MATH 201. Homework 6 Solution

Section 10.8:

1. f(x) = e, f/(x) = 22, f"(x) = 4e*, "(x) = 8e*; f(0) = & —1 £/(0) = 2, f7(0) = 4, (0) =8 = Py(x) = 1,
Pi(x) =142x,Pox) =1 +x+2x%, Ps(x) = 1 + x +2x% + §

2. f(x) = sinx, f’(x) = cos x, {(x) = —sinx, {”/(x) = —cos x; f(0) = sin0 = 0, f'(0) = 1, f”(0) = 0, f"(0) = —
= Py(x) = 0, P1(x) = X, Pa(x) = x, P3(x) = x — £x°

3 =hxf®=1x=-3,"0=23;f)=h1=0,{1)=11)=—-1, (1) =2 = Pyx)=0,

Px)=x—D,Px)=x-1D-1x-DLPsx)=x-D-1x-12+1ix-17

4 1) =In(1+x).f'0) =1 =1 +07L 170 = -1+ 072 ") =2(1 + )7 f(0) =In 1 =0,

f(0)=1=10)=-1)"2=-1{"0)=2(1)72=2=Pyx) =0,P1(x) =x,Pa(x) =x — & Pa(X) =X— § + %

5. f(x) = x L f(x) = —x72, £"(x) = 2x 3, f’”(x) =-6x L) =1 =-11"Q=54"x=-3
éPo(X) Pl(X)*éf 1x—=2), P =1 -tx-2+1ix-272%

P3(x) = ;—-(X—2)+ (x—2?%- & (x—2)“

6. fx)=x+2)L %) =-x+2)7%"x)=2x+2)2"x) = —6(x+2)"4{0) =2 =1,{0)=-2)2
= f%,f"(O) =20 =L "0 = -6 =3 5 P =L P =1 -5 P =1 -4 %,
Pyx)=4-2+8 %

10. f(x) = (1 =02 /(0 = =5 (1 = )72 700 = = 3 (1 =072 70 = =31 = )72 f(0) = () = 1,
f'(0) = -3 <1>*1/2 = 3.0 =— ()2 =—1 ") = -3 =} = Px) =1,
Pi(x)=1-1x, Pz(x)fl Ix—gxA P =1—-4x—$x2— &£ x°

11. f{x) =e X, {'x) = —e %, f"x) =, f"(x) = —e~ V) = (—1 )k X, f(O) =e 0 =10 =
£/0) = 1, £7(0) = =1,... ,f¥(0) = (=) = e =1—x+5x* = x> +.

[o'e) 2n+1
. - (=" 2n+1 (=1) ( - —1)x 2n+1 - 3 5
16. sinx = ZO 7(2‘]:1)! = sin } Z 2n+1)), Z 27“,(2"“), =335 T agt-.-
=
19. COShX:eXEJZ%[<1+X2+§+§%+§!+...>+(1—x+§f§+§!—l..)} =1+E+ 8+ 5+
X
= nz:%) ()Z(n)'
2. ) = 27 = (0= 2”* (x )= s £ (x )= )4 = f(x )= 0 ""il;f(O):O, f'(0) = 0, f"(0) = 2,

£(0) = —6, f™M(0) = (— )n'lfn 2 =X -+t —x+...= i(fl)"x“

n=

[N}



27.

28.

29.

30.

31.

32.

34.

35.

36.

41.

42.

n+2)

fx) =x2 = f/(x) = —2x 3, f"(x) = 3! x4, f"(x) = —4!x % = fOx) = (=D + D!x "2
f(1) = Lf'(1) = =2, (1) = 3L (1) = =41, fO(1) = (- D"+ 1)! = &
S 12— D43 = 12— 4x— D 4. =3 (—1)P+ Dx — 1)
n=0
) =25 = f'(x) = 3(1 —x)™, (x) = 121 = x) 5, f"(x) = 60(1 —x)™0 = fM(x) =

£(0) = 1,f( ) = 3,£(0) = 12, £”(0) = 60, ... , f™(0) = 22 - (1_x>3

_ i (n+2)2(n+1)xn

n=0

fx)=e* = ') =e5 ') =e* = fW(x)=eXf(2) = e, /(2) = €2, ... fW(2) =¢?

S = 4elx -+ -2+ S K- 4. = S (x—2
n=0

f(x) = 2* = f'(x) = 2¥ In 2, f"(x) = 2%(In 2)?, £(x) = 2¥(In 2)® = fM(x) = 2*(In 2)"; f(1) = 2, f'(1) = 2 In 2,

(1) = 2(In 2)%, £(1) = 2(In 2)°, ... , f®(1) = 2(In 2)
24 @I 1 EBY 1 0y 5 ey
n=0
f(X) = cog(2x+ 1) f'(x) = (2)( + ) £(x) = 74009(2x+ ) £(x) = 8sm(
@(x) = 2% cos(2x + F), f(S)(x) —2sin(2x + 1), ..:f(5) = —1,f'(%) =0, f”(%)
4
7

=5 G =)

n=0

f(x) = Vx+ L' (x) = %(x—}—l)_l/z,f”(x) x4 3/2,f”’(x): Jx+ 1) W) =
x+1:1+%x—§x2+ll—6x3—

f(0) = 1, f'(0) = 1, £"(0) = —1, £(0) = 3, f{W(O) = - &2

[o9]
. . . n .
The Maclaurin series generated by e is ) % which converges on (—oo
n=0

N\a

(g): L @)Y = (—1) cos(2x+§):71+2(x7%)27%(x7 )

—:—g(x+1)

-0

=143x+6x2+10x>+ ...

f(x) = (1 — x + x?)e* is given by (1 — x + x?) ZO =1+ 1x2+ 2x3. ... which converges on (—o0, c0).

5
The Maclaurin series generated by sinx is Z on + 1), x2*+1 which converges on (—oc, c0) and the Maclaurin series

NgE

generated by In(1 + x) is

n

(71‘]) x" which converges on (—1, 1). Thus the Maclaurin series genereated by

-7/2 .

5 .4
Xt

00). The Maclaurin series generated by

f(x) = sinx - In(1 + x) is given by (Z 2(;41_1“ 2"“) (Z (Gl ])“ : ) x2 %X3 + éx“ — .... which converges on

the intersection of (—oo, 0o) and (—1, 1), so the interval of convergence is (—1, 1).

iy
The Maclaurin series generated by sinx is Z 2—+1) X2+l

o 2 0 n )
genereated by f(x) = xsin® x is given by X(Z (2(n +])1)' 2““) = X(Z (z(n;l)l)]xz““) (Z
n=0 n=0 n=0

31,5 2.7 :
= x> — 3X° + 35X’ +. .. which converges on (—o0c, 00).

f(x) = In(cos x) = f'(x) = —tan x and f”(x) = —sec®x; f(0) = 0, f'(0) = 0, f"(0) = —1 = L(x) = 0 and Q(x) =

f(x) = e"* = f’(x) = (cos x)e*"* and ”(x) = (— sin x)e¥"* + (cos x)%e*"*; £(0) = 1, f'(0) =

=L®=1+xandQx) =1+x+7%

(="
(2n+1)!

1Lf"(0) = 1

which converges on (—oo, c0). The Maclaurin series

X2n+ 1 )

X
2



45. f(x) =sinx = f'(x) = cos x and f”(x) = —sin x; f(0) = 0, f'(0) = 1, f"(0) = 0 = L(x) = x and Q(x) = x

46. f(x) =tanx = f'(x) = sec®’x and f”(x) = 2 sec’x tan x; f(0) = 0, f'(0) = 1, f’ =0 = L(x) = x and Q(x) = x

Section 10.9:

2 X n _ _5x)2 2.2 3.3 O (s
LoeX=1+x+%5+... :Z% oo e X=1+(-50+ S5+ =1-5x+ 28 -0 4 :20 i
n=l n=|
B <3 X5 . S (=120t orx L omx (%)3 (%)“ (7x)> (=1t
4o osinx=x—-F+5 ... = ZO GnpDr = SING =5 - g g — = Z e
o=
00 n—1_n 00 n 1 n 00 n—1_2n
_ =D"x ( S =Dk 2 x4 x°® x®
7. 111(1+X)—Z]T:>1n( x?) = z} —Z] e Tl R SR S
n= n= n=
> n > n+1 3 4 5
I ef=) 5 = xe*=x(> % ZX =x+x+5+5+5+...
n=0 n=0
o0
. o (= 1yrx2H! 9 . _ (= 1yrx2nt! () 3 5 7 9
12. 51nx—zowz>x sin x = x? (Z ETEm Z oD =X~ Rt R -H At
o
OO, (= 1y X2 X2 ) (—1x2 <2 X2 x4 X6 X3 x10
13. cosx =3 o :>571+cosx:571+z o =5 -1+l -S+5-H+5 ot -
_ X4 X6 XS X1 _ ( l)n 2n
Toatydat Z@n)l
(=12t . [ 3
14. sinx = Z @atDr = SINX— (Z e ) X
_ X" x? x!! X x7 x? X1t _ e (—1)nx2nt!
—( 3v+**ﬁ+97*m+~~)*X+ﬁ—§*ﬁ+97*7+ —227@”1)!
-
1 _ > (=1)"x2 . > (—D)P () (=1yip2nxlnt! I G 23 0 p
5. cosxfz% o :>xcosm(7xz%W Z e =X S+t
n=| n=|

00 00
— (=™ 2) _ 2 =)™ (=it o o 10 u
16. cosx—§0 o = x%cos (x?) = x § (Qn), _§O oy =X ntr Tt
n=| n=

2, 1 S 2X =hhex™ 1 1 x* 0! @x)° x*
17. cos?x = L 4 e — 1 z Chor _tei1-gre gt e
_ (2X)2 (2X)4 (ZX)G (zx) ( l)n(zx)Zn ( l)n 22n| 2n
=1- or toar —Zer t =1+ Z 2-Cn)! T I+ Z (2!

18. sin’x = (#) _

- i (=™ i (= 1) 2201 520
- < 200! - ‘ (2n)!
n= n=

1 (2x)? @' (2x)° _ (@x? (€255 (ZX)6
_5(1_T+T_T+"')_2-2! 2ar T2




20.

21.

22.

23.

24.

25.

26.

27.

28.

35.

37.

39.

41.

—

42.

N

o=x2 () =2 @0n =320 = x4 2x3 4+ 2%+ 23x° + L
n=0

1-2x
n=0

o (—D™'@x)" ) (—r1ongnt! 9 223 23x4 21x5
xIn(14+2x)=x - = - =22 -ZX 42X x4

n=1

00 00 o0
+ Zx“:1+x+x +x3 4. :>%(l—£x) - x)2_1+2x+3x+ rgnx“’lzz(n+1)x“
= () =& () = £ 042X+ 3¢ 1) =24 6x+ 126 .. = Yontn - Dxt2
n=2

=3 @+ 2@+ Dy
n=0

. 3 5 7 . . 2 3 2 5 2 7

sinx =x— 3 +5 -5+ :smx-cosxz%s1n2x:%(2xf(3"!) + &0
X, (=1yrp2n y2nt!

Z (2n+1)!

3 5 7 3 5
R R AT S B

u)|4>

e":]+x+§+§!+...and$:17x+x27x3+...ée"+]ix

:<1+x+;—f+§—‘§+...)+(1—x+x2—x3+...):2+§x2—§x +Ex L = (D))
n=0

. 3 5 7 6 .

smx:x7%+§f%+...andcosx_lf fo§+...:>cosxfsmx

=(1—§—§+ﬁ%—g—?+...)—(x—§% Lody ):1— S s L

_ i (— 1y -~ (—1yrx2n+!
- (2n)! 2n+1)!
n=0

In(l4+x)=x— 12+ 33 - Ix*+ ... = ZIn(1 +x2) = %(xzf%(xz) +1(x%)" = i(x2)4+...>

In(1+x)=x— x>+ 1x* — J‘x“—&-... andln(l—x) —x—1x* =i - Ix*+ .. = In(1+x)—In(1—x)

o0
C(x_ L2131 21,3 1.4 _ 2.3 1 2.5 _ 2 o0t
=(x— g+ —x ) = (—x x4 ) =2+ 3+ 3x +...72‘62n+1x
o

Since n = 3, then f*)(x) = sinx, |f*(x)| < Mon [0, 0.1] = |sinx| < 1 on [0, 0.1] = M = 1. Then |R3(0.1)| < lw

=42 x 107% = error < 4.2 x 107

By the Alternating Series Estimation Theorem, the error is less than "5‘—‘, = [x° < (5D (5 x 107%)

= |x| < V6 x 1072 ~ 0.56968

3,3
If sin x = x and |x| < 1073, then the error s less than !% - ~ 1.67 x 10~', by Alternating Series Estimation Theorem;

30
The Alternating Series Estimation Theorem says Ro(x) has the same sign as — ’g Moreover, X < sin X

= 0<sinx—x=Ryx) = x<0 = —-103<x<0.

c 0.1y .
[Ra(x)| = ‘eS—’fs < 33# < 1.87 x 107*, where c is between 0 and x

N _ 1.67 x 1074, where c is between 0 and x

|R2(X) - 31

< 600 x 10~



48. fx)=(1—-x)"! = f'x) = (1 —x)72

= f'x)=2(1-x)% = O

(x) =6(1 — x)-4

@(x) = 24(1 — x)7%; therefore 72 ~ 1 +x+x2 +x% x| <01 = P <L <X = ‘(lix)g < (%)5
= |25 <xt ()7 = theerror e < | ™| < 0.1yt (%)520_00016935 < 0.00017, since |52 = | 5]

Section 10.10:

1L (1+ ) = 1 +4x + Q¢ 4 GODE | AODE _ g 4 g 4 6x + 453 + x*

2,2 3
12, (14+x2)° = 143 + QBET | QDD — 4 3¢ 4 354 46
13. (1 —2x)% = 1+ 3(—2x) + Q22" OADE' _ § gy 4 12x2 — 8x3
H3)(— 2 $H3)2) (- % 4)3)(2)(1) (= %
n (173)4:1+4(7%)+(>()2(! 1) +(>()<)( 5’ +<)<)<)<)( D' x4 11y Ly

02 02 o o
15.‘]; sinxde:j; (2—2—!+X5—!—.,.)dx

27

[El < 55

~ 0.0000003

16.

) 0.2
[ XX x2 ~
7[ X+ 7 18+...]0 ~

0.1 1 0.1 < 38
7 [ ax= [0 (- ) ax

|E| < ©U° = 0.000001

18 f()2u %1_,_)(2 dx—fOZi <1+ 2

|E| < @5 ~ 0.0000217

W)

ol

0.2 0.2 5
eX-1 gy — 1(1_ X X
.ﬁ) X dx*ﬁ x(l Xty —3+g

1) dx:f0°'2<—1+§—

—0.19044 with error |E| < % ~ 0.00002

12

X X
DU

s 0.1

o
x——+...] =~
{ 10 0

0.1 | 0.1 .
1o f[mrax = [T (1-g -5 ) do= [x- 5+
~ 0.0999444611, |E| < ( 7%28><10’12
0.1 0.1
2o.f0 exp(fxz)dx—f [ e
0.1)"~ 12
316 ~4.6x 107!
21, (1 +x
Ly (ZLy(Z3) (=3
+ (2)( z)£! 3) (=3) (1)_7/2()(4)4—1—.,, :1_’_%
0.1 X4 X‘i Xl SXIU
=, (1+7—§+ﬁ—m+
lfcosx ! 1 x> x! x° x5
22. f(,( )dxff(é—ﬂJra—ﬁﬂLm—

~ 0.4863853764, |E| < 1757 12:

0

x2 x3
¢ tau-

..)dx

=~ 0.1 with error

[x19*

4)1/2 _ (1)1/2 + Q (])—1/2 (X4) + (1)( ) (D~ 3/2 (X4) + %) (* 1) (7 %) (D~ 5/2( )

5x16

128 +.

: 0.2 4702
] = [5], ~ 000267 with error
- 0

101
) dxa [x+55] =~ 0100001, |E|<<°” ~ 139 x 107"




25.

26.

217.

29.

30.

31.

32.

33.

34.

35.

_ ﬁ,& _[e ¢ gl s O ¢ X
F(X) - j:) ( +. dt = 3 7-3! + 11-5! 15-7! t... ~ 73 7-3! + 11-5!

= lerror| < 7 ~ 0.000013

F(x):fo( N T )dt [———+72,—9f—93!+1§1;!—lg‘;,+...];
¥ X A X o Jerror] < s & 0.00064

(a) F(x) = (7‘3 775 )dt [‘5 %+%7...];%’§7%:>|error|<
(b) lerror| < 557 ~.00089 when F(x) ~ & — X5 + & — X4+ (—=DP 255
%(exf(ler))=%<<1+x+";+§!+.“)717x>:%+%+§+... = lim S0

:xlgno< +E+E 4 ) :

X

=24 W, o Jim et = lim (2+23—’f+%+%+...):2

1 ) _ 1 [ 2 [ : 08 :
F(lfcost7f>—g[ 757(172+777+'“)]—7I+777+'“ :>l11_r>n0[74
— i 1 _ 1
,llgno< 4,+777+...)7fﬁ
)
1 03 . 1 63 o3 65 1 92 i . sinf -0+ (%
ﬁ<—0+g+sln6):m<—0+g+9—3—!+§—...):g—ﬁ-‘rm—... éﬁlgnOT()
— 1 1 _ e, 6 - 1
= Jim, <§ 7t o "')*120
Ly-tnly)=Lly-(y-5+%- =lo2yy o gim ey o g (1o vy
e Y= Y- Y =375 =375 71T7F vl Ty Ty BT
_ 1
-3
35 3 .5 3 93,5 23y2

s sy (y—%+§_m)_(y-gf,+§7_...) (-%+5—>,_m) (-g+5—{_,..)
y3cosy = y3 cosy = y3 cosy = cosy

1,27
= lim “”rly’““y— lim ( of s ) =-1

y—0 y3cosy y—0 cosy 6

; 1/x2 b . o [ _1/x2
xz<—l+e 1/"):Xz(—l—l—l—%ﬁ-%—&—i—...):—1+ﬁ—&+... = lim_ xz(e I/x —1)

= i (1 ) =

~ .00052



36.

37.

38.

39.

40.

53.

59.

66.

: 1 1 _ 1 1
&+ Dsin (h7) = x+ D (75 = s5b + smby — ) = 1wk + sme -

: : 1 _ : 1 1 —
= Xll)moo (x—i—l)sm(m) —XleOO (l—w‘f'm—) =1

i)

) 2 273

miitx) _ = R e
1 —cos x X — 0 l—cosx X — 0 (%7%+)

x2—4 x—=2)x+2) _ x+2 x2—4

In(x—1 — [(X_2)_(X—22)2+(x—32)3_“1 - [1_%_*_(,(,32)2_”' = Xlgnz In(x—1)

= lim —— 22— =4

I

: _ _ 946 4 8Ly 10 _ _ g2 2.4 4.6 : sin 3x>
sin3x? = 3x* — 3x° + §x ... and 1 —cos2x = 2x” — £X" + X "':>lem0 e
3x2— 9x0 4 Blx10— 3 xRS 3
— 2 40 j— 2 —
= lim 2,,4—,5* lim 2,.2744*5
X—0 X 3XT+ g5X . X —0 X7+ g5X .

3 g3 k0 O K2 2 3 1.7 1l 15 .o (4%
In(1+x%) =x* -5 +% - 4. and xsinx? = x* — 1x7 + {5x'"" — 5x1> +. .:>xlln0 s
3 x6+x9 x12+ | x3+X<> ,(9+
= lim L = lim L4 =1

X — 0 x3—5x7+%x‘—mx‘5+.. X — 0 1= x4 Zoxd — dox 2+

1 2 3 4 2 3 4 3 5
ln(lfi):ln(l-i-x)—ln(l—x):(x—%-ﬁ-%—%—t—...)—(—x—%—%—"z—...):2(X+%+Xg+...)

—1/2
(@) (1-—x?) Prr14+2 +3§ —0—56 = sinlx~x+ % +40+fT2,UsmgtheRat10Test

. I~3-5-~~(2n—l)(2n+])xz““ 2:46--2n)2n + 1) 2 (@n+ DH@2n+1)

nlego 24-6--2n)(2n+2)(2n+3)  1-3-5---(2n — Dx2T <l =x nle 2n+2)(2n+3) 1

= |x| <1 = the radius of convergence is 1. See Exercise 69.

d 14y 2\~1/2 Iy =T _gin-lxa T — X o) m xS
(b) g (cos™'x) = —(1 —x%) = cosT'x=§ —sin"'x= ] (x+6+40+“2>~2 X—% =% — iz
[tan_lt]xfl—tan”)(*fx a | L&) dtff F(l-f+d—¢F+..)a

x 2 —J 1+2 T Js 1+(L) e 2 ) ©
2

x
— 11,1 _1 _ 5 1,1 1,1 b_1_ 1 1 1
=), G-a+s—g+o)d=lm 4 g -gtg o] =it ot

1y _ 1z _1 1 1 Tian=1f1*  — tan—L r_ 7 _a
Stan'x=5 - +35—55+....x>1tan""{]] =tan X+§*f,xl+12
- 1 1,1 1,1 x_ 1 1 1 “ly_ _x_ 1,41 1
=, lim [Cttw—swtw =t ot S ETXx=—F -t ot
x < -1

67. (a) e '™ =cos(—m) +isin(—m) = —1+1i(0) = —1

68.

72.

(b) e™/* =cos (%) +isin (%) = \/- \/— (ﬁ) (141)
() e ™2 =cos(—%) +isin(—%) =0+i(-1)=—i

e =cosf+isinf = e ¥ =el- = cos(—0) +1isin(—6) = cos § — i sin 6;
H H .. .. i0 i0

el +e ¥ =cosfh+isinf+cosf —isind=2cosf = cosf = %;

eie —ig _ .. .. A . i0 _ o—if

—e cos@+isinf —(cosf —isinf) =2isinf = sinf = ¢ 5

4 (e@*®)) = 4 [e(cos bx + i sin bx)] = ae™(cos bx + i sin bx) + e™(—b sin bx + bi cos bx)

X
= ae**(cos bx + i sin bx) + bie®*(cos bx + i sin bx) = ae@tP)x 4 jpelatib)lx — (5 4 jh)elatib)x



73. (a) e'’te®2 = (cos 61 + 1 sin 61)(cos 0, + i sin ;) = (cos H;cos O — sin 6;sin ;) + i(sin 6;cos O, + sin Oscos 0;)
= cos(by + 05) + 1 sin(0; + 6,) = ei0rt02)

_H . . . . . . Q
(b) e = cos(—#) +isin(—60) = cos @ —isin @ = (cos  — i sin 6) (23221::::2) = Cmyiiqmg =1L
S S S S el




