MATH 201. Homework IV Solution.

Section 10.4:

3. Compare with Z \[ which is a divergent p-series, since p = % < 1. Both series have nonnegative terms forn 2. For
n=2

n 2, we have \/—

ﬁ. Then by Comparison Test, “Z:Z ﬁ diverges.

00
4. Compare with 3 %, which is a divergent p-series, since p = 1 < 1. Both series have nonnegative terms forn 2. For
=2

o0
1 n n _ 1 n+2 n 1 n+2
L= L=1lo21 > . Thus ) &%= diverges.

—-n n>—n
n=2

n 2, we have

00

5. Compare with 3 ﬁ, which is a convergent p-series, since p = % > 1. Both series have nonnegative terms forn 1.

~c2 o e
Forn 1,wehave0 <cos?n<1= “;’;,:" < # Then by Comparison Test, “‘? Z" converges.

n=1

n3

6. Compare with Z 3> Which is a convergent geometric series, since |r| = ‘ ‘ < 1. Both series have nonnegative terms for
n=1
o0
n 1.Forn 1,wehaven-3" 3"= < % Then by Comparison Test, Z] a3 converges.
n:
VA RN
7. Compare with 3 577 The series Z 5 1S a convergent p-series, since p = > 1, and the series Y %5

n=

= f Z —L_ converges by Theorem 8 part 3. Both series have nonnegative terms forn 1. Forn 1, we have
n® <n*=4n® <4n* = n* +4n® <n*+4n* = 5n* :>n4+4113 <5n*4+20=5n*+4) = "4'*'7:‘23 <5.

nn+4 +4 5 +4 5
= ( )<5:>n W S :4+47 n’

Comparison Test, Z converges



10.

12.

13.

15.

18.

19.

Compare with Z -z» Which is a convergent p-series, since p = 2 > 1. Both series have positive terms forn 1. lim
n—oo -
. H n3—n2+‘s — 1 n’—2n> __ 30 —4n _ q; 6n—4 __ 1; 6 _ 2 s :
= n]grolo e = nILTO P e e B hm o = nlLTo a2 = nlggo ¢ = 1> 0. Then by Limit Comparison Test,
00
Z =2 ~— converges.
1 1
Compare with Z 7 which is a divergent p-series, since p = 5 < 1. Both series have positive terms forn 1. nll»nolo o
n+l
= lim Y- *z = ‘/ 11m ",—"’g =,/ lim & =/ lim 2 = /1 =1 > 0. Then by Limit Comparison
n—oo l/f HHOO + n—oo n n—oo
n+1 gq:
Test, Zl s diverges.
1=
00
. Compare with <, which is a divergent p-series, since p = 1 < 1. Both series have positive terms forn 2. lim
b
= n—oo "
n(n+l)
B N ) LI T Y S "N (P R 11m 2 =1 > 0. Then by Limit Comparison
T oo 1/n T onbeo M on?4n—1 T Tl 32 —2n4+1 T T 6n—2 7 - y P
Test, Z ﬁ diverges.
00
Compare with %, which is a convergent geometric series, since |r| = ‘%‘ < 1. Both series have positive terms for
n=1
2n o0
s B Tim SR T o "ln _ s : b
n 1. nlLHOIQb = 111er0101/2" = HILTO W F = hm N g = 1 > 0. Then by Limit Comparison Test, Z 35 converges.
1 1
P 1 1 1Q » 1 Q ieQ Q1 p— Q 16Q a a1t1 o« H a
Compare with Z:l 7 which is a divergent p-series, since p = 5 < 1. Both series have positive terms forn 1. nlLHOIO o
o
lim 22 — i lim (3)" Then by Limit C ison Test fj X di
= lim = lim % = lim (3)" = oo. Then imit Comparison Tes iverges.
114»001/\/H n‘b004 n—o0 4 y p 4 = \/H.4n 2
o (2\0 2
. Compare with Y (5) , which is a convergent geometric series, since |r| = ‘g‘ < 1. Both series have positive terms for
n=1
()" 10n+15 10n+15 10n+15
— Sn+4 — — — 1
n L lim b" = lim &g = lim (10n+8) = exp lim In(f55e)" = exp nlggonlﬂ( %)
. ln(mn+15) . —__10 . 70n2 . 70n?
=exp lim —%== =exp lim w:ex lim e = exp lim s
p m oy L S P M 0n+15)(10n +8) P 1M 1007+ 2300+ 120
00
_ 140n s 140 (7/10 - : 20430
= exp hm 300 + 330 — SXP HILTO 200 = ¢© > 0. Then by Limit Comparison Test, (Sn T 4) converges.
Compare with Z , which is a divergent p-series, since p = 1 < 1. Both series have positive terms forn 2. hm

—00 N

lim - = lim ﬁ = lim n = oo. Then by Limit Comparison Test, Z my diverges.
n—oo

n—00 n—o0

= lim B —
n—oo /n n=2

. Compare with ) %, which is a convergent p-series, since p = 2 > 1. Both series have positive terms forn 1. lim &
n=1

n—o0 "

1n(1+niz) T (*%)

= lim = lim Z’%) = lim T = 1 > 0. Then by Limit Comparison Test, Zln(l + %) converges.

2
n—oo /M n—oo =l

diverges by the Direct Comparison Test sincen+n+n>n+/n+0 = n+3ﬁ > 1 which is the nth

term of the divergent series % or use Limit Comparison Test with b, = %

n=1

converges by the Direct Comparison Test; S‘" 1< 1 o= » which is the nth term of a convergent geometric series



. . . 2n _ 2
21. diverges smcenllﬂmC>C wey =570

22. converges by the Limit Comparison Test (part 1) with nle , the nth term of a convergent p-series:

23. converges by the Limit Comparison Test (part 1) with -7 , the nth term of a convergent p-series:

10n+1
; ("(n+1>("+2)) _ 10n+n 20n+1 _ 1; 20 _
n]l>moo (i _n1i>moo n2+3n+2 n]l>moo 2n+3 _nll;moo 2 10
o2

28. converges by the Limit Comparison Test (part 2) when compared with Z -5 ,  convergent p-series:

=1
(Inn)? 1
. 3 . 2 . 2Inm) (4 .
lim [ } = lim_ &2 — iy 7( ) =2 lim_ hn—go
n— oo (L)) n—oo n n— oo 1 n—oo n

2

29. diverges by the Limit Comparison Test (part 3) with % , the nth term of the divergent harmonic series:

i 1
lim [ﬁf"“] = lim_ Y= im (2{5) = lim L=
— 00 (H) n—oo Inn n— oo (E) n—-o0o0 2
32. diverges by the Integral Test: f 1")5’::’11) dx = f]:u du= bimw [1u?] Eﬁ = bleQQ 3 (b —1In?3) =00

34. converges by the Direct Comparison Test with ng% , the nth term of a convergent p-series: n? + 1 > n?

= n’+1>/m*? = “27);1 >nd? = nQ/jl < =7 or use Limit Comparison Test with —

38. diverges; lim (3";1“+1) = lim (% + L) =120

40. converges by Limit Comparison Test: compare with 3 (2)", which is a convergent geometric series with [r| = 1 < 1,

n=1

o
lim —(3"”") = lim &£+12 — |im (1) +

1
n—oo (3/4)" 7n~>cx: on 120 n—oo () +1

:——1>O.

42. diverges by the definition of an infinite seri Z n(ts) = Z [Inn—In(n+1)],s¢=(In1—1In2) + (In2 — In3)
1)

es:
+ ...+ (In(k — 1) —Ink) + (Ink — In (k + )):—ln(k = lim 1 Sk = —00

43. converges by Comparison Test with ﬁ which converges since Z m = [nil - %] , and
n=2 n=2

W= (D4 D+t (e )+ (e D =11 Jim s = lon 2021 1
=nn—-1)(n-2)! nn-1)=n! nh-1)=I<

1
n(n—1)
45. diverges by the Limit Comparison Test (part 1) with % , the nth term of the divergent harmonic series:
. (sin %)
lim

plim, =y = limg

sinx __
= =1

47. converges by the Direct Comparison Test: “‘:‘1# < Zrand ), % =723 - is the product of a

n=1 n=1
convergent p-series and a nonzero constant
- : T ) e
50. converges by the Limit Comparison Test (part 1) with = : lim = lim_tanhn= lim $—=
n n— 0o (%) n— oo n—oo e'te

—2n

o —

— 1—e
_nllbmoo 1+e



53.

60.

61.

62.

- +2+31+4.. — = (n(né oy = = n(n e The series converges by the Limit Comparison Test (part 1) Wlth

: _ n? 4n 15 4 _
nll>moo ( ) _nll>moo nZ+n _n1—>moo 2n+1 _nll>moo 2 =2

. . ) _ L. L .
Since a, > 0 and R lem (n*-a,) =0, compare ) a, with Z which is a convergent p-series; R leOO #

n2

= lim_ (n?-a,) = 0= Y"a, converges by Limit Comparison Test

]nn

Let —00 < q < ocoandp > 1.1fq =0, then 3 *
2

n=

Z i,,, which is a convergent p-series. If q # 0, compare with

o (Inn)d
; ni where 1 <1 < p, then lim 17; = lim (l:pnz ,andp—r1>0.Ifq<0= —q>0and lim_ (l:p"),q
o 1 _ . (Inn)? q(Inn)*™ I( ) q(lnn)%”

nleOC T = 0.1fq > O,HILmOC o nleoo (o=t nleoo (p— o+ Ifq—1<0=1-q Oand
Llim ?p(hj :)):p,l, = lim (p—r)nvﬂ' T 0, otherwise, we apply L'Hopital's Rule again. lim mig::ﬂﬁ
—  qim @=Dnn)? PR C R DILLY aa—1) —0 :
= nILmOc S Ifq—2<0=2-q Oand nleoo oo = nlew o T = 0; otherwise, we

apply L'Hopital's Rule again. Since q is finite, there is a positive integer k such thatq —k <0 =k —q 0. Thus, after k

—k
applications of L'Hopital's Rule we obtain _lim_ 9@=1-(@—k+ DIn™= = i da=1-@=k+l) _ g gince the limit is
n — 0o (p—r1)*nPr n=00 (p—n<nP—(Inn)*"

00

s P . . (Inn)?

0 in every case, by Limit Comparison Test, the series T converges.
n=

Let —co < q<ooandp < 1.Ifq =0, then ) (l"“ = Z i,,, which is a divergent p-series. If @ > 0, compare with

n=2
ni::z 4, which is a divergent p-series. Then L lim IIHTE: = lim_(In n)? = co.1fq < 0 = —q > 0, compare w1th“Z2 o
where 0 <p<r< 1. n&mw (:/';:q = nleQQ “:T",) = nimm (lnn) 3 since r — p > 0. Apply L'Hopital's to obtain
Llim % = lim_ %.Ifqu 1<0=q+1 Oand lim_ %‘;ﬁl"")w = 00,
otherwise, we apply L'Hopital's Rule again to obtain N li>moo % =, leOO (q)(rqip% If
—q-2<0=q+2 Oand lim % = lim % = 00, otherwise, we

apply L'Hopital's Rule again. Since q is finite, there is a positive integer k such that —.q —k < 0=q+k 0. Thus, after

(r=p) - i (r=p)nP(Inn)***
(—a)(=q—1)---(—q—k+ D)(Inm) =0 1M 9D (-a-k7 D)

k applications of L'Hopital's Rule we obtain lim = oo0.

Since the limit is oo if ¢ > O or if ¢ < 0 and p < 1, by Limit comparison test, the series Z (]" ") diverges. Finally if ¢ < 0

andp = 1 then 3 (ot

= (Inn)? 1=

n=1
00 00

o 5» which is a divergent p-series. Forn 3, Inn 1
n=2 n=2 n=2

(Inn)?
n

1 Thusz 00 diverges by Comparison Test. Thus, if —c0 < q < co and p < 1
n 2w ges by p - 1hus, i —oo < q < o0 p=1

the series Z W) Giverges.



Section 10.5:

10.

11.

12.

1
on . wm g ™2 o) »
= > Oforalln 1; nanolo( m ) = JE&(("H)'"Y zn) = nlLIIolo(IHr ) =0<1= Z 7 converges
O 3.3 n+3 1 1 2
. : 3t _ : n . _ 1 1 1 n
1 nlfglo | = nhjglo( "3 n+2) = nhjrjo(% +6) }Eg,(a) 3 <1:$.1Z:1 3 conver
((n+1)—1
(n—1): cohm [(ee? ) o (e 02 i (Relan) oy (3dnsd
(n+] 2 >0f0raun 1’ nll»nolo( 4((";:)]_; ) - nll»nolo( (I‘l+2)2 (nfl)! - nlinolo n’ +4n+4 - nll»nolo 2n+4
o0
= lim (&) =0 >1= E L diverges
n—o0 n= l )
(n+1)+1
20 Oforalln I fim [ EaT ) lim (22 55 ) = lim (525) = lim (3) =2 <1
30 > n—oo n%::ll n—o0 (n+1):313 - 2nt n—oo ‘30 +3 n—oo '3 3
= Z ST converges
=
: ("341)14 : (D' 4o . n* 440+ 6n%+4n+1
F>0f0ralln 1; lim [ 25 llm(4n4 ~—4>: hm(474)
n—oo\ fn n—00 : n n—o00 n
1,1, 3 1 1 1 -
— lim(laly 3 41 4 1y_1 nt
— nlino]o(“ +otmt s +4n4) =<1 :>Zl4 converges
=
S Oforalln 2 lim (e ) = tim (203 ) = gim (20 ) = gim () = lim (30:£3)
Inn Tonsoo\ 22 )T pleo\Im+D) 3 ST o\t ) T n oo \si/ T oot D
=lim(3)=3>1= 23 diverges
n—oo n=2
4n 4n X, 4n
Gn)” Oforalln 1I; nhlEo By = nlirgzo(3 ) =0<1 égm converges
00
ant3\n L pim of (43D 4nt3) 4y _ 4 4n+3
(#53)" Oforalln 2 lim /(555)" = lim (525) = nlgglo(i)*§>1:>r§(zn 3)" diverges
n+1 . R n+1 14+1/n
[ln(e2+ ﬁ)] Oforalln 1I; lim {ln(e2+%)} = lim [ln(e + )] =In?)=2>1
n—oo n—oo

0 n+1
=3 [ln(e2 + %)] diverges
n=1

_8 . lm 8\ _ 1 8
13. " Oforalln 1; nliro% / r‘_‘ r}ir&< '1_‘)2) <1 :>nX::I e converges
in(2-)]" T / L I)_~ - °°[~<;>]“
14. [sm(ﬁ)] Oforalln 1; nlirglo sm f nlirglo sin )= sin(0) =0< 1 :>n§1 sin{ —= )| converges
15 (l - 1)“2 Oforalln 1; lim - "2 lim (1 — l)“ =el<l= i(l - l)“2 converges
' n ’ nooo n n4»'>o n - n g

n=1



. . . P . . 1 n .
19. diverges by the Ratio Test: _lim_ 2 = [im L= lim @D =y ntl o o
n—oo @ n—o0 (&) n—oo ¢ n! n—oo e
(n+1)!)
. . . . n+1 . ! n .
20. diverges by the Ratio Test: _lim_ 2 = lim 0T ) — i @D gy =g
e Ta Tl T 1 o a3 10
((n+l>1°> 0
i © o lim & — Qim S gy @DP 10 g 1 1y 1
21. converges by the Ratio Test: nleOO = nleoo (ﬂ) = nleoc T nleoc (1 + n) (10) =1
100

22. diverges; lim a, = lim (=2)" = Jim (14 2 =e2£0

23. converges by the Direct Comparison Test: Z(T (2’5')2" = (%)" 24D < (%)“(3) which is the n™ term of a convergent

geometric series
24. converges; a geometric series with [r| = |— 2| < 1

25. diverges; lim_a,= lim_ (1—32)"= lim_ (1+3)"=e®~005#0

li
n— oo

(-3)

n

+

n
26. diverges; lim a, = lim (I - )= lim (1 ) =e 3 x072+£0

27. converges by the Direct Comparison Test: 1]‘:—7" <g= # forn 2, the n™ term of a convergent p-series.

1
T Nl of oy s ('™ . Inn _ 1 (;) _
28. converges by the nth-Root Test: nleoo Way, = nleoc \ T lim =% = lim “* = nleoo =0<1

T n=00 (nm)'/n n— oo 1

29. diverges by the Direct Comparison Test: % — # =zl % (ﬁ) for n > 2 or by the Limit Comparison Test (part 1)

P
with 1.

30. converges by the nth-Root Test:  lim  y/ay = lim /(5 — )= L lim ((t- n%)“)]/n = lim (;-#)=0<1

31. diverges by the Direct Comparison Test: I“T“ > % forn 3

32. converges by the Ratio Test: nimx al—:‘ = nimm % - nli“(n) = % <1

33. converges by the Ratio Test: nli}mOC al—:‘ = nimm (“;ﬁ# - m =0<1

38. converges by the Ratio Test: n1i>m:>o ad—:l = nli>moo % - % = nleOC (ﬁ)n = nlem ("Jrll

= lim

1 1
S E

o V0 1_
= imy g =, limy 5y =0<1

39. converges by the Root Test: leOO van = &mm

n L
(In n)»




40.

41.

42.

43.

44,

45.

60.

61.

62.

63.

64.

65.

C lim o= lim o/ — im A — VR
converges by the Root Test:  lim  y/a, = lim (lnn)"'z_nlimoo lnn_nllxtgcm_0<l

(slime =1)

n+2n+1 _ 1

4n2 4+ 6n+2 4

26" +42" 433"+ 6

36" 193" 422746

4+l _ 1
@2+ 1) 4

H aris o«f- _n!lnn Inn n _ 1 1
converges by the Direct Comparison Test: Tt T AT eIy < T he D T aihaTy <
which is the nth-term of a convergent p-series

. . . . Al s 3+l s . 3 3\ _ 3
diverges by the Ratio Test:  lim %= = lim 5 - 5 = 1M o5 (5) =35>1
- Clim R = i oD enr oy m+)’
converges by the Ratio Test: | lim == = lim Bt D WM e = im
: S i _ T (@n+5)(2"" +3) ™42 n+5
converges by the Ratio Test: nleoo f = nleoo ) Iy = nleoo Snt3
— 45 : 26" 442" 4334 6] _ 1.2 _ 2
=, lim [2n+3] s lim [3-6"+9-3"+2-2"+6] =l-5=5<l1
. . a . (l+sinn) an
converges by the Ratio Test: lim =% = lim ~——— =0<1
n— oo an n — oo an
. s —_ 1 N n_
diverges by the Root Test: lim  y/a, = lim oy = Llim 3 =o00>1
i | LIS R 1-3----Cn—DE@n+ 1) | 472" n! o
converges by the Ratio Test: nleoo ot = nleoo T T o = nleoo
: e o 13.@n—1) _ 1234--Q2n—DHQ2n) _ @2n)!
converges by the Ratio Test: a, = TE mE D) — Q4 D) = @a) )
. (2n +2)! Cem*E 4y g @n+1)2n+2)(3" +1)
= nlem 2@+ DI (30 4+ 1) (2n)! _nleoo 2+ D?BT 4+ 1)
— 1 4n’+6n+2) (1+37") 1_1
*nlhmoo (4n2+sn+4) B+3 M — L- 3=3< 1
anil _ L. _ 5 n \P _ qp _ :
Ratio: lim = = lim o5 - T = lim (n+l) =1? =1 = no conclusion
-1 n = 1i Lo 1 1 i
Root: lim —v/a, = lim /5 = lim War = @ = 1 = no conclusion
p 1
F . il i 1 _(nnp __ : Inn _ : (n)
Ratio: | lim =% = lm  Goiny - —1 = [nll>moo 1n(n+1)] = [nleoo )

= (1)) =1 = no conclusion

i i n — . — Y
Root: | lim  /a, = lim v/ qls = W ; let f(n) = (Inn)'/", then In f(n) = 100
n—oo

B
= fim Infm) = fim 200 — o G - fm o 1 —0 = Jim (nm'n
n— oo n— oo n n— oo 1 n—oo nlnn n— 0o
= lim e™® —¢0 = 1; therefore lim /a,= —+—— = 25 =1 = no conclusion
n— oo n'= 0o (nlL"So (lnn)l/n) (1)

on+1 n

. > . . . (n+ 1) n _ 1
a, < 5 for every n and the series ) | 5 converges by the Ratio Test since N ll)moO e =3<1

n=1

= Y a, converges by the Direct Comparison Test

n=1

<1

]

<1



