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53. (a) ln sec x C tan x dx x  dxk k Š ‹! œ œ ! ! ! ! !á' ' x 2x 17x 62x
3 15 315 2835

 C; x 0  C 0  ln sec x ,œ ! ! ! ! !á ! œ Ê œ Ê œ ! ! ! ! !á
x x x 17x 31x x x x 17x 31x

1 45 2520 14,175 12 45 2520 14,175# # #
k k

 converges when x" # #
1 1

# #

 (b) sec x x 1 x , converges# #
œ œ ! ! ! ! !á œ ! ! ! ! !á

d(tan x)
dx dx 3 15 315 2835 3 45 315

d x 2x 17x 62x 2x 17x 62xŠ ‹
 when x" # #

1 1

# #

 (c) sec x (sec x)(sec x) 1 1#

# #
œ œ ! ! ! !á ! ! ! !áŠ ‹Š ‹x 5x 61x x 5x 61x

24 720 24 720

 1 x x xœ ! ! ! ! ! ! ! ! ! !áˆ ‰ ˆ ‰ ˆ ‰" " "

# #

# % '5 5 61 5 5 61
24 4 24 720 48 48 720

 1 x , xœ ! ! ! ! !á " # #
#

# #

2x 17x 62x
3 45 315

1 1

54. (a) ln sec x tan x C sec x dx 1  dxk k Š ‹! ! œ œ ! ! ! !á' ' x 5x 61x
2 24 720

 x C; x 0  C 0  ln sec x tan xœ ! ! ! ! !á ! œ Ê œ Ê !
x x 61x 277x
6 24 5040 72,576 k k

 x , converges when xœ ! ! ! ! !á " # #
x x 61x 277x
6 24 5040 72,576

1 1

# #

 (b) sec x tan x 1 x , convergesœ œ ! ! ! !á œ ! ! ! !á
d(sec x)

dx dx 24 720 6 120 1008
d x 5x 61x 5x 61x 277xŠ ‹

#

 when x" # #
1 1

# #

 (c) (sec x)(tan x) 1 xœ ! ! ! !á ! ! ! !áŠ ‹Š ‹x 5x 61x x 2x 17x
24 720 3 15 315#

 x x x x x ,œ ! ! ! ! ! ! ! ! ! !á œ ! ! ! !áˆ ‰ ˆ ‰ ˆ ‰" " " "

#

$ & (

3 15 6 24 315 15 72 720 6 120 1008
2 5 17 5 61 5x 61x 277x

 x" # #
1 1

# #

55. (a) If f(x)  a x , then f (x)  n(n 1)(n 2) (n (k 1)) a x  and f (0) k!aœ œ " " â " " œ! !
_ _

œ œn 0 n k
n n k

n k n k kÐ Ñ " Ð Ñ

  a ; likewise if f(x)  b x , then b   a b  for every nonnegative integer kÊ œ œ œ Ê œk n k k k
f (0) f (0)

k! k!
nk k!

_

œn 0

 (b) If f(x)  a x  0 for all x, then f (x) 0 for all x  from part (a) that a 0 for every nonnegative integer kœ œ œ Ê œ!
_

œn 0
n k

n kÐ Ñ

10.8  TAYLOR AND MACLAURIN SERIES

 1. f(x) e , f (x) 2e , f (x) 4e , f (x) 8e ; f(0) e , f (0) 2, f (0) 4,  f (0) 8  P (x) 1,œ œ œ œ œ œ " œ œ œ Ê œ
2x 2x 2x 2x 2 0w ww www w ww www

!

a b

 P (x) 1 2x, P (x) 1 x 2x , P (x) 1 x 2x x" # $

# #
œ ! œ ! ! œ ! ! !

4
3

3

 2. f(x) sin x, f (x) cos x , f (x) sin x , f (x) cos x; f(0) sin 0 0, f (0) 1, f (0) 0,  f (0) 1œ œ œ " œ " œ œ œ œ œ "
w ww www w ww www

   P (x) 0, P (x) x, P (x) x, P (x) x xÊ œ œ œ œ "! " # $

1
6

3

 3. f(x) ln x, f (x) , f (x) , f (x) ; f(1) ln 1 0, f (1) 1, f (1) 1,  f (1) 2  P (x) 0,œ œ œ " œ œ œ œ œ " œ Ê œ
w ww www w ww www" "

!x x x
2

 P (x) (x 1), P (x) (x 1) (x 1) , P (x) (x 1) (x 1) (x 1)" # $

" " "

# #

# # $
œ " œ " " " œ " " " ! "3

 4. f(x) ln (1 x), f (x) (1 x) , f (x) (1 x) , f (x) 2(1 x) ; f(0) ln 1 0,œ ! œ œ ! œ " ! œ ! œ œ
w "" ww "# www "$"

#1 x

 f (0) 1, f (0) (1) 1, f (0) 2(1) 2 P (x) 0, P (x) x, P (x) x , P (x) xw ww "# www "$

! " # $
# #

œ œ œ " œ " œ œ Ê œ œ œ " œ " !
1 x x x
1 3

 5. f(x) x , f (x) x , f (x) 2x , f (x) 6x ; f(2) , f (2) , f (2) , f (x)œ œ œ " œ œ " œ œ " œ œ "
" " " """ w "# ww "$ www "% w ww www

#x 4 4 8
3

 P (x) , P (x) (x 2), P (x) (x 2) (x 2) ,Ê œ œ " " œ " " ! "! " #

" " " " " "

# # #

#

4 4 8

 P (x) (x 2) (x 2) (x 2)$

" " " "

#

# $
œ " " ! " " "4 8 16
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 6. f(x) (x 2) , f (x) (x 2) , f (x) 2(x 2) , f (x) 6(x 2) ; f(0) (2) , f (0) (2)œ ! œ " ! œ ! œ " ! œ œ œ "
!" w !# ww !$ www !% !" w !#"

#

 , f (0) 2(2) , f (0) 6(2)   P (x) , P (x) , P (x) ,œ " œ œ œ " œ " Ê œ œ " œ " !
" " " " "ww !$ www !%

! " #
# # #4 4 8 4 4 8

3 x x x

 P (x)$

"

#
œ " ! "

x x x
4 8 16

 7. f(x) sin x, f (x) cos x, f (x) sin x, f (x) cos x; f sin , f cos ,œ œ œ " œ " œ œ œ œ
w ww www w

# #

ˆ ‰ ˆ ‰1 1 1 1

4 4 4 4
2 2È È

 f sin , f cos   P , P (x) x ,ww www

# # # # #
! "

ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1

4 4 4 4 4
2 2 2 2 2

œ " œ " œ " œ " Ê œ œ ! "
È È È È È

 P (x) x x , P (x) x x x# $
# # # # #

# # $

œ ! " " " œ ! " " " " "
È È È È È È È2 2 2 2 2 2 2

4 4 4 4 4 4 1 4
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1

 8. f(x) tan x, f (x) sec  x, f (x) 2sec  x tan x, f (x) 2sec  x 4sec  x tan  x; f tan 1 ,œ œ œ œ ! œ œ
w ww www2 2 4 2 2

4 4
ˆ ‰1 1

 f sec 2 , f 2sec tan 4 , f 2sec  4sec  tan 16 P (x) 1 ,w ww www

!
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1 1 1 1 1

4 4 4 4 4 4 4 4 4
2 2 4 2 2

œ œ œ œ œ ! œ Ê œ

 P (x) 1 2 x , P (x) 1 2 x 2 x , P (x) 1 2 x 2 x x" # $œ ! " œ ! " ! " œ ! " ! " ! "ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1 1

4 4 4 4 4 3 4
2 2 38

 9. f(x) x x , f (x) x , f (x) x , f (x) x ; f(4) 4 2,œ œ œ œ " œ œ œÈ ˆ ‰ ˆ ‰ ˆ ‰ È"Î# w !"Î# ww !$Î# www !&Î#" "

# 4 8
3

 f (4) 4 , f (4) 4 ,f (4) 4   P (x) 2, P (x) 2 (x 4),w !"Î# ww !$Î# www !&Î#" " " " "

#
! "œ œ œ " œ " œ œ Ê œ œ ! "ˆ ‰ ˆ ‰ ˆ ‰

4 4 32 8 256 4
3 3

 P (x) 2 (x 4) (x 4) , P (x) 2 (x 4) (x 4) (x 4)# $

" " " " "# # $

#
œ ! " " " œ ! " " " ! "4 64 4 64 51

10. f(x) (1 x) , f (x) (1 x) , f (x) (1 x) , f (x) (1 x) ; f(0) (1) 1,œ " œ " " œ " " œ " " œ œ
"Î# w !"Î# ww !$Î# www !&Î# "Î#" "

# 4 8
3

 f (0) (1) , f (0) (1) , f (0) (1)   P (x) 1,w !"Î# ww !$Î# www !&Î#" " " "

# #
!œ " œ " œ " œ " œ " œ " Ê œ4 4 8 8

3 3

 P (x) 1 x, P (x) 1 x x , P (x) 1 x x x" # $

" " " " "# # $
œ " œ " " œ " " "2 2 8 2 8 16

1

11. f(x) e , f (x) e , f (x) e , f (x) e   f (x) 1 e ; f(0) e , f (0) 1,œ œ " œ œ " Ê á œ " œ œ " œ "
! w ! ww ! www ! ! ! wx x x x x 0kk a b a b

 f (0) 1,  f (0) 1, f (0) ( 1)  e 1 x x x  xww www ! # !

œ œ " á ß œ " Ê œ " ! " !á œ
k k x 3 n1 1

2 6 n!
( 1)!

_

œn 0

n

12. f(x) x e , f (x) x e e , f (x) x e 2e , f (x) x e 3e   f (x) x e k e ; f(0) 0 e 0,œ œ ! œ ! œ ! Ê á œ ! œ œ
x x x x x x x x x 0w ww www k a b a b

 f (0) 1, f (0) 2,  f (0) 3,  f (0) k  x x x  xw ww www #

!
œ œ œ á ß œ Ê ! ! !á œ

k 1 1
2 n 1 !

3 n!
_

œn 0
a b

13. f(x) (1 x)   f (x) (1 x) , f (x) 2(1 x) , f (x) 3!(1 x)    f (x)œ ! Ê œ " ! œ ! œ " ! Ê á
!" w !# ww !$ www !% k

 ( 1) k!(1 x) ; f(0) 1, f (0) 1, f (0) 2, f (0) 3!, f (0) ( 1) k!œ " ! œ œ " œ œ " á ß œ "
k k 1! ! w ww www k k

  1 x x x  ( x)  ( 1) xÊ " ! " !á œ " œ "
# $ ! !

_ _

œ œn 0 n 0

n n n

14. f(x)   f (x) , f (x) 6(1 x) , f (x) 18(1 x)    f (x) 3 k! (1 x) ; f(0) 2,œ Ê œ œ " œ " Ê á œ " œ
2 x 3
1 x (1 x)
"

! !

w ww !$ www !% k k 1a b

 f (0) 3, f (0) 6, f (0) 18, f (0) 3 k!  2 3x 3x 3x 2  3xw ww www # $
œ œ œ á ß œ Ê ! ! ! !á œ !

k a b !
_

œn 1

n

15. sin x    sin 3x   3xœ Ê œ œ œ " ! "á! ! !
_ _ _

œ œ œn 0 n 0 n 0

( ) x ( ) (3x) ( ) 3 x
( n 1)! ( n 1)! ( n 1)! 3! 5!

3 x 3 x!" !" !"

# " # " # "

n 2n 1 n 2n 1 n 2n 1 2n 1

16. sin x    sin    œ Ê œ œ œ " ! !á! ! !
_ _ _

œ œ œn 0 n 0 n 0

( ) x ( ) x
( n 1)! ( n 1)! (2n 1)! 2 3! 2 5!

x x x x( )!" !"

# " # # " # " #

!"n 2n 1 n 2n 1n x 2n 1

2n 1

ˆ ‰
† †

17. 7 cos ( x) 7 cos x 7  7 , since the cosine is an even function" œ œ œ " ! " !á!
_

œn 0

( ) x
(2n)! ! 4! 6!

7x 7x 7x!"

#

n 2n

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.

618 Chapter 10 Infinite Sequences and Series

 6. f(x) (x 2) , f (x) (x 2) , f (x) 2(x 2) , f (x) 6(x 2) ; f(0) (2) , f (0) (2)œ ! œ " ! œ ! œ " ! œ œ œ "
!" w !# ww !$ www !% !" w !#"

#

 , f (0) 2(2) , f (0) 6(2)   P (x) , P (x) , P (x) ,œ " œ œ œ " œ " Ê œ œ " œ " !
" " " " "ww !$ www !%

! " #
# # #4 4 8 4 4 8

3 x x x

 P (x)$

"

#
œ " ! "

x x x
4 8 16

 7. f(x) sin x, f (x) cos x, f (x) sin x, f (x) cos x; f sin , f cos ,œ œ œ " œ " œ œ œ œ
w ww www w

# #

ˆ ‰ ˆ ‰1 1 1 1

4 4 4 4
2 2È È

 f sin , f cos   P , P (x) x ,ww www

# # # # #
! "

ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1

4 4 4 4 4
2 2 2 2 2

œ " œ " œ " œ " Ê œ œ ! "
È È È È È

 P (x) x x , P (x) x x x# $
# # # # #

# # $

œ ! " " " œ ! " " " " "
È È È È È È È2 2 2 2 2 2 2

4 4 4 4 4 4 1 4
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1

 8. f(x) tan x, f (x) sec  x, f (x) 2sec  x tan x, f (x) 2sec  x 4sec  x tan  x; f tan 1 ,œ œ œ œ ! œ œ
w ww www2 2 4 2 2

4 4
ˆ ‰1 1

 f sec 2 , f 2sec tan 4 , f 2sec  4sec  tan 16 P (x) 1 ,w ww www

!
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1 1 1 1 1

4 4 4 4 4 4 4 4 4
2 2 4 2 2

œ œ œ œ œ ! œ Ê œ

 P (x) 1 2 x , P (x) 1 2 x 2 x , P (x) 1 2 x 2 x x" # $œ ! " œ ! " ! " œ ! " ! " ! "ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1 1

4 4 4 4 4 3 4
2 2 38

 9. f(x) x x , f (x) x , f (x) x , f (x) x ; f(4) 4 2,œ œ œ œ " œ œ œÈ ˆ ‰ ˆ ‰ ˆ ‰ È"Î# w !"Î# ww !$Î# www !&Î#" "

# 4 8
3

 f (4) 4 , f (4) 4 ,f (4) 4   P (x) 2, P (x) 2 (x 4),w !"Î# ww !$Î# www !&Î#" " " " "

#
! "œ œ œ " œ " œ œ Ê œ œ ! "ˆ ‰ ˆ ‰ ˆ ‰

4 4 32 8 256 4
3 3

 P (x) 2 (x 4) (x 4) , P (x) 2 (x 4) (x 4) (x 4)# $

" " " " "# # $

#
œ ! " " " œ ! " " " ! "4 64 4 64 51

10. f(x) (1 x) , f (x) (1 x) , f (x) (1 x) , f (x) (1 x) ; f(0) (1) 1,œ " œ " " œ " " œ " " œ œ
"Î# w !"Î# ww !$Î# www !&Î# "Î#" "

# 4 8
3

 f (0) (1) , f (0) (1) , f (0) (1)   P (x) 1,w !"Î# ww !$Î# www !&Î#" " " "

# #
!œ " œ " œ " œ " œ " œ " Ê œ4 4 8 8

3 3

 P (x) 1 x, P (x) 1 x x , P (x) 1 x x x" # $

" " " " "# # $
œ " œ " " œ " " "2 2 8 2 8 16

1

11. f(x) e , f (x) e , f (x) e , f (x) e   f (x) 1 e ; f(0) e , f (0) 1,œ œ " œ œ " Ê á œ " œ œ " œ "
! w ! ww ! www ! ! ! wx x x x x 0kk a b a b

 f (0) 1,  f (0) 1, f (0) ( 1)  e 1 x x x  xww www ! # !

œ œ " á ß œ " Ê œ " ! " !á œ
k k x 3 n1 1

2 6 n!
( 1)!

_

œn 0

n

12. f(x) x e , f (x) x e e , f (x) x e 2e , f (x) x e 3e   f (x) x e k e ; f(0) 0 e 0,œ œ ! œ ! œ ! Ê á œ ! œ œ
x x x x x x x x x 0w ww www k a b a b

 f (0) 1, f (0) 2,  f (0) 3,  f (0) k  x x x  xw ww www #

!
œ œ œ á ß œ Ê ! ! !á œ

k 1 1
2 n 1 !

3 n!
_

œn 0
a b

13. f(x) (1 x)   f (x) (1 x) , f (x) 2(1 x) , f (x) 3!(1 x)    f (x)œ ! Ê œ " ! œ ! œ " ! Ê á
!" w !# ww !$ www !% k

 ( 1) k!(1 x) ; f(0) 1, f (0) 1, f (0) 2, f (0) 3!, f (0) ( 1) k!œ " ! œ œ " œ œ " á ß œ "
k k 1! ! w ww www k k

  1 x x x  ( x)  ( 1) xÊ " ! " !á œ " œ "
# $ ! !

_ _

œ œn 0 n 0

n n n

14. f(x)   f (x) , f (x) 6(1 x) , f (x) 18(1 x)    f (x) 3 k! (1 x) ; f(0) 2,œ Ê œ œ " œ " Ê á œ " œ
2 x 3
1 x (1 x)
"

! !

w ww !$ www !% k k 1a b

 f (0) 3, f (0) 6, f (0) 18, f (0) 3 k!  2 3x 3x 3x 2  3xw ww www # $
œ œ œ á ß œ Ê ! ! ! !á œ !

k a b !
_

œn 1

n

15. sin x    sin 3x   3xœ Ê œ œ œ " ! "á! ! !
_ _ _

œ œ œn 0 n 0 n 0

( ) x ( ) (3x) ( ) 3 x
( n 1)! ( n 1)! ( n 1)! 3! 5!

3 x 3 x!" !" !"

# " # " # "

n 2n 1 n 2n 1 n 2n 1 2n 1

16. sin x    sin    œ Ê œ œ œ " ! !á! ! !
_ _ _

œ œ œn 0 n 0 n 0

( ) x ( ) x
( n 1)! ( n 1)! (2n 1)! 2 3! 2 5!

x x x x( )!" !"

# " # # " # " #

!"n 2n 1 n 2n 1n x 2n 1

2n 1

ˆ ‰
† †

17. 7 cos ( x) 7 cos x 7  7 , since the cosine is an even function" œ œ œ " ! " !á!
_

œn 0

( ) x
(2n)! ! 4! 6!

7x 7x 7x!"

#

n 2n
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 6. f(x) (x 2) , f (x) (x 2) , f (x) 2(x 2) , f (x) 6(x 2) ; f(0) (2) , f (0) (2)œ ! œ " ! œ ! œ " ! œ œ œ "
!" w !# ww !$ www !% !" w !#"

#

 , f (0) 2(2) , f (0) 6(2)   P (x) , P (x) , P (x) ,œ " œ œ œ " œ " Ê œ œ " œ " !
" " " " "ww !$ www !%

! " #
# # #4 4 8 4 4 8

3 x x x

 P (x)$

"

#
œ " ! "

x x x
4 8 16

 7. f(x) sin x, f (x) cos x, f (x) sin x, f (x) cos x; f sin , f cos ,œ œ œ " œ " œ œ œ œ
w ww www w

# #

ˆ ‰ ˆ ‰1 1 1 1

4 4 4 4
2 2È È

 f sin , f cos   P , P (x) x ,ww www

# # # # #
! "

ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1

4 4 4 4 4
2 2 2 2 2

œ " œ " œ " œ " Ê œ œ ! "
È È È È È

 P (x) x x , P (x) x x x# $
# # # # #

# # $

œ ! " " " œ ! " " " " "
È È È È È È È2 2 2 2 2 2 2

4 4 4 4 4 4 1 4
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1

 8. f(x) tan x, f (x) sec  x, f (x) 2sec  x tan x, f (x) 2sec  x 4sec  x tan  x; f tan 1 ,œ œ œ œ ! œ œ
w ww www2 2 4 2 2

4 4
ˆ ‰1 1

 f sec 2 , f 2sec tan 4 , f 2sec  4sec  tan 16 P (x) 1 ,w ww www

!
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1 1 1 1 1

4 4 4 4 4 4 4 4 4
2 2 4 2 2

œ œ œ œ œ ! œ Ê œ

 P (x) 1 2 x , P (x) 1 2 x 2 x , P (x) 1 2 x 2 x x" # $œ ! " œ ! " ! " œ ! " ! " ! "ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰1 1 1 1 1 1

4 4 4 4 4 3 4
2 2 38

 9. f(x) x x , f (x) x , f (x) x , f (x) x ; f(4) 4 2,œ œ œ œ " œ œ œÈ ˆ ‰ ˆ ‰ ˆ ‰ È"Î# w !"Î# ww !$Î# www !&Î#" "

# 4 8
3

 f (4) 4 , f (4) 4 ,f (4) 4   P (x) 2, P (x) 2 (x 4),w !"Î# ww !$Î# www !&Î#" " " " "

#
! "œ œ œ " œ " œ œ Ê œ œ ! "ˆ ‰ ˆ ‰ ˆ ‰

4 4 32 8 256 4
3 3

 P (x) 2 (x 4) (x 4) , P (x) 2 (x 4) (x 4) (x 4)# $

" " " " "# # $

#
œ ! " " " œ ! " " " ! "4 64 4 64 51

10. f(x) (1 x) , f (x) (1 x) , f (x) (1 x) , f (x) (1 x) ; f(0) (1) 1,œ " œ " " œ " " œ " " œ œ
"Î# w !"Î# ww !$Î# www !&Î# "Î#" "

# 4 8
3

 f (0) (1) , f (0) (1) , f (0) (1)   P (x) 1,w !"Î# ww !$Î# www !&Î#" " " "

# #
!œ " œ " œ " œ " œ " œ " Ê œ4 4 8 8

3 3

 P (x) 1 x, P (x) 1 x x , P (x) 1 x x x" # $

" " " " "# # $
œ " œ " " œ " " "2 2 8 2 8 16

1

11. f(x) e , f (x) e , f (x) e , f (x) e   f (x) 1 e ; f(0) e , f (0) 1,œ œ " œ œ " Ê á œ " œ œ " œ "
! w ! ww ! www ! ! ! wx x x x x 0kk a b a b

 f (0) 1,  f (0) 1, f (0) ( 1)  e 1 x x x  xww www ! # !

œ œ " á ß œ " Ê œ " ! " !á œ
k k x 3 n1 1

2 6 n!
( 1)!

_

œn 0

n

12. f(x) x e , f (x) x e e , f (x) x e 2e , f (x) x e 3e   f (x) x e k e ; f(0) 0 e 0,œ œ ! œ ! œ ! Ê á œ ! œ œ
x x x x x x x x x 0w ww www k a b a b

 f (0) 1, f (0) 2,  f (0) 3,  f (0) k  x x x  xw ww www #

!
œ œ œ á ß œ Ê ! ! !á œ

k 1 1
2 n 1 !

3 n!
_

œn 0
a b

13. f(x) (1 x)   f (x) (1 x) , f (x) 2(1 x) , f (x) 3!(1 x)    f (x)œ ! Ê œ " ! œ ! œ " ! Ê á
!" w !# ww !$ www !% k

 ( 1) k!(1 x) ; f(0) 1, f (0) 1, f (0) 2, f (0) 3!, f (0) ( 1) k!œ " ! œ œ " œ œ " á ß œ "
k k 1! ! w ww www k k

  1 x x x  ( x)  ( 1) xÊ " ! " !á œ " œ "
# $ ! !

_ _

œ œn 0 n 0

n n n

14. f(x)   f (x) , f (x) 6(1 x) , f (x) 18(1 x)    f (x) 3 k! (1 x) ; f(0) 2,œ Ê œ œ " œ " Ê á œ " œ
2 x 3
1 x (1 x)
"

! !

w ww !$ www !% k k 1a b

 f (0) 3, f (0) 6, f (0) 18, f (0) 3 k!  2 3x 3x 3x 2  3xw ww www # $
œ œ œ á ß œ Ê ! ! ! !á œ !

k a b !
_

œn 1

n

15. sin x    sin 3x   3xœ Ê œ œ œ " ! "á! ! !
_ _ _

œ œ œn 0 n 0 n 0

( ) x ( ) (3x) ( ) 3 x
( n 1)! ( n 1)! ( n 1)! 3! 5!

3 x 3 x!" !" !"

# " # " # "

n 2n 1 n 2n 1 n 2n 1 2n 1

16. sin x    sin    œ Ê œ œ œ " ! !á! ! !
_ _ _

œ œ œn 0 n 0 n 0

( ) x ( ) x
( n 1)! ( n 1)! (2n 1)! 2 3! 2 5!

x x x x( )!" !"

# " # # " # " #

!"n 2n 1 n 2n 1n x 2n 1

2n 1

ˆ ‰
† †

17. 7 cos ( x) 7 cos x 7  7 , since the cosine is an even function" œ œ œ " ! " !á!
_

œn 0

( ) x
(2n)! ! 4! 6!

7x 7x 7x!"

#

n 2n
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18. cos x     5 cos x 5  5œ Ê œ œ ! " ! "á! !
_ _

œ œn 0 n 0

( 1) x ( 1) ( x)
(2n)! ( n)! 2! 4! 6!

5 x 5 x 5 x! !

#

n 2n n 2n
1

1 1 1 1

19. cosh x 1 x 1 x 1œ œ " " " " "á " ! " ! " !á œ " " " "á
e e x x x x x x x x x

! 3! 4! ! 3! 4! ! 4! 6!
x x
" "

# # # # #

#’ “Š ‹ Š ‹

  œ !
_

œn 0

x
(2n)!

2n

20. sinh x 1 x 1 x xœ œ " " " " "á ! ! " ! " !á œ " " " "á
e e x x x x x x x x x

! 3! 4! ! 3! 4! 3! 5! 6!
x x
! "

# # # #
’ “Š ‹ Š ‹

  œ !
_

œn 0

x
(2n 1)!

2n 1

"

21. f(x) x 2x 5x 4  f (x) 4x 6x 5, f (x) 12x 12x, f (x) 24x 12, f (x) 24œ ! ! " Ê œ ! ! œ ! œ ! œ
% $ w $ # ww # www Ð Ñ4

  f (x) 0 if n 5; f(0) 4, f (0) 5, f (0) 0, f (0) 12, f (0) 24, f (0) 0 if n 5Ê œ   œ œ ! œ œ ! œ œ  
Ð Ñ w ww www Ð Ñ Ð Ñn 4 n

  x 2x 5x 4 4 5x x x x 2x 5x 4Ê ! ! " œ ! ! " œ ! ! "
% $ $ % % $12 24

3! 4!

22. f(x)   f (x) ; f (x) ;  f (x)   f (x) ; f(0) 0, f (0) 0, f (0) 2,œ Ê œ œ œ Ê œ œ œ œ
x 2x x 2 6

x 1 x 1 x 1 x 1 x 1
n 1 n

"

w ww www Ð Ñ w ww" !

" " " "

! x

a b a b a b a b
a b

2 3 4 n 1

n

 f (0) 6, f (0) 1 n  if n 2  x x x x  1 xwww Ð Ñ #
œ ! œ ! x   Ê ! " ! " Þ Þ Þ œ !

n 3 4 5 nn na b a b!
_

œn 2

23. f(x) x 2x 4  f (x) 3x 2, f (x) 6x, f (x) 6  f (x) 0 if n 4; f(2) 8, f (2) 10,œ ! " Ê œ ! œ œ Ê œ   œ œ
$ w # ww www Ð Ñ wn

 f (2) 12, f (2) 6, f (2) 0 if n 4  x 2x 4 8 10(x 2) (x 2) (x 2)ww www Ð Ñ $ # $
œ œ œ   Ê ! " œ " ! " ! " !

n 12 6
2! 3!

 8 10(x 2) 6(x 2) (x 2)œ " ! " ! " !
# $

24. f(x) 2x x 3x 8  f (x) 6x 2x 3, f (x) 12x 2, f (x) 12  f (x) 0 if n 4; f(1) 2,œ " " ! Ê œ " " œ " œ Ê œ   œ !
$ # w # ww www Ð Ñn

 f (1) 11, f (1) 14, f (1) 12, f (1) 0 if n 4  2x x 3x 8w ww www Ð Ñ $ #
œ œ œ œ   Ê " " !

n

 2 11(x 1) (x 1) (x 1) 2 11(x 1) 7(x 1) 2(x 1)œ ! " ! " ! " ! œ ! " ! " ! " !
14 12
2! 3!

# $ # $

25. f(x) x x 1  f (x) 4x 2x, f (x) 12x 2, f (x) 24x, f (x) 24, f (x) 0 if n 5;œ " " Ê œ " œ " œ œ œ  
% # w $ ww # www Ð Ñ Ð Ñ4 n

 f( 2) 21, f ( 2) 36, f ( 2) 50, f ( 2) 48, f ( 2) 24, f ( 2) 0 if n 5  x x 1! œ ! œ ! ! œ ! œ ! ! œ ! œ   Ê " "
w ww www Ð Ñ Ð Ñ % #4 n

 21 36(x 2) (x 2) (x 2) (x 2) 21 36(x 2) 25(x 2) 8(x 2) (x 2)œ ! " " " ! " " " œ ! " " " ! " " "
50 48 24
2! 3! 4!

# $ % # $ %

26. f(x) 3x x 2x x 2  f (x) 15x 4x 6x 2x, f (x) 60x 12x 12x 2,œ ! " " ! Ê œ ! " " œ ! " "
& % $ # w % $ # ww $ #

 f (x) 180x 24x 12, f (x) 360x 24, f (x) 360, f (x) 0 if n 6; f( 1) 7,www # Ð Ñ Ð Ñ Ð Ñ
œ ! " œ ! œ œ   ! œ !

4 5 n

 f ( 1) 23, f ( 1) 82, f ( 1) 216, f ( 1) 384, f ( 1) 360, f ( 1) 0 if n 6w ww www Ð Ñ Ð Ñ Ð Ñ
! œ ! œ ! ! œ ! œ ! ! œ ! œ  

4 5 n

  3x x 2x x 2 7 23(x 1) (x 1) (x 1) (x 1) (x 1)Ê ! " " ! œ ! " " ! " " " ! " " "
& % $ # # $ % &82 216 384 360

2! 3! 4! 5!

 7 23(x 1) 41(x 1) 36(x 1) 16(x 1) 3(x 1)œ ! " " ! " " " ! " " "
# $ % &

27. f(x) x   f (x) 2x , f (x) 3! x , f (x) 4! x   f (x) ( 1) (n 1)! x ;œ Ê œ ! œ œ ! Ê œ ! "
!# w !$ ww !% www !& Ð Ñ ! !n n n 2

 f(1) 1, f (1) 2, f (1) 3!, f (1) 4!, f (1) ( 1) (n 1)! œ œ ! œ œ ! œ ! " Ê
w ww www Ð Ñ "n n

x

 1 2(x 1) 3(x 1) 4(x 1)  ( 1) (n 1)(x 1)œ ! ! " ! ! ! "á œ ! " !
# $ !

_

œn 0

n n

28. f(x)  f (x) 3(1 x) , f (x) 12(1 x) , f (x) 60 (1 x)   f (x) (1 x) ;œ Ê œ ! œ ! œ ! Ê œ !
1

1 x
4 5 6 n n 3n 2 !

2a b
a b

!

w ! ww ! www ! Ð Ñ ! !"

3

 f 0 1, f 0 3, f 0 12, f 0 60, , f 0  1 3x 6x 10xa b a b a b a b a bœ œ œ œ á œ Ê œ " " " "á
w ww www Ð Ñ #"

!

n 3n 2 !
2

1
1 x

a b
a b3

   xœ !
_

œn 0

a ba bn 2 n 1
2

n" "
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18. cos x     5 cos x 5  5œ Ê œ œ ! " ! "á! !
_ _

œ œn 0 n 0

( 1) x ( 1) ( x)
(2n)! ( n)! 2! 4! 6!

5 x 5 x 5 x! !

#

n 2n n 2n
1

1 1 1 1

19. cosh x 1 x 1 x 1œ œ " " " " "á " ! " ! " !á œ " " " "á
e e x x x x x x x x x

! 3! 4! ! 3! 4! ! 4! 6!
x x
" "

# # # # #

#’ “Š ‹ Š ‹

  œ !
_

œn 0

x
(2n)!

2n

20. sinh x 1 x 1 x xœ œ " " " " "á ! ! " ! " !á œ " " " "á
e e x x x x x x x x x

! 3! 4! ! 3! 4! 3! 5! 6!
x x
! "

# # # #
’ “Š ‹ Š ‹

  œ !
_

œn 0

x
(2n 1)!

2n 1

"

21. f(x) x 2x 5x 4  f (x) 4x 6x 5, f (x) 12x 12x, f (x) 24x 12, f (x) 24œ ! ! " Ê œ ! ! œ ! œ ! œ
% $ w $ # ww # www Ð Ñ4

  f (x) 0 if n 5; f(0) 4, f (0) 5, f (0) 0, f (0) 12, f (0) 24, f (0) 0 if n 5Ê œ   œ œ ! œ œ ! œ œ  
Ð Ñ w ww www Ð Ñ Ð Ñn 4 n

  x 2x 5x 4 4 5x x x x 2x 5x 4Ê ! ! " œ ! ! " œ ! ! "
% $ $ % % $12 24

3! 4!

22. f(x)   f (x) ; f (x) ;  f (x)   f (x) ; f(0) 0, f (0) 0, f (0) 2,œ Ê œ œ œ Ê œ œ œ œ
x 2x x 2 6

x 1 x 1 x 1 x 1 x 1
n 1 n

"

w ww www Ð Ñ w ww" !

" " " "

! x

a b a b a b a b
a b

2 3 4 n 1

n

 f (0) 6, f (0) 1 n  if n 2  x x x x  1 xwww Ð Ñ #
œ ! œ ! x   Ê ! " ! " Þ Þ Þ œ !

n 3 4 5 nn na b a b!
_

œn 2

23. f(x) x 2x 4  f (x) 3x 2, f (x) 6x, f (x) 6  f (x) 0 if n 4; f(2) 8, f (2) 10,œ ! " Ê œ ! œ œ Ê œ   œ œ
$ w # ww www Ð Ñ wn

 f (2) 12, f (2) 6, f (2) 0 if n 4  x 2x 4 8 10(x 2) (x 2) (x 2)ww www Ð Ñ $ # $
œ œ œ   Ê ! " œ " ! " ! " !

n 12 6
2! 3!

 8 10(x 2) 6(x 2) (x 2)œ " ! " ! " !
# $

24. f(x) 2x x 3x 8  f (x) 6x 2x 3, f (x) 12x 2, f (x) 12  f (x) 0 if n 4; f(1) 2,œ " " ! Ê œ " " œ " œ Ê œ   œ !
$ # w # ww www Ð Ñn

 f (1) 11, f (1) 14, f (1) 12, f (1) 0 if n 4  2x x 3x 8w ww www Ð Ñ $ #
œ œ œ œ   Ê " " !

n

 2 11(x 1) (x 1) (x 1) 2 11(x 1) 7(x 1) 2(x 1)œ ! " ! " ! " ! œ ! " ! " ! " !
14 12
2! 3!

# $ # $

25. f(x) x x 1  f (x) 4x 2x, f (x) 12x 2, f (x) 24x, f (x) 24, f (x) 0 if n 5;œ " " Ê œ " œ " œ œ œ  
% # w $ ww # www Ð Ñ Ð Ñ4 n

 f( 2) 21, f ( 2) 36, f ( 2) 50, f ( 2) 48, f ( 2) 24, f ( 2) 0 if n 5  x x 1! œ ! œ ! ! œ ! œ ! ! œ ! œ   Ê " "
w ww www Ð Ñ Ð Ñ % #4 n

 21 36(x 2) (x 2) (x 2) (x 2) 21 36(x 2) 25(x 2) 8(x 2) (x 2)œ ! " " " ! " " " œ ! " " " ! " " "
50 48 24
2! 3! 4!

# $ % # $ %

26. f(x) 3x x 2x x 2  f (x) 15x 4x 6x 2x, f (x) 60x 12x 12x 2,œ ! " " ! Ê œ ! " " œ ! " "
& % $ # w % $ # ww $ #

 f (x) 180x 24x 12, f (x) 360x 24, f (x) 360, f (x) 0 if n 6; f( 1) 7,www # Ð Ñ Ð Ñ Ð Ñ
œ ! " œ ! œ œ   ! œ !

4 5 n

 f ( 1) 23, f ( 1) 82, f ( 1) 216, f ( 1) 384, f ( 1) 360, f ( 1) 0 if n 6w ww www Ð Ñ Ð Ñ Ð Ñ
! œ ! œ ! ! œ ! œ ! ! œ ! œ  

4 5 n

  3x x 2x x 2 7 23(x 1) (x 1) (x 1) (x 1) (x 1)Ê ! " " ! œ ! " " ! " " " ! " " "
& % $ # # $ % &82 216 384 360

2! 3! 4! 5!

 7 23(x 1) 41(x 1) 36(x 1) 16(x 1) 3(x 1)œ ! " " ! " " " ! " " "
# $ % &

27. f(x) x   f (x) 2x , f (x) 3! x , f (x) 4! x   f (x) ( 1) (n 1)! x ;œ Ê œ ! œ œ ! Ê œ ! "
!# w !$ ww !% www !& Ð Ñ ! !n n n 2

 f(1) 1, f (1) 2, f (1) 3!, f (1) 4!, f (1) ( 1) (n 1)! œ œ ! œ œ ! œ ! " Ê
w ww www Ð Ñ "n n

x

 1 2(x 1) 3(x 1) 4(x 1)  ( 1) (n 1)(x 1)œ ! ! " ! ! ! "á œ ! " !
# $ !

_

œn 0

n n

28. f(x)  f (x) 3(1 x) , f (x) 12(1 x) , f (x) 60 (1 x)   f (x) (1 x) ;œ Ê œ ! œ ! œ ! Ê œ !
1

1 x
4 5 6 n n 3n 2 !

2a b
a b

!

w ! ww ! www ! Ð Ñ ! !"

3

 f 0 1, f 0 3, f 0 12, f 0 60, , f 0  1 3x 6x 10xa b a b a b a b a bœ œ œ œ á œ Ê œ " " " "á
w ww www Ð Ñ #"

!

n 3n 2 !
2

1
1 x

a b
a b3

   xœ !
_

œn 0

a ba bn 2 n 1
2

n" "
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18. cos x     5 cos x 5  5œ Ê œ œ ! " ! "á! !
_ _

œ œn 0 n 0

( 1) x ( 1) ( x)
(2n)! ( n)! 2! 4! 6!

5 x 5 x 5 x! !

#

n 2n n 2n
1

1 1 1 1

19. cosh x 1 x 1 x 1œ œ " " " " "á " ! " ! " !á œ " " " "á
e e x x x x x x x x x

! 3! 4! ! 3! 4! ! 4! 6!
x x
" "

# # # # #

#’ “Š ‹ Š ‹

  œ !
_

œn 0

x
(2n)!

2n

20. sinh x 1 x 1 x xœ œ " " " " "á ! ! " ! " !á œ " " " "á
e e x x x x x x x x x

! 3! 4! ! 3! 4! 3! 5! 6!
x x
! "

# # # #
’ “Š ‹ Š ‹

  œ !
_

œn 0

x
(2n 1)!

2n 1

"

21. f(x) x 2x 5x 4  f (x) 4x 6x 5, f (x) 12x 12x, f (x) 24x 12, f (x) 24œ ! ! " Ê œ ! ! œ ! œ ! œ
% $ w $ # ww # www Ð Ñ4

  f (x) 0 if n 5; f(0) 4, f (0) 5, f (0) 0, f (0) 12, f (0) 24, f (0) 0 if n 5Ê œ   œ œ ! œ œ ! œ œ  
Ð Ñ w ww www Ð Ñ Ð Ñn 4 n

  x 2x 5x 4 4 5x x x x 2x 5x 4Ê ! ! " œ ! ! " œ ! ! "
% $ $ % % $12 24

3! 4!

22. f(x)   f (x) ; f (x) ;  f (x)   f (x) ; f(0) 0, f (0) 0, f (0) 2,œ Ê œ œ œ Ê œ œ œ œ
x 2x x 2 6

x 1 x 1 x 1 x 1 x 1
n 1 n

"

w ww www Ð Ñ w ww" !

" " " "

! x

a b a b a b a b
a b

2 3 4 n 1

n

 f (0) 6, f (0) 1 n  if n 2  x x x x  1 xwww Ð Ñ #
œ ! œ ! x   Ê ! " ! " Þ Þ Þ œ !

n 3 4 5 nn na b a b!
_

œn 2

23. f(x) x 2x 4  f (x) 3x 2, f (x) 6x, f (x) 6  f (x) 0 if n 4; f(2) 8, f (2) 10,œ ! " Ê œ ! œ œ Ê œ   œ œ
$ w # ww www Ð Ñ wn

 f (2) 12, f (2) 6, f (2) 0 if n 4  x 2x 4 8 10(x 2) (x 2) (x 2)ww www Ð Ñ $ # $
œ œ œ   Ê ! " œ " ! " ! " !

n 12 6
2! 3!

 8 10(x 2) 6(x 2) (x 2)œ " ! " ! " !
# $

24. f(x) 2x x 3x 8  f (x) 6x 2x 3, f (x) 12x 2, f (x) 12  f (x) 0 if n 4; f(1) 2,œ " " ! Ê œ " " œ " œ Ê œ   œ !
$ # w # ww www Ð Ñn

 f (1) 11, f (1) 14, f (1) 12, f (1) 0 if n 4  2x x 3x 8w ww www Ð Ñ $ #
œ œ œ œ   Ê " " !

n

 2 11(x 1) (x 1) (x 1) 2 11(x 1) 7(x 1) 2(x 1)œ ! " ! " ! " ! œ ! " ! " ! " !
14 12
2! 3!

# $ # $

25. f(x) x x 1  f (x) 4x 2x, f (x) 12x 2, f (x) 24x, f (x) 24, f (x) 0 if n 5;œ " " Ê œ " œ " œ œ œ  
% # w $ ww # www Ð Ñ Ð Ñ4 n

 f( 2) 21, f ( 2) 36, f ( 2) 50, f ( 2) 48, f ( 2) 24, f ( 2) 0 if n 5  x x 1! œ ! œ ! ! œ ! œ ! ! œ ! œ   Ê " "
w ww www Ð Ñ Ð Ñ % #4 n

 21 36(x 2) (x 2) (x 2) (x 2) 21 36(x 2) 25(x 2) 8(x 2) (x 2)œ ! " " " ! " " " œ ! " " " ! " " "
50 48 24
2! 3! 4!

# $ % # $ %

26. f(x) 3x x 2x x 2  f (x) 15x 4x 6x 2x, f (x) 60x 12x 12x 2,œ ! " " ! Ê œ ! " " œ ! " "
& % $ # w % $ # ww $ #

 f (x) 180x 24x 12, f (x) 360x 24, f (x) 360, f (x) 0 if n 6; f( 1) 7,www # Ð Ñ Ð Ñ Ð Ñ
œ ! " œ ! œ œ   ! œ !

4 5 n

 f ( 1) 23, f ( 1) 82, f ( 1) 216, f ( 1) 384, f ( 1) 360, f ( 1) 0 if n 6w ww www Ð Ñ Ð Ñ Ð Ñ
! œ ! œ ! ! œ ! œ ! ! œ ! œ  

4 5 n

  3x x 2x x 2 7 23(x 1) (x 1) (x 1) (x 1) (x 1)Ê ! " " ! œ ! " " ! " " " ! " " "
& % $ # # $ % &82 216 384 360

2! 3! 4! 5!

 7 23(x 1) 41(x 1) 36(x 1) 16(x 1) 3(x 1)œ ! " " ! " " " ! " " "
# $ % &

27. f(x) x   f (x) 2x , f (x) 3! x , f (x) 4! x   f (x) ( 1) (n 1)! x ;œ Ê œ ! œ œ ! Ê œ ! "
!# w !$ ww !% www !& Ð Ñ ! !n n n 2

 f(1) 1, f (1) 2, f (1) 3!, f (1) 4!, f (1) ( 1) (n 1)! œ œ ! œ œ ! œ ! " Ê
w ww www Ð Ñ "n n

x

 1 2(x 1) 3(x 1) 4(x 1)  ( 1) (n 1)(x 1)œ ! ! " ! ! ! "á œ ! " !
# $ !

_

œn 0

n n

28. f(x)  f (x) 3(1 x) , f (x) 12(1 x) , f (x) 60 (1 x)   f (x) (1 x) ;œ Ê œ ! œ ! œ ! Ê œ !
1

1 x
4 5 6 n n 3n 2 !

2a b
a b

!

w ! ww ! www ! Ð Ñ ! !"

3

 f 0 1, f 0 3, f 0 12, f 0 60, , f 0  1 3x 6x 10xa b a b a b a b a bœ œ œ œ á œ Ê œ " " " "á
w ww www Ð Ñ #"

!

n 3n 2 !
2

1
1 x

a b
a b3

   xœ !
_

œn 0

a ba bn 2 n 1
2

n" "
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29. f(x) e   f (x) e , f (x) e   f (x) e ; f(2) e , f (2) e ,  f (2) eœ Ê œ œ Ê œ œ œ á œ
x x x n x nw ww Ð Ñ # w # Ð Ñ #

  e e e (x 2) (x 2) (x 2)   (x 2)Ê œ ! " ! " ! " !á œ "
x ne e e

3! n!
# # # $

#

!
_

œn 0

30. f(x) 2   f (x) 2  ln 2, f (x) 2 (ln 2) , f (x) 2 (ln 2)   f (x) 2 (ln 2) ; f(1) 2, f (1) 2 ln 2,œ Ê œ œ œ Ê œ œ œ
x x x x 3 n x nw ww # www Ð Ñ w

 f (1) 2(ln 2) , f (1) 2(ln 2) , , f (1) 2(ln 2)ww # www $ Ð Ñ
œ œ á œ

n n

 2 2 (2 ln 2)(x 1) (x 1) (x 1)  Ê œ ! " ! " ! " !á œ
x 32(ln 2) 2(ln 2) 2(ln 2) (x 1)

3! n!#

# "
3 n n!

_

œn 0
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_ _ _

œ œ œn 0 n 0 n 0

a b a ba b ˆ ‰n n2n 1 2n 1 8n 4n 4 2n 1

 9.  1 x  1 x  1 x 1 x x x . . .1 1 3 3 3 9 27
1 x 4 4 4 16 64

n n nn 3 3n 3 6 9
1 x

n n
" "

œ ! Ê œ ! œ ! œ ! " ! "! ! !a b a b a bˆ ‰ ˆ ‰
_ _ _

œ œ œn 0 n 0 n 0
3
4

3

10.  x  x  x x x x . . .1 1 1 1 1 1
1 x 2 x 4 8 16

n n 2 3
1 x

n n 1
! ! # # # # #

" " " " "

!

"

œ Ê œ œ œ œ " " " "! ! !ˆ ‰ ˆ ‰
_ _ _

œ œ œn 0 n 0 n 0

11. e     xe x     x xx xx x x x x x
n! n! n! ! 3! 4!

n 0
œ Ê œ œ œ " " " " "á! ! !Œ "

_ _

œ œn 0 n 0

n n n 1
_

œ

#

#

12. sin x    x  sin x x    xœ Ê œ œ œ ! " ! "á! ! !Œ "
_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) x ( 1) x
(2n 1)! ( n 1)! (2n 1)! 3! 5! 7!

x x x! ! !

" # " "

# # $
n 2n 1 n 2n 1 n 2n 3

13. cos x    1 cos x 1   1 1œ Ê ! " œ ! " œ ! " ! " ! " ! "á! !
_ _

œ œn 0 n 0

( 1) x ( 1) x
(2n)! ( n)! 2 4! 6! 8! 10!

x x x x x x x x! !

# # # #

n 2n n 2n

 œ ! " ! "á œ
x x x x
4! 6! 8! 10! ( n)!

( 1) x!
_

œn 2

!

#

n 2n

14. sin x    sin x x   xœ Ê ! " œ ! "! !Œ "
_ _

œ œn 0 n 0

( 1) x ( 1) x
(2n 1)! 3! ( n 1)! 3!

x x! !

" # "

n 2n 1 n 2n 1

 x x  œ ! " ! " ! "á ! " œ ! " ! "á œŠ ‹ !x x x x x x x x x x
3! 5! 7! 9! 11! 3! 5! 7! 9! 11! (2n 1)!

( 1) x
_

œn 2

!

"

n 2n 1

15. cos x    x cos x x   xœ Ê œ œ œ ! " ! "á! ! !
_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) ( x) ( ) x
(2n)! ( n)! ( n)! 2! 4! 6!

x x x! ! !"

# #

n 2n n 2n n 2n 2n 1
1

1 1 1 1 1

16. cos x    x  cos x x    xœ Ê œ œ œ ! " ! "á! ! !a b
_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( ) x
(2n)! ( n)! ( n)! 2! 4! 6!

( 1) x x x x! !"# # # #!

# #

n 2n n 4n 2n 2na b

17. cos x  1# " " " " "

# # # # # #

!

œ " œ " œ " ! " ! " !á
cos 2x ( 1) (2x) (2x) (2x) (2x) (2x)

(2n)! 2! 4! 6! 8!
! ’ “
_

œn 0

n 2n

 1 1  1  œ ! " ! " !á œ " œ "
(2x) (2x) (2x) (2x) ( 1) (2x) ( 1)  2  x
2 2! 2 4! 2 6! 2 8! 2 (2n)! (2n)!† † † † †

! !
_ _

œ œn 1 n 1

! !
n 2n n 2n 1 2n

18. sin x  cos 2x 1# ! " " " "

# # # # # #
œ œ ! œ ! ! " ! "á œ ! " !áˆ ‰ Š ‹1 cos 2x (2x) (2x) (2x) (2x) (2x) (2x)

! 4! 6! 2 2! 2 4! 2 6!† † †

   œ œ! !
_ _

œ œn 1 n 1

( 1) (2x) ( 1)  2  x
(2n)! (2n)!

! !

#

n 1 2n n 2n 1 2n

†
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 5. cos x    cos 5x   1œ Ê œ œ œ ! " ! "á! ! !
_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) 5 x
(2n)! (2n)! (2n)! ! 4! 6!

2 ( 1) 5x 25x 625x 15625x! !!

#

n 2n n 2n 4nn 2 2n
4 8 12! ‘

 6. cos x   cos cos     œ Ê œ œ œ! ! !Š ‹ Š ‹Œ "
_ _

œ œn 0 n 0

a b
È

a b Œ "Š ‹
!

# #

"Î# ! _

œ

!1 x
(2n)! ( n)! 2 (2n)!

x x
2

1

n 0

( 1) xn 2n
n x

2n

n 3n

n

 1œ ! " ! "á
x x x

2 2! 2 4! 2 6!† † †

 7. ln 1 x  ln 1 x   x . . .a b a b! ! !" œ Ê " œ œ œ ! " ! "

_ _ _

œ œ œn 1 n 1 n 1

a b a ba b ˆ ‰! !!1 x 1 x
n n n 2 3 4

2 21 x x x x
n 1 n 1n 2nn 1 2 n

4 6 8

 8. tan x  tan 3x   3x 9x x x . . .! !! !

" "

!1 1 4 4 12 20 281 x 1 3 x
2n 1 2n 1 n 5 7

1 3x 243 2187
œ Ê œ œ œ ! " ! "! ! !a b

_ _ _

œ œ œn 0 n 0 n 0

a b a ba b ˆ ‰n n2n 1 2n 1 8n 4n 4 2n 1

 9.  1 x  1 x  1 x 1 x x x . . .1 1 3 3 3 9 27
1 x 4 4 4 16 64

n n nn 3 3n 3 6 9
1 x

n n
" "

œ ! Ê œ ! œ ! œ ! " ! "! ! !a b a b a bˆ ‰ ˆ ‰
_ _ _

œ œ œn 0 n 0 n 0
3
4

3

10.  x  x  x x x x . . .1 1 1 1 1 1
1 x 2 x 4 8 16

n n 2 3
1 x

n n 1
! ! # # # # #

" " " " "

!

"

œ Ê œ œ œ œ " " " "! ! !ˆ ‰ ˆ ‰
_ _ _

œ œ œn 0 n 0 n 0

11. e     xe x     x xx xx x x x x x
n! n! n! ! 3! 4!

n 0
œ Ê œ œ œ " " " " "á! ! !Œ "

_ _

œ œn 0 n 0

n n n 1
_

œ

#

#

12. sin x    x  sin x x    xœ Ê œ œ œ ! " ! "á! ! !Œ "
_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) x ( 1) x
(2n 1)! ( n 1)! (2n 1)! 3! 5! 7!

x x x! ! !

" # " "

# # $
n 2n 1 n 2n 1 n 2n 3

13. cos x    1 cos x 1   1 1œ Ê ! " œ ! " œ ! " ! " ! " ! "á! !
_ _

œ œn 0 n 0

( 1) x ( 1) x
(2n)! ( n)! 2 4! 6! 8! 10!

x x x x x x x x! !

# # # #

n 2n n 2n

 œ ! " ! "á œ
x x x x
4! 6! 8! 10! ( n)!

( 1) x!
_

œn 2

!

#

n 2n

14. sin x    sin x x   xœ Ê ! " œ ! "! !Œ "
_ _

œ œn 0 n 0

( 1) x ( 1) x
(2n 1)! 3! ( n 1)! 3!

x x! !

" # "

n 2n 1 n 2n 1

 x x  œ ! " ! " ! "á ! " œ ! " ! "á œŠ ‹ !x x x x x x x x x x
3! 5! 7! 9! 11! 3! 5! 7! 9! 11! (2n 1)!

( 1) x
_

œn 2

!

"

n 2n 1

15. cos x    x cos x x   xœ Ê œ œ œ ! " ! "á! ! !
_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( 1) ( x) ( ) x
(2n)! ( n)! ( n)! 2! 4! 6!

x x x! ! !"

# #

n 2n n 2n n 2n 2n 1
1

1 1 1 1 1

16. cos x    x  cos x x    xœ Ê œ œ œ ! " ! "á! ! !a b
_ _ _

œ œ œn 0 n 0 n 0

( 1) x ( ) x
(2n)! ( n)! ( n)! 2! 4! 6!

( 1) x x x x! !"# # # #!

# #

n 2n n 4n 2n 2na b

17. cos x  1# " " " " "

# # # # # #

!

œ " œ " œ " ! " ! " !á
cos 2x ( 1) (2x) (2x) (2x) (2x) (2x)

(2n)! 2! 4! 6! 8!
! ’ “
_

œn 0

n 2n

 1 1  1  œ ! " ! " !á œ " œ "
(2x) (2x) (2x) (2x) ( 1) (2x) ( 1)  2  x
2 2! 2 4! 2 6! 2 8! 2 (2n)! (2n)!† † † † †

! !
_ _

œ œn 1 n 1

! !
n 2n n 2n 1 2n

18. sin x  cos 2x 1# ! " " " "

# # # # # #
œ œ ! œ ! ! " ! "á œ ! " !áˆ ‰ Š ‹1 cos 2x (2x) (2x) (2x) (2x) (2x) (2x)

! 4! 6! 2 2! 2 4! 2 6!† † †

   œ œ! !
_ _

œ œn 1 n 1

( 1) (2x) ( 1)  2  x
(2n)! (2n)!

! !

#

n 1 2n n 2n 1 2n

†
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 Section 10.9 Convergence of Taylor Series 623

19. x x  (2x) 2 x x 2x 2 x 2 xx
1 2x 1 2x

n n n 2
! !

# # " # $ # % $ &"
œ œ œ œ ! ! ! !áˆ ‰ ! !

_ _

œ œn 0 n 0

20. x ln (1 2x) x   2x! œ œ œ " ! " !á! !
_ _

œ œn 1 n 1

( 1) (2x) ( 1) 2 x
n n 4 5

2 x 2 x 2 x! ! #

#

n 1 n n 1 n n 1

21.  x 1 x x x   1 2x 3x  nx  (n 1)x" " "

! ! !

# $ # !

_

œ

1 x dx 1 x (1 x)
n n 1 nd

n 0
œ œ ! ! ! !á Ê œ œ ! ! !á œ œ !! ! !ˆ ‰

_ _

œ œn 0 n 1

22. 1 2x 3x 2 6x 12x n(n 1)x2 d d d
1 x dx 1 x dx (1 x) dx

n 2
a b!

" "

! !

# # !
œ œ œ ! ! !á œ ! ! !á œ "ˆ ‰ Š ‹ a b !

_

œn 2

  (n 2)(n 1)xœ ! !!
_

œn 0

n

23. tan x x x x x x tan x x x x x x! !1 3 5 7 1 2 2 2 2 21 1 1 1 1 1
3 5 7 3 5 7

3 5 7
œ " ! " ! Þ Þ Þ Ê œ " ! " ! Þ Þ ÞŠ ‹a b a b a b

 x x x x  œ " ! " ! Þ Þ Þ œ
3 7 11 151 1 1

3 5 7 2n 1
1 x!

_

œn 1

a b!

!

n 4n 1

24.  sin x x sin x cos x sin 2x 2xœ " ! " !á Ê † œ œ " ! " !á
x x x
3! 5! 7! 3! 5! 7!

2x 2x 2x3 5 7 3 5 7
" "

# #
Š ‹a b a b a b

 x x  œ " ! " !á œ " ! " !á œ
4 x 16 x 64 x 2 x 2x 4 x
3! 5! 7! 3 15 315 ( n 1)!

( 1) 2 x3 5 7 3 5 7 n 2n 2n 1!
_

œn 0

!

# "

25. e 1 x  and 1 x x x ex 2 3 xx x 1 1
2! 3! 1 x 1 xœ ! ! ! !á œ " ! " !á Ê !

2 3

" "

 1 x 1 x x x 2 x x x 1 xœ ! ! ! !á ! " ! " !á œ ! " ! !á œ ! "Š ‹ a b a b!ˆ ‰x x 3 5 25 1
2! 3! 2 6 24 n!

2 3 2 3 4 nn2 3
_

œn 0

26. sin x x  and cos x 1 cos x sin xœ " ! " !á œ " ! " !á Ê "
x x x x x x
3! 5! 7! 2! 4! 6!

3 5 7 2 4 6

 1 x 1 xœ " ! " !á " " ! " !á œ " " ! ! " " ! !áŠ ‹ Š ‹x x x x x x x x x x x x
2! 4! 6! 3! 5! 7! 2! 3! 4! 5! 6! 7!

2 4 6 3 5 7 2 3 4 5 6 7

 œ "!Š ‹
_

œn 0

( 1) x ( 1) x
(2n)! ( n 1)!
! !

# "

n 2n n 2n 1

27. ln 1 x x x x x ln 1 x x x x xa b a b a b a b a bŠ ‹! œ " ! " !á Ê ! œ " ! " !á
1 1 1 x x 1 1 1
2 3 4 3 3 2 3 4

2 3 4 2 2 2 2 22 3 4

 x x x x xœ " ! " !á œ
1 1 1 1
3 6 9 12 3n

3 5 7 9 2n 11!
_

œn 1

a b! "
n 1

28. ln 1 x x x x x  and ln 1 x x x x x ln 1 x ln 1 xa b a b a b a b! œ " ! " !á " œ " " " " !á Ê ! " "
1 1 1 1 1 1
2 3 4 2 3 4

2 3 4 2 3 4

 x x x x x x x x 2x x x xœ " ! " !á " " " " " !á œ ! ! !á œˆ ‰ ˆ ‰ !1 1 1 1 1 1 2 2 2
2 3 4 2 3 4 3 5 2n 1

2 3 4 2 3 4 3 5 2n 1
_

œn 0
"

"

29. e 1 x  and sin x x e sin xx xx x x x x
2! 3! 3! 5! 7!œ ! ! ! !á œ " ! " !á Ê †

2 3 3 5 7

 1 x x x x x xœ ! ! ! !á " ! " !á œ ! ! " " Þ Þ Þ ÞŠ ‹Š ‹x x x x x 1 1
2! 3! 3! 5! 7! 3 30

2 3 52 3 3 5 7

30. ln 1 x x x x x  and 1 x x x  ln 1 xa b a b! œ " ! " !á œ ! ! ! !á Ê œ ! †
1 1 1
2 3 4 1 x 1 x 1 x

2 3 4 ln 1 x" "

! ! !

# $ "a b

 x x x x 1 x x x x x x xœ " ! " !á ! ! ! !á œ ! ! ! ! Þ Þ Þ Þˆ ‰a b1 1 1 1 5 7
2 3 4 2 6 12

2 3 4 2 3 4# $
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31. tan x x x x x tan x tan x tan x! ! ! !1 3 5 7 1 1 11 1 1
3 5 7

2
œ ! " ! " Þ Þ Þ Ê œa b a ba b

 x x x x x x x x x x x xœ ! " ! " Þ Þ Þ ! " ! " Þ Þ Þ œ ! ! ! " Þ Þ Þ Þˆ ‰ˆ ‰1 1 1 1 1 1 2 23 44
3 5 7 3 5 7 3 45 105

3 5 7 3 5 7 2 4 6 8

32. sin x x  and cos x 1 cos x sin x cos x cos x sin xœ ! " ! "á œ ! " ! "á Ê † œ † †
x x x x x x
3! 5! 7! 2! 4! 6!

23 5 7 2 4 6

 cos x sin 2x 1 2x x x x xœ † œ ! " ! "á ! " ! "á œ ! " ! " Þ Þ Þ
" "

# #
Š ‹Š ‹x x x 7 61 1247

2! 4! 6! 3! 5! 7! 6 120 5040
2x 2x 2x 3 5 72 4 6 3 5 7a b a b a b

33. sin x x  and e 1 xœ ! " ! "á œ " " " "á
x x x x x
3! 5! 7! 2! 3!

x3 5 7 2 3

 e 1 x x xÊ œ " ! " ! "á " ! " ! "á " ! " ! "á "á
sin x x x x 1 x x x 1 x x x

3! 5! 7! 2 3! 5! 7! 6 3! 5! 7!

2 3
Š ‹ Š ‹ Š ‹3 5 7 3 5 7 3 5 7

 1 x x xœ " " ! " Þ Þ Þ Þ
1 1
2 8

2 4

34. sin x x  and tan x x x x x sin tan x x x x xœ ! " ! "á œ ! " ! " Þ Þ Þ Ê œ ! " ! " Þ Þ Þ
x x x 1 1 1 1 1 1
3! 5! 7! 3 5 7 3 5 7

1 3 5 7 1 3 5 73 5 7
! !a b ˆ ‰

       x x x x x x x x x x x x! ! " ! " Þ Þ Þ " ! " ! " Þ Þ Þ ! ! " ! " Þ Þ Þ "á
1 1 1 1 1 1 1 1 1 1 1 1
6 3 5 7 120 3 5 7 5040 3 5 7

3 5 7 3 5 7 3 5 73 5 7ˆ ‰ ˆ ‰ ˆ ‰
 x x x xœ ! " ! " Þ Þ Þ

1 3 5
2 8 16

3 5 7

35. Since n 3, then f x sin x, f x M on 0, 0.1 sin x 1 on 0, 0.1 M 1. Then R 0.1 1œ œ l l Ÿ Ò Ó Ê l l Ÿ Ò Ó Ê œ l l Ÿ
a b a b4 4

3
0.1 0

4a b a b a b l ! l

x

4

 4.2 10 error 4.2 10œ ‚ Ê Ÿ ‚
! !6 6

36. Since n 4, then f x e , f x M on 0, 0.5 e e on 0, 0.5 M 2.7. Thenœ œ l l Ÿ Ò Ó Ê l l Ÿ Ò Ó Ê œ
a b a b5 x 5 xa b a b È

  R 0.5 2.7 7.03 10 error 7.03 10l l Ÿ œ ‚ Ê Ÿ ‚4
0.5 0

5
4 4a b l ! l

x

! !
5

37. By the Alternating Series Estimation Theorem, the error is less than   x 5! 5 10 x 600 10k kx
5! Ê $ ‚ Ê $ ‚k k a b a b k k& &!% !%

  x 6 10 0.56968Ê $ ‚ ¸k k È5
!#

38. If cos x 1  and x 0.5, then the error is less than 0.0026, by Alternating Series Estimation Theorem;œ ! $ œ
x (.5)

24#
k k ¹ ¹

 since the next term in the series is positive, the approximation 1  is too small, by the Alternating Series Estimation!
x
#

 Theorem

39. If sin x x and x 10 , then the error is less than 1.67 10 , by Alternating Series Estimation Theorem;œ $ ¸ ‚k k !$ !a b10
3!

10

 The Alternating Series Estimation Theorem says R (x) has the same sign as .  Moreover, x sin x# ! $
x
3!

  0 sin x x R (x)  x 0  10 x 0.Ê $ ! œ Ê $ Ê ! $ $#

!$

40. 1 x 1  .  By the Alternating Series Estimation Theorem the errorÈ k k ¹ ¹" œ " ! " !á $ $
x x x x

8 16 8 8
(0.01)

#

!

 1.25 10œ ‚
!&

41. R (x) 1.87 10 , where c is between 0 and xk k ¹ ¹#

!
œ $ $ ‚

e x
3! 3!

3 (0.1) 4c 0 1

42. R (x) 1.67 10 , where c is between 0 and xk k ¹ ¹#

!%
œ $ œ ‚

e x
3! 3!

(0.1)c

43. sin x  cos 2x 1# ! " " " "

# # # # # #
œ œ ! œ ! ! " ! "á œ ! " !áˆ ‰ Š ‹1 cos 2x 2x 2 x 2 x(2x) (2x) (2x)

2! 4! 6! ! 4! 6!

  sin x 2x   2 sin x cos xÊ œ ! " !á œ ! " ! "á Ê
d d 2x 2 x 2 x

dx dx 2! 4! 6! 3! 5! 7!
(2x) (2x) (2x)a b Š ‹#

 2x sin 2x, which checksœ ! " ! "á œ
(2x) (2x) (2x)

3! 5! 7!
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31. tan x x x x x tan x tan x tan x! ! ! !1 3 5 7 1 1 11 1 1
3 5 7

2
œ ! " ! " Þ Þ Þ Ê œa b a ba b

 x x x x x x x x x x x xœ ! " ! " Þ Þ Þ ! " ! " Þ Þ Þ œ ! ! ! " Þ Þ Þ Þˆ ‰ˆ ‰1 1 1 1 1 1 2 23 44
3 5 7 3 5 7 3 45 105

3 5 7 3 5 7 2 4 6 8

32. sin x x  and cos x 1 cos x sin x cos x cos x sin xœ ! " ! "á œ ! " ! "á Ê † œ † †
x x x x x x
3! 5! 7! 2! 4! 6!

23 5 7 2 4 6

 cos x sin 2x 1 2x x x x xœ † œ ! " ! "á ! " ! "á œ ! " ! " Þ Þ Þ
" "

# #
Š ‹Š ‹x x x 7 61 1247

2! 4! 6! 3! 5! 7! 6 120 5040
2x 2x 2x 3 5 72 4 6 3 5 7a b a b a b

33. sin x x  and e 1 xœ ! " ! "á œ " " " "á
x x x x x
3! 5! 7! 2! 3!

x3 5 7 2 3

 e 1 x x xÊ œ " ! " ! "á " ! " ! "á " ! " ! "á "á
sin x x x x 1 x x x 1 x x x

3! 5! 7! 2 3! 5! 7! 6 3! 5! 7!

2 3
Š ‹ Š ‹ Š ‹3 5 7 3 5 7 3 5 7

 1 x x xœ " " ! " Þ Þ Þ Þ
1 1
2 8

2 4

34. sin x x  and tan x x x x x sin tan x x x x xœ ! " ! "á œ ! " ! " Þ Þ Þ Ê œ ! " ! " Þ Þ Þ
x x x 1 1 1 1 1 1
3! 5! 7! 3 5 7 3 5 7

1 3 5 7 1 3 5 73 5 7
! !a b ˆ ‰

       x x x x x x x x x x x x! ! " ! " Þ Þ Þ " ! " ! " Þ Þ Þ ! ! " ! " Þ Þ Þ "á
1 1 1 1 1 1 1 1 1 1 1 1
6 3 5 7 120 3 5 7 5040 3 5 7

3 5 7 3 5 7 3 5 73 5 7ˆ ‰ ˆ ‰ ˆ ‰
 x x x xœ ! " ! " Þ Þ Þ

1 3 5
2 8 16

3 5 7

35. Since n 3, then f x sin x, f x M on 0, 0.1 sin x 1 on 0, 0.1 M 1. Then R 0.1 1œ œ l l Ÿ Ò Ó Ê l l Ÿ Ò Ó Ê œ l l Ÿ
a b a b4 4

3
0.1 0

4a b a b a b l ! l

x

4

 4.2 10 error 4.2 10œ ‚ Ê Ÿ ‚
! !6 6

36. Since n 4, then f x e , f x M on 0, 0.5 e e on 0, 0.5 M 2.7. Thenœ œ l l Ÿ Ò Ó Ê l l Ÿ Ò Ó Ê œ
a b a b5 x 5 xa b a b È

  R 0.5 2.7 7.03 10 error 7.03 10l l Ÿ œ ‚ Ê Ÿ ‚4
0.5 0

5
4 4a b l ! l

x

! !
5

37. By the Alternating Series Estimation Theorem, the error is less than   x 5! 5 10 x 600 10k kx
5! Ê $ ‚ Ê $ ‚k k a b a b k k& &!% !%

  x 6 10 0.56968Ê $ ‚ ¸k k È5
!#

38. If cos x 1  and x 0.5, then the error is less than 0.0026, by Alternating Series Estimation Theorem;œ ! $ œ
x (.5)

24#
k k ¹ ¹

 since the next term in the series is positive, the approximation 1  is too small, by the Alternating Series Estimation!
x
#

 Theorem

39. If sin x x and x 10 , then the error is less than 1.67 10 , by Alternating Series Estimation Theorem;œ $ ¸ ‚k k !$ !a b10
3!

10

 The Alternating Series Estimation Theorem says R (x) has the same sign as .  Moreover, x sin x# ! $
x
3!

  0 sin x x R (x)  x 0  10 x 0.Ê $ ! œ Ê $ Ê ! $ $#

!$

40. 1 x 1  .  By the Alternating Series Estimation Theorem the errorÈ k k ¹ ¹" œ " ! " !á $ $
x x x x

8 16 8 8
(0.01)

#

!

 1.25 10œ ‚
!&

41. R (x) 1.87 10 , where c is between 0 and xk k ¹ ¹#

!
œ $ $ ‚

e x
3! 3!

3 (0.1) 4c 0 1

42. R (x) 1.67 10 , where c is between 0 and xk k ¹ ¹#

!%
œ $ œ ‚

e x
3! 3!

(0.1)c

43. sin x  cos 2x 1# ! " " " "

# # # # # #
œ œ ! œ ! ! " ! "á œ ! " !áˆ ‰ Š ‹1 cos 2x 2x 2 x 2 x(2x) (2x) (2x)

2! 4! 6! ! 4! 6!

  sin x 2x   2 sin x cos xÊ œ ! " !á œ ! " ! "á Ê
d d 2x 2 x 2 x

dx dx 2! 4! 6! 3! 5! 7!
(2x) (2x) (2x)a b Š ‹#

 2x sin 2x, which checksœ ! " ! "á œ
(2x) (2x) (2x)

3! 5! 7!
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31. tan x x x x x tan x tan x tan x! ! ! !1 3 5 7 1 1 11 1 1
3 5 7

2
œ ! " ! " Þ Þ Þ Ê œa b a ba b

 x x x x x x x x x x x xœ ! " ! " Þ Þ Þ ! " ! " Þ Þ Þ œ ! ! ! " Þ Þ Þ Þˆ ‰ˆ ‰1 1 1 1 1 1 2 23 44
3 5 7 3 5 7 3 45 105

3 5 7 3 5 7 2 4 6 8

32. sin x x  and cos x 1 cos x sin x cos x cos x sin xœ ! " ! "á œ ! " ! "á Ê † œ † †
x x x x x x
3! 5! 7! 2! 4! 6!

23 5 7 2 4 6

 cos x sin 2x 1 2x x x x xœ † œ ! " ! "á ! " ! "á œ ! " ! " Þ Þ Þ
" "

# #
Š ‹Š ‹x x x 7 61 1247

2! 4! 6! 3! 5! 7! 6 120 5040
2x 2x 2x 3 5 72 4 6 3 5 7a b a b a b

33. sin x x  and e 1 xœ ! " ! "á œ " " " "á
x x x x x
3! 5! 7! 2! 3!

x3 5 7 2 3

 e 1 x x xÊ œ " ! " ! "á " ! " ! "á " ! " ! "á "á
sin x x x x 1 x x x 1 x x x

3! 5! 7! 2 3! 5! 7! 6 3! 5! 7!

2 3
Š ‹ Š ‹ Š ‹3 5 7 3 5 7 3 5 7

 1 x x xœ " " ! " Þ Þ Þ Þ
1 1
2 8

2 4

34. sin x x  and tan x x x x x sin tan x x x x xœ ! " ! "á œ ! " ! " Þ Þ Þ Ê œ ! " ! " Þ Þ Þ
x x x 1 1 1 1 1 1
3! 5! 7! 3 5 7 3 5 7

1 3 5 7 1 3 5 73 5 7
! !a b ˆ ‰

       x x x x x x x x x x x x! ! " ! " Þ Þ Þ " ! " ! " Þ Þ Þ ! ! " ! " Þ Þ Þ "á
1 1 1 1 1 1 1 1 1 1 1 1
6 3 5 7 120 3 5 7 5040 3 5 7

3 5 7 3 5 7 3 5 73 5 7ˆ ‰ ˆ ‰ ˆ ‰
 x x x xœ ! " ! " Þ Þ Þ

1 3 5
2 8 16

3 5 7

35. Since n 3, then f x sin x, f x M on 0, 0.1 sin x 1 on 0, 0.1 M 1. Then R 0.1 1œ œ l l Ÿ Ò Ó Ê l l Ÿ Ò Ó Ê œ l l Ÿ
a b a b4 4

3
0.1 0

4a b a b a b l ! l

x

4

 4.2 10 error 4.2 10œ ‚ Ê Ÿ ‚
! !6 6

36. Since n 4, then f x e , f x M on 0, 0.5 e e on 0, 0.5 M 2.7. Thenœ œ l l Ÿ Ò Ó Ê l l Ÿ Ò Ó Ê œ
a b a b5 x 5 xa b a b È

  R 0.5 2.7 7.03 10 error 7.03 10l l Ÿ œ ‚ Ê Ÿ ‚4
0.5 0

5
4 4a b l ! l

x

! !
5

37. By the Alternating Series Estimation Theorem, the error is less than   x 5! 5 10 x 600 10k kx
5! Ê $ ‚ Ê $ ‚k k a b a b k k& &!% !%

  x 6 10 0.56968Ê $ ‚ ¸k k È5
!#

38. If cos x 1  and x 0.5, then the error is less than 0.0026, by Alternating Series Estimation Theorem;œ ! $ œ
x (.5)

24#
k k ¹ ¹

 since the next term in the series is positive, the approximation 1  is too small, by the Alternating Series Estimation!
x
#

 Theorem

39. If sin x x and x 10 , then the error is less than 1.67 10 , by Alternating Series Estimation Theorem;œ $ ¸ ‚k k !$ !a b10
3!

10

 The Alternating Series Estimation Theorem says R (x) has the same sign as .  Moreover, x sin x# ! $
x
3!

  0 sin x x R (x)  x 0  10 x 0.Ê $ ! œ Ê $ Ê ! $ $#

!$

40. 1 x 1  .  By the Alternating Series Estimation Theorem the errorÈ k k ¹ ¹" œ " ! " !á $ $
x x x x

8 16 8 8
(0.01)

#

!

 1.25 10œ ‚
!&

41. R (x) 1.87 10 , where c is between 0 and xk k ¹ ¹#

!
œ $ $ ‚

e x
3! 3!

3 (0.1) 4c 0 1

42. R (x) 1.67 10 , where c is between 0 and xk k ¹ ¹#

!%
œ $ œ ‚

e x
3! 3!

(0.1)c

43. sin x  cos 2x 1# ! " " " "

# # # # # #
œ œ ! œ ! ! " ! "á œ ! " !áˆ ‰ Š ‹1 cos 2x 2x 2 x 2 x(2x) (2x) (2x)

2! 4! 6! ! 4! 6!

  sin x 2x   2 sin x cos xÊ œ ! " !á œ ! " ! "á Ê
d d 2x 2 x 2 x

dx dx 2! 4! 6! 3! 5! 7!
(2x) (2x) (2x)a b Š ‹#

 2x sin 2x, which checksœ ! " ! "á œ
(2x) (2x) (2x)

3! 5! 7!
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31. tan x x x x x tan x tan x tan x! ! ! !1 3 5 7 1 1 11 1 1
3 5 7

2
œ ! " ! " Þ Þ Þ Ê œa b a ba b

 x x x x x x x x x x x xœ ! " ! " Þ Þ Þ ! " ! " Þ Þ Þ œ ! ! ! " Þ Þ Þ Þˆ ‰ˆ ‰1 1 1 1 1 1 2 23 44
3 5 7 3 5 7 3 45 105

3 5 7 3 5 7 2 4 6 8

32. sin x x  and cos x 1 cos x sin x cos x cos x sin xœ ! " ! "á œ ! " ! "á Ê † œ † †
x x x x x x
3! 5! 7! 2! 4! 6!

23 5 7 2 4 6

 cos x sin 2x 1 2x x x x xœ † œ ! " ! "á ! " ! "á œ ! " ! " Þ Þ Þ
" "

# #
Š ‹Š ‹x x x 7 61 1247

2! 4! 6! 3! 5! 7! 6 120 5040
2x 2x 2x 3 5 72 4 6 3 5 7a b a b a b

33. sin x x  and e 1 xœ ! " ! "á œ " " " "á
x x x x x
3! 5! 7! 2! 3!

x3 5 7 2 3

 e 1 x x xÊ œ " ! " ! "á " ! " ! "á " ! " ! "á "á
sin x x x x 1 x x x 1 x x x

3! 5! 7! 2 3! 5! 7! 6 3! 5! 7!

2 3
Š ‹ Š ‹ Š ‹3 5 7 3 5 7 3 5 7

 1 x x xœ " " ! " Þ Þ Þ Þ
1 1
2 8

2 4

34. sin x x  and tan x x x x x sin tan x x x x xœ ! " ! "á œ ! " ! " Þ Þ Þ Ê œ ! " ! " Þ Þ Þ
x x x 1 1 1 1 1 1
3! 5! 7! 3 5 7 3 5 7

1 3 5 7 1 3 5 73 5 7
! !a b ˆ ‰

       x x x x x x x x x x x x! ! " ! " Þ Þ Þ " ! " ! " Þ Þ Þ ! ! " ! " Þ Þ Þ "á
1 1 1 1 1 1 1 1 1 1 1 1
6 3 5 7 120 3 5 7 5040 3 5 7

3 5 7 3 5 7 3 5 73 5 7ˆ ‰ ˆ ‰ ˆ ‰
 x x x xœ ! " ! " Þ Þ Þ

1 3 5
2 8 16

3 5 7

35. Since n 3, then f x sin x, f x M on 0, 0.1 sin x 1 on 0, 0.1 M 1. Then R 0.1 1œ œ l l Ÿ Ò Ó Ê l l Ÿ Ò Ó Ê œ l l Ÿ
a b a b4 4

3
0.1 0

4a b a b a b l ! l

x

4

 4.2 10 error 4.2 10œ ‚ Ê Ÿ ‚
! !6 6

36. Since n 4, then f x e , f x M on 0, 0.5 e e on 0, 0.5 M 2.7. Thenœ œ l l Ÿ Ò Ó Ê l l Ÿ Ò Ó Ê œ
a b a b5 x 5 xa b a b È

  R 0.5 2.7 7.03 10 error 7.03 10l l Ÿ œ ‚ Ê Ÿ ‚4
0.5 0

5
4 4a b l ! l

x

! !
5

37. By the Alternating Series Estimation Theorem, the error is less than   x 5! 5 10 x 600 10k kx
5! Ê $ ‚ Ê $ ‚k k a b a b k k& &!% !%

  x 6 10 0.56968Ê $ ‚ ¸k k È5
!#

38. If cos x 1  and x 0.5, then the error is less than 0.0026, by Alternating Series Estimation Theorem;œ ! $ œ
x (.5)

24#
k k ¹ ¹

 since the next term in the series is positive, the approximation 1  is too small, by the Alternating Series Estimation!
x
#

 Theorem

39. If sin x x and x 10 , then the error is less than 1.67 10 , by Alternating Series Estimation Theorem;œ $ ¸ ‚k k !$ !a b10
3!

10

 The Alternating Series Estimation Theorem says R (x) has the same sign as .  Moreover, x sin x# ! $
x
3!

  0 sin x x R (x)  x 0  10 x 0.Ê $ ! œ Ê $ Ê ! $ $#

!$

40. 1 x 1  .  By the Alternating Series Estimation Theorem the errorÈ k k ¹ ¹" œ " ! " !á $ $
x x x x

8 16 8 8
(0.01)

#

!

 1.25 10œ ‚
!&

41. R (x) 1.87 10 , where c is between 0 and xk k ¹ ¹#

!
œ $ $ ‚

e x
3! 3!

3 (0.1) 4c 0 1

42. R (x) 1.67 10 , where c is between 0 and xk k ¹ ¹#

!%
œ $ œ ‚

e x
3! 3!

(0.1)c

43. sin x  cos 2x 1# ! " " " "

# # # # # #
œ œ ! œ ! ! " ! "á œ ! " !áˆ ‰ Š ‹1 cos 2x 2x 2 x 2 x(2x) (2x) (2x)

2! 4! 6! ! 4! 6!

  sin x 2x   2 sin x cos xÊ œ ! " !á œ ! " ! "á Ê
d d 2x 2 x 2 x

dx dx 2! 4! 6! 3! 5! 7!
(2x) (2x) (2x)a b Š ‹#

 2x sin 2x, which checksœ ! " ! "á œ
(2x) (2x) (2x)

3! 5! 7!
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44. cos x cos 2x sin x 1# #

# #
œ ! œ " ! " ! !á ! " ! " !áŠ ‹ Š ‹(2x) (2x) (2x) (2x)

! 4! 6! 8! ! 4! 6! 8!
2x 2 x 2 x 2 x

 1 1 x x x xœ " ! " !á œ " ! " ! "á
2x 2 x 2 x 2

! 4! 6! 3 45 315#

# % ' )" "

45. A special case of Taylor's Theorem is f(b) f(a) f (c)(b a),  where c is between a and b f(b) f(a) f (c)(b a),œ ! " Ê " œ "
w w

 the Mean Value Theorem.

46. If f(x) is twice differentiable and at x a there is a point of inflection, then f (a) 0.  Therefore,œ œ
ww

 L(x) Q(x) f(a) f (a)(x a).œ œ ! "
w

47. (a) f 0, f (a) 0 and x a interior to the interval I  f(x) f(a) (x a) 0 throughout Iww w #

#
Ÿ œ œ Ê " œ " Ÿ

f (c )

  f(x) f(a) throughout I  f has a local maximum at x aÊ Ÿ Ê œ

 (b) similar reasoning gives f(x) f(a) (x a) 0 throughout I  f(x) f(a) throughout I  f has a" œ "   Ê   Ê
f (c )
#

#

 local minimum at x aœ

48. f(x) (1 x)   f (x) (1 x)   f (x) 2(1 x)   f (x) 6(1 x)œ " Ê œ " Ê œ " Ê œ "
!" w !# ww !$ Ð Ñ !%3

  f (x) 24(1 x) ; therefore 1 x x x . x 0.1    Ê œ " ¸ ! ! ! $ Ê $ $ Ê $
Ð Ñ !& # $" " "

! ! !

&4
1 x 11 1 x 9 (1 x) 9

10 10 10k k ¹ ¹ ˆ ‰

  x   the error  e (0.1) 0.00016935 0.00017, since .Ê $ Ê Ÿ $ œ $ œ¹ ¹ ¹ ¹ ¹ ¹ ¹ ¹ˆ ‰ ˆ ‰x 10 10
(1 x) 9 4! 9 4! (1 x)

max f (x) x f (x)
! !

% %
& &

$

"
4 4

49. (a) f(x) (1 x)   f (x) k(1 x)   f (x) k(k 1)(1 x) ; f(0) 1, f (0) k, and f (0) k(k 1)œ ! Ê œ ! Ê œ " ! œ œ œ "
k k 1 k 2w ! ww ! w ww

  Q(x) 1 kx xÊ œ ! !
k(k )! "

#

#

 (b) R (x) x   x   0 x  or 0 x .21544k k k k¸ ¸
#

" " " "$ $
œ $ Ê $ Ê $ $ $ $

3 2
3! 100 100 100
† †

50. (a) Let P x   x P .5 10  since P approximates  accurate to n decimals.  Then,œ ! Ê œ " $ ‚1 1 1k k k k !n

 P sin P ( x) sin ( x) ( x) sin x (x sin x)  (P sin P)! œ ! ! ! œ ! " œ ! " Ê ! "1 1 1 1 1k k
 sin x x 10 .5 10   P sin P gives an approximation to  correct to 3n decimals.œ " Ÿ $ ‚ $ ‚ Ê !k k k kx

3! 3!
0.125 3n 3n! !

1

51. If f(x)  a x , then f (x)  n(n 1)(n 2) (n k 1)a x  and f (0) k! aœ œ " " â " ! œ! !
_ _

œ œn 0 n k
n n k

n k n k kÐ Ñ ! Ð Ñ

  a  for k a nonnegative integer.  Therefore, the coefficients of f(x) are identical with the correspondingÊ œk
f (0)

k!

k

 coefficients in the Maclaurin series of f(x) and the statement follows.

52. :  f even  f( x) f(x)  f ( x) f (x)  f ( x) f (x)  f  odd;Note Ê " œ Ê " " œ Ê " œ " Ê
w w w w w

 f odd  f( x) f(x)  f ( x) f (x)  f ( x) f (x)  f  even;Ê " œ " Ê " " œ " Ê " œ Ê
w w w w w

 also, f odd  f( 0) f(0)  2f(0) 0  f(0) 0Ê " œ Ê œ Ê œ

 (a) If f(x) is even, then any odd-order derivative is odd and equal to 0 at x 0.  Therefore,œ

 a a a 0; that is, the Maclaurin series for f contains only even powers." $ &œ œ œ á œ

 (b) If f(x) is odd, then any even-order derivative is odd and equal to 0 at x 0.  Therefore,œ

 a a a 0; that is, the Maclaurin series for f contains only odd powers.! # %œ œ œ á œ

53-58.  Example CAS commands:
 :Maple
 f := x -> 1/sqrt(1+x);
 x0 := -3/4;
 x1 :=  3/4;
 # Step 1:
 plot( f(x), x=x0..x1, title="Step 1: #53 (Section 10.9)" );
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10. x 1 x x 1 x x x x xx 1 2 14
1 x

3
! 3! 3 9 81

3 4
È3 !

""Î

#

#
œ ! œ " ! ! !á œ " ! " !áa b Œ !ˆ ‰

!

" ! ! ! ! !

3
x xˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

3 3 3 3 3
4 4 7

11. (1 x) 1 4x 1 4x 6x 4x x! œ ! ! ! ! œ ! ! ! !
% # $ %

#

(4)(3)x (4)(3)(2)x (4)(3)(2)x
! 3! 4!

12. 1 x 1 3x 1 3x 3x xa b! œ ! ! ! œ ! ! !
# # # % '

$

#

(3)(2) x (3)(2)(1) x
! 3!
a b a b

13. (1 2x) 1 3( 2x) 1 6x 12x 8x" œ ! " ! ! œ " ! "
$ # $" "

#

(3)(2)( 2x) (3)(2)(1)( 2x)
! 3!

14. 1 1 4 1 2x x x xˆ ‰ ˆ ‰" œ ! " ! ! ! œ " ! " !
x x 3

! 3! 4! 2 16# # # #

%
# $ %" "

(4)(3) (4)(3)(2) (4)(3)(2)(1)ˆ ‰ ˆ ‰ ˆ ‰! ! !
x x x

15. sin x  dx x  dx 0.00267 with error' '
0 0

0 2 0 2
# #

!Þ# !Þ#

! !

œ " ! "á œ " !á ¸ ¸Š ‹ ’ “ ’ “x x x x x
3! 5! 3 7 3! 3†

 E 0.0000003k k Ÿ ¸
(.2)
7 3!†

16.  dx  1 x 1  dx 1  dx' ' '
0 0 0

0 2 0 2 0 2
e   x x x x x x

x x ! 3! 4! 6 24
x
" " "

# #
œ " ! " ! "á " œ " ! " ! "áŠ ‹ Š ‹

 x 0.19044 with error E 0.00002œ " ! " !á ¸ " Ÿ ¸’ “ k kx x
4 18 96

(0.2)
!Þ#

!

17.  dx 1  dx x [x] 0.1 with error' '
0 0

0 1 0 1
"

!

!Þ"

!

!Þ"

!È1  x
x 3x x
2 8 10œ " ! "á œ " !á ¸ ¸Š ‹ ’ “

 E 0.000001k k Ÿ œ
(0.1)

10

18.   1 x  dx 1  dx x x 0.25174 with error' '
!

!Þ#&
$ #

!Þ#& !Þ#&

! !

È Š ‹ ’ “ ’ “! œ ! " !á œ ! " !á ¸ ! ¸
0

0 25
x x x x x
3 9 9 45 9

 E 0.0000217k k Ÿ ¸
(0.25)

45

19.  dx 1  dx x x' '
0 0

0 1 0 1
sin x x x x x x x x x

x 3! 5! 7! 3 3! 5 5! 7 7! 3 3! 5 5!œ " ! " !á œ " ! " !á ¸ " !Š ‹ ’ “ ’ “
† † † † †

!Þ" !Þ"

! !

 0.0999444611, E 2.8 10¸ Ÿ ¸ ‚k k (0.1)
7 7!

127

†

"

20. exp x  dx 1 x  dx x x' '
0 0

0 1 0 1

a b Š ‹ ’ “ ’ “" œ " ! " ! "á œ " ! ! !á ¸ " ! "
# #

!Þ" !Þ"

! !

x x x x x x x x x
2! 3! 4! 3 10 42 3 10 42

 0.0996676643, E 4.6 10¸ Ÿ ¸ ‚k k (0.1)
216

129
"

21. 1 x (1) (1) x (1) x (1) xa b a b a b a b! œ ! ! !
% "Î# ""Î# % "$Î# % "&Î# %

"Î# # $

#

Š ‹
1 ! 3!

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰! ! !
3

 (1) x 1! !á œ ! " ! " !á

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰! ! !
3 5

4! 8 16 128
x x x 5x"(Î# %

%

#
a b

  1  dx x 0.100001, E 1.39 10Ê ! " ! " !á ¸ ! ¸ Ÿ ¸ ‚'
0

0 1

Š ‹ ’ “ k kx x x 5x x
8 16 128 10 72

(0.1) 11
#

!Þ"

!

"
9

22.  dx  dx' '
0 0

1 1ˆ ‰ Š ‹ ’ “1 cos x x x x x x x x x x
x 4! 6! 8! 10! 3 4! 5 6! 7 8! 9 10!

" "

# #

"

!

œ " ! " ! "á ¸ " ! " !
† † † †

 0.4863853764,  E 1.9 10¸ Ÿ ¸ ‚k k 1
11 12!

10
†

"

23. cos t  dt 1  dt t   error .00011' '
0 0

1 1
#

#

"

!

"
œ " ! " !á œ " ! " !á Ê # ¸Š ‹ ’ “ k kt t t t t t

4! 6! 10 9 4! 13 6! 13 6!† † †
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10. x 1 x x 1 x x x x xx 1 2 14
1 x

3
! 3! 3 9 81

3 4
È3 !

""Î

#

#
œ ! œ " ! ! !á œ " ! " !áa b Œ !ˆ ‰

!

" ! ! ! ! !

3
x xˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

3 3 3 3 3
4 4 7

11. (1 x) 1 4x 1 4x 6x 4x x! œ ! ! ! ! œ ! ! ! !
% # $ %

#

(4)(3)x (4)(3)(2)x (4)(3)(2)x
! 3! 4!

12. 1 x 1 3x 1 3x 3x xa b! œ ! ! ! œ ! ! !
# # # % '

$

#

(3)(2) x (3)(2)(1) x
! 3!
a b a b

13. (1 2x) 1 3( 2x) 1 6x 12x 8x" œ ! " ! ! œ " ! "
$ # $" "

#

(3)(2)( 2x) (3)(2)(1)( 2x)
! 3!

14. 1 1 4 1 2x x x xˆ ‰ ˆ ‰" œ ! " ! ! ! œ " ! " !
x x 3

! 3! 4! 2 16# # # #

%
# $ %" "

(4)(3) (4)(3)(2) (4)(3)(2)(1)ˆ ‰ ˆ ‰ ˆ ‰! ! !
x x x

15. sin x  dx x  dx 0.00267 with error' '
0 0

0 2 0 2
# #

!Þ# !Þ#

! !

œ " ! "á œ " !á ¸ ¸Š ‹ ’ “ ’ “x x x x x
3! 5! 3 7 3! 3†

 E 0.0000003k k Ÿ ¸
(.2)
7 3!†

16.  dx  1 x 1  dx 1  dx' ' '
0 0 0

0 2 0 2 0 2
e   x x x x x x

x x ! 3! 4! 6 24
x
" " "

# #
œ " ! " ! "á " œ " ! " ! "áŠ ‹ Š ‹

 x 0.19044 with error E 0.00002œ " ! " !á ¸ " Ÿ ¸’ “ k kx x
4 18 96

(0.2)
!Þ#

!

17.  dx 1  dx x [x] 0.1 with error' '
0 0

0 1 0 1
"

!

!Þ"

!

!Þ"

!È1  x
x 3x x
2 8 10œ " ! "á œ " !á ¸ ¸Š ‹ ’ “

 E 0.000001k k Ÿ œ
(0.1)

10

18.   1 x  dx 1  dx x x 0.25174 with error' '
!

!Þ#&
$ #

!Þ#& !Þ#&

! !

È Š ‹ ’ “ ’ “! œ ! " !á œ ! " !á ¸ ! ¸
0

0 25
x x x x x
3 9 9 45 9

 E 0.0000217k k Ÿ ¸
(0.25)

45

19.  dx 1  dx x x' '
0 0

0 1 0 1
sin x x x x x x x x x

x 3! 5! 7! 3 3! 5 5! 7 7! 3 3! 5 5!œ " ! " !á œ " ! " !á ¸ " !Š ‹ ’ “ ’ “
† † † † †

!Þ" !Þ"

! !

 0.0999444611, E 2.8 10¸ Ÿ ¸ ‚k k (0.1)
7 7!

127

†

"

20. exp x  dx 1 x  dx x x' '
0 0

0 1 0 1

a b Š ‹ ’ “ ’ “" œ " ! " ! "á œ " ! ! !á ¸ " ! "
# #

!Þ" !Þ"

! !

x x x x x x x x x
2! 3! 4! 3 10 42 3 10 42

 0.0996676643, E 4.6 10¸ Ÿ ¸ ‚k k (0.1)
216

129
"

21. 1 x (1) (1) x (1) x (1) xa b a b a b a b! œ ! ! !
% "Î# ""Î# % "$Î# % "&Î# %

"Î# # $

#

Š ‹
1 ! 3!

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰! ! !
3

 (1) x 1! !á œ ! " ! " !á

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰! ! !
3 5

4! 8 16 128
x x x 5x"(Î# %

%

#
a b

  1  dx x 0.100001, E 1.39 10Ê ! " ! " !á ¸ ! ¸ Ÿ ¸ ‚'
0

0 1

Š ‹ ’ “ k kx x x 5x x
8 16 128 10 72

(0.1) 11
#

!Þ"

!

"
9

22.  dx  dx' '
0 0

1 1ˆ ‰ Š ‹ ’ “1 cos x x x x x x x x x x
x 4! 6! 8! 10! 3 4! 5 6! 7 8! 9 10!

" "

# #

"

!

œ " ! " ! "á ¸ " ! " !
† † † †

 0.4863853764,  E 1.9 10¸ Ÿ ¸ ‚k k 1
11 12!

10
†

"

23. cos t  dt 1  dt t   error .00011' '
0 0

1 1
#

#

"

!

"
œ " ! " !á œ " ! " !á Ê # ¸Š ‹ ’ “ k kt t t t t t

4! 6! 10 9 4! 13 6! 13 6!† † †
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10. x 1 x x 1 x x x x xx 1 2 14
1 x

3
! 3! 3 9 81

3 4
È3 !

""Î

#

#
œ ! œ " ! ! !á œ " ! " !áa b Œ !ˆ ‰

!

" ! ! ! ! !

3
x xˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

3 3 3 3 3
4 4 7

11. (1 x) 1 4x 1 4x 6x 4x x! œ ! ! ! ! œ ! ! ! !
% # $ %

#

(4)(3)x (4)(3)(2)x (4)(3)(2)x
! 3! 4!

12. 1 x 1 3x 1 3x 3x xa b! œ ! ! ! œ ! ! !
# # # % '

$

#

(3)(2) x (3)(2)(1) x
! 3!
a b a b

13. (1 2x) 1 3( 2x) 1 6x 12x 8x" œ ! " ! ! œ " ! "
$ # $" "

#

(3)(2)( 2x) (3)(2)(1)( 2x)
! 3!

14. 1 1 4 1 2x x x xˆ ‰ ˆ ‰" œ ! " ! ! ! œ " ! " !
x x 3

! 3! 4! 2 16# # # #

%
# $ %" "

(4)(3) (4)(3)(2) (4)(3)(2)(1)ˆ ‰ ˆ ‰ ˆ ‰! ! !
x x x

15. sin x  dx x  dx 0.00267 with error' '
0 0

0 2 0 2
# #

!Þ# !Þ#

! !

œ " ! "á œ " !á ¸ ¸Š ‹ ’ “ ’ “x x x x x
3! 5! 3 7 3! 3†

 E 0.0000003k k Ÿ ¸
(.2)
7 3!†

16.  dx  1 x 1  dx 1  dx' ' '
0 0 0

0 2 0 2 0 2
e   x x x x x x

x x ! 3! 4! 6 24
x
" " "

# #
œ " ! " ! "á " œ " ! " ! "áŠ ‹ Š ‹

 x 0.19044 with error E 0.00002œ " ! " !á ¸ " Ÿ ¸’ “ k kx x
4 18 96

(0.2)
!Þ#

!

17.  dx 1  dx x [x] 0.1 with error' '
0 0

0 1 0 1
"

!

!Þ"

!

!Þ"

!È1  x
x 3x x
2 8 10œ " ! "á œ " !á ¸ ¸Š ‹ ’ “

 E 0.000001k k Ÿ œ
(0.1)

10

18.   1 x  dx 1  dx x x 0.25174 with error' '
!

!Þ#&
$ #

!Þ#& !Þ#&

! !

È Š ‹ ’ “ ’ “! œ ! " !á œ ! " !á ¸ ! ¸
0

0 25
x x x x x
3 9 9 45 9

 E 0.0000217k k Ÿ ¸
(0.25)

45

19.  dx 1  dx x x' '
0 0

0 1 0 1
sin x x x x x x x x x

x 3! 5! 7! 3 3! 5 5! 7 7! 3 3! 5 5!œ " ! " !á œ " ! " !á ¸ " !Š ‹ ’ “ ’ “
† † † † †

!Þ" !Þ"

! !

 0.0999444611, E 2.8 10¸ Ÿ ¸ ‚k k (0.1)
7 7!

127

†

"

20. exp x  dx 1 x  dx x x' '
0 0

0 1 0 1

a b Š ‹ ’ “ ’ “" œ " ! " ! "á œ " ! ! !á ¸ " ! "
# #

!Þ" !Þ"

! !

x x x x x x x x x
2! 3! 4! 3 10 42 3 10 42

 0.0996676643, E 4.6 10¸ Ÿ ¸ ‚k k (0.1)
216

129
"

21. 1 x (1) (1) x (1) x (1) xa b a b a b a b! œ ! ! !
% "Î# ""Î# % "$Î# % "&Î# %

"Î# # $

#

Š ‹
1 ! 3!

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰! ! !
3

 (1) x 1! !á œ ! " ! " !á

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰! ! !
3 5

4! 8 16 128
x x x 5x"(Î# %

%

#
a b

  1  dx x 0.100001, E 1.39 10Ê ! " ! " !á ¸ ! ¸ Ÿ ¸ ‚'
0

0 1

Š ‹ ’ “ k kx x x 5x x
8 16 128 10 72

(0.1) 11
#

!Þ"

!

"
9

22.  dx  dx' '
0 0

1 1ˆ ‰ Š ‹ ’ “1 cos x x x x x x x x x x
x 4! 6! 8! 10! 3 4! 5 6! 7 8! 9 10!

" "

# #

"

!

œ " ! " ! "á ¸ " ! " !
† † † †

 0.4863853764,  E 1.9 10¸ Ÿ ¸ ‚k k 1
11 12!

10
†

"

23. cos t  dt 1  dt t   error .00011' '
0 0

1 1
#

#

"

!

"
œ " ! " !á œ " ! " !á Ê # ¸Š ‹ ’ “ k kt t t t t t

4! 6! 10 9 4! 13 6! 13 6!† † †
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24. cos t dt 1  dt t' '
0 0

1 1È Š ‹ ’ “œ ! " ! " !á œ ! " ! " !á
t t t t t t t t

4! 6! 8! 4 3 4! 4 6! 5 8!#

"

!
† † †

  error 0.000004960Ê # ¸k k "

5 8!†

25. F(x) t  dt  œ ! " ! "á œ ! " ! "á ¸ ! "'
0

x x

Š ‹ ’ “#

!

t t t t t t t x x x
3! 5! 7! 3 7 3! 11 5! 15 7! 3 7 3! 11 5!† † † † †

  error 0.000013Ê # ¸k k "

15 7!†

26. F(x) t t  dtœ ! " ! " ! "á œ ! " ! " ! "á'
0

x x

Š ‹ ’ “# %

!

t t t t t t t t t t
2! 3! 4! 5! 3 5 7 2! 9 3! 11 4! 13 5!† † † †

   error 0.00064¸ ! " ! " Ê # ¸
x x x x x
3 5 7 2! 9 3! 11 4! 13 5!† † † †

k k "

27. (a) F(x) t  dt   error .00052œ ! " ! "á œ ! " !á ¸ ! Ê # ¸'
0

x x

Š ‹ ’ “ k kt t t t t t x x
3 5 7 2 1 30 1 30

(0.5)
# # #

!

 (b) error .00089 when F(x) ( 1)  k k # ¸ ¸ ! " ! "á " !
"

#

"&

33 34 3 4 5 6 7 8 31 32
x x x x x

† † † † †

28. (a) F(x) 1  dt t xœ ! " ! "á œ ! " ! " !á ¸ ! " ! "'
0

x x

Š ‹ ’ “t t t t t t t x x x x
2 3 4 2 2 3 3 4 4 5 5 3 4 5† † † †

!
#

  error .00043Ê # ¸k k (0.5)
6

 (b) error .00097 when F(x) x ( 1)  k k # ¸ ¸ ! " ! "á " !
"

#

$"

32 3 4 31
x x x x

29. e (1 x) 1 x 1 x    lim   " " "

# #

! "

x x 3! 3! 4! x
x x x x x e (1 x)a b Š ‹Š ‹! " œ " " " "á ! ! œ " " "á Ê

x 0Ä

x

  lim  œ " " "á œ
x 0Ä

Š ‹" "

# #

x x
3! 4!

30. e e 1 x 1 x 2x" " "!

# #x x ! 3! 4! ! 3! 4! x 3! 5! 7!
x x x x x x x x 2x 2x 2xa b ’ “ Š ‹Š ‹ Š ‹! œ " " " " "á ! ! " ! " !á œ " " " "á

 2    lim    lim  2 2œ " " " "á Ê œ " " " "á œ
2x 2x 2x e e 2x 2x 2x
3! 5! 7! x 3! 5! 7!x 0 xÄ Ä _

x x
! Š ‹

31. 1 cos t 1 1    lim   " " "

# # #

"! !

t t t
t t t t t t t

4! 6! 4! 6! 8!

cos t
Š ‹ ’ “Š ‹! ! œ ! ! ! " ! "á œ ! " ! "á Ê

t 0Ä

Š ‹t

  lim  œ ! " ! "á œ !
t 0Ä

Š ‹" "

4! 6! 8! 24
t t

32. sin    lim   " " "
! "

) ) )

) ) ) ) ) )

) )

Š ‹ Š ‹! " " œ ! " " ! " !á œ ! " !á Ê) ) ) )6 6 3! 5! 5! 7! 9!

sin 

) Ä 0

Š ‹6

  lim  œ ! " !á œ
) Ä 0

Š ‹" "

#5! 7! 9! 1 0
) )

33. y tan y y y    lim    lim  " " " "!" !

y y 3 5 3 5 7 y 3 5 7
y y y y y tan y y ya b ’ “ Š ‹Š ‹! œ ! ! " !á œ ! " !á Ê œ ! " !á

y 0 y 0Ä Ä

 œ
"

3

34. tan y sin y
y  cos y y  cos y y  cos y cos y

y y
!

! " !á ! ! " !á ! " !á ! " !á

œ œ œ

Œ " Œ " Œ " Œ "y y y y y 23y 23y
3 5 3! 5! 6 5! 6 5!

   lim    lim   Ê œ œ !
y 0 y 0Ä Ä

tan y sin y
y  cos y cos y 6

!

! " !á

"

Œ "6 5!
23y

35. x 1 e x 1 1 1    lim  x e 1# ! Î # # ! Î" " " " "

# #
Š ‹ Š ‹ˆ ‰! " œ ! " ! " ! "á œ ! " ! "á Ê !

1 x 1 x
x 6x xx 6x x Ä _

  lim  1 1œ ! " ! "á œ !x Ä _

ˆ ‰" "

#x 6x
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24. cos t dt 1  dt t' '
0 0

1 1È Š ‹ ’ “œ ! " ! " !á œ ! " ! " !á
t t t t t t t t

4! 6! 8! 4 3 4! 4 6! 5 8!#

"

!
† † †

  error 0.000004960Ê # ¸k k "

5 8!†

25. F(x) t  dt  œ ! " ! "á œ ! " ! "á ¸ ! "'
0

x x

Š ‹ ’ “#

!

t t t t t t t x x x
3! 5! 7! 3 7 3! 11 5! 15 7! 3 7 3! 11 5!† † † † †

  error 0.000013Ê # ¸k k "

15 7!†

26. F(x) t t  dtœ ! " ! " ! "á œ ! " ! " ! "á'
0

x x

Š ‹ ’ “# %

!

t t t t t t t t t t
2! 3! 4! 5! 3 5 7 2! 9 3! 11 4! 13 5!† † † †

   error 0.00064¸ ! " ! " Ê # ¸
x x x x x
3 5 7 2! 9 3! 11 4! 13 5!† † † †

k k "

27. (a) F(x) t  dt   error .00052œ ! " ! "á œ ! " !á ¸ ! Ê # ¸'
0

x x

Š ‹ ’ “ k kt t t t t t x x
3 5 7 2 1 30 1 30

(0.5)
# # #

!

 (b) error .00089 when F(x) ( 1)  k k # ¸ ¸ ! " ! "á " !
"

#

"&

33 34 3 4 5 6 7 8 31 32
x x x x x

† † † † †

28. (a) F(x) 1  dt t xœ ! " ! "á œ ! " ! " !á ¸ ! " ! "'
0

x x

Š ‹ ’ “t t t t t t t x x x x
2 3 4 2 2 3 3 4 4 5 5 3 4 5† † † †

!
#

  error .00043Ê # ¸k k (0.5)
6

 (b) error .00097 when F(x) x ( 1)  k k # ¸ ¸ ! " ! "á " !
"

#

$"

32 3 4 31
x x x x

29. e (1 x) 1 x 1 x    lim   " " "

# #

! "

x x 3! 3! 4! x
x x x x x e (1 x)a b Š ‹Š ‹! " œ " " " "á ! ! œ " " "á Ê

x 0Ä

x

  lim  œ " " "á œ
x 0Ä

Š ‹" "

# #

x x
3! 4!

30. e e 1 x 1 x 2x" " "!

# #x x ! 3! 4! ! 3! 4! x 3! 5! 7!
x x x x x x x x 2x 2x 2xa b ’ “ Š ‹Š ‹ Š ‹! œ " " " " "á ! ! " ! " !á œ " " " "á

 2    lim    lim  2 2œ " " " "á Ê œ " " " "á œ
2x 2x 2x e e 2x 2x 2x
3! 5! 7! x 3! 5! 7!x 0 xÄ Ä _

x x
! Š ‹

31. 1 cos t 1 1    lim   " " "

# # #

"! !

t t t
t t t t t t t

4! 6! 4! 6! 8!

cos t
Š ‹ ’ “Š ‹! ! œ ! ! ! " ! "á œ ! " ! "á Ê

t 0Ä

Š ‹t

  lim  œ ! " ! "á œ !
t 0Ä

Š ‹" "

4! 6! 8! 24
t t

32. sin    lim   " " "
! "

) ) )

) ) ) ) ) )

) )

Š ‹ Š ‹! " " œ ! " " ! " !á œ ! " !á Ê) ) ) )6 6 3! 5! 5! 7! 9!

sin 

) Ä 0

Š ‹6

  lim  œ ! " !á œ
) Ä 0

Š ‹" "

#5! 7! 9! 1 0
) )

33. y tan y y y    lim    lim  " " " "!" !

y y 3 5 3 5 7 y 3 5 7
y y y y y tan y y ya b ’ “ Š ‹Š ‹! œ ! ! " !á œ ! " !á Ê œ ! " !á

y 0 y 0Ä Ä

 œ
"

3

34. tan y sin y
y  cos y y  cos y y  cos y cos y

y y
!

! " !á ! ! " !á ! " !á ! " !á

œ œ œ

Œ " Œ " Œ " Œ "y y y y y 23y 23y
3 5 3! 5! 6 5! 6 5!

   lim    lim   Ê œ œ !
y 0 y 0Ä Ä

tan y sin y
y  cos y cos y 6

!

! " !á

"

Œ "6 5!
23y

35. x 1 e x 1 1 1    lim  x e 1# ! Î # # ! Î" " " " "

# #
Š ‹ Š ‹ˆ ‰! " œ ! " ! " ! "á œ ! " ! "á Ê !

1 x 1 x
x 6x xx 6x x Ä _

  lim  1 1œ ! " ! "á œ !x Ä _

ˆ ‰" "

#x 6x
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36. (x 1) sin (x 1) 1! œ ! " ! "á œ " ! "áˆ ‰ Š ‹" " " " " "

! ! ! ! ! !x 1 x 1 3!(x 1) 5!(x 1) 3!(x 1) 5!(x 1)

   lim  (x 1) sin  lim  1 1Ê ! œ " ! "á œx xÄ _ Ä _

ˆ ‰ Š ‹" " "

! ! !x 1 3!(x 1) 5!(x 1)

37.  lim   lim   ln 1 x ln 1 x
1 cos x 1 cos x

x 1 1

1 1

a b a bŒ ! Œ ! Œ !

Š ‹ Š ‹ Š ‹
! !

" "

" ! "á " ! "á " ! "á

" " ! "á " !á

œ œ Ê œ

x x x x x x
3 3 3

x x
! 4! ! 4!

x x 0 x 0Ä Ä ! 4!
x

" !á

œ œ2! 2

38.    lim   x 4 x 2 x 4
ln (x 1) ln (x 1)

(x 2)(x 2)

(x 2) 1

" ! "

" "

" !

" " ! "á " ! "á

œ œ Ê

’ “ ’ “(x 2) (x 2) (x 2)
3 3

x 2 x 2Ä

  lim   4œ œ
x 2Ä

x 2

1

!

" ! "á’ “x 2 (x 2)
3

39. sin 3x 3x x x . . .  and 1 cos 2x 2x x x . . .  lim   2 2 6 10 2 4 69 81 2 4 sin 3x
2 40 3 45 1 cos 2xœ " ! " " œ " ! " Ê

x 0Ä

2

"

  lim    lim   œ œ œ
x 0 x 0Ä Ä

3x x x . . . 3 x x . . .
2x x x . . . 2 x x . . .

3
2

2 6 10 4 89 81 9 81
2 40 2 40

2 4 6 2 42 4 2 4
3 45 3 45

" ! " " ! "

" ! " " ! "

40. ln 1 x x . . .  and  x sin x x x x x  lim   a b! œ " ! " ! œ " ! " ! Þ Þ Þ Ê
3 3 2 3 7 11 15x x x 1 1 1

2 3 4 6 120 5040 x sin x
ln 1 x6 9 12 3

2
x 0Ä

ˆ ‰!

  lim    lim   1œ œ œ
x 0 x 0Ä Ä

x . . . 1 . . .
x x x x 1 x x x

3 x x x x x x6 9 12 3 6 9
2 3 4 2 3 4

3 7 11 15 4 8 121 1 1 1 1 1
6 120 5040 6 120 5040

" ! " ! " ! " !

" ! " ! Þ Þ Þ " ! " ! Þ Þ Þ

41. 1 1 e e! ! ! ! ! Þ Þ Þ œ œ
1 1 1
2 3 4

1
x x x

42. 1ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰” •1 1 1 1 1 1 1 1 1 4 1
4 4 4 4 4 4 64 1 1 4 64 3 48

3 4 5 3 2
! ! ! Þ Þ Þ œ ! ! ! Þ Þ Þ œ œ œ

" Î

43. 1 1 cos" ! " ! Þ Þ Þ œ " ! " ! Þ Þ Þ œ
3 3 3 1 3 1 3 1 3 3

4 2 4 4 4 6 2 4 4 4 6 4 4
2 4 62 4 6

2 4 6
x x x x x x

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

44. ln 1 ln1 1 1 1 1 1 1 1 1 1 1 1 3
2 2 2 3 2 4 2 2 2 3 4 2 2

2 3 4
" ! " ! Þ Þ Þ œ " ! " ! Þ Þ Þ œ ! œ

† † † # # #
2 3 4 ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

45. sin1 1 1 1 1 1 1 1 1

3 3 3 3 5 3 7 3 3 3 5 3 7 3 3 2
1 1 13 5 7 3

" ! " ! Þ Þ Þ œ " ! " ! Þ Þ Þ œ œ
3 5 7

3 5 7
x x x x x x

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ È

46. tan2 2 2 2 2 1 2 1 2 1 2 2
3 3 3 3 5 3 7 3 3 3 5 3 7 3 3

3 5 7 1
" ! " ! Þ Þ Þ œ " ! " ! Þ Þ Þ œ

3 5 7

3 5 7
† † †

"ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

47. x x x x x 1 x x x x3 4 5 6 3 2 3 3 1 x
1 x 1 x! ! ! ! Þ Þ Þ œ ! ! ! ! Þ Þ Þ œ œa b ˆ ‰
" "

3

48. 1 1 3x 3x 3x cos 3x" ! " ! Þ Þ Þ œ " ! " ! Þ Þ Þ œ
3 x 3 x 3 x 1 1 1

2 4 6 2 4 6
2 4 62 2 4 4 6 6

x x x x x x
a b a b a b a b

49. x x x x x 1 x x x x3 5 7 9 3 2 2 2 32 3 1 x
1 + x 1 + x" ! " ! Þ Þ Þ œ " ! " ! Þ Þ Þ œ œŠ ‹a b a b ˆ ‰2 2

3

50. x 2x x 1 2x x e2 3 2 2 2x2 x 2 x 2 x
2 3 4 2 3 4

2x 2x 2x
" ! " ! " Þ Þ Þ œ " ! " ! " Þ Þ Þ œ

2 4 3 5 4 6 2 3 4

x x x x x x

"Š ‹a b a b a b

51. 1 2x 3x 4x 5x 1 x x x x x" ! " ! " ! Þ Þ Þ œ " ! " ! " ! Þ Þ Þ œ œ
2 3 4 2 3 4 5d d 1 1

dx dx 1 x 1 x
a b ˆ ‰

!

"

!a b2

52. 1 x ln 1 x! ! ! ! ! Þ Þ œ " " " " " " " Þ Þ œ " " œ "
x x x x 1 x x x x 1
2 3 4 5 x 2 3 4 5 x x

ln 1 x2 3 4 2 3 4 5Š ‹ a b a b"
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53. ln ln (1 x) ln (1 x) x x 2 xˆ ‰ Š ‹ Š ‹ Š ‹1 x x x x x x x x x
1 x 3 4 3 4 3 5
!

" # #
œ ! " " œ " ! " !á " " " " " "á œ ! ! !á

54. ln (1 x) x   error  when  x 0.1;! œ " ! " !á ! !á Ê œ œ œ
x x x

3 4 n n n10
( 1) x ( ) x

#

" "" "
n 1 n n 1 n

nk k ¹ ¹
   n10 10  when n 8  7 terms" " )

n10 10
n

n # Ê $   Ê

55. tan x x   error  when x 1;"" "" "

" " # "

"
œ " ! " ! "á ! !á Ê œ œ œ

x x x x
3 5 7 9 2n 1 2n 1 n 1

( ) x ( 1) xn 1 2n 1 n 1 2n 1k k ¹ ¹
   n 500.5  the first term not used is the 501   we must use 500 terms" "

# " #n 1 10
1001

# Ê $ œ Ê Ê
st

56. tan x x  and  lim   x   lim   x"" # #"

" ! # !

" "
œ " ! " ! "á ! !á œ œ

x x x x x 2n 1 2n 1
3 5 7 9 2n 1 2n 1 x n 1

( 1) xn 1 2n 1 2n 1

2n 1n nÄ _ Ä _
¹ ¹ ¸ ¸

†

  tan x converges for x 1; when x 1 we have    which is a convergent series; when x 1Ê # œ " œ
"" "

"
k k !

_

œn 1

( 1)
2n 1

n

 we have   which is a convergent series  the series representing tan x diverges for x 1! k k
_

œn 1

( 1)
2n 1
"

"

""
n 1

Ê $

57. tan x x  and when the series representing 48 tan  has an"" """

"

"
œ " ! " ! "á ! !á

x x x x
3 5 7 9 2n 1 18

( 1) xn 1 2n 1 ˆ ‰
 error less than 10 , then the series representing the sum" "'

3 †

 48 tan 32 tan 20 tan  also has an error of magnitude less than 10 ; thus"" "" "" "'" " "

#

ˆ ‰ ˆ ‰ ˆ ‰
18 57 39! "

 error 48   n 4  using a calculator  4 termsk k œ # Ê   Ê

Š ‹18

2n 1

# " †

"

n 1 3 10

58. ln (sec x) tan t dt t  dtœ œ ! ! !á ¸ ! ! !á' '
0 0

x x

Š ‹t 2t x x x
3 15 12 45#

59. (a) 1 x 1   sin x x ; Using the Ratio Test:a b" ¸ ! ! ! Ê ¸ ! ! !
# ""

""Î#

#

x 3x 5x x 3x 5x
8 16 6 40 112

  lim   1  x   lim   n nÄ _ Ä _
¹ ¹ ¹ ¹1 3 5 (2n 1)(2n 1)x 2 4 6 (2n)(2n )

2 4 6 (2n)(2n 2)(2n 3) 1 3 5 (2n 1)x
† † † †

† † † †

â " ! â ! "

â ! ! â "

#
2n 3

2n 1† # Ê
(2n 1)(2n 1)
(2n 2)

! !

! (2n 3)!
# 1

  x 1  the radius of convergence is 1. See Exercise 69.Ê # Êk k
 (b) cos x 1 x   cos x sin x x xd x 3x 5x x 3x 5x

dx 6 40 112 6 40 112a b a b Š ‹"" # "" ""
""Î#

# # #
œ " " Ê œ " ¸ " ! ! ! ¸ " " " "

1 1 1

60. (a) 1 t (1) (1) ta b a bˆ ‰! ¸ ! " ! !
# ""Î# "$Î# #

""Î# " " " " ""

# #

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b a b3 3 5(1) t (1) t
! 3!

 1   sinh x 1  dt xœ " ! " Ê ¸ " ! " œ " ! "
t 3t 3 5t t 3t 5t x 3x 5x

2 2! 2 3! 8 16 6 40 112# #

""

† †

† '
0

x

Š ‹
 (b) sinh 0.24746908; the error is less than the absolute value of the first unused"" " " "ˆ ‰

4 4 384 40,960
3

¸ " ! œ

 term, , evaluated at t  since the series is alternating  error 2.725 105x
112 4 112

5
œ Ê # ¸ ‚

" "'k k ˆ ‰
4

61. 1 x x x   1 x x x"" " " "

! " " ! !

# $ # $

1 x 1 ( x) dx 1 x 1 x dx
d 1 d

œ " œ " ! " ! "á Ê œ œ " ! " ! "áˆ ‰ a b
 1 2x 3x 4xœ " ! " !á

# $

62. 1 x x x   1 x x x 2x 4x 6x" "

" "

# % ' # % ' $ &

"1 x dx 1 x dx
d 2x d

1 x
œ ! ! ! !á Ê œ œ ! ! ! !á œ ! ! !áˆ ‰ a ba b
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53. ln ln (1 x) ln (1 x) x x 2 xˆ ‰ Š ‹ Š ‹ Š ‹1 x x x x x x x x x
1 x 3 4 3 4 3 5
!

" # #
œ ! " " œ " ! " !á " " " " " "á œ ! ! !á

54. ln (1 x) x   error  when  x 0.1;! œ " ! " !á ! !á Ê œ œ œ
x x x

3 4 n n n10
( 1) x ( ) x

#

" "" "
n 1 n n 1 n

nk k ¹ ¹
   n10 10  when n 8  7 terms" " )

n10 10
n

n # Ê $   Ê

55. tan x x   error  when x 1;"" "" "

" " # "

"
œ " ! " ! "á ! !á Ê œ œ œ

x x x x
3 5 7 9 2n 1 2n 1 n 1

( ) x ( 1) xn 1 2n 1 n 1 2n 1k k ¹ ¹
   n 500.5  the first term not used is the 501   we must use 500 terms" "

# " #n 1 10
1001

# Ê $ œ Ê Ê
st

56. tan x x  and  lim   x   lim   x"" # #"

" ! # !

" "
œ " ! " ! "á ! !á œ œ

x x x x x 2n 1 2n 1
3 5 7 9 2n 1 2n 1 x n 1

( 1) xn 1 2n 1 2n 1

2n 1n nÄ _ Ä _
¹ ¹ ¸ ¸

†

  tan x converges for x 1; when x 1 we have    which is a convergent series; when x 1Ê # œ " œ
"" "

"
k k !

_

œn 1

( 1)
2n 1

n

 we have   which is a convergent series  the series representing tan x diverges for x 1! k k
_

œn 1

( 1)
2n 1
"

"

""
n 1

Ê $

57. tan x x  and when the series representing 48 tan  has an"" """

"

"
œ " ! " ! "á ! !á

x x x x
3 5 7 9 2n 1 18

( 1) xn 1 2n 1 ˆ ‰
 error less than 10 , then the series representing the sum" "'

3 †

 48 tan 32 tan 20 tan  also has an error of magnitude less than 10 ; thus"" "" "" "'" " "

#

ˆ ‰ ˆ ‰ ˆ ‰
18 57 39! "

 error 48   n 4  using a calculator  4 termsk k œ # Ê   Ê

Š ‹18

2n 1

# " †

"

n 1 3 10

58. ln (sec x) tan t dt t  dtœ œ ! ! !á ¸ ! ! !á' '
0 0

x x

Š ‹t 2t x x x
3 15 12 45#

59. (a) 1 x 1   sin x x ; Using the Ratio Test:a b" ¸ ! ! ! Ê ¸ ! ! !
# ""

""Î#

#

x 3x 5x x 3x 5x
8 16 6 40 112

  lim   1  x   lim   n nÄ _ Ä _
¹ ¹ ¹ ¹1 3 5 (2n 1)(2n 1)x 2 4 6 (2n)(2n )

2 4 6 (2n)(2n 2)(2n 3) 1 3 5 (2n 1)x
† † † †

† † † †

â " ! â ! "

â ! ! â "

#
2n 3

2n 1† # Ê
(2n 1)(2n 1)
(2n 2)

! !

! (2n 3)!
# 1

  x 1  the radius of convergence is 1. See Exercise 69.Ê # Êk k
 (b) cos x 1 x   cos x sin x x xd x 3x 5x x 3x 5x

dx 6 40 112 6 40 112a b a b Š ‹"" # "" ""
""Î#

# # #
œ " " Ê œ " ¸ " ! ! ! ¸ " " " "

1 1 1

60. (a) 1 t (1) (1) ta b a bˆ ‰! ¸ ! " ! !
# ""Î# "$Î# #

""Î# " " " " ""

# #

ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰a b a b3 3 5(1) t (1) t
! 3!

 1   sinh x 1  dt xœ " ! " Ê ¸ " ! " œ " ! "
t 3t 3 5t t 3t 5t x 3x 5x

2 2! 2 3! 8 16 6 40 112# #

""

† †

† '
0

x

Š ‹
 (b) sinh 0.24746908; the error is less than the absolute value of the first unused"" " " "ˆ ‰

4 4 384 40,960
3

¸ " ! œ

 term, , evaluated at t  since the series is alternating  error 2.725 105x
112 4 112

5
œ Ê # ¸ ‚

" "'k k ˆ ‰
4

61. 1 x x x   1 x x x"" " " "

! " " ! !

# $ # $

1 x 1 ( x) dx 1 x 1 x dx
d 1 d

œ " œ " ! " ! "á Ê œ œ " ! " ! "áˆ ‰ a b
 1 2x 3x 4xœ " ! " !á

# $

62. 1 x x x   1 x x x 2x 4x 6x" "

" "

# % ' # % ' $ &

"1 x dx 1 x dx
d 2x d

1 x
œ ! ! ! !á Ê œ œ ! ! ! !á œ ! ! !áˆ ‰ a ba b
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  sin x 1 t  dt 1   dt x  ,Ê œ ! œ " œ "
!" #

!"Î# â ! â !

# # â "

' '
0 0

x x

a b Œ !! !
_ _

œ œn 1 n 1

1 3 5 (2n 1)x 1 3 5 (2n 1)x
n! 4 (2n)(2n 1)

† † † †

† †

2n 2n 1

n

 where x  1k k #

66. tan t tan x  dt  1  dtc d – — ˆ ‰!" !"
_

# "

" " " "

x x x x
œ ! œ œ œ ! " ! "á

1 ' ' 'dt
1 t t t tt

Š ‹

Š ‹

1
t

t
1!

  dt  lim   œ ! " ! "á œ ! " ! " !á œ ! " ! "á'
x

b

x
ˆ ‰ " ‘" " " " " " " " " " " "

t t t t 3t 5t x 3x 5xt 7t 7xb Ä _

  tan x , x 1; tan t tan x   Ê œ ! " ! "á $ œ " œ
!" !" !"

# # "

" " "1 1

x 3x 5x 1 t
dtc d x x

'

  lim     tan x ,œ ! " ! " !á œ ! " ! " !á Ê œ ! ! " ! "á
b Ä !_

" ‘" " " " " " " " " " "!"

#t 3t 5t x 3x 5x x 3x 5x7t 7x
x

b
1

 x 1# !

67. (a) e cos ( ) i sin ( ) 1 i(0) 1!i1
œ ! " ! œ ! " œ !1 1

 (b) e cos i sin (1 i)i 4
4 4 2 2 2

i1 1 1Î " "
œ " œ " œ "ˆ ‰ ˆ ‰ Š ‹È È È

 (c) e cos i sin 0 i( 1) i! Î

# #

i 21 1 1

œ ! " ! œ " ! œ !ˆ ‰ ˆ ‰

68. e cos i sin   e e cos ( ) i sin ( ) cos i sin ;i i i( )) ) )

œ " Ê œ œ ! " ! œ !) ) ) ) ) )
! !

 e e cos i sin cos i sin 2 cos   cos ;i i e e) )

" œ " " ! œ Ê œ
! "

#
) ) ) ) ) )

i i

 e e cos i sin (cos i sin ) 2i sin   sin i i e e
i

) )

! œ " ! ! œ Ê œ
! !

#
) ) ) ) ) )

i i

69. e 1 x   e 1 i  andx ix x x
! 3! 4! 2! 3! 4!

(i ) (i ) (i )
œ " " " " "á Ê œ " " " " "á

#

) ) ) )

)

 e 1 i 1 i! ! ! !

#

i ( i ) ( i ) ( i ) (i ) (i ) (i )
2! 3! 4! ! 3! 4!

) ) ) ) ) ) )

œ ! " " " "á œ ! " ! " !á) )

  Ê œ
e ei i

"

# #

Š ‹ Š ‹1 i 1 i! ! ! ! !á ! " ! " ! "á) )
(i ) (i ) (i ) (i ) (i ) (i )

! 3! 4! ! 3! 4!

 1 cos ;œ ! " ! "á œ
) ) )

#! 4! 6! )

 e e
i i

i i
!

# #
œ

Š ‹ Š ‹1 i 1 i! ! ! ! !á " " ! " ! "á) )
(i ) (i ) (i ) (i ) (i ) (i )

! 3! 4! ! 3! 4!

 sin œ ! " ! "á œ) )
) ) )

3! 5! 7!

70. e cos i sin   e e cos ( ) i sin ( ) cos i sin i i i) ) )

œ " Ê œ œ ! " ! œ !) ) ) ) ) )
! Ð! Ñ

 (a) e e (cos i sin ) (cos i sin ) 2 cos   cos cosh ii i e e) )

" œ " " ! œ Ê œ œ
! "

#
) ) ) ) ) ) )

i i

 (b) e e (cos i sin ) (cos i sin ) 2i sin   i sin sinh ii i e e
2

) )

! œ " ! ! œ Ê œ œ
! !

) ) ) ) ) ) )

i i

71. e  sin x 1 x xx x x x x x x
! 3! 4! 3! 5! 7!œ " " " " "á ! " ! "áŠ ‹Š ‹

#

 (1)x (1)x x x x x x x x ;œ " " ! " " ! " " ! " "á œ " " ! "á
# $ % & # $ &" " " " " " " " "

# # # #

ˆ ‰ ˆ ‰ ˆ ‰
6 6 6 1 0 1 4 3 30

 e e e e (cos x i sin x) e  cos x i e  sin x   e  sin x is the series of the imaginary partx ix 1 i x x x x x
† œ œ " œ " Ê

Ð " Ñ a b

 of e  which we calculate next; e   1 (x ix)Ð " Ñ Ð " Ñ " " " "

#

1 i x 1 i x (x ix) (x ix) (x ix) (x ix)
n! ! 3! 4!œ œ " " " " " "á!

_

œn 0

n

 1 x ix 2ix 2ix 2x 4x 4x 4ix 8ix   the imaginary partœ " " " " ! " ! " ! ! " ! "á Ê
" " " " "

#

# $ $ % & & '

! 3! 4! 5! 6!a b a b a b a b a b
 of e  is x x x x x x x x x x  in agreement with ourÐ " Ñ # $ & ' # $ & '

#

" " "1 i x 2 2 4 8
! 3! 5! 6! 3 30 90" " ! ! "á œ " " ! ! "á

 product calculation. The series for e sin x converges for all values of x.x

72. e e (cos bx i sin bx) ae (cos bx i sin bx) e ( b sin bx bi cos bx)d d
dx dx

a ib ax ax axˆ ‰ c dÐ " Ñ
œ " œ " " ! "

 ae (cos bx i sin bx) bie (cos bx i sin bx) ae ibe (a ib)eœ " " " œ " œ "
ax ax a ib x a ib x a ib xÐ " Ñ Ð " Ñ Ð " Ñ
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  sin x 1 t  dt 1   dt x  ,Ê œ ! œ " œ "
!" #

!"Î# â ! â !

# # â "

' '
0 0

x x

a b Œ !! !
_ _

œ œn 1 n 1

1 3 5 (2n 1)x 1 3 5 (2n 1)x
n! 4 (2n)(2n 1)

† † † †

† †

2n 2n 1

n

 where x  1k k #

66. tan t tan x  dt  1  dtc d – — ˆ ‰!" !"
_

# "

" " " "

x x x x
œ ! œ œ œ ! " ! "á

1 ' ' 'dt
1 t t t tt

Š ‹

Š ‹

1
t

t
1!

  dt  lim   œ ! " ! "á œ ! " ! " !á œ ! " ! "á'
x

b

x
ˆ ‰ " ‘" " " " " " " " " " " "

t t t t 3t 5t x 3x 5xt 7t 7xb Ä _

  tan x , x 1; tan t tan x   Ê œ ! " ! "á $ œ " œ
!" !" !"

# # "

" " "1 1

x 3x 5x 1 t
dtc d x x

'

  lim     tan x ,œ ! " ! " !á œ ! " ! " !á Ê œ ! ! " ! "á
b Ä !_

" ‘" " " " " " " " " " "!"

#t 3t 5t x 3x 5x x 3x 5x7t 7x
x

b
1

 x 1# !

67. (a) e cos ( ) i sin ( ) 1 i(0) 1!i1
œ ! " ! œ ! " œ !1 1

 (b) e cos i sin (1 i)i 4
4 4 2 2 2

i1 1 1Î " "
œ " œ " œ "ˆ ‰ ˆ ‰ Š ‹È È È

 (c) e cos i sin 0 i( 1) i! Î

# #

i 21 1 1

œ ! " ! œ " ! œ !ˆ ‰ ˆ ‰

68. e cos i sin   e e cos ( ) i sin ( ) cos i sin ;i i i( )) ) )

œ " Ê œ œ ! " ! œ !) ) ) ) ) )
! !

 e e cos i sin cos i sin 2 cos   cos ;i i e e) )

" œ " " ! œ Ê œ
! "

#
) ) ) ) ) )

i i

 e e cos i sin (cos i sin ) 2i sin   sin i i e e
i

) )

! œ " ! ! œ Ê œ
! !

#
) ) ) ) ) )

i i

69. e 1 x   e 1 i  andx ix x x
! 3! 4! 2! 3! 4!

(i ) (i ) (i )
œ " " " " "á Ê œ " " " " "á

#

) ) ) )

)

 e 1 i 1 i! ! ! !

#

i ( i ) ( i ) ( i ) (i ) (i ) (i )
2! 3! 4! ! 3! 4!

) ) ) ) ) ) )

œ ! " " " "á œ ! " ! " !á) )

  Ê œ
e ei i

"

# #

Š ‹ Š ‹1 i 1 i! ! ! ! !á ! " ! " ! "á) )
(i ) (i ) (i ) (i ) (i ) (i )

! 3! 4! ! 3! 4!

 1 cos ;œ ! " ! "á œ
) ) )

#! 4! 6! )

 e e
i i

i i
!

# #
œ

Š ‹ Š ‹1 i 1 i! ! ! ! !á " " ! " ! "á) )
(i ) (i ) (i ) (i ) (i ) (i )

! 3! 4! ! 3! 4!

 sin œ ! " ! "á œ) )
) ) )

3! 5! 7!

70. e cos i sin   e e cos ( ) i sin ( ) cos i sin i i i) ) )

œ " Ê œ œ ! " ! œ !) ) ) ) ) )
! Ð! Ñ

 (a) e e (cos i sin ) (cos i sin ) 2 cos   cos cosh ii i e e) )

" œ " " ! œ Ê œ œ
! "

#
) ) ) ) ) ) )

i i

 (b) e e (cos i sin ) (cos i sin ) 2i sin   i sin sinh ii i e e
2

) )

! œ " ! ! œ Ê œ œ
! !

) ) ) ) ) ) )

i i

71. e  sin x 1 x xx x x x x x x
! 3! 4! 3! 5! 7!œ " " " " "á ! " ! "áŠ ‹Š ‹

#

 (1)x (1)x x x x x x x x ;œ " " ! " " ! " " ! " "á œ " " ! "á
# $ % & # $ &" " " " " " " " "

# # # #

ˆ ‰ ˆ ‰ ˆ ‰
6 6 6 1 0 1 4 3 30

 e e e e (cos x i sin x) e  cos x i e  sin x   e  sin x is the series of the imaginary partx ix 1 i x x x x x
† œ œ " œ " Ê

Ð " Ñ a b

 of e  which we calculate next; e   1 (x ix)Ð " Ñ Ð " Ñ " " " "

#

1 i x 1 i x (x ix) (x ix) (x ix) (x ix)
n! ! 3! 4!œ œ " " " " " "á!

_

œn 0

n

 1 x ix 2ix 2ix 2x 4x 4x 4ix 8ix   the imaginary partœ " " " " ! " ! " ! ! " ! "á Ê
" " " " "

#

# $ $ % & & '

! 3! 4! 5! 6!a b a b a b a b a b
 of e  is x x x x x x x x x x  in agreement with ourÐ " Ñ # $ & ' # $ & '

#

" " "1 i x 2 2 4 8
! 3! 5! 6! 3 30 90" " ! ! "á œ " " ! ! "á

 product calculation. The series for e sin x converges for all values of x.x

72. e e (cos bx i sin bx) ae (cos bx i sin bx) e ( b sin bx bi cos bx)d d
dx dx

a ib ax ax axˆ ‰ c dÐ " Ñ
œ " œ " " ! "

 ae (cos bx i sin bx) bie (cos bx i sin bx) ae ibe (a ib)eœ " " " œ " œ "
ax ax a ib x a ib x a ib xÐ " Ñ Ð " Ñ Ð " Ñ
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  sin x 1 t  dt 1   dt x  ,Ê œ ! œ " œ "
!" #

!"Î# â ! â !

# # â "

' '
0 0

x x

a b Œ !! !
_ _

œ œn 1 n 1

1 3 5 (2n 1)x 1 3 5 (2n 1)x
n! 4 (2n)(2n 1)

† † † †

† †

2n 2n 1

n

 where x  1k k #

66. tan t tan x  dt  1  dtc d – — ˆ ‰!" !"
_

# "

" " " "

x x x x
œ ! œ œ œ ! " ! "á

1 ' ' 'dt
1 t t t tt

Š ‹

Š ‹

1
t

t
1!

  dt  lim   œ ! " ! "á œ ! " ! " !á œ ! " ! "á'
x

b

x
ˆ ‰ " ‘" " " " " " " " " " " "

t t t t 3t 5t x 3x 5xt 7t 7xb Ä _

  tan x , x 1; tan t tan x   Ê œ ! " ! "á $ œ " œ
!" !" !"

# # "

" " "1 1

x 3x 5x 1 t
dtc d x x

'

  lim     tan x ,œ ! " ! " !á œ ! " ! " !á Ê œ ! ! " ! "á
b Ä !_

" ‘" " " " " " " " " " "!"

#t 3t 5t x 3x 5x x 3x 5x7t 7x
x

b
1

 x 1# !

67. (a) e cos ( ) i sin ( ) 1 i(0) 1!i1
œ ! " ! œ ! " œ !1 1

 (b) e cos i sin (1 i)i 4
4 4 2 2 2

i1 1 1Î " "
œ " œ " œ "ˆ ‰ ˆ ‰ Š ‹È È È

 (c) e cos i sin 0 i( 1) i! Î

# #

i 21 1 1

œ ! " ! œ " ! œ !ˆ ‰ ˆ ‰

68. e cos i sin   e e cos ( ) i sin ( ) cos i sin ;i i i( )) ) )

œ " Ê œ œ ! " ! œ !) ) ) ) ) )
! !

 e e cos i sin cos i sin 2 cos   cos ;i i e e) )

" œ " " ! œ Ê œ
! "

#
) ) ) ) ) )

i i

 e e cos i sin (cos i sin ) 2i sin   sin i i e e
i

) )

! œ " ! ! œ Ê œ
! !

#
) ) ) ) ) )

i i

69. e 1 x   e 1 i  andx ix x x
! 3! 4! 2! 3! 4!

(i ) (i ) (i )
œ " " " " "á Ê œ " " " " "á

#
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)

 e 1 i 1 i! ! ! !

#
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2! 3! 4! ! 3! 4!

) ) ) ) ) ) )

œ ! " " " "á œ ! " ! " !á) )

  Ê œ
e ei i

"

# #

Š ‹ Š ‹1 i 1 i! ! ! ! !á ! " ! " ! "á) )
(i ) (i ) (i ) (i ) (i ) (i )

! 3! 4! ! 3! 4!

 1 cos ;œ ! " ! "á œ
) ) )

#! 4! 6! )

 e e
i i

i i
!

# #
œ

Š ‹ Š ‹1 i 1 i! ! ! ! !á " " ! " ! "á) )
(i ) (i ) (i ) (i ) (i ) (i )

! 3! 4! ! 3! 4!

 sin œ ! " ! "á œ) )
) ) )

3! 5! 7!

70. e cos i sin   e e cos ( ) i sin ( ) cos i sin i i i) ) )

œ " Ê œ œ ! " ! œ !) ) ) ) ) )
! Ð! Ñ

 (a) e e (cos i sin ) (cos i sin ) 2 cos   cos cosh ii i e e) )

" œ " " ! œ Ê œ œ
! "

#
) ) ) ) ) ) )

i i

 (b) e e (cos i sin ) (cos i sin ) 2i sin   i sin sinh ii i e e
2

) )

! œ " ! ! œ Ê œ œ
! !

) ) ) ) ) ) )

i i

71. e  sin x 1 x xx x x x x x x
! 3! 4! 3! 5! 7!œ " " " " "á ! " ! "áŠ ‹Š ‹

#

 (1)x (1)x x x x x x x x ;œ " " ! " " ! " " ! " "á œ " " ! "á
# $ % & # $ &" " " " " " " " "

# # # #

ˆ ‰ ˆ ‰ ˆ ‰
6 6 6 1 0 1 4 3 30

 e e e e (cos x i sin x) e  cos x i e  sin x   e  sin x is the series of the imaginary partx ix 1 i x x x x x
† œ œ " œ " Ê

Ð " Ñ a b

 of e  which we calculate next; e   1 (x ix)Ð " Ñ Ð " Ñ " " " "

#

1 i x 1 i x (x ix) (x ix) (x ix) (x ix)
n! ! 3! 4!œ œ " " " " " "á!

_

œn 0

n

 1 x ix 2ix 2ix 2x 4x 4x 4ix 8ix   the imaginary partœ " " " " ! " ! " ! ! " ! "á Ê
" " " " "

#

# $ $ % & & '

! 3! 4! 5! 6!a b a b a b a b a b
 of e  is x x x x x x x x x x  in agreement with ourÐ " Ñ # $ & ' # $ & '

#

" " "1 i x 2 2 4 8
! 3! 5! 6! 3 30 90" " ! ! "á œ " " ! ! "á

 product calculation. The series for e sin x converges for all values of x.x

72. e e (cos bx i sin bx) ae (cos bx i sin bx) e ( b sin bx bi cos bx)d d
dx dx

a ib ax ax axˆ ‰ c dÐ " Ñ
œ " œ " " ! "

 ae (cos bx i sin bx) bie (cos bx i sin bx) ae ibe (a ib)eœ " " " œ " œ "
ax ax a ib x a ib x a ib xÐ " Ñ Ð " Ñ Ð " Ñ
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  sin x 1 t  dt 1   dt x  ,Ê œ ! œ " œ "
!" #

!"Î# â ! â !

# # â "

' '
0 0

x x

a b Œ !! !
_ _

œ œn 1 n 1

1 3 5 (2n 1)x 1 3 5 (2n 1)x
n! 4 (2n)(2n 1)

† † † †

† †

2n 2n 1

n

 where x  1k k #

66. tan t tan x  dt  1  dtc d – — ˆ ‰!" !"
_

# "

" " " "

x x x x
œ ! œ œ œ ! " ! "á

1 ' ' 'dt
1 t t t tt

Š ‹

Š ‹

1
t

t
1!

  dt  lim   œ ! " ! "á œ ! " ! " !á œ ! " ! "á'
x

b

x
ˆ ‰ " ‘" " " " " " " " " " " "

t t t t 3t 5t x 3x 5xt 7t 7xb Ä _

  tan x , x 1; tan t tan x   Ê œ ! " ! "á $ œ " œ
!" !" !"

# # "

" " "1 1

x 3x 5x 1 t
dtc d x x

'

  lim     tan x ,œ ! " ! " !á œ ! " ! " !á Ê œ ! ! " ! "á
b Ä !_

" ‘" " " " " " " " " " "!"

#t 3t 5t x 3x 5x x 3x 5x7t 7x
x

b
1

 x 1# !

67. (a) e cos ( ) i sin ( ) 1 i(0) 1!i1
œ ! " ! œ ! " œ !1 1

 (b) e cos i sin (1 i)i 4
4 4 2 2 2

i1 1 1Î " "
œ " œ " œ "ˆ ‰ ˆ ‰ Š ‹È È È

 (c) e cos i sin 0 i( 1) i! Î

# #

i 21 1 1

œ ! " ! œ " ! œ !ˆ ‰ ˆ ‰

68. e cos i sin   e e cos ( ) i sin ( ) cos i sin ;i i i( )) ) )

œ " Ê œ œ ! " ! œ !) ) ) ) ) )
! !

 e e cos i sin cos i sin 2 cos   cos ;i i e e) )

" œ " " ! œ Ê œ
! "

#
) ) ) ) ) )

i i

 e e cos i sin (cos i sin ) 2i sin   sin i i e e
i

) )

! œ " ! ! œ Ê œ
! !

#
) ) ) ) ) )

i i

69. e 1 x   e 1 i  andx ix x x
! 3! 4! 2! 3! 4!

(i ) (i ) (i )
œ " " " " "á Ê œ " " " " "á

#

) ) ) )

)

 e 1 i 1 i! ! ! !

#

i ( i ) ( i ) ( i ) (i ) (i ) (i )
2! 3! 4! ! 3! 4!

) ) ) ) ) ) )

œ ! " " " "á œ ! " ! " !á) )

  Ê œ
e ei i

"

# #

Š ‹ Š ‹1 i 1 i! ! ! ! !á ! " ! " ! "á) )
(i ) (i ) (i ) (i ) (i ) (i )

! 3! 4! ! 3! 4!

 1 cos ;œ ! " ! "á œ
) ) )

#! 4! 6! )

 e e
i i

i i
!

# #
œ

Š ‹ Š ‹1 i 1 i! ! ! ! !á " " ! " ! "á) )
(i ) (i ) (i ) (i ) (i ) (i )

! 3! 4! ! 3! 4!

 sin œ ! " ! "á œ) )
) ) )

3! 5! 7!

70. e cos i sin   e e cos ( ) i sin ( ) cos i sin i i i) ) )

œ " Ê œ œ ! " ! œ !) ) ) ) ) )
! Ð! Ñ

 (a) e e (cos i sin ) (cos i sin ) 2 cos   cos cosh ii i e e) )

" œ " " ! œ Ê œ œ
! "

#
) ) ) ) ) ) )

i i

 (b) e e (cos i sin ) (cos i sin ) 2i sin   i sin sinh ii i e e
2

) )

! œ " ! ! œ Ê œ œ
! !

) ) ) ) ) ) )

i i

71. e  sin x 1 x xx x x x x x x
! 3! 4! 3! 5! 7!œ " " " " "á ! " ! "áŠ ‹Š ‹

#

 (1)x (1)x x x x x x x x ;œ " " ! " " ! " " ! " "á œ " " ! "á
# $ % & # $ &" " " " " " " " "

# # # #

ˆ ‰ ˆ ‰ ˆ ‰
6 6 6 1 0 1 4 3 30

 e e e e (cos x i sin x) e  cos x i e  sin x   e  sin x is the series of the imaginary partx ix 1 i x x x x x
† œ œ " œ " Ê

Ð " Ñ a b

 of e  which we calculate next; e   1 (x ix)Ð " Ñ Ð " Ñ " " " "

#

1 i x 1 i x (x ix) (x ix) (x ix) (x ix)
n! ! 3! 4!œ œ " " " " " "á!

_

œn 0

n

 1 x ix 2ix 2ix 2x 4x 4x 4ix 8ix   the imaginary partœ " " " " ! " ! " ! ! " ! "á Ê
" " " " "

#

# $ $ % & & '

! 3! 4! 5! 6!a b a b a b a b a b
 of e  is x x x x x x x x x x  in agreement with ourÐ " Ñ # $ & ' # $ & '

#

" " "1 i x 2 2 4 8
! 3! 5! 6! 3 30 90" " ! ! "á œ " " ! ! "á

 product calculation. The series for e sin x converges for all values of x.x

72. e e (cos bx i sin bx) ae (cos bx i sin bx) e ( b sin bx bi cos bx)d d
dx dx

a ib ax ax axˆ ‰ c dÐ " Ñ
œ " œ " " ! "

 ae (cos bx i sin bx) bie (cos bx i sin bx) ae ibe (a ib)eœ " " " œ " œ "
ax ax a ib x a ib x a ib xÐ " Ñ Ð " Ñ Ð " Ñ
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73. (a) e e (cos i sin )(cos i sin ) (cos cos sin sin ) i(sin cos sin cos )i i) )

œ ! ! œ " ! !) ) ) ) ) ) ) ) ) ) ) )" " # # " # " # " # # "

 cos( ) i sin( ) eœ ! ! ! œ) ) ) )" # " #

Ð " Ñi ) )

 (b) e cos( ) i sin( ) cos i sin (cos i sin )# " " "

" "

i cos i sin 
cos i sin cos i sin e

) ) )

) ) ) )

œ " ! " œ " œ " œ œ) ) ) ) ) ) ˆ ‰
i

74. e C iC e (cos bx i sin bx) C iCa bi a bi
a b a b

a bi x ax# #

" "

Ð " Ñ

" # " #! ! œ ! ! !ˆ ‰
 (a cos bx ia sin bx ib cos bx b sin bx) C iCœ ! " ! ! !

e
a b

ax

"
" #

 [(a cos bx b sin bx) (a sin bx b cos bx)i] C iCœ ! ! " ! !
e

a b
ax

"
" #

 C iC ;œ ! ! !
e (a cos bx b sin bx) ie (a sin bx b cos bx)

a b a b

ax ax
" #

" "
" #

 e e e e (cos bx i sin bx) e  cos bx ie  sin bx, so that givenÐ " Ña bi x ax ibx ax ax ax
œ œ ! œ !

 e  dx e C iC  we conclude that e  cos bx dx C' 'Ð " Ñ Ð " Ñ#

" "
" # "

"a bi x a bi x axa bi
a b a b

e (a cos bx b sin bx)
œ ! ! œ !

ax

 and e  sin bx dx C' ax e (a sin bx b cos bx)
a bœ !

ax
#

"
#

CHAPTER 10 PRACTICE EXERCISES

 1. converges to 1, since  lim  a  lim  1 1n nÄ _ Ä _
n

( 1)
nœ ! œŠ ‹#

n

 2. converges to 0, since 0 a ,  lim  0 0,  lim   0 using the Sandwich Theorem for SequencesŸ Ÿ œ œn
2 2

n nÈ Èn nÄ _ Ä _

 3. converges to 1, since  lim  a  lim   lim  1 1" œ œ " œ "n n nÄ _ Ä _ Ä _
n

1 2
2

ˆ ‰ ˆ ‰# "

#

n

n n

 4. converges to 1, since  lim  a  lim  1 (0.9) 1 0 1n nÄ _ Ä _
n œ ! œ ! œc dn

 5. diverges, since sin 0 1 0 1 0 1˜ ™ e fn1
#

œ ß ß ß" ß ß ßá

 6. converges to 0, since {sin n } {0 0 0 }1 œ ß ß ßá

 7. converges to 0, since  lim  a  lim   2  lim   0n n nÄ _ Ä _ Ä _
n

ln n
n 1œ œ œ

Š ‹n

 8. converges to 0, since  lim  a  lim    lim   0n n nÄ _ Ä _ Ä _
n

ln (2n )
n 1œ œ œ
""

Š ‹2
2n 1

 9. converges to 1, since  lim  a  lim   lim   1n n nÄ _ Ä _ Ä _
n

n ln n
n 1

1
œ œ œˆ ‰"

"Š ‹n

10. converges to 0, since  lim  a  lim    lim    lim    lim   0n n n n nÄ _ Ä _ Ä _ Ä _ Ä _
n

ln 2n 1
n 1 6n n

12n 2
œ œ œ œ œ

a b Š ‹
"

6n
2n 1

11. converges to e , since  lim  a  lim   lim  1 e  by Theorem 55 5
n

n n

n n nÄ _ Ä _ Ä _
œ œ ! œˆ ‰ Š ‹n 5

n n
( 5)# #

12. converges to , since  lim  a  lim  1  lim    by Theorem 5" " " "

"e n en 1n n nÄ _ Ä _ Ä _
œ ! œ œˆ ‰ n

ˆ ‰
n

n

13. converges to 3, since  lim  a  lim   lim   3 by Theorem 5n n nÄ _ Ä _ Ä _
n

3 3 3
n 1

1 n
nœ œ œ œˆ ‰n

1 n

Î

14. converges to 1, since  lim  a  lim   lim   1 by Theorem 5n n nÄ _ Ä _ Ä _
n

3 3 1
n 1

1 n
nœ œ œ œˆ ‰ Î 1 n

1 n
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