

66. , where u tan y and du sec y dy' 'sec y dy
1 tan y

du
1 uÈ È" "

#
œ œ œ

 sin u C sin (tan y) Cœ " œ "
"" ""

67. sin (x 2) C' ' 'dx dx dx
x 4x 3 1 x 4x 4 1 (x 2)È È Èa b" ! " " " ! " "

""
œ œ œ ! "

68. sin (x 1) C' ' 'dx dx dx
2x x 1 x 2x 1 1 (x 1)È È Èa b" " " ! " "

""
œ œ œ ! "

69.  6 6 6 sin' ' '
" " "" " " ! ! " !

"" !

#

!

""1 1 1

0 0 0
6 dt dt dt t 1

3 2t t 4 t 2t 1 2 (t 1)È È Èa bœ œ œ ! ‘ˆ ‰

 6 sin sin 0 6 0œ ! œ ! œ! ‘ ˆ ‰ˆ ‰"" """

#

1

6 1

70.  3 3 3 sin' ' '
1 2 1 2 1 2

1 1 1
6 dt 2 dt 2 dt 2t 1

3 4t 4t 4 4t 4t 1 2 (2t 1)È È Èa b! " " " ! " "

"" "

#

"

"Î#
œ œ œ ! ‘ˆ ‰

 3 sin sin 0 3 0œ ! œ ! œ! ‘ ˆ ‰ˆ ‰"" """

# #

1 1

6

71.  tan C' ' 'dy dy dy y 1
y 2y 5 4 y 2y 1 (y 1)" ! ! " ! # ! " # #

" "" "

œ œ œ "ˆ ‰

72. tan (y 3) C' ' 'dy dy dy
y 6y 10 1 y 6y 9 1 (y 3)! ! ! ! ! ! !

""
œ œ œ " "a b

73. 8 8 8 tan (x 1) 8 tan 1 tan 0 8 0 2' ' '
1 1 1

2 2 2
8 dx dx dx

x 2x 2 1 x 2x 1 1 (x 1) 4" ! ! " ! ! "

"" "" ""
#

"
œ œ œ ! œ ! œ ! œa b c d a b ˆ ‰1

1

74.  2  2  2 tan (x 3) 2 tan 1 tan ( 1) 2' ' '
2 2 2

4 4 4
2 dx dx dx

x 6x 10 1 x 6x 9 1 (x 3) 4 4" ! ! " ! ! "

"" "" ""
%

#
œ œ œ ! œ ! ! œ ! ! œa b c d c d ! ‘ˆ ‰1 1

1

75. dx dx dx; dx du where u x 4 du 2x dx du x dx' ' ' ' 'x 4 x 4 x 1
x 4 x 4 x 4 x 4 u
! " "

! ! ! ! # #

#
œ " œ œ " Ê œ Ê œ

 dx ln x 4 2 tan CÊ œ " " "' x 4 1 x
x 4 2 2

1!

!

# "a b ˆ ‰

76. dt dt Let w t 3 w 3 t dw dt dw dw dw;' ' ' ' 't t w 1 w 1
t 6t 10 w w wt 3 1

" # " # !

" ! ! " ! " ! "" !

œ œ ! Ê " œ Ê œ Ä œ "a b ’ “

 dw du where u w 1 du 2w dw du w dw dw dw' ' ' 'w 1 w 1
w u w w! " # # ! " ! "

" "#
œ œ " Ê œ Ê œ Ê "

 ln w 1 tan w C ln t 3 1 tan t 3 C ln t 6t 10 tan t 3 Cœ " " " œ ! " " ! " œ ! " " ! "
1 1 1
2 2 2

1 1 1a b a b a b a b a b a bˆ ‰# " " # "#

77. dx 1 dx dx dx 10 dx; dx du where u x 9' ' ' ' ' ' 'a bx 2x 1 2x 10 2x 1 2x 1
x 9 x 9 x 9 x 9 x 9 u
! " "

! ! ! ! !

#
œ " œ " ! œ œ "

 du 2x dx dx dx 10 dx x ln x 9 tan CÊ œ Ê " ! œ " " ! "' ' '2x 1 10 x
x 9 x 9 3 3

1
! !

# "a b ˆ ‰

78. dt t 2 dt t 2 dt dt 2 dt; dt du where u t 1' ' ' ' ' ' 'a b a bt 2t 3t 4 2t 2 2t 1 2t 1
t 1 t 1 t 1 t 1 t 1 u

3 2
" ! " "

! ! ! ! !

#
œ ! " œ ! " ! œ œ "

 du 2t dt t 2 dt dt 2 dt t 2t ln t 1 2 tan t CÊ œ Ê ! " ! œ ! " " ! "' ' 'a b 2t 1 1
t 1 t 1 2

2 1
! !

# "a b a b
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134. The values of f increase throughout the interval ( )!_ß_

 because f 0, and they increase most rapidly near thew
"

 origin where the values of f  are relatively large.  Thew

 graph of f is concave up to the left of the origin where
 f 0, and concave down to the right of the originww

"

 where f 0.  There is an inflection point at x 0ww
# œ

 where f 0 and f  has a local maximum value.ww w
œ

 

7.7  HYPERBOLIC FUNCTIONS

 1. sinh x   cosh x 1 sinh x 1 1 , tanh x ,œ ! Ê œ $ œ $ ! œ $ œ œ œ œ œ !
3 3 9 25 5 sinh x 3
4 4 16 16 4 cosh x 5

È É ˆ ‰ É É#
# !ˆ ‰

ˆ ‰
3
4

5
4

 coth x , sech x , and csch xœ œ ! œ œ œ œ !
" " "

tanh x 3 cosh x 5 sin x 3
5 4 4

 2. sinh x   cosh x 1 sinh x 1 , tanh x , coth x ,œ Ê œ $ œ $ œ œ œ œ œ œ œ
4 16 25 5 sinh x 4 5
3 9 9 3 cosh x 5 tanh x 4

È É É# "
ˆ ‰
ˆ ‰

4
3
5
3

 sech x , and csch xœ œ œ œ
" "

cosh x 5 sinh x 4
3 3

 3. cosh x , x 0  sinh x cosh x 1 1 1 , tanh xœ " Ê œ ! œ ! œ ! œ œ œ œ
17 17 289 64 8 sinh x
15 15 225 225 15 cosh x

È Éˆ ‰ É É#
# ˆ ‰

ˆ ‰
8

15
17
15

 , coth x , sech x , and csch xœ œ œ œ œ œ œ
8 17 15 15

17 tanh x 8 cosh x 17 sinh x 8
" " "

 4. cosh x , x 0  sinh x cosh x 1 1 , tanh x ,œ " Ê œ ! œ ! œ œ œ œ œ
13 169 144 12 sinh x 12
5 25 25 5 cosh x 13

È É É#
ˆ ‰
ˆ ‰

12
5

13
5

 coth x , sech x , and csch xœ œ œ œ œ œ
" " "

tanh x 12 cosh x 13 sinh x 12
13 5 5

 5. 2 cosh (ln x) 2 e xœ œ $ œ $Š ‹e e ln x
e x

ln x ln x

ln x
" " "

#

 6. sinh (2 ln x) œ œ œ œ
e e e e xx

x
2 ln x 2 ln x ln x ln x x! ! ! "

# # # #

!Š ‹

 7. cosh 5x sinh 5x e   8. cosh 3x sinh 3x e$ œ $ œ ! œ ! œ
e e e e e e e e5x 3x5x 5x 5x 5x 3x 3x 3x 3x

" ! " !

# # # #

!

 9. (sinh x cosh x) e e$ œ $ œ œ
% ! "

# #

% %ˆ ‰ a be e e e x 4xx x x x

10. ln (cosh x sinh x) ln (cosh x sinh x) ln cosh x sinh x ln 1 0$ $ ! œ ! œ œa b# #

11. (a) sinh 2x sinh (x x) sinh x cosh x cosh x sinh x 2 sinh x cosh xœ $ œ $ œ

 (b) cosh 2x cosh (x x) cosh x cosh x sinh x sin x cosh x sinh xœ $ œ $ œ $
# #

12. cosh x sinh x e e e e e e e e 2e 2e# # ! ! ! ! !" ! " "

# #

# #

! œ ! œ $ $ ! $ ! ! œˆ ‰ ˆ ‰ c d c d a b a ba b a b a b a be e e e
4 4

x x x x x x x x x xx x x x

 4e (4) 1œ œ œ
" "!

4 4a b

13. y 6 sinh   6 cosh 2 cosh œ Ê œ œ
x x x
3 dx 3 3 3

dy ˆ ‰ ˆ ‰"

14. y  sinh (2x 1)  [cosh (2x 1)](2) cosh (2x 1)œ $ Ê œ $ œ $
" "

# #

dy
dx

15. y 2 t tanh t 2t  tanh t sech t t 2t tanh t t sech tœ œ Ê œ $ œ $È È È" ‘ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ˆ ‰"Î# "Î# # "Î# !"Î# "Î# "Î# !"Î# #"

#

dy
dt

tanh t
t

È
È
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16. y t  tanh t  tanh t sech t t t (2t) tanh t sech  2t tanh œ œ Ê œ ! " œ ! "
# # !" # !" !# # !" #" " "

t dt t t
dy c d a b a b a ba b

17. y ln (sinh z)  coth z 18. y ln (cosh z)  tanh zœ Ê œ œ œ Ê œ œ
dy dy
dz sinh z dz cosh z

cosh z sinh z

19. y (sech )(1 ln sech ) (sech ) ( sech  tanh )(1 ln sech )œ ! Ê œ ! " ! !) ) ) ) ) )
dy
d sech 

sech  tanh 
) )

) )ˆ ‰!

 sech  tanh (sech  tanh )(1 ln sech ) (sech  tanh )[1 (1 ln sech )] (sech  tanh )(ln sech )œ ! ! œ ! ! œ) ) ) ) ) ) ) ) ) ) )

20. y (csch )(1 ln csch ) (csch ) (1 ln csch )( csch  coth )œ ! Ê œ ! " ! !) ) ) ) ) )
dy
d csch 

csch  coth 
) )

) )ˆ ‰!

 csch  coth (1 ln csch )(csch  coth ) (csch  coth )(1 1 ln csch ) (csch  coth )(ln csch )œ ! ! œ ! " œ) ) ) ) ) ) ) ) ) ) )

21. y ln cosh v  tanh v (2 tanh v) sech v tanh v (tanh v) sech vœ ! Ê œ ! œ !
" "

# #

# # #dy
dv cosh v

sinh v ˆ ‰ a b a b
 (tanh v) 1 sech v (tanh v) tanh v tanh vœ ! œ œa b a b# # $

22. y ln sinh v  coth v (2 coth v) csch v coth v (coth v) csch vœ ! Ê œ ! ! œ "
" "

# #

# # #dy
dv sinh v

cosh v ˆ ‰ a b a b
 (coth v) 1 csch v (coth v) coth v coth vœ " œ œa b a b# # $

23. y x 1  sech (ln x) x 1 x 1 x 1 2x  2œ " œ " œ " œ " œ Ê œa b a b a b a bˆ ‰ ˆ ‰ ˆ ‰# # # #

" " "

2 2 2x
e e x x x 1 dx

dy
ln x ln x

24. y 4x 1  csch (ln 2x) 4x 1 4x 1 4x 1 4x  4œ ! œ ! œ ! œ ! œ Ê œa b a b a b a bˆ ‰ ˆ ‰Š ‹# # # #

! ! !

2 2 4x
e e 2x (2x) 4x 1 dx

dy
ln 2x ln 2x

25. y sinh x sinh x   œ œ Ê œ œ œ
!" !" "Î#

"

" "

# " # "

È ˆ ‰ dy
dx

x

1 x x 1 x x(1 x)

Š ‹

É a b È È È

26. y cosh  2 x 1 cosh 2(x 1)   œ " œ " Ê œ œ œ
!" !" "Î#

"

" !

" "

" " " "

È ˆ ‰ dy
dx

(2) (x 1)

2(x 1) 1 x 1 4x 3 4x 7x 3

Š ‹

Éc d È È È

27. y (1 ) tanh   (1 ) ( 1) tanh tanhœ ! Ê œ ! " ! œ !) ) ) ) )
!" !" !"" "

! "

dy
d 1 1) ) )

ˆ ‰

28. y 2  tanh ( 1) 2 (2 2) tanh ( 1) (2 2) tanh ( 1)œ " " Ê œ " " " " œ " " "a b a b ’ “) ) ) ) ) ) ) ) )
# !" # !" !"" "

! " ! !

dy
d 1 ( 1) 2

2
) ) ) )

) )

 (2 2) tanh ( 1) 1œ " " !) )
!"

29. y (1 t) coth t (1 t) coth t   (1 t) ( 1) coth t coth tœ ! œ ! Ê œ ! " ! œ !
!" !" "Î# !" "Î# !"

!

"

#

È Èˆ ‰ ˆ ‰– —
dy
dt

t

1 t t

Š ‹
a b È

30. y 1 t  coth t  1 t ( 2t) coth t 1 2t coth tœ ! Ê œ ! " ! œ !a b a b ˆ ‰# !" # !" !""

!

dy
dt 1 t

31. y cos x x sech x  x (1) sech x sech x sech xœ ! Ê œ ! " œ " ! œ !
!" !" !" !" !"!" !" !" "

! ! ! !

dy
dx 1 x x 1 x 1 x 1 xÈ È È È’ “Š ‹

32. y ln x 1 x  sech x ln x 1 x  sech xœ " ! œ " !
È a b# !" # !"

"Î#

 1 x 1 x ( 2x) sech x  sech x  sech xÊ œ " ! " ! ! œ ! ! œ
dy
dx x x xx 1 x 1 x 1 x

x x" !" " " " !# # !" !" !"
"Î# !"Î#

! ! !
#

a b a bŠ ‹ ˆ ‰È È È

33. y csch   œ Ê œ ! œ ! œ
!" "

#

"

!

" "

ˆ ‰)
)

dy ln (1) ln (2)
d

ln

1 1 1

ln 2’ “Š ‹Š ‹

Š ‹ Š ‹Ë ” • Ê ÊŠ ‹ Š ‹
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34. y csch 2   œ Ê œ ! œ
!"

"

!

"

)

)

dy (ln 2) 2
d 2 1 2

ln 2
1 2É a b È

35. y sinh (tan x)  sec xœ Ê œ œ œ œ œ
!"

"

dy
dx sec x sec x

sec x sec x sec x
1 (tan x) sec x

sec x  sec x
È È k k k k

k k k k k k

36. y cosh (sec x)  sec x, 0 xœ Ê œ œ œ œ " "
!"

!
#

dy (sec x)(tan x) (sec x)(tan x) (sec x)(tan x)
dx tan xsec x 1 tan xÈ È k k

1

37. (a) If y tan (sinh x) C, then sech x, which verifies the formulaœ # œ œ œ
!"

"

dy
dx 1 sinh x cosh x

cosh x cosh x

 (b) If y sin (tanh x) C, then sech x, which verifies the formulaœ # œ œ œ
!"

!

dy
dx sech x

sech x sech x
1 tanh xÈ

38. If y  sech x 1 x C, then x sech x x sech x,  which verifies theœ ! ! # œ # # œ
x x 2xdy

dx x 1 x 4 1 x# # #

!" !" !"" !"#

! !

È Š ‹È È

 formula

39. If y  coth x C, then x coth x x coth x, which verifies the formulaœ # # œ # # œ
x x xdy

dx 1 x
!" ! " " "

# # # ! #

!" !" !"Š ‹ ˆ ‰

40. If y x tanh x  ln 1 x C, then tanh x x tanh x, which verifies the formulaœ # ! # œ # # œ
!" # !" !"" " " !

# ! # !
a b ˆ ‰ ˆ ‰dy

dx 1 x 1 x
2x

41. sinh 2x dx sinh u du, where u 2x and du 2 dx' 'œ œ œ
"

#

 C Cœ # œ #
cosh u cosh 2x

# #

42. sinh  dx 5 sinh u du, where u  and du  dx' 'x x
5 5 5œ œ œ

"

 5 cosh u C 5 cosh Cœ # œ #
x
5

43. 6 cosh ln 3  dx 12 cosh u du, where u ln 3 and du  dx' 'ˆ ‰x x
# # #

"
! œ œ ! œ

 12 sinh u C 12 sinh ln 3 Cœ # œ ! #ˆ ‰x
#

44. 4 cosh (3x ln 2) dx cosh u du, where u 3x ln 2 and du 3 dx' '! œ œ ! œ
4
3

  sinh u C  sinh (3x ln 2) Cœ # œ ! #
4 4
3 3

45. tanh  dx 7   du, where u  and du  dx' 'x sinh u x
7 cosh u 7 7œ œ œ

"

 7 ln cosh u C 7 ln cosh C 7 ln C 7 ln e e 7 ln 2 Cœ # œ # œ # œ # ! #k k ¸ ¸ ¸ ¸¹ ¹" " " "

"

#

Î ! Îx e e
7

x 7 x 7x 7 x 7

 7 ln e e Cœ # #k kx 7 x 7

46. coth  d 3  du, where u  and du' ') ) )

È È È3 3 3
cosh u d
sinh u) œ œ œÈ

 3 ln sinh u C 3 ln sinh C 3 ln Cœ # œ # œ #È È Èk k ¹ ¹ ¹ ¹" " "

!

#

)

È3
e e

 3 ln e e 3 ln 2 C 3 ln e e Cœ ! ! # œ ! #È È È¹ ¹ ¹ ¹) ) ) )Î $ ! Î $ Î ! Î

"

È È È È3 3

47.  sech x  dx sech u du, where u x  and du dx' '# #" "

# #

ˆ ‰ ˆ ‰! œ œ ! œ

 tanh u C tanh x Cœ # œ ! #ˆ ‰"
#
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!"

"

!

"

)

)
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ln 2
1 2É a b È
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!"

"

dy
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sec x  sec x
È È k k k k

k k k k k k
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!"

!
#
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1
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"
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!

dy
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1 tanh xÈ

38. If y  sech x 1 x C, then x sech x x sech x,  which verifies theœ ! ! # œ # # œ
x x 2xdy

dx x 1 x 4 1 x# # #

!" !" !"" !"#

! !

È Š ‹È È

 formula

39. If y  coth x C, then x coth x x coth x, which verifies the formulaœ # # œ # # œ
x x xdy

dx 1 x
!" ! " " "

# # # ! #

!" !" !"Š ‹ ˆ ‰

40. If y x tanh x  ln 1 x C, then tanh x x tanh x, which verifies the formulaœ # ! # œ # # œ
!" # !" !"" " " !

# ! # !
a b ˆ ‰ ˆ ‰dy

dx 1 x 1 x
2x

41. sinh 2x dx sinh u du, where u 2x and du 2 dx' 'œ œ œ
"

#

 C Cœ # œ #
cosh u cosh 2x

# #

42. sinh  dx 5 sinh u du, where u  and du  dx' 'x x
5 5 5œ œ œ

"

 5 cosh u C 5 cosh Cœ # œ #
x
5

43. 6 cosh ln 3  dx 12 cosh u du, where u ln 3 and du  dx' 'ˆ ‰x x
# # #

"
! œ œ ! œ

 12 sinh u C 12 sinh ln 3 Cœ # œ ! #ˆ ‰x
#

44. 4 cosh (3x ln 2) dx cosh u du, where u 3x ln 2 and du 3 dx' '! œ œ ! œ
4
3

  sinh u C  sinh (3x ln 2) Cœ # œ ! #
4 4
3 3

45. tanh  dx 7   du, where u  and du  dx' 'x sinh u x
7 cosh u 7 7œ œ œ

"

 7 ln cosh u C 7 ln cosh C 7 ln C 7 ln e e 7 ln 2 Cœ # œ # œ # œ # ! #k k ¸ ¸ ¸ ¸¹ ¹" " " "

"

#

Î ! Îx e e
7

x 7 x 7x 7 x 7

 7 ln e e Cœ # #k kx 7 x 7

46. coth  d 3  du, where u  and du' ') ) )

È È È3 3 3
cosh u d
sinh u) œ œ œÈ

 3 ln sinh u C 3 ln sinh C 3 ln Cœ # œ # œ #È È Èk k ¹ ¹ ¹ ¹" " "

!

#

)

È3
e e

 3 ln e e 3 ln 2 C 3 ln e e Cœ ! ! # œ ! #È È È¹ ¹ ¹ ¹) ) ) )Î $ ! Î $ Î ! Î

"

È È È È3 3

47.  sech x  dx sech u du, where u x  and du dx' '# #" "

# #

ˆ ‰ ˆ ‰! œ œ ! œ

 tanh u C tanh x Cœ # œ ! #ˆ ‰"
#
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!"

"

!

"

)

)

dy (ln 2) 2
d 2 1 2

ln 2
1 2É a b È

35. y sinh (tan x)  sec xœ Ê œ œ œ œ œ
!"

"

dy
dx sec x sec x

sec x sec x sec x
1 (tan x) sec x

sec x  sec x
È È k k k k

k k k k k k

36. y cosh (sec x)  sec x, 0 xœ Ê œ œ œ œ " "
!"

!
#

dy (sec x)(tan x) (sec x)(tan x) (sec x)(tan x)
dx tan xsec x 1 tan xÈ È k k

1

37. (a) If y tan (sinh x) C, then sech x, which verifies the formulaœ # œ œ œ
!"

"

dy
dx 1 sinh x cosh x

cosh x cosh x

 (b) If y sin (tanh x) C, then sech x, which verifies the formulaœ # œ œ œ
!"

!

dy
dx sech x

sech x sech x
1 tanh xÈ

38. If y  sech x 1 x C, then x sech x x sech x,  which verifies theœ ! ! # œ # # œ
x x 2xdy

dx x 1 x 4 1 x# # #

!" !" !"" !"#

! !

È Š ‹È È

 formula

39. If y  coth x C, then x coth x x coth x, which verifies the formulaœ # # œ # # œ
x x xdy

dx 1 x
!" ! " " "

# # # ! #

!" !" !"Š ‹ ˆ ‰

40. If y x tanh x  ln 1 x C, then tanh x x tanh x, which verifies the formulaœ # ! # œ # # œ
!" # !" !"" " " !

# ! # !
a b ˆ ‰ ˆ ‰dy

dx 1 x 1 x
2x

41. sinh 2x dx sinh u du, where u 2x and du 2 dx' 'œ œ œ
"

#

 C Cœ # œ #
cosh u cosh 2x

# #

42. sinh  dx 5 sinh u du, where u  and du  dx' 'x x
5 5 5œ œ œ

"

 5 cosh u C 5 cosh Cœ # œ #
x
5

43. 6 cosh ln 3  dx 12 cosh u du, where u ln 3 and du  dx' 'ˆ ‰x x
# # #

"
! œ œ ! œ

 12 sinh u C 12 sinh ln 3 Cœ # œ ! #ˆ ‰x
#

44. 4 cosh (3x ln 2) dx cosh u du, where u 3x ln 2 and du 3 dx' '! œ œ ! œ
4
3

  sinh u C  sinh (3x ln 2) Cœ # œ ! #
4 4
3 3

45. tanh  dx 7   du, where u  and du  dx' 'x sinh u x
7 cosh u 7 7œ œ œ

"

 7 ln cosh u C 7 ln cosh C 7 ln C 7 ln e e 7 ln 2 Cœ # œ # œ # œ # ! #k k ¸ ¸ ¸ ¸¹ ¹" " " "

"

#

Î ! Îx e e
7

x 7 x 7x 7 x 7

 7 ln e e Cœ # #k kx 7 x 7

46. coth  d 3  du, where u  and du' ') ) )

È È È3 3 3
cosh u d
sinh u) œ œ œÈ

 3 ln sinh u C 3 ln sinh C 3 ln Cœ # œ # œ #È È Èk k ¹ ¹ ¹ ¹" " "

!

#

)

È3
e e

 3 ln e e 3 ln 2 C 3 ln e e Cœ ! ! # œ ! #È È È¹ ¹ ¹ ¹) ) ) )Î $ ! Î $ Î ! Î

"

È È È È3 3

47.  sech x  dx sech u du, where u x  and du dx' '# #" "

# #

ˆ ‰ ˆ ‰! œ œ ! œ

 tanh u C tanh x Cœ # œ ! #ˆ ‰"
#
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!"

"

!

"

)

)
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1 2É a b È
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!"

"

dy
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sec x sec x sec x
1 (tan x) sec x

sec x  sec x
È È k k k k

k k k k k k
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!"

!
#
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1
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"
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!"

!

dy
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38. If y  sech x 1 x C, then x sech x x sech x,  which verifies theœ ! ! # œ # # œ
x x 2xdy

dx x 1 x 4 1 x# # #

!" !" !"" !"#

! !

È Š ‹È È

 formula
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x x xdy

dx 1 x
!" ! " " "

# # # ! #

!" !" !"Š ‹ ˆ ‰

40. If y x tanh x  ln 1 x C, then tanh x x tanh x, which verifies the formulaœ # ! # œ # # œ
!" # !" !"" " " !

# ! # !
a b ˆ ‰ ˆ ‰dy

dx 1 x 1 x
2x

41. sinh 2x dx sinh u du, where u 2x and du 2 dx' 'œ œ œ
"

#

 C Cœ # œ #
cosh u cosh 2x

# #

42. sinh  dx 5 sinh u du, where u  and du  dx' 'x x
5 5 5œ œ œ

"

 5 cosh u C 5 cosh Cœ # œ #
x
5

43. 6 cosh ln 3  dx 12 cosh u du, where u ln 3 and du  dx' 'ˆ ‰x x
# # #

"
! œ œ ! œ

 12 sinh u C 12 sinh ln 3 Cœ # œ ! #ˆ ‰x
#

44. 4 cosh (3x ln 2) dx cosh u du, where u 3x ln 2 and du 3 dx' '! œ œ ! œ
4
3

  sinh u C  sinh (3x ln 2) Cœ # œ ! #
4 4
3 3

45. tanh  dx 7   du, where u  and du  dx' 'x sinh u x
7 cosh u 7 7œ œ œ

"

 7 ln cosh u C 7 ln cosh C 7 ln C 7 ln e e 7 ln 2 Cœ # œ # œ # œ # ! #k k ¸ ¸ ¸ ¸¹ ¹" " " "

"

#

Î ! Îx e e
7

x 7 x 7x 7 x 7

 7 ln e e Cœ # #k kx 7 x 7

46. coth  d 3  du, where u  and du' ') ) )

È È È3 3 3
cosh u d
sinh u) œ œ œÈ

 3 ln sinh u C 3 ln sinh C 3 ln Cœ # œ # œ #È È Èk k ¹ ¹ ¹ ¹" " "

!

#

)

È3
e e

 3 ln e e 3 ln 2 C 3 ln e e Cœ ! ! # œ ! #È È È¹ ¹ ¹ ¹) ) ) )Î $ ! Î $ Î ! Î

"

È È È È3 3

47.  sech x  dx sech u du, where u x  and du dx' '# #" "

# #

ˆ ‰ ˆ ‰! œ œ ! œ

 tanh u C tanh x Cœ # œ ! #ˆ ‰"
#
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48. csch (5 x) dx csch u du, where u (5 x) and du dx' '# #
! œ ! œ ! œ !

 ( coth u) C coth u C coth (5 x) Cœ ! ! " œ " œ ! "

49.   dt 2 sech u tanh u du, where u t t  and du' 'sech t tanh t
t 2 t

dtÈ È
È Èœ œ œ œÈ "Î#

 2( sech u) C 2 sech t Cœ ! " œ ! "È

50.   dt csch u coth u du, where u ln t and du' 'csch (ln t) coth (ln t)
t t

dt
œ œ œ

 csch u C csch (ln t) Cœ ! " œ ! "

51. coth x dx  dx   du ln u ln ln ln ln ,' ' '
ln 2 ln 2 3 4

ln 4 ln 4 15 8

œ œ œ œ ! œ œ
cosh x 15 3 15 4 5
sinh x u 8 4 8 3

" "&Î)

$Î% #
c dk k ¸ ¸ ¸ ¸ ¸ ¸

†

 where u sinh x, du cosh x dx, the lower limit is sinh (ln 2)  and the upperœ œ œ œ œ
e e 32

4
ln 2 ln 2

!

# #

!Š ‹

 limit is sinh (ln 4) œ œ œ
e e 154

8
ln 4 ln 4

!

# #

!Š ‹4

52. tanh 2x dx  dx    du ln u ln ln 1  ln , where' ' '
0 0 1

ln 2 ln 2 17 8

œ œ œ œ ! œ
sinh 2x 17 17
cosh 2x u 8 8

" " " " "

# # # #

"(Î)

"
c dk k ! ‘ˆ ‰

 u cosh 2x, du 2 sinh (2x) dx, the lower limit is cosh 0 1 and the upper limit is cosh (2 ln 2) cosh (ln 4)œ œ œ œ

 œ œ œ
e e 174

8
ln 4 ln 4

"

# #

"Š ‹4

53. 2e  cosh  d  2e  d e 1  d' ' '
ln 4 ln 4 ln 4

ln 2 ln 2 ln 2
2 ln 2

ln 4
) )

) ) ) ) )œ œ " œ "Š ‹ a b ! ‘e e!

#

e2

#

!

 ln 2 ln 4 ln 2 ln 4 ln 2 2 ln 2 ln 2œ ! ! ! œ ! ! ! œ ! " œ "Š ‹ Š ‹ ˆ ‰ ˆ ‰e e 3 3
8 32 32 3

2 ln 2 2 ln 4

# # #

" "

54. 4e  sinh  d 4e  d 2 1 e  d 2' ' '
0 0 0

ln 2 ln 2 ln 2
2

ln 2

0
) ) ) ) )œ œ ! œ "Š ‹ ’ “a be e e!

# #

 2 ln 2 0 2 ln 2 2 ln 2 1 ln 4œ " ! " œ " ! œ " ! œ !’ “Š ‹ Š ‹ ˆ ‰e e 3
8 4 4

2 ln 2 0

# # #

" " "

55. cosh (tan ) sec  d cosh u du sinh u sinh (1) sinh ( 1)' '
4 1

4 1

) ) )
# "

!"

! !

# #
œ œ œ ! ! œ !c d Š ‹ Š ‹e e e e

 e e , where u tan , du sec  d , the lower limit is tan 1 and the upperœ œ ! œ œ ! œ !
e e e e

4
! ! "

#

!" #
) ) ) ˆ ‰1

 limit is tan 1ˆ ‰1
4 œ

56. 2 sinh (sin ) cos  d 2 sinh u du 2 cosh u 2(cosh 1 cosh 0) 2 1' '
0 0

2 1

) ) ) œ œ œ ! œ !c d Š ‹"

!

"

#

e e

 e e 2, where u sin , du cos  d , the lower limit is sin 0 0 and the upper limit is sin 1œ " ! œ œ œ œ
!"

#
) ) ) ˆ ‰1

57.  dt cosh u du sinh u sinh (ln 2) sinh (0) 0 , where' '
1 0

2 ln 2
ln 2
0

cosh (ln t)
t 4

e e 32
œ œ œ ! œ ! œ œc d ln 2 ln 2

!

# #

!

 u ln t, du  dt, the lower limit is ln 1 0 and the upper limit is ln 2œ œ œ
"

t

58.  dx 16 cosh u du 16 sinh u 16(sinh 2 sinh 1) 16' '
1 1

4 28 cosh x
x

e e e eÈ
È œ œ œ ! œ !c d ’ “Š ‹ Š ‹#

"

! !

# #

 8 e e e e , where u x x , du x dx , the lower limit is 1 1 and the upperœ ! ! " œ œ œ œ œa b È È# !# !" "Î# !"Î#"

#

dx
2 xÈ

 limit is 4 2È
œ
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 3.   x 4 A(x 1) B Ax (A B)   A 1 and B 3;
A 1

A B 4
x  4 A B

(x  1) x  1 (x  1)
!

! ! !
œ ! Ê ! œ ! ! œ ! ! Ê Ê œ œ

œ

! œ
!

 thus, x  4 1 3
(x  1) x  1 (x  1)

!

! ! !
œ !

 4.   2x 2 A(x 1) B Ax ( A B) 
A 2

A B 2
2x  2 2x  2 A B

x   2x  1 (x  1) x  1 (x  1)
! !

" ! " " "
œ œ ! Ê ! œ " ! œ ! " ! Ê

œ

" ! œ
!

  A 2 and B 4; thus, Ê œ œ œ !
2x  2 2 4

x   2x  1 x  1 (x  1)
!

" ! " "

 5.   z 1 Az(z 1) B(z 1) Cz   z 1 (A C)z ( A B)z Bz  1 A B C
z (z  1) z z z  1

!

" "

# #
œ ! ! Ê ! œ " ! " ! Ê ! œ ! ! " ! "

    B 1  A 2  C 2; thus, 
A C 0
A B 1

B 1
Ê Ê œ " Ê œ " Ê œ œ ! !

! œ

" ! œ

" œ

Þ
ß
à

z  2 2
z (z  1) z z z  1

! " " ""

" "

6.   1 A(z 2) B(z 3) (A B)z (2A 3B)z A B
z   z   6z z   z  6 (z  3)(z  2) z  3 z  " " " " " ! " ! #

" "
œ œ œ ! Ê œ ! ! " œ ! ! "

    5B 1  B   A ; thus, 
A B 0

2A 3B 1
Ê Ê " œ Ê œ " Ê œ œ !

! œ

" œ
! " "

" " " !

"

5 5 z   z   6z z  3 z  2
z 5 5

 7. 1  (after long division); t   8 5t  2 5t  2 5t  2 A B
t   5t  6 t   5t  6 t   5t  6 (t  3)(t  2) t  3 t  2

! ! ! !

" ! " ! " ! " " " "
œ ! œ œ !

  5t 2 A(t 2) B(t 3) (A B)t ( 2A 3B)    B (10 2) 12
A B 5
2A 3B 2

Ê ! œ " ! " œ ! ! " " Ê Ê " œ ! œ
! œ

" " œ
!

  B 12  A 17; thus, 1Ê œ " Ê œ œ ! !
t   8 17 12

t   5t  6 t  3 t  2
! "

" ! " "

 8. 1 1  (after long division); t   9 9t   9 9t   9 9t   9 A B Ct D
t   9t t   9t t t   9 t t   9 t t t   9

! " ! " ! " ! !

! ! ! ! !
œ ! œ ! œ ! !a b a b

  9t 9 At t 9 B t 9 (Ct D)t (A C)t (B D)t 9At 9BÊ " ! œ ! ! ! ! ! œ ! ! ! ! !
# # # # $ #a b a b

    A 0  C 0; B 1  D 10; thus, 1

A C 0
B D 9

9A 0
9B 9

Ê Ê œ Ê œ œ Ê œ " œ ! !

! œ

! œ "

œ

œ

Þáá
ßáá
à

t   9 10
t   9t t t   9

! " "

! !

 9.   1 A(1 x) B(1 x); x 1  A ; x 1  B ;" " "

" " ! # #1  x 1  x 1  x
A B

œ ! Ê œ ! ! " œ Ê œ œ " Ê œ

 ln 1 x ln 1 x C' ' 'dx dx dx
1  x 1  x 1  x" # " # ! #

" " "
œ ! œ ! " " !c dk k k k

10.   1 A(x 2) Bx; x 0  A ; x 2  B ;" " "

! ! # #x   2x x x  2
A B

œ ! Ê œ ! ! œ Ê œ œ " Ê œ "

 ln x ln x 2 C' ' 'dx dx dx
x   2x x x  2! # # ! #

" " "
œ " œ " ! !c dk k k k

11.   x 4 A(x 1) B(x 6); x 1  B ; x 6  A ;x  4 A B 5 2 2
x   5x  6 x  6 x  1 7 7 7

! "

! " ! " "
œ ! Ê ! œ " ! ! œ Ê œ œ " Ê œ œ

  dx  ln x 6  ln x 1 C  ln (x 6) (x 1) C' ' 'x  4 2 dx 5 dx 2 5
x   5x  6 7 x  6 7 x  1 7 7 7

! "

! " ! "

# &
œ ! œ ! ! " ! œ ! " !k k k k k k

12.   2x 1 A(x 3) B(x 4); x 3  B 7 ; x 4  A 9;2x  1 A B 7 9
x   7x  12 x  4 x  3 1 1

!

" ! " " "
œ ! Ê ! œ " ! " œ Ê œ œ " œ Ê œ œ

  dx 9 7 9 ln x 4 7 ln x 3 C ln C' ' '2x  1 dx dx
x   7x  12 x  4 x  3

(x  4)
(x  3)

!

" ! " "

"

"
œ " œ " " " ! œ !k k k k ¹ ¹

13.   y A(y 1) B(y 3); y 1  B ; y 3  A ;y
y   2y  3 y  3 y  1 4 4 4

A B 1 3
" " " ! "

" "
œ ! Ê œ ! ! " œ " Ê œ œ œ Ê œ

  ln y 3  ln y 1  ln 5  ln 9  ln 1  ln 5' ' '
4 4 4

8 8 8y dy dy dy
y   2y  3 4 y  3 4 y  1 4 4 4 4 4 4

3 3 3 3
" " " !

" " " "
)

%
œ ! œ " ! ! œ ! " !$ ‘ ˆ ‰ ˆ ‰k k k k

  ln 5  ln 3œ !œ
" "

# # #

ln 15
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14.   y 4 A(y 1) By; y 0  A 4; y 1  B 3 ;y  4
y   y y y  1 1

A B 3!

! ! "
œ ! Ê ! œ ! ! œ Ê œ œ " Ê œ œ "

   dy 4  3  4 ln y 3 ln y 1 (4 ln 1 3 ln 2) 4 ln 3 ln ' ' '
1 2 1 2 1 2

1 1 1y  4 dy dy
y   y y y  1

3!

! ! # #

"

"Î#

"
œ " œ " ! œ " " "c dk k k k ˆ ‰

 ln ln ln ln 16 ln œ " ! œ œ
" " "

8 16 8 8 8 4
27 27 27ˆ ‰

† †

15.   1 A(t 2)(t 1) Bt(t 1) Ct(t 2); t 0  A ; t 2" "

! " ! " #t t 2t t t 2 t 1
A B C

œ ! ! Ê œ ! " ! " ! ! œ Ê œ " œ "

  B ; t 1  C ; Ê œ œ Ê œ œ " ! !
1 dt dt dt dt
6 3 t t 2t t 6 t 2 3 t 1

" " " "

! " # ! "

' ' ' '

  ln t  ln t 2  ln t 1 Cœ " ! ! ! " !
" " "

#
k k k k k k6 3

16.   (x 3) A(x 2)(x 2) Bx(x 2) Cx(x 2); x 0  A ; x 2x  3 A B C 3
2x   8x x x  2 x  8

! "

" ! " # # "
œ ! ! Ê ! œ ! " ! " ! ! œ Ê œ œ "

  B ; x 2  C ;  dxÊ œ œ Ê œ œ " ! !
" ! "

" ! "16 16 2x   8x 8 x 16 x  2 16 x  2
5 x  3 3 dx dx 5 dx' ' ' '

  ln x  ln x 2  ln x 2 C  ln Cœ " ! ! ! " ! œ !
3 5
8 16 16 16 x

(x  2) (x  2)k k k k k k ¹ ¹" " " !

17. (x 2)  (after long division);   3x 2 A(x 1) Bx 3x  2 3x  2 A B
x   2x  1 (x  1) (x  1) x  1 (x  1)! ! ! ! ! !

! !
œ " ! œ ! Ê ! œ ! !

 Ax (A B)  A 3, A B 2  A 3, B 1; œ ! ! Ê œ ! œ Ê œ œ " '
0

1
x  dx

x   2x  1! !

 (x 2) dx 3 2x 3 ln x 1œ " ! " œ " ! ! !' ' '
0 0 0

1 1 1
dx dx x

x  1 (x  1) x  1! ! # !

"

"

!

’ “k k

 2 3 ln 2 (1) 3 ln 2 2œ " ! ! " œ "ˆ ‰" "

# #

18. (x 2)  (after long division);   3x 2 A(x 1) Bx 3x  2 3x  2 A B
x   2x  1 (x  1) (x  1) x  1 (x  1)" ! " " " "

" "
œ ! ! œ ! Ê " œ " !

 Ax ( A B)  A 3, A B 2  A 3, B 1;  œ ! " ! Ê œ " ! œ " Ê œ œ '
1

0
x  dx

x   2x  1" !

 (x 2) dx 3 2x 3 ln x 1œ ! ! ! œ ! ! " "' ' '
1 1 1

0 0 0
dx dx x

x  1 (x  1) x  1" " # "

"

!

""

’ “k k

 0 0 3 ln 1 2 3 ln 2 2 3 ln 2œ ! ! " " " ! " œ "Š ‹ Š ‹" " "

" # "#( 1) ( )

19. 1 A(x 1)(x 1) B(x 1)(x 1) C(x 1) D(x 1) ;"

" ! " ! "

# # # #

a bx   1
A B C D

x  1 x  1 (x  1) (x  1)œ ! ! ! Ê œ ! " ! " ! ! " ! !

 x 1  C ; x 1  D ; coefficient of x A B  A B 0; constant A B C Dœ " Ê œ œ Ê œ œ ! Ê ! œ œ " ! !
" " $

4 4

  A B C D 1  A B ; thus, A   B ; Ê " ! ! œ Ê " œ œ Ê œ "
" " "

# "4 4
dx

x   1
'

a b

  ln Cœ " ! ! œ " !
" " " " " !

! " ! " " "4 x  1 4 x  1 4 (x  1) 4 (x  1) 4 x  1 2 x   1
dx dx dx dx x  1 x' ' ' ' ¸ ¸

a b

20.   x A(x 1) B(x 1)(x 1) C(x 1); x 1x A B C
(x  1) x   2x  1 x  1 x  1 (x  1)" ! ! " ! !

# #

a b œ ! ! Ê œ ! ! " ! ! " œ "

  C ; x 1  A ; coefficient of x A B  A B 1  B ; Ê œ " œ Ê œ œ ! Ê ! œ Ê œ
" " #

" ! !2 4 4 (x  1) x   2x  1
3 x  dx'

a b

  ln x 1  ln x 1 C Cœ ! " œ " ! ! ! ! œ ! !
" " " " "

" ! ! # ! !

" !

4 x  1 4 x  1 2 (x  1) 4 4 (x  1) 4 2(x  1)
dx 3 dx dx 3 ln (x  1)(x  1)' ' ' k k k k k k

21.   1 A x 1 (Bx C)(x 1); x 1  A ; coefficient of x1 A Bx  C
(x  1) x   1 x  1 x   1! ! ! ! #

! "# #

a b œ ! Ê œ ! ! ! ! œ " Ê œa b

 A B  A B 0  B ; constant A C  A C 1  C ; œ ! Ê ! œ Ê œ " œ ! Ê ! œ Ê œ
1 dx
2 (x  1) x   1

"

# ! !

'
0

1

a b

   dx  ln x 1  ln x 1  tan xœ ! œ ! " ! !
" " " " "

! # ! # #

" ! # ""
"

!2 x  1 x   1 4
dx ( x  1)' '

0 0

1 1 # ‘k k a b
  ln 2  ln 2  tan 1  ln 1  ln 1  tan 0  ln 2œ " ! " " ! œ ! œˆ ‰ ˆ ‰ ˆ ‰" " " " " " " "

# # # # #

"" "" !

4 4 4 4 8
(   2 ln 2)1 1

22.   3t t 4 A t 1 (Bt C)t; t 0  A 4; coefficient of t3t   t  4 A Bt  C
t   t t t   1
! ! !

! !

# # #
œ ! Ê ! ! œ ! ! ! œ Ê œa b

 A B  A B 3  B 1; coefficient of t C  C 1;   dtœ ! Ê ! œ Ê œ " œ Ê œ '
1

3
3t   t  4

t   1
! !

!
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14.   y 4 A(y 1) By; y 0  A 4; y 1  B 3 ;y  4
y   y y y  1 1

A B 3!

! ! "
œ ! Ê ! œ ! ! œ Ê œ œ " Ê œ œ "

   dy 4  3  4 ln y 3 ln y 1 (4 ln 1 3 ln 2) 4 ln 3 ln ' ' '
1 2 1 2 1 2

1 1 1y  4 dy dy
y   y y y  1

3!

! ! # #

"

"Î#

"
œ " œ " ! œ " " "c dk k k k ˆ ‰

 ln ln ln ln 16 ln œ " ! œ œ
" " "

8 16 8 8 8 4
27 27 27ˆ ‰

† †

15.   1 A(t 2)(t 1) Bt(t 1) Ct(t 2); t 0  A ; t 2" "

! " ! " #t t 2t t t 2 t 1
A B C

œ ! ! Ê œ ! " ! " ! ! œ Ê œ " œ "

  B ; t 1  C ; Ê œ œ Ê œ œ " ! !
1 dt dt dt dt
6 3 t t 2t t 6 t 2 3 t 1

" " " "

! " # ! "

' ' ' '

  ln t  ln t 2  ln t 1 Cœ " ! ! ! " !
" " "

#
k k k k k k6 3

16.   (x 3) A(x 2)(x 2) Bx(x 2) Cx(x 2); x 0  A ; x 2x  3 A B C 3
2x   8x x x  2 x  8

! "

" ! " # # "
œ ! ! Ê ! œ ! " ! " ! ! œ Ê œ œ "

  B ; x 2  C ;  dxÊ œ œ Ê œ œ " ! !
" ! "

" ! "16 16 2x   8x 8 x 16 x  2 16 x  2
5 x  3 3 dx dx 5 dx' ' ' '

  ln x  ln x 2  ln x 2 C  ln Cœ " ! ! ! " ! œ !
3 5
8 16 16 16 x

(x  2) (x  2)k k k k k k ¹ ¹" " " !

17. (x 2)  (after long division);   3x 2 A(x 1) Bx 3x  2 3x  2 A B
x   2x  1 (x  1) (x  1) x  1 (x  1)! ! ! ! ! !

! !
œ " ! œ ! Ê ! œ ! !

 Ax (A B)  A 3, A B 2  A 3, B 1; œ ! ! Ê œ ! œ Ê œ œ " '
0

1
x  dx

x   2x  1! !

 (x 2) dx 3 2x 3 ln x 1œ " ! " œ " ! ! !' ' '
0 0 0

1 1 1
dx dx x

x  1 (x  1) x  1! ! # !

"

"

!

’ “k k

 2 3 ln 2 (1) 3 ln 2 2œ " ! ! " œ "ˆ ‰" "

# #

18. (x 2)  (after long division);   3x 2 A(x 1) Bx 3x  2 3x  2 A B
x   2x  1 (x  1) (x  1) x  1 (x  1)" ! " " " "

" "
œ ! ! œ ! Ê " œ " !

 Ax ( A B)  A 3, A B 2  A 3, B 1;  œ ! " ! Ê œ " ! œ " Ê œ œ '
1

0
x  dx

x   2x  1" !

 (x 2) dx 3 2x 3 ln x 1œ ! ! ! œ ! ! " "' ' '
1 1 1

0 0 0
dx dx x

x  1 (x  1) x  1" " # "

"

!

""

’ “k k

 0 0 3 ln 1 2 3 ln 2 2 3 ln 2œ ! ! " " " ! " œ "Š ‹ Š ‹" " "

" # "#( 1) ( )

19. 1 A(x 1)(x 1) B(x 1)(x 1) C(x 1) D(x 1) ;"

" ! " ! "

# # # #

a bx   1
A B C D

x  1 x  1 (x  1) (x  1)œ ! ! ! Ê œ ! " ! " ! ! " ! !

 x 1  C ; x 1  D ; coefficient of x A B  A B 0; constant A B C Dœ " Ê œ œ Ê œ œ ! Ê ! œ œ " ! !
" " $

4 4

  A B C D 1  A B ; thus, A   B ; Ê " ! ! œ Ê " œ œ Ê œ "
" " "

# "4 4
dx

x   1
'

a b

  ln Cœ " ! ! œ " !
" " " " " !

! " ! " " "4 x  1 4 x  1 4 (x  1) 4 (x  1) 4 x  1 2 x   1
dx dx dx dx x  1 x' ' ' ' ¸ ¸

a b

20.   x A(x 1) B(x 1)(x 1) C(x 1); x 1x A B C
(x  1) x   2x  1 x  1 x  1 (x  1)" ! ! " ! !

# #

a b œ ! ! Ê œ ! ! " ! ! " œ "

  C ; x 1  A ; coefficient of x A B  A B 1  B ; Ê œ " œ Ê œ œ ! Ê ! œ Ê œ
" " #

" ! !2 4 4 (x  1) x   2x  1
3 x  dx'

a b

  ln x 1  ln x 1 C Cœ ! " œ " ! ! ! ! œ ! !
" " " " "

" ! ! # ! !

" !

4 x  1 4 x  1 2 (x  1) 4 4 (x  1) 4 2(x  1)
dx 3 dx dx 3 ln (x  1)(x  1)' ' ' k k k k k k

21.   1 A x 1 (Bx C)(x 1); x 1  A ; coefficient of x1 A Bx  C
(x  1) x   1 x  1 x   1! ! ! ! #

! "# #

a b œ ! Ê œ ! ! ! ! œ " Ê œa b

 A B  A B 0  B ; constant A C  A C 1  C ; œ ! Ê ! œ Ê œ " œ ! Ê ! œ Ê œ
1 dx
2 (x  1) x   1

"

# ! !

'
0

1

a b

   dx  ln x 1  ln x 1  tan xœ ! œ ! " ! !
" " " " "

! # ! # #

" ! # ""
"

!2 x  1 x   1 4
dx ( x  1)' '

0 0

1 1 # ‘k k a b
  ln 2  ln 2  tan 1  ln 1  ln 1  tan 0  ln 2œ " ! " " ! œ ! œˆ ‰ ˆ ‰ ˆ ‰" " " " " " " "

# # # # #

"" "" !

4 4 4 4 8
(   2 ln 2)1 1

22.   3t t 4 A t 1 (Bt C)t; t 0  A 4; coefficient of t3t   t  4 A Bt  C
t   t t t   1
! ! !

! !

# # #
œ ! Ê ! ! œ ! ! ! œ Ê œa b

 A B  A B 3  B 1; coefficient of t C  C 1;   dtœ ! Ê ! œ Ê œ " œ Ê œ '
1

3
3t   t  4

t   1
! !

!
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 4   dt 4 ln t  ln t 1 tan tœ ! œ " ! !' '
1 1

3 3
dt
t t   1 2

( t  1)! "

"

" # !"
$

"

! ‘k k a b
È

 4 ln 3  ln 4 tan 3 4 ln 1  ln 2 tan 1 2 ln 3 ln 2  ln 2œ " ! " " ! œ " ! ! "Š ‹È È ˆ ‰" " "

# # #

!" !" 1 1

3 4

 2 ln 3  ln 2 lnœ " ! œ !
"

# # #

1 1

1 1
9

2
Š ‹È

23.   y 2y 1 (Ay B) y 1 Cy Dy   2y  1 Ay  B Cy  D
y   1 y   1y   1
" " " "

" ""

# #

a b a b
œ ! Ê ! ! œ ! ! ! !a b

 Ay By (A C)y (B D)  A 0, B 1; A C 2  C 2; B D 1  D 0;œ ! ! ! ! ! Ê œ œ ! œ Ê œ ! œ Ê œ
$ #

  dy  dy 2  dy tan y C' ' 'y   2y  1 y
y   1 y   1y   1 y   1
" "

" "

" "

" "

!"

a b a b
œ ! œ " !

24.   8x 8x 2 (Ax B) 4x 1 Cx D8x   8x  2 Ax  B Cx  D
4x   1 4x   14x   1
" " " "

" ""

# #

a b a b
œ ! Ê ! ! œ ! ! ! !a b

 4Ax 4Bx (A C)x (B D); A 0, B 2; A C 8  C 8; B D 2  D 0;œ ! ! ! ! ! œ œ ! œ Ê œ ! œ Ê œ
$ #

  dx 2 8 tan 2x C' ' '8x   8x  2 dx x dx
4x   1 4x   14x   1 4x   1
" " "

" "" "

!"

a b a b
œ ! œ " !

25.   2s 22s  2 As  B C D E
s   1 (s  1) s   1 s  1 (s  1) (s  1)

" "

" ! " ! ! !a b œ ! ! ! Ê !

 (As B)(s 1) C s 1 (s 1) D s 1 (s 1) E s 1œ ! " ! ! " ! ! " ! !
$ # # # #a b a b a b

 As ( 3A B)s (3A 3B)s ( A 3B)s B C s 2s 2s 2s 1 D s s s 1œ ! " ! ! " ! " ! " ! " ! " ! ! " ! "c d a b a b% $ # % $ # $ #

 E s 1! !a b#

 (A C)s ( 3A B 2C D)s (3A 3B 2C D E)s ( A 3B 2C D)s ( B C D E)œ ! ! " ! " ! ! " ! " ! ! " ! " ! ! " ! " !
% $ #

   summing all eq

   A        C            0
3A  B 2C D      0

  3A 3B 2C D E 0
 A 3B 2C D     2
       B  C D E 2

Ê

! œ

" ! " ! œ

" ! " ! œ

" ! " ! œ

" ! " ! œ

Þáááá
ßáááá
à

uations  2E 4  E 2;Ê œ Ê œ

 summing eqs (2) and (3)  2B 2 0  B 1; summing eqs (3) and (4)  2A 2 2  A 0; C 0Ê " ! œ Ê œ Ê ! œ Ê œ œ

 from eq (1); then 1 0 D 2 2 from eq (5)  D 1;" ! " ! œ Ê œ "

  ds 2 (s 1) (s 1) tan s C' ' ' '2s  2 ds ds ds
s   1 (s  1) s   1 (s  1) (s  1)

"

" ! " ! !

!# !" !"

a b œ " ! œ " " ! " ! !

26.   s 81 A s 9 (Bs C)s s 9 (Ds E)ss   81 A Bs  C Ds  E
s s   9 s   9s s   9

" " "

" ""

% # #
#

a b a b
œ ! ! Ê ! œ ! ! ! ! ! !a b a b

 A s 18s 81 Bs Cs 9Bs 9Cs Ds Esœ ! ! ! ! ! ! ! !a b a b% # % $ # #

 (A B)s Cs (18A 9B D)s (9C E)s 81A  81A 81 or A 1; A B 1  B 0;œ ! ! ! ! ! ! ! ! Ê œ œ ! œ Ê œ
% $ #

 C 0; 9C E 0  E 0; 18A 9B D 0  D 18;  ds 18œ ! œ Ê œ ! ! œ Ê œ " œ "' ' 's 81 ds s ds
s s   9 s   9s

"

" "a b a b

 ln s Cœ ! !k k 9
s   9a b"

27. x x 2 A x x 1 Bx C x 1 A B x A B C x A Cx x 2 A Bx C
x 1 x 1 x x 1

2 2 22

3 2
! " "

! ! " "
œ ! Ê " ! œ ! ! ! ! " œ ! ! " ! ! "a b a ba b a b a b a b

 A B 1 A B C 1, A C 2 adding eq(2) and eq(3) 2A B 1, add this equation to eq(1)Ê ! œ ß " ! œ " " œ Ê Ê " œ

 3A 2 A B 1 A C 1 A B ; dx dxÊ œ Ê œ Ê œ " œ Ê œ " " ! œ " œ !
2 1 4 x x 2
3 3 3 x 1 x 1 x x 1

2 3 1 3 x 4 3' '2

3 2
! "

! ! " "

Î Î ! ÎŠ ‹a b

 dx dx  u x u x du dxœ ! œ ! Ê " œ Ê œ
2 1 1 x 4
3 x 1 3 x
' '

! # #

! " "

" "ˆ ‰2 3
4

’ “

 dx du dx du duœ ! œ ! "
2 1 1 2 1 1 u 3 1
3 x 1 3 3 x 1 3 2

u
u u u

' ' ' ' '
! !

!

" " "

9
2

2 2 23 3 3
4 4 4

 ln x 1 ln x tan C ln x 1 ln x x 1 3tan Cœ l " l! ! ! " ! œ l " l! l ! ! l" !
2 1 3 3 2 1 2x 1
3 6 4 3 6

2

3 3 2 3
1 2 1x¹ ¹ˆ ‰ Š ‹ Š ‹È" "

#

! !
"

Î
È È È
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 4   dt 4 ln t  ln t 1 tan tœ ! œ " ! !' '
1 1

3 3
dt
t t   1 2

( t  1)! "

"

" # !"
$

"

! ‘k k a b
È

 4 ln 3  ln 4 tan 3 4 ln 1  ln 2 tan 1 2 ln 3 ln 2  ln 2œ " ! " " ! œ " ! ! "Š ‹È È ˆ ‰" " "

# # #

!" !" 1 1

3 4

 2 ln 3  ln 2 lnœ " ! œ !
"

# # #

1 1

1 1
9

2
Š ‹È

23.   y 2y 1 (Ay B) y 1 Cy Dy   2y  1 Ay  B Cy  D
y   1 y   1y   1
" " " "

" ""

# #

a b a b
œ ! Ê ! ! œ ! ! ! !a b

 Ay By (A C)y (B D)  A 0, B 1; A C 2  C 2; B D 1  D 0;œ ! ! ! ! ! Ê œ œ ! œ Ê œ ! œ Ê œ
$ #

  dy  dy 2  dy tan y C' ' 'y   2y  1 y
y   1 y   1y   1 y   1
" "

" "

" "

" "

!"

a b a b
œ ! œ " !

24.   8x 8x 2 (Ax B) 4x 1 Cx D8x   8x  2 Ax  B Cx  D
4x   1 4x   14x   1
" " " "

" ""

# #

a b a b
œ ! Ê ! ! œ ! ! ! !a b

 4Ax 4Bx (A C)x (B D); A 0, B 2; A C 8  C 8; B D 2  D 0;œ ! ! ! ! ! œ œ ! œ Ê œ ! œ Ê œ
$ #

  dx 2 8 tan 2x C' ' '8x   8x  2 dx x dx
4x   1 4x   14x   1 4x   1
" " "

" "" "

!"

a b a b
œ ! œ " !

25.   2s 22s  2 As  B C D E
s   1 (s  1) s   1 s  1 (s  1) (s  1)

" "

" ! " ! ! !a b œ ! ! ! Ê !

 (As B)(s 1) C s 1 (s 1) D s 1 (s 1) E s 1œ ! " ! ! " ! ! " ! !
$ # # # #a b a b a b

 As ( 3A B)s (3A 3B)s ( A 3B)s B C s 2s 2s 2s 1 D s s s 1œ ! " ! ! " ! " ! " ! " ! " ! ! " ! "c d a b a b% $ # % $ # $ #

 E s 1! !a b#

 (A C)s ( 3A B 2C D)s (3A 3B 2C D E)s ( A 3B 2C D)s ( B C D E)œ ! ! " ! " ! ! " ! " ! ! " ! " ! ! " ! " !
% $ #

   summing all eq

   A        C            0
3A  B 2C D      0

  3A 3B 2C D E 0
 A 3B 2C D     2
       B  C D E 2

Ê

! œ

" ! " ! œ

" ! " ! œ

" ! " ! œ

" ! " ! œ

Þáááá
ßáááá
à

uations  2E 4  E 2;Ê œ Ê œ

 summing eqs (2) and (3)  2B 2 0  B 1; summing eqs (3) and (4)  2A 2 2  A 0; C 0Ê " ! œ Ê œ Ê ! œ Ê œ œ

 from eq (1); then 1 0 D 2 2 from eq (5)  D 1;" ! " ! œ Ê œ "

  ds 2 (s 1) (s 1) tan s C' ' ' '2s  2 ds ds ds
s   1 (s  1) s   1 (s  1) (s  1)

"

" ! " ! !

!# !" !"

a b œ " ! œ " " ! " ! !

26.   s 81 A s 9 (Bs C)s s 9 (Ds E)ss   81 A Bs  C Ds  E
s s   9 s   9s s   9

" " "

" ""

% # #
#

a b a b
œ ! ! Ê ! œ ! ! ! ! ! !a b a b

 A s 18s 81 Bs Cs 9Bs 9Cs Ds Esœ ! ! ! ! ! ! ! !a b a b% # % $ # #

 (A B)s Cs (18A 9B D)s (9C E)s 81A  81A 81 or A 1; A B 1  B 0;œ ! ! ! ! ! ! ! ! Ê œ œ ! œ Ê œ
% $ #

 C 0; 9C E 0  E 0; 18A 9B D 0  D 18;  ds 18œ ! œ Ê œ ! ! œ Ê œ " œ "' ' 's 81 ds s ds
s s   9 s   9s

"

" "a b a b

 ln s Cœ ! !k k 9
s   9a b"

27. x x 2 A x x 1 Bx C x 1 A B x A B C x A Cx x 2 A Bx C
x 1 x 1 x x 1

2 2 22

3 2
! " "

! ! " "
œ ! Ê " ! œ ! ! ! ! " œ ! ! " ! ! "a b a ba b a b a b a b

 A B 1 A B C 1, A C 2 adding eq(2) and eq(3) 2A B 1, add this equation to eq(1)Ê ! œ ß " ! œ " " œ Ê Ê " œ

 3A 2 A B 1 A C 1 A B ; dx dxÊ œ Ê œ Ê œ " œ Ê œ " " ! œ " œ !
2 1 4 x x 2
3 3 3 x 1 x 1 x x 1

2 3 1 3 x 4 3' '2

3 2
! "

! ! " "

Î Î ! ÎŠ ‹a b

 dx dx  u x u x du dxœ ! œ ! Ê " œ Ê œ
2 1 1 x 4
3 x 1 3 x
' '

! # #

! " "

" "ˆ ‰2 3
4

’ “

 dx du dx du duœ ! œ ! "
2 1 1 2 1 1 u 3 1
3 x 1 3 3 x 1 3 2

u
u u u

' ' ' ' '
! !

!

" " "

9
2

2 2 23 3 3
4 4 4

 ln x 1 ln x tan C ln x 1 ln x x 1 3tan Cœ l " l! ! ! " ! œ l " l! l ! ! l" !
2 1 3 3 2 1 2x 1
3 6 4 3 6

2

3 3 2 3
1 2 1x¹ ¹ˆ ‰ Š ‹ Š ‹È" "

#

! !
"

Î
È È È
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28. 1 A x 1 x x 1 B x x x 1 C x D x x 11 A B Cx D
x x x x 1 x x 1

2 2
4 2
! ! " !

!
œ ! ! Ê œ ! " ! ! " ! ! ! !a ba b a b a b a b

 A B C x B C D x B D x A A 1, B D 0 D B, B C D 0œ ! ! ! " ! ! ! ! ! Ê œ ! œ Ê œ " " ! ! œa b a b a b3 2

 2B C 0 C 2B, A B C 0 1 B 2B 0 B C D ;Ê " ! œ Ê œ ! ! œ Ê ! ! œ Ê œ " Ê œ " Ê œ
1 2 1
3 3 3

 dx dx dx dx dx' ' ' ' 'a b1 1 1 1 1 1 2x 1
x x x x 1 x x 1 x 3 x 1 3 x x 1

1 3 2 3 x 1 3
4 2 2
! ! " ! ! " !

Î " Î ! Î "
œ " ! œ " "

a b

 ln x ln x 1 ln x x 1 Cœ l l" l ! l" l " ! l!
1 1
3 3

2

29. x A x 1 x 1 B x 1 x 1 + Cx D x 1 x 1x A B Cx D
x 1 x 1 x 1 x 1

2 2 22

4 2
" ! " !

!
œ ! ! Ê œ " ! ! ! ! ! " !a ba b a ba b a ba ba b

 A B C x A B D x A B C x A B D A B C 0, A B D 1,œ ! ! ! " ! ! ! ! " " ! " Ê ! ! œ " ! ! œa b a b a b3 2

 A B C 0, A B D 0 adding eq(1) to eq (3) gives 2A 2B 0, adding eq(2) to eq(4) gives! " œ " ! " œ Ê ! œ

 2A 2B 1, adding these two equations gives 4B 1 B , using 2A 2B 0 A , using" ! œ œ Ê œ ! œ Ê œ "
1 1
4 4

 A B D 0 D , and using A B C 0 C 0; dx dx" ! " œ Ê œ ! " œ Ê œ œ ! !
1 x
2 x 1 x 1 x 1 x 1

1 4 1 4 1 2' ' a b
2

4 2
" ! " !

" Î Î Î

 dx dx dx ln x 1 ln x 1 tan x C ln tan x Cœ " ! ! œ " l ! l! l " l! ! œ ! !
1 1 1 1 1 1 1 1 1 1 x 1 1
4 x 1 4 x 1 2 x 1 4 4 2 4 x 1 2

1 1' ' '
! " ! !

" ""

2 ¹ ¹

30. x x A x 2 x 1 B x 2 x 1 + Cx D x 2 x 2x x A B Cx D
x  3x 4 x 2 x 2 x 1

2 2 22

4 2 2
! !

" " " ! !
œ ! ! Ê ! œ ! ! ! " ! ! " !a ba b a ba b a ba ba b

 A B C x 2A 2B D x A B 4C x 2A 2B 4D A B C 0, 2A 2B D 1,œ ! ! ! " ! ! ! " ! " " Ê ! ! œ " ! œa b a b a b3 2

 A B 4C 1, 2A 2B 4D 0 subtractin eq(1) from eq (3) gives 5C 1 C , subtacting eq(2) from! " œ " " œ Ê " œ Ê œ "
1
5

 eq(4) gives 5D 1 D , substituting for C in eq(1) gives A B , and substituting for D in eq(4) gives" œ " Ê œ ! œ
1 1
5 5

  2A 2B A B , adding this equation to the previous equatin gives 2A A B ;" œ Ê " œ œ Ê œ Ê œ "
4 2 3 3 1
5 5 5 10 10

  dx dx dx dx dx dx' ' ' ' ' 'x x 3 1 1 1 1 x 1 1
x  3x 4 x 2 x 2 x 1 10 x 2 10 x 2 5 x 1 5 x 1

3 10 1 10 1 5 x 1 52

4 2 2 2 2
!

" " " ! ! " ! ! !

Î Î " Î ! Î

œ " ! œ " " !Š ‹a b

 ln x 2 ln x 2 ln x 1 tan x C3 1 1 1
10 10 10 5

2 1
l " l" l ! l" l ! l! !

"

31.   2 5 8 4 (A B) 2 2 C D2   5   8   4 A   B C   D
  2   2   2   2    2

) ) ) ) )

) ) ) )) )

! ! ! ! !

! ! ! !! # !

$ # #

a b a b
œ ! Ê ! ! ! œ ! ! ! ! !) ) ) ) ) ) )a b

 A (2A B) (2A 2B C) (2B D)  A 2; 2A B 5  B 1; 2A 2B C 8  C 2;œ ! ! ! ! ! ! ! Ê œ ! œ Ê œ ! ! œ Ê œ) ) )
$ #

 2B D 4  D 2;  d  d  d! œ Ê œ œ !' ' '2   5   8   4 2   1 2   2
  2   2   2   2  2   2

) ) ) ) )

) ) ) )) )

! ! ! ! !

! ! ! !! !a b a ba b) ) )

  dœ " ! œ " "' ' ' ' '2   2 d d
  2   2   2     2   (   1)   1   2   

d   2   2 d   2   2
  2   2

) ) )

) ) ) ) ) ) ) ) )

) ) ) )

) )

! "

! ! ! ! # ! ! # ! ! ! ! #

! ! ! !

! !

)

a b a b
a b

 ln 2 2 tan ( 1) Cœ ! ! ! " ! !
""

! ! #

# ""

) )  2   a b) ) )

32.    4 2 3 1) ) ) ) ) ) )

) ) ))

  4   2   3   1 A   B C   D E   F
  1   1   1  1

" ! " ! ! ! !

! ! !!

% $ #

a b a b a b
œ ! ! Ê " ! " !) ) ) )

 (A B) 1 (C D) 1 E F (A B) 2 1 C D C D E Fœ ! ! ! ! ! ! ! œ ! ! ! ! ! ! ! ! !) ) ) ) ) ) ) ) ) ) ) )a b a b a b a b# # % # $ #
#

 A B 2A 2B A B C D C D E Fœ ! ! ! ! ! ! ! ! ! ! !a b a b) ) ) ) ) ) ) ) )
& % $ # $ #

 A B (2A C) (2B D) (A C E) (B D F)  A 0; B 1; 2A C 4œ ! ! ! ! ! ! ! ! ! ! ! Ê œ œ ! œ ") ) ) ) )
& % $ #

  C 4; 2B D 2  D 0; A C E 3  E 1; B D F 1  F 0;Ê œ " ! œ Ê œ ! ! œ " Ê œ ! ! œ Ê œ

  d 4 tan 2 1 1 C' ' ' ') ) ) ) ) ) ) ) )

) ) ))

  4   2   3   1 d  d  d
  1   1   1  1 4

" ! " ! "

! ! !!

"" # #
"" "#

a b a b a b
) ) ) )œ " ! œ ! ! " ! !a b a b

33. 2x 2x ;   1 A(x 1) Bx; x 0  A 1;2x   2x   1 A B
x   x x   x x(x  1) x(x  1) x x  1
" ! " " "

" " " " "
œ ! œ ! œ ! Ê œ " ! œ Ê œ "

 x 1  B 1; 2x dx x ln x ln x 1 C x ln Cœ Ê œ œ " ! œ " ! " ! œ ! !' ' ' '2x   2x   1 dx dx x  1
x   x x x  1 x
" ! "

" "

# #k k k k ¸ ¸

34. x 1 x 1 ;   1 A(x 1) B(x 1);x A B
x   1 x   1 (x  1)(x  1) (x  1)(x  1) x  1 x  1" " ! " ! " ! "

# #" " "
œ ! ! œ ! ! œ ! Ê œ " ! !a b a b

 x 1  A ; x 1  B ;  dx x 1  dxœ " Ê œ " œ Ê œ œ ! " !
" " " "

# # " # ! # "

#' ' ' 'x dx dx
x   1 x  1 x  1a b

 x x  ln x 1  ln x 1 C x  ln Cœ ! " ! ! " ! œ ! ! !
" " " " "$

# # # !3 3 x  1
x x  1k k k k ¸ ¸
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28. 1 A x 1 x x 1 B x x x 1 C x D x x 11 A B Cx D
x x x x 1 x x 1

2 2
4 2
! ! " !

!
œ ! ! Ê œ ! " ! ! " ! ! ! !a ba b a b a b a b

 A B C x B C D x B D x A A 1, B D 0 D B, B C D 0œ ! ! ! " ! ! ! ! ! Ê œ ! œ Ê œ " " ! ! œa b a b a b3 2

 2B C 0 C 2B, A B C 0 1 B 2B 0 B C D ;Ê " ! œ Ê œ ! ! œ Ê ! ! œ Ê œ " Ê œ " Ê œ
1 2 1
3 3 3

 dx dx dx dx dx' ' ' ' 'a b1 1 1 1 1 1 2x 1
x x x x 1 x x 1 x 3 x 1 3 x x 1

1 3 2 3 x 1 3
4 2 2
! ! " ! ! " !

Î " Î ! Î "
œ " ! œ " "

a b

 ln x ln x 1 ln x x 1 Cœ l l" l ! l" l " ! l!
1 1
3 3

2

29. x A x 1 x 1 B x 1 x 1 + Cx D x 1 x 1x A B Cx D
x 1 x 1 x 1 x 1

2 2 22

4 2
" ! " !

!
œ ! ! Ê œ " ! ! ! ! ! " !a ba b a ba b a ba ba b

 A B C x A B D x A B C x A B D A B C 0, A B D 1,œ ! ! ! " ! ! ! ! " " ! " Ê ! ! œ " ! ! œa b a b a b3 2

 A B C 0, A B D 0 adding eq(1) to eq (3) gives 2A 2B 0, adding eq(2) to eq(4) gives! " œ " ! " œ Ê ! œ

 2A 2B 1, adding these two equations gives 4B 1 B , using 2A 2B 0 A , using" ! œ œ Ê œ ! œ Ê œ "
1 1
4 4

 A B D 0 D , and using A B C 0 C 0; dx dx" ! " œ Ê œ ! " œ Ê œ œ ! !
1 x
2 x 1 x 1 x 1 x 1

1 4 1 4 1 2' ' a b
2

4 2
" ! " !

" Î Î Î

 dx dx dx ln x 1 ln x 1 tan x C ln tan x Cœ " ! ! œ " l ! l! l " l! ! œ ! !
1 1 1 1 1 1 1 1 1 1 x 1 1
4 x 1 4 x 1 2 x 1 4 4 2 4 x 1 2

1 1' ' '
! " ! !

" ""

2 ¹ ¹

30. x x A x 2 x 1 B x 2 x 1 + Cx D x 2 x 2x x A B Cx D
x  3x 4 x 2 x 2 x 1

2 2 22

4 2 2
! !

" " " ! !
œ ! ! Ê ! œ ! ! ! " ! ! " !a ba b a ba b a ba ba b

 A B C x 2A 2B D x A B 4C x 2A 2B 4D A B C 0, 2A 2B D 1,œ ! ! ! " ! ! ! " ! " " Ê ! ! œ " ! œa b a b a b3 2

 A B 4C 1, 2A 2B 4D 0 subtractin eq(1) from eq (3) gives 5C 1 C , subtacting eq(2) from! " œ " " œ Ê " œ Ê œ "
1
5

 eq(4) gives 5D 1 D , substituting for C in eq(1) gives A B , and substituting for D in eq(4) gives" œ " Ê œ ! œ
1 1
5 5

  2A 2B A B , adding this equation to the previous equatin gives 2A A B ;" œ Ê " œ œ Ê œ Ê œ "
4 2 3 3 1
5 5 5 10 10

  dx dx dx dx dx dx' ' ' ' ' 'x x 3 1 1 1 1 x 1 1
x  3x 4 x 2 x 2 x 1 10 x 2 10 x 2 5 x 1 5 x 1

3 10 1 10 1 5 x 1 52

4 2 2 2 2
!

" " " ! ! " ! ! !

Î Î " Î ! Î

œ " ! œ " " !Š ‹a b

 ln x 2 ln x 2 ln x 1 tan x C3 1 1 1
10 10 10 5

2 1
l " l" l ! l" l ! l! !

"

31.   2 5 8 4 (A B) 2 2 C D2   5   8   4 A   B C   D
  2   2   2   2    2

) ) ) ) )

) ) ) )) )

! ! ! ! !

! ! ! !! # !

$ # #

a b a b
œ ! Ê ! ! ! œ ! ! ! ! !) ) ) ) ) ) )a b

 A (2A B) (2A 2B C) (2B D)  A 2; 2A B 5  B 1; 2A 2B C 8  C 2;œ ! ! ! ! ! ! ! Ê œ ! œ Ê œ ! ! œ Ê œ) ) )
$ #

 2B D 4  D 2;  d  d  d! œ Ê œ œ !' ' '2   5   8   4 2   1 2   2
  2   2   2   2  2   2

) ) ) ) )

) ) ) )) )

! ! ! ! !

! ! ! !! !a b a ba b) ) )

  dœ " ! œ " "' ' ' ' '2   2 d d
  2   2   2     2   (   1)   1   2   

d   2   2 d   2   2
  2   2

) ) )

) ) ) ) ) ) ) ) )

) ) ) )

) )

! "

! ! ! ! # ! ! # ! ! ! ! #

! ! ! !

! !

)

a b a b
a b

 ln 2 2 tan ( 1) Cœ ! ! ! " ! !
""

! ! #

# ""

) )  2   a b) ) )

32.    4 2 3 1) ) ) ) ) ) )

) ) ))

  4   2   3   1 A   B C   D E   F
  1   1   1  1

" ! " ! ! ! !

! ! !!

% $ #

a b a b a b
œ ! ! Ê " ! " !) ) ) )

 (A B) 1 (C D) 1 E F (A B) 2 1 C D C D E Fœ ! ! ! ! ! ! ! œ ! ! ! ! ! ! ! ! !) ) ) ) ) ) ) ) ) ) ) )a b a b a b a b# # % # $ #
#

 A B 2A 2B A B C D C D E Fœ ! ! ! ! ! ! ! ! ! ! !a b a b) ) ) ) ) ) ) ) )
& % $ # $ #

 A B (2A C) (2B D) (A C E) (B D F)  A 0; B 1; 2A C 4œ ! ! ! ! ! ! ! ! ! ! ! Ê œ œ ! œ ") ) ) ) )
& % $ #

  C 4; 2B D 2  D 0; A C E 3  E 1; B D F 1  F 0;Ê œ " ! œ Ê œ ! ! œ " Ê œ ! ! œ Ê œ

  d 4 tan 2 1 1 C' ' ' ') ) ) ) ) ) ) ) )

) ) ))

  4   2   3   1 d  d  d
  1   1   1  1 4

" ! " ! "

! ! !!

"" # #
"" "#

a b a b a b
) ) ) )œ " ! œ ! ! " ! !a b a b

33. 2x 2x ;   1 A(x 1) Bx; x 0  A 1;2x   2x   1 A B
x   x x   x x(x  1) x(x  1) x x  1
" ! " " "

" " " " "
œ ! œ ! œ ! Ê œ " ! œ Ê œ "

 x 1  B 1; 2x dx x ln x ln x 1 C x ln Cœ Ê œ œ " ! œ " ! " ! œ ! !' ' ' '2x   2x   1 dx dx x  1
x   x x x  1 x
" ! "

" "

# #k k k k ¸ ¸

34. x 1 x 1 ;   1 A(x 1) B(x 1);x A B
x   1 x   1 (x  1)(x  1) (x  1)(x  1) x  1 x  1" " ! " ! " ! "

# #" " "
œ ! ! œ ! ! œ ! Ê œ " ! !a b a b

 x 1  A ; x 1  B ;  dx x 1  dxœ " Ê œ " œ Ê œ œ ! " !
" " " "

# # " # ! # "

#' ' ' 'x dx dx
x   1 x  1 x  1a b

 x x  ln x 1  ln x 1 C x  ln Cœ ! " ! ! " ! œ ! ! !
" " " " "$

# # # !3 3 x  1
x x  1k k k k ¸ ¸
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35. 9  (after long division); 9x   3x  1 9x   3x  9x   3x  1 A B C
x   x x (x  1) x (x  1) x x x  1
! " ! " " ! "

! ! ! !
œ ! œ ! !

  9x 3x 1 Ax(x 1) B(x 1) Cx ; x 1  C 7; x 0  B 1; A C 9  A 2;Ê " ! œ " ! " ! œ Ê œ œ Ê œ " ! œ Ê œ
# #

  dx 9 dx 2 7 9x 2 ln x 7 ln x 1 C' ' ' ' '9x   3x  1 dx dx dx
x   x x x x 1 x
! " "

! !
œ ! " ! œ ! ! ! " !k k k k

36. (4x 4) ;   12x 4 A(2x 1) B16x 12x  4 12x  4 A B
4x   4x  1 4x   4x  1 (2x  1) 2x  1 (2x  1)! " ! " ! ! !

! !
œ ! ! œ ! Ê " œ " !

  A 6; A B 4  B 2;  dx 4 (x 1) dx 6 2Ê œ " ! œ " Ê œ œ ! ! !' ' ' '16x dx dx
4x   4x  1 2x  1 (2x  1)! " ! !

 2(x 1) 3 ln 2x 1 C 2x 4x 3 ln 2x 1 (2x 1) C, where C 2 Cœ ! ! " " ! œ ! ! " " " ! œ !
# # !""

!
" "k k k k2x  1

37. y ;   1 A y 1 (By C)y (A B)y Cy Ay   y   1 By  C
y   y y y   1 y y   1 y y   1

A" ! "

" " " "

" " # #
œ " œ ! Ê œ ! ! ! œ ! ! !a b a b a b

 7  A 1; A B 0  B 1; C 0;  dy y dyÊ œ ! œ Ê œ " œ œ " !' ' ' 'y   y   1 dy y dy
y   y y y   1
" !

" "

 ln y  ln 1 y Cœ " ! ! !
y
# #

" #k k a b

38. 2y 2 ; 2y By  C
y   y   y  1 y   y   y  1 y   y   y  1 y   1 (y  1) y  1 y   1

2 2 2 A
! " ! ! " ! ! " ! " ! ! "

"

œ ! ! œ œ !a b

  2 A y 1 (By C)(y 1) Ay A By Cy By C (A B)y ( B C)y (A C)Ê œ ! ! ! " œ ! ! ! " " œ ! ! " ! ! "a b a b a b# # # #

  A B 0, B C 0 or C B, A C A B 2  A 1, B 1, C 1;Ê ! œ " ! œ œ " œ " œ Ê œ œ " œ "

  dy 2 (y 1) dy  dy' ' ' ' '2y dy y dy
y   y   y  1 y  1 y   1 y   1! " ! ! " "

œ ! ! " "
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u 1 u 1 u 1 u 1 u 12

! " ! " !

!

 ln Cœ "º º
È
È

x 1
x 1
!

"

46. dx Let x u dx 6u du 6u du du 6 du' ' ' ' a b1 1 6u 6
x 1 x

6 5 5
u 1 u u 1 u 1a bÈ a b1 3 2 3 2 2
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u 9 u 3 u 3 3 u 3 3 u 3 3 3 3

1 3 1 3 x 9 3
x 9 32

! ! " ! "

Î Î " !

" "
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4 u u 1 4 u u 1
' ' a ba b" "

"

 du du ln u ln u 1 C ln Cœ ! œ l l! l " l" œ "
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