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590 Chapter 10 Infinite Sequences and Series

10.4  COMPARISON TESTS

 1. Compare with    , which is a convergent p-series, since p 2 1. Both series have nonnegative terms for n 1. For!
_

œn 1

"

n2 œ !  

 n 1, we have n n 30 .  Then by Comparison Test,    converges.  Ÿ # Ê  
2 2 1 1 1

n n 30 n 302 2 2
! !

!
_

œn 1

 2. Compare with    , which is a convergent p-series, since p 3 1. Both series have nonnegative terms for n 1. For!
_

œn 1

"

n3 œ !  

 n 1, we have n n 2 .  Then by Comparison Test,      Ÿ # Ê   Ê   Ê    
4 4 1 1 n n 1 n n 1 n 1

n n 2 n n 2 n n 2 n 2 n 24 4 4 4 3 4 4 4
! ! ! ! !

" "!
_

œn 1

 converges.

 3. Compare with    , which is a divergent p-series, since p 1. Both series have nonnegative terms for n 2. For!
_

œn 2

" "

#Èn
œ Ÿ  

 n 2, we have n 1 n .  Then by Comparison Test,     diverges.  $ Ÿ Ê  È È !1 1 1
n 1 n n 1È È È" "

_

œn 2

 4. Compare with    , which is a divergent p-series, since p 1 1. Both series have nonnegative terms for n 2. For!
_

œn 2

"

n œ Ÿ  

 n 2, we have n n n .  Thus    diverges.  $ Ÿ Ê   Ê   œ Ê    
2 2 1 1 n n 1 n 2 n 1 n 2

n n n n n n n n n n n n n n2 2 2 2 2 2 2
" " " " "

! !!
_

œn 2

 5. Compare with    , which is a convergent p-series, since p 1. Both series have nonnegative terms for n 1.!
_

œn 1

"

n
3
23 2 œ !  

 For n 1, we have 0 cos n 1 .  Then by Comparison Test,     converges.  Ÿ Ÿ Ê Ÿ
2 cos n 1 cos n

n n n

2 2

3 2 3 2 3 2
!
_

œn 1

 6. Compare with    , which is a convergent geometric series, since r 1. Both series have nonnegative terms for! ¹ ¹
_

œn 1

"

3 3
1

n l l œ %

 n 1. For n 1, we have n 3 3 .  Then by Comparison Test,     converges.    †   Ê Ÿ
n n 1 1 1

n 3 3 n 3† †
n n n

!
_

œn 1

 7. Compare with    . The series     is a convergent p-series, since p 1, and the series    ! ! !
_ _ _

œ œ œn 1 n 1 n 1

È È5 5
n n n

1 3
23 2 3 2 3 2œ !

 5    converges by Theorem 8 part 3. Both series have nonnegative terms for n 1. For n 1, we haveœ    È !
_

œn 1

1
n3 2

 n n 4n 4n n 4n n 4n 5n n 4n 5n 20 5 n 4 5.3 4 3 4 4 3 4 4 4 4 3 4 4 n 4n
n 4Ÿ Ê Ÿ Ê # Ÿ # œ Ê # Ÿ # œ # Ê Ÿa b 4 3

4
!

!

 5   Then by Comparison Test,     converges.Ê Ÿ Ê Ÿ Ê Ÿ œ
n n 4

n 4 n 4 n n 4 n n 4
n 4 5 n 4 5 n 45

n

3

4 4 3 4 3 43 2
a b È!

! ! ! !

! ! !É ÉÉ !
_

œn 1

 8. Compare with    , which is a divergent p-series, since p 1. Both series have nonnegative terms for n 1. For!
_

œn 1

" "

#Èn
œ Ÿ  

 n 1, we have n 1 2 n 2 2 n 1 3 n 2 n 1 3n 3 2 n n n 3    Ê   Ê #   Ê #     Ê #  È È È È Èˆ ‰

 n 2 n n n n 3 1Ê # #   # Ê   Ê   Ê   Ê  
2 2 n n 2 n 1 n 1 n 1

n 3 n 3 n n 3 n n 3 n
n 2 n 1 1 1 1È Ê Éˆ ‰ È ˆ ‰ ˆ ‰È È È! ! ! !

! ! ! !

! !

2 2 2 2

2 2

 .  Then by Comparison Test,    diverges.Ê  
È È
È È È

n 1 n 1

n 3 n 3
1

n
! !

! !
2 2

!
_

œn 1
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 9. Compare with    , which is a convergent p-series, since p 2 1. Both series have positive terms for n 1.   !
_

œn 1

"

Ä_
n bn

a
2

n

n
œ !   lim

           1 0. Then by Limit Comparison Teœ œ œ œ œ œ !lim lim lim lim lim
n n n n n1 n n n 3 3n 2n 6n 2 6

n 2n 3n 4n 6n 4 6
Ä_ Ä_ Ä_ Ä_ Ä_

Î ! " ! !

! ! !

n 2
n n 33 2

2 3 2 2

3 2 2
st,

     converges.!
_

œn 1

n 2
n n 3

!

! "
3 2

10. Compare with    , which is a divergent p-series, since p 1. Both series have positive terms for n 1.   !
_

œn 1

" "

#
Ä_

Èn n
a
bœ Ÿ   lim n

n

           1 1 0. Then by Limit Comparisonœ œ œ œ œ œ œ !lim lim lim lim lim
n n n n n1 n

n n n n 2n 1 2
n 2 n 2 2n 2

Ä_ Ä_ Ä_ Ä_ Ä_Î

" " "

" "

É
È

n 1
n 22 2 2

2 2É É É É È

 Test,     diverges.! É
_

œn 1

n 1
n 2
"

"
2

11. Compare with    , which is a divergent p-series, since p 1 1. Both series have positive terms for n 2.   !
_

œn 2

"

Ä_
n bn

a
œ Ÿ   lim n

n

           1 0. Then by Limit Compœ œ œ œ œ œ !lim lim lim lim lim
n n n n n1 n n n n 1 3n 2n 1 6n 2 6

n + n 3n 2n 6n 2 6
Ä_ Ä_ Ä_ Ä_ Ä_

Î ! " ! ! " !

" "

n n 1

n 1 n 12 3 2 2

3 2 2 arison

 Test,     diverges.!
_

œn 2

n n 1
n 1 n 1

a b
a ba b

"

" !
2

12. Compare with    , which is a convergent  geometric series, since r 1. Both series have positive terms for! ¹ ¹
_

œn 1

"

2 2
1

n l l œ #

 n 1.          1 0. Then by Limit Comparison Test,    conver  œ œ œ œ !lim lim lim lim
n n n n

a
b 1 2 3 4 4 ln 4 3 4

4 4 ln 4 2
Ä_ Ä_ Ä_ Ä_

Î " "

n

n

2n
3 4n

n n n n

n n n!
_

œn 1
ges.

13. Compare with    , which is a divergent p-series, since p 1. Both series have positive terms for n 1.   !
_

œn 1

"

Ä_
Èn

1
2 bn

a
œ Ÿ   lim n

n

        . Then by Limit Comparison Test,     diverges.œ œ œ œ _lim lim lim
n n n1 n n 4

5 5 5
4 4

n

Ä_ Ä_ Ä_Î †

5n

n 4n n n

n nÈ Èˆ ‰ !
_

œn 1

14. Compare with    , which is a convergent  geometric series, since r 1. Both series have positive terms for! ˆ ‰ ¹ ¹
_

œn 1

2 2
5 5

n
l l œ #

 n 1.        exp  ln exp  n ln  œ œ œ œlim lim lim lim lim
n n n n n

a
b 10n 8 10n 8 10n 82 5

10n 15 10n 15 10n 15n n

Ä_ Ä_ Ä_ Ä_ Ä_
Î

" " "

" " "

n

n

2n 3
5n 4

n

n
ˆ ‰
a b ˆ ‰ ˆ ‰ ˆ ‰

 exp  exp  exp  exp  œ œ œ œlim lim lim lim
n n n n

ln
1 n 1 n 10n 15 10n 8 100n 230n 120

70n 70n
Ä_ Ä_ Ä_ Ä_

Î ! Î " " " "

!ˆ ‰
a ba b

10n 15 10 10
10n 8 10n 15 10n 8

2 2

2 2

 exp  exp  e 0.  Then by Limit Comparison Test,    converges.œ œ œ !lim lim
n n

140n 140 2n 3
200n 230 200 5n 4

7 10 n

Ä_ Ä_
" "

Î "! ˆ ‰
_

œn 1

15. Compare with    , which is a divergent p-series, since p 1 1. Both series have positive terms for n 2.   !
_

œn 2

"

Ä_
n bn

a
œ Ÿ   lim n

n

         n  . Then by Limit Comparison Test,     diverges.œ œ œ œ œ _lim lim lim lim
n n n n1 n ln n 1 n ln n

n 1
Ä_ Ä_ Ä_ Ä_

Î Î

"ln n !
_

œn 2

16. Compare with    , which is a convergent p-series, since p 2 1. Both series have positive terms for n 1.   !
_

œn 1

"

Ä_
n bn

a
2

n

n
œ !   lim

        1 0. Then by Limit Comparison Test,    ln 1  convergœ œ œ œ ! $lim lim lim
n n n

ln 1

1 n n
1

1
Ä_ Ä_ Ä_

"

Î

!

!
"

"
Š ‹ Š ‹

Š ‹
n2

2 2

1 2
1

n2 n3

2
n3 n2

! ˆ ‰
_

œn 1
es.

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.

 Section 10.4 Comparison Tests 591

 9. Compare with    , which is a convergent p-series, since p 2 1. Both series have positive terms for n 1.   !
_

œn 1

"

Ä_
n bn

a
2

n

n
œ !   lim

           1 0. Then by Limit Comparison Teœ œ œ œ œ œ !lim lim lim lim lim
n n n n n1 n n n 3 3n 2n 6n 2 6

n 2n 3n 4n 6n 4 6
Ä_ Ä_ Ä_ Ä_ Ä_

Î ! " ! !

! ! !

n 2
n n 33 2

2 3 2 2

3 2 2
st,

     converges.!
_

œn 1

n 2
n n 3

!

! "
3 2

10. Compare with    , which is a divergent p-series, since p 1. Both series have positive terms for n 1.   !
_

œn 1

" "

#
Ä_

Èn n
a
bœ Ÿ   lim n

n

           1 1 0. Then by Limit Comparisonœ œ œ œ œ œ œ !lim lim lim lim lim
n n n n n1 n

n n n n 2n 1 2
n 2 n 2 2n 2

Ä_ Ä_ Ä_ Ä_ Ä_Î

" " "

" "

É
È

n 1
n 22 2 2

2 2É É É É È

 Test,     diverges.! É
_

œn 1

n 1
n 2
"

"
2

11. Compare with    , which is a divergent p-series, since p 1 1. Both series have positive terms for n 2.   !
_

œn 2

"

Ä_
n bn

a
œ Ÿ   lim n

n

           1 0. Then by Limit Compœ œ œ œ œ œ !lim lim lim lim lim
n n n n n1 n n n n 1 3n 2n 1 6n 2 6

n + n 3n 2n 6n 2 6
Ä_ Ä_ Ä_ Ä_ Ä_

Î ! " ! ! " !

" "

n n 1

n 1 n 12 3 2 2

3 2 2 arison

 Test,     diverges.!
_

œn 2

n n 1
n 1 n 1

a b
a ba b

"

" !
2

12. Compare with    , which is a convergent  geometric series, since r 1. Both series have positive terms for! ¹ ¹
_

œn 1

"

2 2
1

n l l œ #

 n 1.          1 0. Then by Limit Comparison Test,    conver  œ œ œ œ !lim lim lim lim
n n n n

a
b 1 2 3 4 4 ln 4 3 4

4 4 ln 4 2
Ä_ Ä_ Ä_ Ä_

Î " "

n

n

2n
3 4n

n n n n

n n n!
_

œn 1
ges.

13. Compare with    , which is a divergent p-series, since p 1. Both series have positive terms for n 1.   !
_

œn 1

"

Ä_
Èn

1
2 bn

a
œ Ÿ   lim n

n

        . Then by Limit Comparison Test,     diverges.œ œ œ œ _lim lim lim
n n n1 n n 4

5 5 5
4 4

n

Ä_ Ä_ Ä_Î †

5n

n 4n n n

n nÈ Èˆ ‰ !
_

œn 1

14. Compare with    , which is a convergent  geometric series, since r 1. Both series have positive terms for! ˆ ‰ ¹ ¹
_

œn 1

2 2
5 5

n
l l œ #

 n 1.        exp  ln exp  n ln  œ œ œ œlim lim lim lim lim
n n n n n

a
b 10n 8 10n 8 10n 82 5

10n 15 10n 15 10n 15n n

Ä_ Ä_ Ä_ Ä_ Ä_
Î

" " "

" " "

n

n

2n 3
5n 4

n

n
ˆ ‰
a b ˆ ‰ ˆ ‰ ˆ ‰

 exp  exp  exp  exp  œ œ œ œlim lim lim lim
n n n n

ln
1 n 1 n 10n 15 10n 8 100n 230n 120

70n 70n
Ä_ Ä_ Ä_ Ä_

Î ! Î " " " "

!ˆ ‰
a ba b

10n 15 10 10
10n 8 10n 15 10n 8

2 2

2 2

 exp  exp  e 0.  Then by Limit Comparison Test,    converges.œ œ œ !lim lim
n n

140n 140 2n 3
200n 230 200 5n 4

7 10 n

Ä_ Ä_
" "

Î "! ˆ ‰
_

œn 1

15. Compare with    , which is a divergent p-series, since p 1 1. Both series have positive terms for n 2.   !
_

œn 2

"

Ä_
n bn

a
œ Ÿ   lim n

n

         n  . Then by Limit Comparison Test,     diverges.œ œ œ œ œ _lim lim lim lim
n n n n1 n ln n 1 n ln n

n 1
Ä_ Ä_ Ä_ Ä_

Î Î

"ln n !
_

œn 2

16. Compare with    , which is a convergent p-series, since p 2 1. Both series have positive terms for n 1.   !
_

œn 1

"

Ä_
n bn

a
2

n

n
œ !   lim

        1 0. Then by Limit Comparison Test,    ln 1  convergœ œ œ œ ! $lim lim lim
n n n

ln 1

1 n n
1

1
Ä_ Ä_ Ä_

"

Î

!

!
"

"
Š ‹ Š ‹

Š ‹
n2

2 2

1 2
1

n2 n3

2
n3 n2

! ˆ ‰
_

œn 1
es.

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.

592 Chapter 10 Infinite Sequences and Series

17. diverges by the Limit Comparison Test (part 1) when compared with   , a divergent p-series:!
_

œn 1

"

Èn

  lim    lim    lim  n n nÄ _ Ä _ Ä _

Œ !

Š ‹
n n

n

œ œ œ
È

È È
n

2 n n n!

" "

#! #

ˆ ‰
1 6

18. diverges by the Direct Comparison Test since n n n n n 0  , which is the nth! ! " ! ! Ê "È 3
n n n!

"

È

 term of the divergent series    or use Limit Comparison Test with b!
n 1

" "

n nn œ

19. converges by the Direct Comparison Test; , which is the nth term of a convergent geometric seriessin n
2n nŸ

"

#

20. converges by the Direct Comparison Test;  and the p-series   converges1 cos n 2
n n n

! "
Ÿ !

21. diverges since  lim   0n Ä _

2n 2
3n 1 3"

œ Á

22. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"

n

  lim   lim  1n nÄ _ Ä _

Š ‹

Š ‹

n
n n

n

œ œˆ ‰n
n
! "

23. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"

n

  lim    lim    lim    lim   10n n n nÄ _ Ä _ Ä _ Ä _

Š ‹

Š ‹

10n
n(n 1)(n 2)

n

œ œ œ œ
10n n 20n 1 20

n 3n 2 2n 3 2
! !

! ! !

24. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"

n

  lim    lim    lim    lim   5n n n nÄ _ Ä _ Ä _ Ä _

# $

Š ‹

5n 3n
n (n 2) n 5

n

œ œ œ œ
5n 3n 15n 3 30n

n 2n 5n 10 3n 4n 5 6n 4
" "

" ! " " ! "

25. converges by the Direct Comparison Test; , the nth term of a convergent geometric seriesˆ ‰ ˆ ‰ ˆ ‰n n
3n 1 3n 3

n n n
!

"
# œ

26. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"

n

  lim    lim   lim  1 1n n nÄ _ Ä _ Ä _

Š ‹

Š ‹
n

n 2

œ œ ! œÉ Én 2 2
n n
!

27. diverges by the Direct Comparison Test; n ln n  ln n ln ln n   and     diverges" Ê " Ê # #
" " " "

n ln n ln (ln n) n
!
_

œn 3

28. converges by the Limit Comparison Test (part 2) when compared with   , a convergent p-series:!
_

œn 1

"

n

  lim    lim    lim   2  lim   0n n n nÄ _ Ä _ Ä _ Ä _

’ “

Š ‹

(ln n)
n

n

n
œ œ œ œ

(ln n)
n 1 n

2(ln n) ln nŠ ‹

29. diverges by the Limit Comparison Test (part 3) with , the nth term of the divergent harmonic series:"

n

  lim    lim    lim    lim   n n n nÄ _ Ä _ Ä _ Ä _

’ “ Š ‹
ˆ ‰ ˆ ‰

1
n ln n 2 n

n n
œ œ œ œ _

È Èn n
ln n 2
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17. diverges by the Limit Comparison Test (part 1) when compared with   , a divergent p-series:!
_

œn 1

"

Èn

  lim    lim    lim  n n nÄ _ Ä _ Ä _

Œ !

Š ‹
n n

n

œ œ œ
È

È È
n

2 n n n!

" "

#! #

ˆ ‰
1 6

18. diverges by the Direct Comparison Test since n n n n n 0  , which is the nth! ! " ! ! Ê "È 3
n n n!

"

È

 term of the divergent series    or use Limit Comparison Test with b!
n 1

" "

n nn œ

19. converges by the Direct Comparison Test; , which is the nth term of a convergent geometric seriessin n
2n nŸ

"

#

20. converges by the Direct Comparison Test;  and the p-series   converges1 cos n 2
n n n

! "
Ÿ !

21. diverges since  lim   0n Ä _

2n 2
3n 1 3"

œ Á

22. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"

n

  lim   lim  1n nÄ _ Ä _

Š ‹

Š ‹

n
n n

n

œ œˆ ‰n
n
! "

23. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"

n

  lim    lim    lim    lim   10n n n nÄ _ Ä _ Ä _ Ä _

Š ‹

Š ‹

10n
n(n 1)(n 2)

n

œ œ œ œ
10n n 20n 1 20

n 3n 2 2n 3 2
! !

! ! !

24. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"

n

  lim    lim    lim    lim   5n n n nÄ _ Ä _ Ä _ Ä _

# $

Š ‹

5n 3n
n (n 2) n 5

n

œ œ œ œ
5n 3n 15n 3 30n

n 2n 5n 10 3n 4n 5 6n 4
" "

" ! " " ! "

25. converges by the Direct Comparison Test; , the nth term of a convergent geometric seriesˆ ‰ ˆ ‰ ˆ ‰n n
3n 1 3n 3

n n n
!

"
# œ

26. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"

n

  lim    lim   lim  1 1n n nÄ _ Ä _ Ä _

Š ‹

Š ‹
n

n 2

œ œ ! œÉ Én 2 2
n n
!

27. diverges by the Direct Comparison Test; n ln n  ln n ln ln n   and     diverges" Ê " Ê # #
" " " "

n ln n ln (ln n) n
!
_

œn 3

28. converges by the Limit Comparison Test (part 2) when compared with   , a convergent p-series:!
_

œn 1

"

n

  lim    lim    lim   2  lim   0n n n nÄ _ Ä _ Ä _ Ä _

’ “

Š ‹

(ln n)
n

n

n
œ œ œ œ

(ln n)
n 1 n

2(ln n) ln nŠ ‹

29. diverges by the Limit Comparison Test (part 3) with , the nth term of the divergent harmonic series:"

n

  lim    lim    lim    lim   n n n nÄ _ Ä _ Ä _ Ä _

’ “ Š ‹
ˆ ‰ ˆ ‰

1
n ln n 2 n

n n
œ œ œ œ _

È Èn n
ln n 2

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.

592 Chapter 10 Infinite Sequences and Series

17. diverges by the Limit Comparison Test (part 1) when compared with   , a divergent p-series:!
_
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"

Èn

  lim    lim    lim  n n nÄ _ Ä _ Ä _

Œ !

Š ‹
n n

n

œ œ œ
È

È È
n

2 n n n!

" "

#! #

ˆ ‰
1 6
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"

È
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" "
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"

#
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! "
Ÿ !
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œ Á
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Š ‹

Š ‹

n
n n

n
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n
! "
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Š ‹

Š ‹
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n
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! !

! ! !
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# $

Š ‹

5n 3n
n (n 2) n 5

n

œ œ œ œ
5n 3n 15n 3 30n

n 2n 5n 10 3n 4n 5 6n 4
" "

" ! " " ! "

25. converges by the Direct Comparison Test; , the nth term of a convergent geometric seriesˆ ‰ ˆ ‰ ˆ ‰n n
3n 1 3n 3

n n n
!

"
# œ

26. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"

n

  lim    lim   lim  1 1n n nÄ _ Ä _ Ä _

Š ‹

Š ‹
n

n 2

œ œ ! œÉ Én 2 2
n n
!

27. diverges by the Direct Comparison Test; n ln n  ln n ln ln n   and     diverges" Ê " Ê # #
" " " "

n ln n ln (ln n) n
!
_

œn 3

28. converges by the Limit Comparison Test (part 2) when compared with   , a convergent p-series:!
_

œn 1

"

n

  lim    lim    lim   2  lim   0n n n nÄ _ Ä _ Ä _ Ä _

’ “

Š ‹

(ln n)
n

n

n
œ œ œ œ

(ln n)
n 1 n

2(ln n) ln nŠ ‹

29. diverges by the Limit Comparison Test (part 3) with , the nth term of the divergent harmonic series:"

n

  lim    lim    lim    lim   n n n nÄ _ Ä _ Ä _ Ä _

’ “ Š ‹
ˆ ‰ ˆ ‰

1
n ln n 2 n

n n
œ œ œ œ _

È Èn n
ln n 2
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17. diverges by the Limit Comparison Test (part 1) when compared with   , a divergent p-series:!
_

œn 1

"

Èn

  lim    lim    lim  n n nÄ _ Ä _ Ä _

Œ !

Š ‹
n n

n

œ œ œ
È

È È
n

2 n n n!

" "

#! #

ˆ ‰
1 6

18. diverges by the Direct Comparison Test since n n n n n 0  , which is the nth! ! " ! ! Ê "È 3
n n n!

"

È

 term of the divergent series    or use Limit Comparison Test with b!
n 1

" "

n nn œ

19. converges by the Direct Comparison Test; , which is the nth term of a convergent geometric seriessin n
2n nŸ

"

#

20. converges by the Direct Comparison Test;  and the p-series   converges1 cos n 2
n n n

! "
Ÿ !

21. diverges since  lim   0n Ä _

2n 2
3n 1 3"

œ Á

22. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"

n

  lim   lim  1n nÄ _ Ä _

Š ‹

Š ‹

n
n n

n

œ œˆ ‰n
n
! "

23. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"

n

  lim    lim    lim    lim   10n n n nÄ _ Ä _ Ä _ Ä _

Š ‹

Š ‹

10n
n(n 1)(n 2)

n

œ œ œ œ
10n n 20n 1 20

n 3n 2 2n 3 2
! !

! ! !

24. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"

n

  lim    lim    lim    lim   5n n n nÄ _ Ä _ Ä _ Ä _

# $

Š ‹

5n 3n
n (n 2) n 5

n

œ œ œ œ
5n 3n 15n 3 30n

n 2n 5n 10 3n 4n 5 6n 4
" "

" ! " " ! "

25. converges by the Direct Comparison Test; , the nth term of a convergent geometric seriesˆ ‰ ˆ ‰ ˆ ‰n n
3n 1 3n 3

n n n
!

"
# œ

26. converges by the Limit Comparison Test (part 1) with , the nth term of a convergent p-series:"

n

  lim    lim   lim  1 1n n nÄ _ Ä _ Ä _

Š ‹

Š ‹
n

n 2

œ œ ! œÉ Én 2 2
n n
!

27. diverges by the Direct Comparison Test; n ln n  ln n ln ln n   and     diverges" Ê " Ê # #
" " " "

n ln n ln (ln n) n
!
_

œn 3

28. converges by the Limit Comparison Test (part 2) when compared with   , a convergent p-series:!
_

œn 1

"

n

  lim    lim    lim   2  lim   0n n n nÄ _ Ä _ Ä _ Ä _

’ “

Š ‹

(ln n)
n

n

n
œ œ œ œ

(ln n)
n 1 n

2(ln n) ln nŠ ‹

29. diverges by the Limit Comparison Test (part 3) with , the nth term of the divergent harmonic series:"

n

  lim    lim    lim    lim   n n n nÄ _ Ä _ Ä _ Ä _

’ “ Š ‹
ˆ ‰ ˆ ‰

1
n ln n 2 n

n n
œ œ œ œ _

È Èn n
ln n 2
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30. converges by the Limit Comparison Test (part 2) with , the nth term of a convergent p-series:"

n

  lim    lim    lim   8  lim   8  lim   32  ln n n n nÄ _ Ä _ Ä _ Ä _ Ä _

’ “

Š ‹ Š ‹ Š ‹
ˆ ‰ ˆ ‰(ln n)

n

n 4n 4n

2 ln n
n n

œ œ œ œ œ
(ln n)
n n

ln n im   32 0 0n Ä _

"

n œ œ†

31. diverges by the Limit Comparison Test (part 3) with , the nth term of the divergent harmonic series:"

n

  lim    lim    lim    lim  nn n n nÄ _ Ä _ Ä _ Ä _

ˆ ‰
ˆ ‰

1 ln n

n n

œ œ œ œ _
n

1 ln n!

"

Š ‹

32. diverges by the Integral Test:   dx u du  lim  u  lim   b ln 3' '
2 ln 3

ln (x 1)
x 1 2

!

! #

" "# # #
œ œ œ ! œ _

b bÄ _ Ä _

! ‘ a bb

ln 3

33. converges by the Direct Comparison Test with , the nth term of a convergent p-series:  n 1 n for" #

n ! "

 n 2  n n 1 n   n n 1 n    or use Limit Comparison Test with .  Ê ! " Ê ! " Ê "
# # $ $Î## " "

"

a b È
n n n 1

1
nÈ

34. converges by the Direct Comparison Test with , the nth term of a convergent p-series:  n 1 n" # #

n $ "

  n 1 nn   n    or use Limit Comparison Test with  .Ê $ " Ê " Ê %
# $Î# $Î#! " "

!

È n 1
n

n
n 1 n nÈ
È

35. converges because        which is the sum of two convergent series:! ! !
_ _ _

œ œ œn 1 n 1 n 1

"" " ""

#

n
n2 n2n n nœ $

    converges by the Direct Comparison Test since , and    is a convergent geometric series! !
_ _

œ œn 1 n 1

" " " ""

# #n2 n 2n n n n%

36. converges by the Direct Comparison Test:      and , the sum of! ! ˆ ‰
_ _

œ œn 1 n 1

n 2
n 2 n2 n n2 n n
! " " " " " "

#

n

n n n nœ $ $ Ÿ $

 the nth terms of a convergent geometric series and a convergent p-series

37. converges by the Direct Comparison Test:  , which is the nth term of a convergent geometric series" "

!3 1 3n 1 n 1%

38. diverges;  lim   lim  0n nÄ _ Ä _
Š ‹ ˆ ‰3

3 3 3 3
n 1

n n
!" " " "

œ $ œ Á

39. converges by Limit Comparison Test: compare with   , which is a convergent geometric series with r 1,! ˆ ‰
_

œn 1

1 1
5 5

n
l l œ %

  lim   lim   lim  0.n n nÄ _ Ä _ Ä _

Š ‹
a b

n 1 1
n 3n2 5n

n 2

†

Î

!

! !1 5
n 1 1

n 3n 2n 3œ œ œ

40. converges by Limit Comparison Test: compare with   , which is a convergent geometric  series with r 1,! ˆ ‰
_

œn 1

3 1
4 5

n
l l œ %

  lim   lim   lim  1 0.n n nÄ _ Ä _ Ä _

Š ‹
a b

ˆ ‰
ˆ ‰

2 3n n
3 4n n

n n
n n

n n

8
12

n

9
12

3 4
8 12 1
9 12 1

1
1Î

!

!

!

!

œ œ œ œ "

41. diverges  by Limit Comparison Test: compare with    , which is a divergent p-series,   lim   lim!
_

œn 1

1 2
n 1 nn nÄ _ Ä _

Š ‹2 nn
n 2n n

Î
œ

" n
2n

  lim   lim  1 0.œ œ œ "n nÄ _ Ä _

2 ln 2 1
2 ln 2

2 ln 2
2 ln 2

n

n 2

n 2

n
" a b

a b

42. diverges by the definition of an infinite series:  ln  ln n ln n 1 , s ln 1 ln 2 ln 2 ln 3! !ˆ ‰ ! ‘a b a b a b
_ _

œ œn 1 n 1

n
n 1 k
!

œ ! $ œ ! $ !

 ln k 1 ln k ln k ln k 1 ln k 1  lim s$ Þ Þ Þ $ ! ! $ ! $ œ ! $ Ê œ !_a b a b a ba b a b
k Ä _

k
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30. converges by the Limit Comparison Test (part 2) with , the nth term of a convergent p-series:"

n

  lim    lim    lim   8  lim   8  lim   32  ln n n n nÄ _ Ä _ Ä _ Ä _ Ä _

’ “

Š ‹ Š ‹ Š ‹
ˆ ‰ ˆ ‰(ln n)

n

n 4n 4n

2 ln n
n n

œ œ œ œ œ
(ln n)
n n

ln n im   32 0 0n Ä _

"

n œ œ†

31. diverges by the Limit Comparison Test (part 3) with , the nth term of the divergent harmonic series:"

n

  lim    lim    lim    lim  nn n n nÄ _ Ä _ Ä _ Ä _

ˆ ‰
ˆ ‰

1 ln n

n n

œ œ œ œ _
n

1 ln n!

"

Š ‹

32. diverges by the Integral Test:   dx u du  lim  u  lim   b ln 3' '
2 ln 3

ln (x 1)
x 1 2

!

! #

" "# # #
œ œ œ ! œ _

b bÄ _ Ä _

! ‘ a bb

ln 3

33. converges by the Direct Comparison Test with , the nth term of a convergent p-series:  n 1 n for" #

n ! "

 n 2  n n 1 n   n n 1 n    or use Limit Comparison Test with .  Ê ! " Ê ! " Ê "
# # $ $Î## " "

"

a b È
n n n 1

1
nÈ

34. converges by the Direct Comparison Test with , the nth term of a convergent p-series:  n 1 n" # #

n $ "

  n 1 nn   n    or use Limit Comparison Test with  .Ê $ " Ê " Ê %
# $Î# $Î#! " "

!

È n 1
n

n
n 1 n nÈ
È

35. converges because        which is the sum of two convergent series:! ! !
_ _ _

œ œ œn 1 n 1 n 1

"" " ""

#

n
n2 n2n n nœ $

    converges by the Direct Comparison Test since , and    is a convergent geometric series! !
_ _

œ œn 1 n 1

" " " ""

# #n2 n 2n n n n%

36. converges by the Direct Comparison Test:      and , the sum of! ! ˆ ‰
_ _

œ œn 1 n 1

n 2
n 2 n2 n n2 n n
! " " " " " "

#

n

n n n nœ $ $ Ÿ $

 the nth terms of a convergent geometric series and a convergent p-series

37. converges by the Direct Comparison Test:  , which is the nth term of a convergent geometric series" "

!3 1 3n 1 n 1%

38. diverges;  lim   lim  0n nÄ _ Ä _
Š ‹ ˆ ‰3

3 3 3 3
n 1

n n
!" " " "

œ $ œ Á

39. converges by Limit Comparison Test: compare with   , which is a convergent geometric series with r 1,! ˆ ‰
_

œn 1

1 1
5 5

n
l l œ %

  lim   lim   lim  0.n n nÄ _ Ä _ Ä _

Š ‹
a b

n 1 1
n 3n2 5n

n 2

†

Î

!

! !1 5
n 1 1

n 3n 2n 3œ œ œ

40. converges by Limit Comparison Test: compare with   , which is a convergent geometric  series with r 1,! ˆ ‰
_

œn 1

3 1
4 5

n
l l œ %

  lim   lim   lim  1 0.n n nÄ _ Ä _ Ä _

Š ‹
a b

ˆ ‰
ˆ ‰

2 3n n
3 4n n

n n
n n

n n

8
12

n

9
12

3 4
8 12 1
9 12 1

1
1Î

!

!

!

!

œ œ œ œ "

41. diverges  by Limit Comparison Test: compare with    , which is a divergent p-series,   lim   lim!
_

œn 1

1 2
n 1 nn nÄ _ Ä _

Š ‹2 nn
n 2n n

Î
œ

" n
2n

  lim   lim  1 0.œ œ œ "n nÄ _ Ä _

2 ln 2 1
2 ln 2

2 ln 2
2 ln 2

n

n 2

n 2

n
" a b

a b

42. diverges by the definition of an infinite series:  ln  ln n ln n 1 , s ln 1 ln 2 ln 2 ln 3! !ˆ ‰ ! ‘a b a b a b
_ _

œ œn 1 n 1

n
n 1 k
!

œ ! $ œ ! $ !

 ln k 1 ln k ln k ln k 1 ln k 1  lim s$ Þ Þ Þ $ ! ! $ ! $ œ ! $ Ê œ !_a b a b a ba b a b
k Ä _

k
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30. converges by the Limit Comparison Test (part 2) with , the nth term of a convergent p-series:"

n

  lim    lim    lim   8  lim   8  lim   32  ln n n n nÄ _ Ä _ Ä _ Ä _ Ä _

’ “

Š ‹ Š ‹ Š ‹
ˆ ‰ ˆ ‰(ln n)

n

n 4n 4n

2 ln n
n n

œ œ œ œ œ
(ln n)
n n

ln n im   32 0 0n Ä _

"

n œ œ†

31. diverges by the Limit Comparison Test (part 3) with , the nth term of the divergent harmonic series:"

n

  lim    lim    lim    lim  nn n n nÄ _ Ä _ Ä _ Ä _

ˆ ‰
ˆ ‰

1 ln n

n n

œ œ œ œ _
n

1 ln n!

"

Š ‹

32. diverges by the Integral Test:   dx u du  lim  u  lim   b ln 3' '
2 ln 3

ln (x 1)
x 1 2

!

! #

" "# # #
œ œ œ ! œ _

b bÄ _ Ä _

! ‘ a bb

ln 3

33. converges by the Direct Comparison Test with , the nth term of a convergent p-series:  n 1 n for" #

n ! "

 n 2  n n 1 n   n n 1 n    or use Limit Comparison Test with .  Ê ! " Ê ! " Ê "
# # $ $Î## " "

"

a b È
n n n 1

1
nÈ

34. converges by the Direct Comparison Test with , the nth term of a convergent p-series:  n 1 n" # #

n $ "

  n 1 nn   n    or use Limit Comparison Test with  .Ê $ " Ê " Ê %
# $Î# $Î#! " "

!

È n 1
n

n
n 1 n nÈ
È

35. converges because        which is the sum of two convergent series:! ! !
_ _ _

œ œ œn 1 n 1 n 1

"" " ""

#

n
n2 n2n n nœ $

    converges by the Direct Comparison Test since , and    is a convergent geometric series! !
_ _

œ œn 1 n 1

" " " ""

# #n2 n 2n n n n%

36. converges by the Direct Comparison Test:      and , the sum of! ! ˆ ‰
_ _

œ œn 1 n 1

n 2
n 2 n2 n n2 n n
! " " " " " "

#

n

n n n nœ $ $ Ÿ $

 the nth terms of a convergent geometric series and a convergent p-series

37. converges by the Direct Comparison Test:  , which is the nth term of a convergent geometric series" "

!3 1 3n 1 n 1%

38. diverges;  lim   lim  0n nÄ _ Ä _
Š ‹ ˆ ‰3

3 3 3 3
n 1

n n
!" " " "

œ $ œ Á

39. converges by Limit Comparison Test: compare with   , which is a convergent geometric series with r 1,! ˆ ‰
_

œn 1

1 1
5 5

n
l l œ %

  lim   lim   lim  0.n n nÄ _ Ä _ Ä _

Š ‹
a b

n 1 1
n 3n2 5n

n 2

†

Î

!

! !1 5
n 1 1

n 3n 2n 3œ œ œ

40. converges by Limit Comparison Test: compare with   , which is a convergent geometric  series with r 1,! ˆ ‰
_

œn 1

3 1
4 5

n
l l œ %

  lim   lim   lim  1 0.n n nÄ _ Ä _ Ä _

Š ‹
a b

ˆ ‰
ˆ ‰

2 3n n
3 4n n

n n
n n

n n

8
12

n

9
12

3 4
8 12 1
9 12 1

1
1Î

!

!

!

!

œ œ œ œ "

41. diverges  by Limit Comparison Test: compare with    , which is a divergent p-series,   lim   lim!
_

œn 1

1 2
n 1 nn nÄ _ Ä _

Š ‹2 nn
n 2n n

Î
œ

" n
2n

  lim   lim  1 0.œ œ œ "n nÄ _ Ä _

2 ln 2 1
2 ln 2

2 ln 2
2 ln 2

n

n 2

n 2

n
" a b

a b

42. diverges by the definition of an infinite series:  ln  ln n ln n 1 , s ln 1 ln 2 ln 2 ln 3! !ˆ ‰ ! ‘a b a b a b
_ _

œ œn 1 n 1

n
n 1 k
!

œ ! $ œ ! $ !

 ln k 1 ln k ln k ln k 1 ln k 1  lim s$ Þ Þ Þ $ ! ! $ ! $ œ ! $ Ê œ !_a b a b a ba b a b
k Ä _

k

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.

 Section 10.4 Comparison Tests 593

30. converges by the Limit Comparison Test (part 2) with , the nth term of a convergent p-series:"

n

  lim    lim    lim   8  lim   8  lim   32  ln n n n nÄ _ Ä _ Ä _ Ä _ Ä _

’ “

Š ‹ Š ‹ Š ‹
ˆ ‰ ˆ ‰(ln n)

n

n 4n 4n

2 ln n
n n

œ œ œ œ œ
(ln n)
n n

ln n im   32 0 0n Ä _

"

n œ œ†

31. diverges by the Limit Comparison Test (part 3) with , the nth term of the divergent harmonic series:"

n

  lim    lim    lim    lim  nn n n nÄ _ Ä _ Ä _ Ä _

ˆ ‰
ˆ ‰

1 ln n

n n

œ œ œ œ _
n

1 ln n!

"

Š ‹

32. diverges by the Integral Test:   dx u du  lim  u  lim   b ln 3' '
2 ln 3

ln (x 1)
x 1 2

!

! #

" "# # #
œ œ œ ! œ _

b bÄ _ Ä _

! ‘ a bb

ln 3

33. converges by the Direct Comparison Test with , the nth term of a convergent p-series:  n 1 n for" #

n ! "

 n 2  n n 1 n   n n 1 n    or use Limit Comparison Test with .  Ê ! " Ê ! " Ê "
# # $ $Î## " "

"

a b È
n n n 1

1
nÈ

34. converges by the Direct Comparison Test with , the nth term of a convergent p-series:  n 1 n" # #

n $ "

  n 1 nn   n    or use Limit Comparison Test with  .Ê $ " Ê " Ê %
# $Î# $Î#! " "

!

È n 1
n

n
n 1 n nÈ
È

35. converges because        which is the sum of two convergent series:! ! !
_ _ _

œ œ œn 1 n 1 n 1

"" " ""

#

n
n2 n2n n nœ $

    converges by the Direct Comparison Test since , and    is a convergent geometric series! !
_ _

œ œn 1 n 1

" " " ""

# #n2 n 2n n n n%

36. converges by the Direct Comparison Test:      and , the sum of! ! ˆ ‰
_ _

œ œn 1 n 1

n 2
n 2 n2 n n2 n n
! " " " " " "

#

n

n n n nœ $ $ Ÿ $

 the nth terms of a convergent geometric series and a convergent p-series

37. converges by the Direct Comparison Test:  , which is the nth term of a convergent geometric series" "

!3 1 3n 1 n 1%

38. diverges;  lim   lim  0n nÄ _ Ä _
Š ‹ ˆ ‰3

3 3 3 3
n 1

n n
!" " " "

œ $ œ Á

39. converges by Limit Comparison Test: compare with   , which is a convergent geometric series with r 1,! ˆ ‰
_

œn 1

1 1
5 5

n
l l œ %

  lim   lim   lim  0.n n nÄ _ Ä _ Ä _

Š ‹
a b

n 1 1
n 3n2 5n

n 2

†

Î

!

! !1 5
n 1 1

n 3n 2n 3œ œ œ

40. converges by Limit Comparison Test: compare with   , which is a convergent geometric  series with r 1,! ˆ ‰
_

œn 1

3 1
4 5

n
l l œ %

  lim   lim   lim  1 0.n n nÄ _ Ä _ Ä _

Š ‹
a b

ˆ ‰
ˆ ‰

2 3n n
3 4n n

n n
n n

n n

8
12

n

9
12

3 4
8 12 1
9 12 1

1
1Î

!

!

!

!

œ œ œ œ "

41. diverges  by Limit Comparison Test: compare with    , which is a divergent p-series,   lim   lim!
_

œn 1

1 2
n 1 nn nÄ _ Ä _

Š ‹2 nn
n 2n n

Î
œ

" n
2n

  lim   lim  1 0.œ œ œ "n nÄ _ Ä _

2 ln 2 1
2 ln 2

2 ln 2
2 ln 2

n

n 2

n 2

n
" a b

a b

42. diverges by the definition of an infinite series:  ln  ln n ln n 1 , s ln 1 ln 2 ln 2 ln 3! !ˆ ‰ ! ‘a b a b a b
_ _

œ œn 1 n 1

n
n 1 k
!

œ ! $ œ ! $ !

 ln k 1 ln k ln k ln k 1 ln k 1  lim s$ Þ Þ Þ $ ! ! $ ! $ œ ! $ Ê œ !_a b a b a ba b a b
k Ä _

k
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30. converges by the Limit Comparison Test (part 2) with , the nth term of a convergent p-series:"

n

  lim    lim    lim   8  lim   8  lim   32  ln n n n nÄ _ Ä _ Ä _ Ä _ Ä _

’ “

Š ‹ Š ‹ Š ‹
ˆ ‰ ˆ ‰(ln n)

n

n 4n 4n

2 ln n
n n

œ œ œ œ œ
(ln n)
n n

ln n im   32 0 0n Ä _

"

n œ œ†

31. diverges by the Limit Comparison Test (part 3) with , the nth term of the divergent harmonic series:"

n

  lim    lim    lim    lim  nn n n nÄ _ Ä _ Ä _ Ä _

ˆ ‰
ˆ ‰

1 ln n

n n

œ œ œ œ _
n

1 ln n!

"

Š ‹

32. diverges by the Integral Test:   dx u du  lim  u  lim   b ln 3' '
2 ln 3

ln (x 1)
x 1 2

!

! #

" "# # #
œ œ œ ! œ _

b bÄ _ Ä _

! ‘ a bb

ln 3

33. converges by the Direct Comparison Test with , the nth term of a convergent p-series:  n 1 n for" #

n ! "

 n 2  n n 1 n   n n 1 n    or use Limit Comparison Test with .  Ê ! " Ê ! " Ê "
# # $ $Î## " "

"

a b È
n n n 1

1
nÈ

34. converges by the Direct Comparison Test with , the nth term of a convergent p-series:  n 1 n" # #

n $ "

  n 1 nn   n    or use Limit Comparison Test with  .Ê $ " Ê " Ê %
# $Î# $Î#! " "

!

È n 1
n

n
n 1 n nÈ
È

35. converges because        which is the sum of two convergent series:! ! !
_ _ _

œ œ œn 1 n 1 n 1

"" " ""

#

n
n2 n2n n nœ $

    converges by the Direct Comparison Test since , and    is a convergent geometric series! !
_ _

œ œn 1 n 1

" " " ""

# #n2 n 2n n n n%

36. converges by the Direct Comparison Test:      and , the sum of! ! ˆ ‰
_ _

œ œn 1 n 1

n 2
n 2 n2 n n2 n n
! " " " " " "

#

n

n n n nœ $ $ Ÿ $

 the nth terms of a convergent geometric series and a convergent p-series

37. converges by the Direct Comparison Test:  , which is the nth term of a convergent geometric series" "

!3 1 3n 1 n 1%

38. diverges;  lim   lim  0n nÄ _ Ä _
Š ‹ ˆ ‰3

3 3 3 3
n 1

n n
!" " " "

œ $ œ Á

39. converges by Limit Comparison Test: compare with   , which is a convergent geometric series with r 1,! ˆ ‰
_

œn 1

1 1
5 5

n
l l œ %

  lim   lim   lim  0.n n nÄ _ Ä _ Ä _

Š ‹
a b

n 1 1
n 3n2 5n

n 2

†

Î

!

! !1 5
n 1 1

n 3n 2n 3œ œ œ

40. converges by Limit Comparison Test: compare with   , which is a convergent geometric  series with r 1,! ˆ ‰
_

œn 1

3 1
4 5

n
l l œ %

  lim   lim   lim  1 0.n n nÄ _ Ä _ Ä _

Š ‹
a b

ˆ ‰
ˆ ‰

2 3n n
3 4n n

n n
n n

n n

8
12

n

9
12

3 4
8 12 1
9 12 1

1
1Î

!

!

!

!

œ œ œ œ "

41. diverges  by Limit Comparison Test: compare with    , which is a divergent p-series,   lim   lim!
_

œn 1

1 2
n 1 nn nÄ _ Ä _

Š ‹2 nn
n 2n n

Î
œ

" n
2n

  lim   lim  1 0.œ œ œ "n nÄ _ Ä _

2 ln 2 1
2 ln 2

2 ln 2
2 ln 2

n

n 2

n 2

n
" a b

a b

42. diverges by the definition of an infinite series:  ln  ln n ln n 1 , s ln 1 ln 2 ln 2 ln 3! !ˆ ‰ ! ‘a b a b a b
_ _

œ œn 1 n 1

n
n 1 k
!

œ ! $ œ ! $ !

 ln k 1 ln k ln k ln k 1 ln k 1  lim s$ Þ Þ Þ $ ! ! $ ! $ œ ! $ Ê œ !_a b a b a ba b a b
k Ä _

k
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43. converges by Comparison Test with     which converges since       , and! ! ! ’ “
_ _ _

œ œ œn 2 n 2 n 2

1 1 1 1
n n 1 n n 1 n 1 na b a b! ! !

œ !

 s 1 1  lim s 1; for n 2, n 2 ! 1k k
1 1 1 1 1 1 1 1
2 2 3 k 2 k 1 k 1 k kœ ! " ! " Þ Þ Þ " ! " ! œ ! Ê œ   !  ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ a b

! ! ! k Ä _

 n n 1 n 2 ! n n 1 n! n n 1Ê ! !   ! Ê   ! Ê Ÿa ba b a b a b 1 1
n! n n 1a b!

44. converges by Limit Comparison Test: compare with   , which is a convergent p-series,   lim  !
_

œn 1

1
n 1 n3 3

n 1
n 2

n Ä _ Î

  lim   lim   lim   lim  1 0œ œ œ œ œ %n n n nÄ _ Ä _ Ä _ Ä _

n n 1
n 2 n 1 n n 1 n 3n 2 2n 3 2

n 2n 23 2

2
a b

a ba b a b
! x

" " ! x " " "

45. diverges by the Limit Comparison Test (part 1) with , the nth term of the divergent harmonic series:"

n

  lim    lim   1n x 0Ä _ Ä

ˆ ‰
ˆ ‰
sin n

n
œ œ

sin x
x

46. diverges by the Limit Comparison Test (part 1) with , the nth term of the divergent harmonic series:"

n

  lim    lim    lim   1 1 1n n x 0Ä _ Ä _ Ä

ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰

tan sin 
cos 

n n

n nn
œ œ œ œŠ ‹ ˆ ‰ ˆ ‰" "

cos x x
sin x

†

47. converges by the Direct Comparison Test:   and       is the product of atan n
n n n n1.1 1.1 1.1 1.1& œ! !

_ _

œ œn 1 n 1

1

#

"

 convergent p-series and a nonzero constant

48. converges by the Direct Comparison Test:  sec n    and      is the!"

# #

"
& Ê & œ

1 1sec n
n n n n1 3 1 3 1 3 1 3

ˆ ‰ ˆ ‰! !
_ _

œ œn 1 n 1

 product of a convergent p-series and a nonzero constant

49. converges by the Limit Comparison Test (part 1) with :   lim    lim  coth n  lim   " "

!n e e
e e

n n nÄ _ Ä _ Ä _

Š ‹

Š ‹

coth n
n

n

œ œ
n n

n n

  lim   1œ œn Ä _

""

!

e
1 e

2n

2n

50. converges by the Limit Comparison Test (part 1) with :   lim    lim  tanh n  lim   " !

"n e e
e e

n n nÄ _ Ä _ Ä _

Š ‹

Š ‹

tanh n
n

n

œ œ
n n

n n

  lim   1œ œn Ä _

"!

"

e
1 e

2n

2n

51. diverges by the Limit Comparison Test (part 1) with :  lim    lim   1.1 1
n nn nÄ _ Ä _

Š ‹
ˆ ‰

1
n nn

1
n

œ œÈn

52. converges by the Limit Comparison Test (part 1) with :   lim    lim  n 1"

n n nÄ _ Ä _

Š ‹

Š ‹

n n
n

n

n
œ œÈ

53. . The series converges by the Limit Comparison Test (part 1) with :" "

" " "á" "1 2 3 n n(n 1) n
2

œ œ
"

ˆ ‰n(n 1)

   lim    lim   lim   lim  2.n n n nÄ _ Ä _ Ä _ Ä _

Š ‹

Š ‹

2
n n 1

n

œ œ œ œ
2n 4n 4

n n 2n 1 2" "

54.   the series converges by the Direct Comparison Test"

" " "á" " "1 2 3 n n(n 1)(2n 1) n
6 6

œ œ Ÿ Ê
"

n(n 1)(2n 1)
6

Copyright © 2010 Pearson Education, Inc.  Publishing as Addison-Wesley.

594 Chapter 10 Infinite Sequences and Series

43. converges by Comparison Test with     which converges since       , and! ! ! ’ “
_ _ _

œ œ œn 2 n 2 n 2

1 1 1 1
n n 1 n n 1 n 1 na b a b! ! !

œ !

 s 1 1  lim s 1; for n 2, n 2 ! 1k k
1 1 1 1 1 1 1 1
2 2 3 k 2 k 1 k 1 k kœ ! " ! " Þ Þ Þ " ! " ! œ ! Ê œ   !  ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ a b

! ! ! k Ä _

 n n 1 n 2 ! n n 1 n! n n 1Ê ! !   ! Ê   ! Ê Ÿa ba b a b a b 1 1
n! n n 1a b!

44. converges by Limit Comparison Test: compare with   , which is a convergent p-series,   lim  !
_

œn 1

1
n 1 n3 3

n 1
n 2

n Ä _ Î

  lim   lim   lim   lim  1 0œ œ œ œ œ %n n n nÄ _ Ä _ Ä _ Ä _

n n 1
n 2 n 1 n n 1 n 3n 2 2n 3 2

n 2n 23 2

2
a b

a ba b a b
! x

" " ! x " " "

45. diverges by the Limit Comparison Test (part 1) with , the nth term of the divergent harmonic series:"

n

  lim    lim   1n x 0Ä _ Ä

ˆ ‰
ˆ ‰
sin n

n
œ œ

sin x
x

46. diverges by the Limit Comparison Test (part 1) with , the nth term of the divergent harmonic series:"

n

  lim    lim    lim   1 1 1n n x 0Ä _ Ä _ Ä

ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰

tan sin 
cos 

n n

n nn
œ œ œ œŠ ‹ ˆ ‰ ˆ ‰" "

cos x x
sin x

†

47. converges by the Direct Comparison Test:   and       is the product of atan n
n n n n1.1 1.1 1.1 1.1& œ! !

_ _

œ œn 1 n 1

1

#

"

 convergent p-series and a nonzero constant

48. converges by the Direct Comparison Test:  sec n    and      is the!"

# #

"
& Ê & œ

1 1sec n
n n n n1 3 1 3 1 3 1 3

ˆ ‰ ˆ ‰! !
_ _

œ œn 1 n 1

 product of a convergent p-series and a nonzero constant

49. converges by the Limit Comparison Test (part 1) with :   lim    lim  coth n  lim   " "

!n e e
e e

n n nÄ _ Ä _ Ä _

Š ‹

Š ‹

coth n
n

n

œ œ
n n

n n

  lim   1œ œn Ä _

""

!

e
1 e

2n

2n

50. converges by the Limit Comparison Test (part 1) with :   lim    lim  tanh n  lim   " !

"n e e
e e

n n nÄ _ Ä _ Ä _

Š ‹

Š ‹

tanh n
n

n

œ œ
n n

n n

  lim   1œ œn Ä _

"!

"

e
1 e

2n

2n

51. diverges by the Limit Comparison Test (part 1) with :  lim    lim   1.1 1
n nn nÄ _ Ä _

Š ‹
ˆ ‰

1
n nn

1
n

œ œÈn

52. converges by the Limit Comparison Test (part 1) with :   lim    lim  n 1"

n n nÄ _ Ä _

Š ‹

Š ‹

n n
n

n

n
œ œÈ

53. . The series converges by the Limit Comparison Test (part 1) with :" "

" " "á" "1 2 3 n n(n 1) n
2

œ œ
"

ˆ ‰n(n 1)

   lim    lim   lim   lim  2.n n n nÄ _ Ä _ Ä _ Ä _

Š ‹

Š ‹

2
n n 1

n

œ œ œ œ
2n 4n 4

n n 2n 1 2" "

54.   the series converges by the Direct Comparison Test"

" " "á" " "1 2 3 n n(n 1)(2n 1) n
6 6

œ œ Ÿ Ê
"

n(n 1)(2n 1)
6
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43. converges by Comparison Test with     which converges since       , and! ! ! ’ “
_ _ _

œ œ œn 2 n 2 n 2

1 1 1 1
n n 1 n n 1 n 1 na b a b! ! !

œ !

 s 1 1  lim s 1; for n 2, n 2 ! 1k k
1 1 1 1 1 1 1 1
2 2 3 k 2 k 1 k 1 k kœ ! " ! " Þ Þ Þ " ! " ! œ ! Ê œ   !  ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ a b

! ! ! k Ä _

 n n 1 n 2 ! n n 1 n! n n 1Ê ! !   ! Ê   ! Ê Ÿa ba b a b a b 1 1
n! n n 1a b!

44. converges by Limit Comparison Test: compare with   , which is a convergent p-series,   lim  !
_

œn 1

1
n 1 n3 3

n 1
n 2

n Ä _ Î

  lim   lim   lim   lim  1 0œ œ œ œ œ %n n n nÄ _ Ä _ Ä _ Ä _

n n 1
n 2 n 1 n n 1 n 3n 2 2n 3 2

n 2n 23 2

2
a b

a ba b a b
! x

" " ! x " " "

45. diverges by the Limit Comparison Test (part 1) with , the nth term of the divergent harmonic series:"

n

  lim    lim   1n x 0Ä _ Ä

ˆ ‰
ˆ ‰
sin n

n
œ œ

sin x
x

46. diverges by the Limit Comparison Test (part 1) with , the nth term of the divergent harmonic series:"

n

  lim    lim    lim   1 1 1n n x 0Ä _ Ä _ Ä

ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰

tan sin 
cos 

n n

n nn
œ œ œ œŠ ‹ ˆ ‰ ˆ ‰" "

cos x x
sin x

†

47. converges by the Direct Comparison Test:   and       is the product of atan n
n n n n1.1 1.1 1.1 1.1& œ! !

_ _

œ œn 1 n 1

1

#

"

 convergent p-series and a nonzero constant

48. converges by the Direct Comparison Test:  sec n    and      is the!"

# #

"
& Ê & œ

1 1sec n
n n n n1 3 1 3 1 3 1 3

ˆ ‰ ˆ ‰! !
_ _

œ œn 1 n 1

 product of a convergent p-series and a nonzero constant

49. converges by the Limit Comparison Test (part 1) with :   lim    lim  coth n  lim   " "

!n e e
e e

n n nÄ _ Ä _ Ä _

Š ‹

Š ‹

coth n
n

n

œ œ
n n

n n

  lim   1œ œn Ä _

""

!

e
1 e

2n

2n

50. converges by the Limit Comparison Test (part 1) with :   lim    lim  tanh n  lim   " !

"n e e
e e

n n nÄ _ Ä _ Ä _

Š ‹

Š ‹

tanh n
n

n

œ œ
n n

n n

  lim   1œ œn Ä _

"!

"

e
1 e

2n

2n

51. diverges by the Limit Comparison Test (part 1) with :  lim    lim   1.1 1
n nn nÄ _ Ä _

Š ‹
ˆ ‰

1
n nn

1
n

œ œÈn

52. converges by the Limit Comparison Test (part 1) with :   lim    lim  n 1"

n n nÄ _ Ä _

Š ‹

Š ‹

n n
n

n

n
œ œÈ

53. . The series converges by the Limit Comparison Test (part 1) with :" "

" " "á" "1 2 3 n n(n 1) n
2

œ œ
"

ˆ ‰n(n 1)

   lim    lim   lim   lim  2.n n n nÄ _ Ä _ Ä _ Ä _

Š ‹

Š ‹

2
n n 1

n

œ œ œ œ
2n 4n 4

n n 2n 1 2" "

54.   the series converges by the Direct Comparison Test"

" " "á" " "1 2 3 n n(n 1)(2n 1) n
6 6

œ œ Ÿ Ê
"

n(n 1)(2n 1)
6
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43. converges by Comparison Test with     which converges since       , and! ! ! ’ “
_ _ _

œ œ œn 2 n 2 n 2

1 1 1 1
n n 1 n n 1 n 1 na b a b! ! !

œ !

 s 1 1  lim s 1; for n 2, n 2 ! 1k k
1 1 1 1 1 1 1 1
2 2 3 k 2 k 1 k 1 k kœ ! " ! " Þ Þ Þ " ! " ! œ ! Ê œ   !  ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ a b

! ! ! k Ä _

 n n 1 n 2 ! n n 1 n! n n 1Ê ! !   ! Ê   ! Ê Ÿa ba b a b a b 1 1
n! n n 1a b!

44. converges by Limit Comparison Test: compare with   , which is a convergent p-series,   lim  !
_

œn 1

1
n 1 n3 3

n 1
n 2

n Ä _ Î

  lim   lim   lim   lim  1 0œ œ œ œ œ %n n n nÄ _ Ä _ Ä _ Ä _

n n 1
n 2 n 1 n n 1 n 3n 2 2n 3 2

n 2n 23 2

2
a b

a ba b a b
! x

" " ! x " " "

45. diverges by the Limit Comparison Test (part 1) with , the nth term of the divergent harmonic series:"

n

  lim    lim   1n x 0Ä _ Ä

ˆ ‰
ˆ ‰
sin n

n
œ œ

sin x
x

46. diverges by the Limit Comparison Test (part 1) with , the nth term of the divergent harmonic series:"

n

  lim    lim    lim   1 1 1n n x 0Ä _ Ä _ Ä

ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰

tan sin 
cos 

n n

n nn
œ œ œ œŠ ‹ ˆ ‰ ˆ ‰" "

cos x x
sin x

†

47. converges by the Direct Comparison Test:   and       is the product of atan n
n n n n1.1 1.1 1.1 1.1& œ! !

_ _

œ œn 1 n 1

1

#

"

 convergent p-series and a nonzero constant

48. converges by the Direct Comparison Test:  sec n    and      is the!"

# #

"
& Ê & œ

1 1sec n
n n n n1 3 1 3 1 3 1 3

ˆ ‰ ˆ ‰! !
_ _

œ œn 1 n 1

 product of a convergent p-series and a nonzero constant

49. converges by the Limit Comparison Test (part 1) with :   lim    lim  coth n  lim   " "

!n e e
e e

n n nÄ _ Ä _ Ä _

Š ‹

Š ‹

coth n
n

n

œ œ
n n

n n

  lim   1œ œn Ä _

""

!

e
1 e

2n

2n

50. converges by the Limit Comparison Test (part 1) with :   lim    lim  tanh n  lim   " !

"n e e
e e

n n nÄ _ Ä _ Ä _

Š ‹

Š ‹

tanh n
n

n

œ œ
n n

n n

  lim   1œ œn Ä _

"!

"

e
1 e

2n

2n

51. diverges by the Limit Comparison Test (part 1) with :  lim    lim   1.1 1
n nn nÄ _ Ä _

Š ‹
ˆ ‰

1
n nn

1
n

œ œÈn

52. converges by the Limit Comparison Test (part 1) with :   lim    lim  n 1"

n n nÄ _ Ä _

Š ‹

Š ‹

n n
n

n

n
œ œÈ

53. . The series converges by the Limit Comparison Test (part 1) with :" "

" " "á" "1 2 3 n n(n 1) n
2

œ œ
"

ˆ ‰n(n 1)

   lim    lim   lim   lim  2.n n n nÄ _ Ä _ Ä _ Ä _

Š ‹

Š ‹

2
n n 1

n

œ œ œ œ
2n 4n 4

n n 2n 1 2" "

54.   the series converges by the Direct Comparison Test"

" " "á" " "1 2 3 n n(n 1)(2n 1) n
6 6

œ œ Ÿ Ê
"

n(n 1)(2n 1)
6
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43. converges by Comparison Test with     which converges since       , and! ! ! ’ “
_ _ _

œ œ œn 2 n 2 n 2

1 1 1 1
n n 1 n n 1 n 1 na b a b! ! !

œ !

 s 1 1  lim s 1; for n 2, n 2 ! 1k k
1 1 1 1 1 1 1 1
2 2 3 k 2 k 1 k 1 k kœ ! " ! " Þ Þ Þ " ! " ! œ ! Ê œ   !  ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ a b

! ! ! k Ä _

 n n 1 n 2 ! n n 1 n! n n 1Ê ! !   ! Ê   ! Ê Ÿa ba b a b a b 1 1
n! n n 1a b!

44. converges by Limit Comparison Test: compare with   , which is a convergent p-series,   lim  !
_

œn 1

1
n 1 n3 3

n 1
n 2

n Ä _ Î

  lim   lim   lim   lim  1 0œ œ œ œ œ %n n n nÄ _ Ä _ Ä _ Ä _

n n 1
n 2 n 1 n n 1 n 3n 2 2n 3 2

n 2n 23 2

2
a b

a ba b a b
! x

" " ! x " " "

45. diverges by the Limit Comparison Test (part 1) with , the nth term of the divergent harmonic series:"

n

  lim    lim   1n x 0Ä _ Ä

ˆ ‰
ˆ ‰
sin n

n
œ œ

sin x
x

46. diverges by the Limit Comparison Test (part 1) with , the nth term of the divergent harmonic series:"

n

  lim    lim    lim   1 1 1n n x 0Ä _ Ä _ Ä

ˆ ‰ ˆ ‰
ˆ ‰ ˆ ‰

tan sin 
cos 

n n

n nn
œ œ œ œŠ ‹ ˆ ‰ ˆ ‰" "

cos x x
sin x

†

47. converges by the Direct Comparison Test:   and       is the product of atan n
n n n n1.1 1.1 1.1 1.1& œ! !

_ _

œ œn 1 n 1

1

#

"

 convergent p-series and a nonzero constant

48. converges by the Direct Comparison Test:  sec n    and      is the!"

# #

"
& Ê & œ

1 1sec n
n n n n1 3 1 3 1 3 1 3

ˆ ‰ ˆ ‰! !
_ _

œ œn 1 n 1

 product of a convergent p-series and a nonzero constant

49. converges by the Limit Comparison Test (part 1) with :   lim    lim  coth n  lim   " "

!n e e
e e

n n nÄ _ Ä _ Ä _

Š ‹

Š ‹

coth n
n

n

œ œ
n n

n n

  lim   1œ œn Ä _

""

!

e
1 e

2n

2n

50. converges by the Limit Comparison Test (part 1) with :   lim    lim  tanh n  lim   " !

"n e e
e e

n n nÄ _ Ä _ Ä _

Š ‹

Š ‹

tanh n
n

n

œ œ
n n

n n

  lim   1œ œn Ä _

"!

"

e
1 e

2n

2n

51. diverges by the Limit Comparison Test (part 1) with :  lim    lim   1.1 1
n nn nÄ _ Ä _

Š ‹
ˆ ‰

1
n nn

1
n

œ œÈn

52. converges by the Limit Comparison Test (part 1) with :   lim    lim  n 1"

n n nÄ _ Ä _

Š ‹

Š ‹

n n
n

n

n
œ œÈ

53. . The series converges by the Limit Comparison Test (part 1) with :" "

" " "á" "1 2 3 n n(n 1) n
2

œ œ
"

ˆ ‰n(n 1)

   lim    lim   lim   lim  2.n n n nÄ _ Ä _ Ä _ Ä _

Š ‹

Š ‹

2
n n 1

n

œ œ œ œ
2n 4n 4

n n 2n 1 2" "

54.   the series converges by the Direct Comparison Test"

" " "á" " "1 2 3 n n(n 1)(2n 1) n
6 6

œ œ Ÿ Ê
"

n(n 1)(2n 1)
6
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 Section 10.4 Comparison Tests 595

55. (a) If  lim   0, then there exists an integer N such that for all n N, 0 1  1 1n Ä _

a a a
b b b

n n n

n n n
œ ! " # Ê " # #¹ ¹

  a b .  Thus, if  b  converges, then  a  converges by the Direct Comparison Test.Ê #n n n n! !
 (b) If  lim   , then there exists an integer N such that for all n N, 1  a b .  Thus, ifn Ä _

a a
b b n n

n n

n n
œ _ ! ! Ê !

  b  diverges, then  a  diverges by the Direct Comparison Test.! !n n

56. Yes,    converges by the Direct Comparison Test because a!
_

œn 1

a a
n n n
n n

#

57.  lim     there exists an  integer N such that for all n N, 1  a b .  If  a  converges,n Ä _

a a
b b n n n

n n

n n
œ _ Ê ! ! Ê ! !

 then  b  converges by the Direct Comparison Test! n

58.  a  converges   lim  a 0  there exists an  integer N such that for all n N, 0 a 1  a a! n n n nnÊ œ Ê ! Ÿ # Ê #n Ä _

#

   a  converges by the Direct Comparison TestÊ ! #

n

59. Since a 0 and  lim  a 0, by n  term test for divergence,  a  diverges.n n n
th

! œ _ Án Ä _

!

60. Since a 0 and  lim  n a 0, compare a  with  , which is a convergent p-series;  lim   n n n
2

n 1 n
a

! † œn nÄ _ Ä _
a b ! ! "

Î

n
2

  lim  n a 0 a  converges by Limit Comparison Testœ † œ Ên Ä _
a b !2

n n

61. Let q  and p 1. If q 0, then      , which is a convergent p-series. If q 0, compare with"_ # # _ ! œ œ Á! !
_ _

œ œn 2 n 2

a bln n
n n

1
q

p p

    where 1 r p, then   lim    lim  , and p r 0. If q 0 q 0 and  lim  !
_

œn 2

1
n 1 n n n

ln n ln n
r r p r p r

ln n q

np
q q

# # œ " ! # Ê " !n n nÄ _ Ä _ Ä _Î

a b a b

  lim  0. If q 0,  lim   lim   lim  . If q 1 0 1 q 0œ œ ! œ œ " Ÿ Ê "  n n n nÄ _ Ä _ Ä _ Ä _

1
ln n n

ln n q ln n
n p r n p r n

q ln n
a b

a b a ba b ˆ ‰
a b a bq p r

q q 1

p r p r 1 p r

q 1 1
n

! !
 and

  lim   lim  0, otherwise, we apply L'Hopital's Rule again.  lim  n n nÄ _ Ä _ Ä _

q ln n
p r n

q
p r n ln n

q q 1 ln na b
a b a b a b

a ba b ˆ ‰q 1

p r 1 qp r

q 2 1
n

! !

!

œ œ a bp r n!
2 p r 1

   lim  . If q 2 0 2 q 0 and   lim   lim  0; otœ " Ÿ Ê "   œ œn n nÄ _ Ä _ Ä _

q q 1 ln n q q 1 ln n q q 1
p r n p r n p r n ln n

a ba b a ba b a b
a b a b a b a b
! ! !

! ! !

q 2 q 2

2 2 2 2 qp r p r p r herwise, we

 apply L'Hopital's Rule again. Since q is finite, there is a positive integer k such that q k 0 k q 0. Thus, after k" Ÿ Ê "  

 applications of L'Hopital's Rule we obtain  lim    lim  0n nÄ _ Ä _

q q 1 q k 1 ln n q q 1 q k 1
p r n p r n ln n

a b a ba b a b a b
a b a b a b

! â ! " ! â ! "

! !

q k

k k k qp r p rœ œ . Since the limit is

 0 in every case, by Limit Comparison Test, the series  converges.!
n 1

ln n
n

œ

_ a bq

p

62. Let q  and p 1. If q 0, then      , which is a divergent p-series. If q 0, compare with"_ # # _ Ÿ œ œ !! !
_ _

œ œn 2 n 2

a bln n
n n

1
q

p p

   , which is a divergent p-series. Then   lim    lim  ln n . If q 0 q 0, compare with   ,! !a b
_ _

œ œn 2 n 2

1 1
n 1 n n

q
p p r

ln n q

np

n nÄ _ Ä _Î
œ œ _ # Ê " !

 where 0 p r 1.  lim    lim   lim   since r p 0. Apply L'Hopital's to obtain# # Ÿ œ œ " !n n nÄ _ Ä _ Ä _

ln n q

np
r p r

q r p
q1 n n

ln n n
ln nÎ

a b
a b

  lim   lim  . If q 1 0 q 1 0 and  lim  ,n n nÄ _ Ä _ Ä _

a b a b a b a b
a ba b a ba bˆ ‰ a b

r p n r p n r p n ln n
q ln n q ln n q
! ! !

! ! !

r p 1 r p r p

q 1 q 11
n

q 1

œ " " Ÿ Ê %   œ _

 otherwise, we apply L'Hopital's Rule again to obtain  lim   lim  n nÄ _ Ä _

a b a b
a ba ba b a ba ba bˆ ‰

r p n r p n
q q 1 ln n q q 1

! !

! ! ! ! ! !

2 2r p 1 r p

q 2 1
n

œ
ln n q 2 . If

 q 2 0 q 2 0 and  lim   lim  , otherwise, we" " Ÿ Ê %   œ œ _n nÄ _ Ä _

a b a b a b
a ba ba b a ba b

r p n r p n ln n
q q 1 ln n q q 1

! !

! ! ! ! ! !

2 2 q 2r p r p

q 2

 apply L'Hopital's Rule again. Since q is finite, there is a positive integer k such that q k 0 q k 0. Thus, after" " Ÿ Ê %  

 k applications of L'Hopital's Rule we obtain  lim    lim  n nÄ _ Ä _

a b a b a b
a ba b a ba b a ba b

r p n r p n ln n
q q 1 q k 1 ln n q q

! !

! ! ! â ! ! " ! !

k k q kr p r p

q k œ
! â ! ! "1 q k 1a b œ _.
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 Since the limit is  if q 0 or if q 0 and p 1, by Limit comparison test, the series  diverges. Finally if q 0_ ! " " "!
n 1

ln n
n

œ

_ a bq

p r

 and p 1 then       . Compare with   , which is a divergent p-series. For n 3,  ln n 1œ œ    ! ! !
_ _ _

œ œ œn 2 n 2 n 2

a b a bln n ln n
n n n

1
q q

p

  ln n 1  . Thus     diverges by Comparison Test. Thus, if q  and p 1,Ê   Ê   $_ " " _ Ÿa b !q ln n ln n
n n n

1a b a bq q_

œn 2

 the series  diverges.!
n 1

ln n
n

œ

_ a bq

p r

63. Converges by Exercise 61 with q 3 and p 4.œ œ

64. Diverges by Exercise 62 with q  and p .œ œ
1 1
2 2

65. Converges by Exercise 61 with q 1000 and p 1.001.œ œ

66. Diverges by Exercise 62 with q  and p 0.99.œ œ
1
5

67. Converges by Exercise 61 with q 3 and p 1.1.œ $ œ

68. Diverges by Exercise 62 with q  and p .œ $ œ
1 1
2 2

69. Example CAS commands:
 :Maple
 a := n -> 1./n^3/sin(n)^2;
 s := k -> sum( a(n), n=1..k );                                                    # (a)]
 limit( s(k), k=infinity );
 pts := [seq( [k,s(k)], k=1..100 )]:                                              # (b)
 plot( pts, style=point, title="#69(b) (Section 10.4)" );
 pts := [seq( [k,s(k)], k=1..200 )]:                                              # (c)
 plot( pts, style=point, title="#69(c) (Section 10.4)" );
 pts := [seq( [k,s(k)], k=1..400 )]:                                              # (d)
 plot( pts, style=point, title="#69(d) (Section 10.4)" );
 evalf( 355/113 );
 :Mathematica
 Clear[a, n, s, k, p]
 a[n_]:= 1 / ( n  Sin[n]  )3 2

 s[k_]= Sum[ a[n], {n, 1, k}]
 points[p_]:= Table[{k, N[s[k]]}, {k, 1, p}]
 points[100]
 ListPlot[points[100]]
 points[200]
 ListPlot[points[200]
 points[400]
 ListPlot[points[400], PlotRange All]Ä

 To investigate what is happening around k = 355, you could do the following.
 N[355/113]
 N[   355/113]1 $

 Sin[355]//N
 a[355]//N
 N[s[354]]
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 N[s[355]]
 N[s[356]]

70. (a) Let S , which is a convergent p-series. By Example 5 in Section 10.2,  converges to 1. By Theorem 8,œ ! !
_ _

œ œn 1 n 1

1 1
n n n 12 a b!

  S         also converges.œ œ ! " œ ! "! ! ! ! ! ! Š ‹
_ _ _ _ _ _

œ œ œ œ œ œn 1 n 1 n 1 n 1 n 1 n 1

1 1 1 1 1 1 1
n n n 1 n n n 1 n n 1 n n n 12 2 2a b a b a b a b! ! ! !

 (b) Since   converges to 1 (from Example 5 in Section 10.2), S 1  1! ! !Š ‹
_ _ _

œ œ œn 1 n 1 n 1

1 1 1 1
n n 1 n n n 1 n n 1a b a b a b! ! !

œ ! " œ !2 2

 (c) The new series is comparible to , so it will converge faster because its terms 0  faster than the terms of  ! !
_ _

œ œn 1 n 1

1 1
n3 Ä n2 .

 (d) The series 1  gives a better approximation. Using Mathematica, 1 1.644933568, while! ! œ! !
1000 1000

n 1 n 1œ œ

1 1
n n 1 n n 12 2a b a b! !

     1.644933067. Note that 1.644934067. The error is 4.99 10  compared with 1 10 .!
1000000

n 1œ

1
n 6

7 6
2

2
œ œ ‚ ‚

1 " "

10.5  THE RATIO AND ROOT TESTS

 1. 0 for all n 1;         0 1  converges2 2 2 n! 2 2
n! n n! 2 n n!n n n n 1

n n n
2n
n !

2n
n!

n#   œ † œ œ % Êlim lim lim
Ä_ Ä_ Ä_

†

!" † ! "

œ

_

Œ " Š ‹ ˆ ‰ !
a b

 2. 0 for all n 1;          1  convn 2 n 3 3 n 3 1 1 n 2
3 3 3 n 2 3n 6 3 3 3n n n n n 1

! ! ! !

Ä_ Ä_ Ä_ Ä_
† ! !

œ

_

n n 2 n n

n 1 2
3n 1

3n

n
#   œ † œ œ œ % Êlim lim lim limŒ " ˆ ‰ ˆ ‰ ˆ ‰ ! erges

 3. 0 for all n 1;         a b a b a b
a b a b a b
n 1 ! n n 1 ! n
n 1 n 2n n nn 1 !

n" † " ! "

! !Ä_ Ä_ Ä_
"

!

2 2

n 1 1 !
n 1 1 2

n 1 !
n 1 2

2 3
#   œ † œlim lim limŒ " Š ‹ Š ‹2n n 3n 4n 1

n 4n 4 2n 4n

2 2

2
! ! !

! ! !
Ä_

œ   lim Š ‹

   1  divergesœ œ _ # Êlim
n

6n 4
2

n 1

n 1 !
n 1Ä_

!

œ

_

"

!

ˆ ‰ ! a b
a b2

 4. 0 for all n 1;         2 2 2 n 3 2n
n 3 n 1 3 3 2 3n n n

n 1 n 1 n 1

n 1 n 1 n 1 n 1

2 n 1 1

n 1 3 n 1 1

2
n 3n 1

† ! † †
Ä_ Ä_ Ä_

† †
#   œ † œlim lim lim# $ Š ‹ ˆ ‰a b n 3 3 3n

2 2
!

Ä_

œ œ %  1lim ˆ ‰

  convergesÊ !
n 1

2
n 3

œ

_

†

n 1

n 1

 5. 0 for all n 1;         n 4 n 4n 6n 4n 1
4 4 4 n 4nn n n

n 14 n 4 3 2

n 4 n 4 4

n 1 4

4n 1

n
4n

4

#   œ † œlim lim lim
Ä_ Ä_ Ä_

!

†

! ! ! !Œ " Š ‹ Š ‹a b

   1  convergesœ ! ! ! ! œ % Êlim
n

1 1 3 1 1 1 n
4 n 2n n 4n 4 4

n 1Ä_
œ

_

ˆ ‰ !
2 3 4 n

4

 6. 0 for all n 2;          3 3 3 ln n 3 ln n
ln n ln n 1 3 ln n 1n n n n

n 2 n 2
3 n 1 2
ln n 1

3n 2 n 2 1
ln n

3
n

#   œ † œ œlim lim lim lim
Ä_ Ä_ Ä_ Ä_

†

! !
Œ " Š ‹ Š ‹ Š ‹a b a b

n 1
œ  lim

n
3n 3

n
Ä_

!ˆ ‰

  3 1  divergesœ œ # Êlim
n

3 3
1 ln n

n 2Ä_
œ

_

ˆ ‰ ! n 2

 7. 0 for all n 1;       n n 2 ! n 1 n 3 n 2 !
n 3 n 1 n 3 3n n

2

2n 2 2n

n 1 n 1 2 !2

n 1 32 n 1

n n 2 !
n 32n

2a b a b a ba b
a b

! ! ! !

x ! † x †
Ä_ Ä_

#   œlim lim# $ Š ‹2 2 3 2

2n 3 2
† œ

n 3 n 5n 7n 3
n n 2 ! 9n 9nn

x ! ! !

! !
Ä_

a b   lim Š ‹

    1  convergesœ œ œ œ % Êlim lim lim
n n n

3n 15n 7 6n 15 6 1
27n 18n 54n 18 54 9 n 3

n 1

n n 2 !

Ä_ Ä_ Ä_

! ! !

! ! x

œ

_

!Š ‹ ˆ ‰ ˆ ‰ !2

2 2n

2a b
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 8. 0 for all n 1;        n 5
2n 3 ln n 1 2n 5 lnn n

n 1 5 5†

! ! !
Ä_ Ä_

! † †n
n 1 5n 1

2 n 1 3 ln n 1 1
n 5n

2n 3 ln n 1

n

a b a b a b a
a b

!   œlim limŒ ! Š ‹b
a b a b

n 2 n 5
2n 3 ln n 1

! †

! !

† n

               œ † œ † œ †lim lim lim lim
n n n n

5 n 1 2n 3 ln n 1 ln n 1
n 2n 5 ln n 2 2n 5n ln n 2 4n 5

10n 25n 15 20n 25
Ä_ Ä_ Ä_ Ä_

! † ! ! !

! ! ! ! !

! ! !Š ‹ Š ‹ Š ‹ ˆ ‰a b a b a b a b
a b a b a b

2

2 lim
nÄ_

Š ‹
1

n 1
1

n 2

      5    5 1 5 1  divergesœ † œ † œ † œ ! Êlim lim lim
n n n

20 n 2 1 n 5
4 n 1 1 2n 3 ln n 1

n 2Ä_ Ä_ Ä_

! †

! ! !

œ

_

ˆ ‰ ˆ ‰ ˆ ‰ ! n

a b a b

 9. 0 for all n 1;        0 1  converges7 7 7
2n 5 2n 5 2n 5n n

7
2n 5

n 1
a b a b a b

È
! ! !

Ä_ Ä_
!

œ

_

n n n
n

n

    œ œ # Êlim limÉ Š ‹ !

10. 0 for all n 1;        0 1  converges4 4 4 4
3n 3n 3nn n 3n

n 1

n n
n n n

n
n

a b a b a b    œ œ # Êlim lim
Ä_ Ä_

œ

_

É ˆ ‰ !

11. 0 for all n 2;           1  divergesˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰É !4n 3 4n 3 4n 3 4 4 4n 3
3n 5 3n 5 3n 5 3 3 3n 5

n n n

n n n n 1

! ! ! !

" " " "
Ä_ Ä_ Ä_

œ

_

    œ œ œ ! Êlim lim limn

12. ln e 0 for all n 1;    ln e    ln e ln e 2 1’ “ Ê’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰ a b2 2 21 1 1
n n n

n 1 n 1 1 1 n

n n
2

$     $ œ $ œ œ !

! ! ! Î

Ä_ Ä_

lim limn

 ln e  divergesÊ $!’ “ˆ ‰
n 1

2 1
n

n 1

œ

_ !

13. 0 for all n 1;        1  converges8 8 1 8
3 3 3 3n n

8
9

n 1
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

È
! ! ! !Ä_ Ä_

œ

_

1 1 1 1
n n n n

2n 2n 2 2n
n

n

    œ œ # Êlim limÉ Œ ! !

14. sin 0 for all n 1;    sin    sin sin 0 0 1 sin  converges’ “ ’ “ ’ “Š ‹ Š ‹ Š ‹ Š ‹Ê a b !1 1 1 1
n n n n

n n n

n n n 1
È È È È    œ œ œ # Êlim lim

Ä_ Ä_
œ

_

n

15. 1 0 for all n 1;    1    1  e 1 1  convergesˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰É !%     % œ % œ # Ê %
1 1 1 1
n n n n

n n n n

n n
1

n 1

2 2
n 2

lim lim
Ä_ Ä_

"

œ

_

16. 0 for all n 2;          0 1  converges" " "

Ä_ Ä_ Ä_
œ

_

n n nn n n

1 1
n n n

n 2
1 n 1 n 1 n

n
n n

1 n 1 n    œ œ œ # Êlim lim limÉ Š ‹ Š ‹ !È È
È

17. converges by the Ratio Test:   lim   lim   lim  lim  1n n n nÄ _ Ä _ Ä _ Ä _

a
a n

(n 1) 2
n

2n 1

n

2

n 1

n

2
œ œ œ $ œ

” •

” •

(n  1) 2

2n 1

n 2
n

!

# # #

" " "
†

ˆ ‰ ˆ ‰È
# 1

18. converges by the Ratio Test:   lim    lim    lim    1 1n n n  limnÄ _ Ä _ Ä _
œ

Ä _

a
a e n n e e

(n 1) en 1

n

2

n 1 2

n
œ œ $ œ #

Š ‹

Š ‹

(n 1)2

en 1

n
en

! " " "
#

†

ˆ ‰ ˆ ‰

19. diverges by the Ratio Test:   lim    lim    lim    lim   n n n nÄ _ Ä _ Ä _ Ä _

a
a e n! e

(n )! e nn 1

n
n 1

n
œ œ œ œ _

Š ‹
ˆ ‰

(n 1)!
en 1

n!
en

! " ! "
†

20. diverges by the Ratio Test:   lim    lim    lim    lim   n n n nÄ _ Ä _ Ä _ Ä _

a
a 10 n! 10

(n )! 10 nn 1

n
n 1

n
œ œ œ œ _

Š ‹
ˆ ‰

(n 1)!
10n 1

n!
10n

! "

†

21. converges by the Ratio Test:   lim   lim   lim   lim  1n n n nÄ _ Ä _ Ä _ Ä _

a
a 10 n n 1

(n ) 10n 1

n
n 1

n
œ œ œ $

Š ‹

Š ‹

(n 1)
10n 1

n
10n

! " " "
"!

†

ˆ ‰ ˆ ‰
0 10œ #

" 1
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 8. 0 for all n 1;        n 5
2n 3 ln n 1 2n 5 lnn n

n 1 5 5†

! ! !
Ä_ Ä_

! † †n
n 1 5n 1

2 n 1 3 ln n 1 1
n 5n

2n 3 ln n 1

n

a b a b a b a
a b

!   œlim limŒ ! Š ‹b
a b a b

n 2 n 5
2n 3 ln n 1

! †

! !

† n

               œ † œ † œ †lim lim lim lim
n n n n

5 n 1 2n 3 ln n 1 ln n 1
n 2n 5 ln n 2 2n 5n ln n 2 4n 5

10n 25n 15 20n 25
Ä_ Ä_ Ä_ Ä_

! † ! ! !

! ! ! ! !

! ! !Š ‹ Š ‹ Š ‹ ˆ ‰a b a b a b a b
a b a b a b

2

2 lim
nÄ_

Š ‹
1

n 1
1

n 2

      5    5 1 5 1  divergesœ † œ † œ † œ ! Êlim lim lim
n n n

20 n 2 1 n 5
4 n 1 1 2n 3 ln n 1

n 2Ä_ Ä_ Ä_

! †

! ! !

œ

_

ˆ ‰ ˆ ‰ ˆ ‰ ! n

a b a b

 9. 0 for all n 1;        0 1  converges7 7 7
2n 5 2n 5 2n 5n n

7
2n 5

n 1
a b a b a b

È
! ! !

Ä_ Ä_
!

œ

_

n n n
n

n

    œ œ # Êlim limÉ Š ‹ !

10. 0 for all n 1;        0 1  converges4 4 4 4
3n 3n 3nn n 3n

n 1

n n
n n n

n
n

a b a b a b    œ œ # Êlim lim
Ä_ Ä_

œ

_

É ˆ ‰ !

11. 0 for all n 2;           1  divergesˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰É !4n 3 4n 3 4n 3 4 4 4n 3
3n 5 3n 5 3n 5 3 3 3n 5

n n n

n n n n 1

! ! ! !

" " " "
Ä_ Ä_ Ä_

œ

_

    œ œ œ ! Êlim lim limn

12. ln e 0 for all n 1;    ln e    ln e ln e 2 1’ “ Ê’ “ ’ “ˆ ‰ ˆ ‰ ˆ ‰ a b2 2 21 1 1
n n n

n 1 n 1 1 1 n

n n
2

$     $ œ $ œ œ !

! ! ! Î

Ä_ Ä_

lim limn

 ln e  divergesÊ $!’ “ˆ ‰
n 1

2 1
n

n 1

œ

_ !

13. 0 for all n 1;        1  converges8 8 1 8
3 3 3 3n n

8
9

n 1
ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

È
! ! ! !Ä_ Ä_

œ

_

1 1 1 1
n n n n

2n 2n 2 2n
n

n

    œ œ # Êlim limÉ Œ ! !

14. sin 0 for all n 1;    sin    sin sin 0 0 1 sin  converges’ “ ’ “ ’ “Š ‹ Š ‹ Š ‹ Š ‹Ê a b !1 1 1 1
n n n n

n n n

n n n 1
È È È È    œ œ œ # Êlim lim

Ä_ Ä_
œ

_

n

15. 1 0 for all n 1;    1    1  e 1 1  convergesˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰É !%     % œ % œ # Ê %
1 1 1 1
n n n n

n n n n

n n
1

n 1

2 2
n 2

lim lim
Ä_ Ä_

"

œ

_

16. 0 for all n 2;          0 1  converges" " "

Ä_ Ä_ Ä_
œ

_

n n nn n n

1 1
n n n

n 2
1 n 1 n 1 n

n
n n

1 n 1 n    œ œ œ # Êlim lim limÉ Š ‹ Š ‹ !È È
È

17. converges by the Ratio Test:   lim   lim   lim  lim  1n n n nÄ _ Ä _ Ä _ Ä _

a
a n

(n 1) 2
n

2n 1

n

2

n 1

n

2
œ œ œ $ œ

” •

” •

(n  1) 2

2n 1

n 2
n

!

# # #

" " "
†

ˆ ‰ ˆ ‰È
# 1

18. converges by the Ratio Test:   lim    lim    lim    1 1n n n  limnÄ _ Ä _ Ä _
œ

Ä _

a
a e n n e e

(n 1) en 1

n

2

n 1 2

n
œ œ $ œ #

Š ‹

Š ‹

(n 1)2

en 1

n
en

! " " "
#

†

ˆ ‰ ˆ ‰

19. diverges by the Ratio Test:   lim    lim    lim    lim   n n n nÄ _ Ä _ Ä _ Ä _

a
a e n! e

(n )! e nn 1

n
n 1

n
œ œ œ œ _

Š ‹
ˆ ‰

(n 1)!
en 1

n!
en

! " ! "
†

20. diverges by the Ratio Test:   lim    lim    lim    lim   n n n nÄ _ Ä _ Ä _ Ä _

a
a 10 n! 10

(n )! 10 nn 1

n
n 1

n
œ œ œ œ _

Š ‹
ˆ ‰

(n 1)!
10n 1

n!
10n

! "

†

21. converges by the Ratio Test:   lim   lim   lim   lim  1n n n nÄ _ Ä _ Ä _ Ä _

a
a 10 n n 1

(n ) 10n 1

n
n 1

n
œ œ œ $

Š ‹

Š ‹

(n 1)
10n 1

n
10n

! " " "
"!

†

ˆ ‰ ˆ ‰
0 10œ #

" 1
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22. diverges;  lim  a  lim   lim  1 e 0n n nÄ _ Ä _ Ä _
n

n 2 2
n n

n n
œ œ ! œ Áˆ ‰ ˆ ‰! ! !#

23. converges by the Direct Comparison Test:  2 ( 1) (3) which is the n  term of a convergent2 ( 1)
(1.25) 5 5

4 4n nn th" !
n

n œ ! " Ÿˆ ‰ ˆ ‰c d
 geometric series

24. converges; a geometric series with r 1k k ¸ ¸œ " #
2
3

25. diverges;  lim  a  lim  1  lim  1 e 0.05 0n n nÄ _ Ä _ Ä _
n

3 3
n n

n n
œ " œ ! œ ¸ Áˆ ‰ ˆ ‰! !$

26. diverges;  lim  a  lim  1  lim  1 e 0.72 0n n nÄ _ Ä _ Ä _
n 3n n

n
n

œ " œ ! œ ¸ Áˆ ‰ ! ""
!

!"Î$
Š ‹3

27. converges by the Direct Comparison Test:   for n 2, the n  term of a convergent p-series.ln n n
n n n

th
# œ  

"

28. converges by the nth-Root Test:   lim  a  lim   lim   lim   lim  0n n n n nÄ _ Ä _ Ä _ Ä _ Ä _

È Én n n

n

n 1 n

n 1 nn
(ln n)

n n 1
(ln n)

n
ln n

œ œ œ œ œ #
a b
a b

Š ‹n 1

29. diverges by the Direct Comparison Test:   for n 2 or by the Limit Comparison Test (part 1)" " ! " "

#n n n n
n 1

" œ % %ˆ ‰
 with ."n

30. converges by the nth-Root Test:   lim  a  lim   lim   lim  0 1n n n nÄ _ Ä _ Ä _ Ä _

È Éˆ ‰ ˆ ‰ ˆ ‰ˆ ‰n n
n n n n n n n

n n 1 n
œ " œ " œ " œ #

" " " " " "
Î

31. diverges by the Direct Comparison Test:   for n 3ln n
n n%  

"

32. converges by the Ratio Test:   lim    lim   1n nÄ _ Ä _

a
a n ln (n)

(n 1) ln (n 1) 2n 1

n
n 1

n
œ œ #

" "

# #

"
†

33. converges by the Ratio Test:   lim    lim   0 1n nÄ _ Ä _

a
a (n 1)! (n 1)(n 2)

(n 2)(n 3) n!n 1

n
œ œ #

" "

" " "
†

34. converges by the Ratio Test:   lim    lim   1n nÄ _ Ä _

a
a e n e

(n 1) en 1

n
n 1

n
œ œ #

" "
†

35. converges by the Ratio Test:   lim    lim    lim   1n n nÄ _ Ä _ Ä _

a
a 3! (n 1)! 3 (n 3)! 3(n 1) 3

(n 4)! 3! n! 3 n 4n 1

n
n 1

n
œ œ œ #

"

" " "

" "
†

36. converges by the Ratio Test:   lim   lim   lim  1n n nÄ _ Ä _ Ä _

a
a 3 (n 1)! n2 (n 1)! n 3 n 1 3

(n 1)2 (n 2)! 3 n! n 1 2 n 2 2n 1

n

n 1

n 1 n

n
œ œ œ #

" "

" " "

" "
†

ˆ ‰ ˆ ‰ ˆ ‰

37. converges by the Ratio Test:   lim    lim    lim   0 1n n nÄ _ Ä _ Ä _

a
a (2n 3)! n! (2n 3)(2n 2)

(n 1)! (2n 1)! nn 1

n
œ œ œ #

" "

" " "

" "
†

38. converges by the Ratio Test:   lim    lim    lim    lim   n n n nÄ _ Ä _ Ä _ Ä _

a
a (n 1) n! n 1

(n 1)! n n nn 1

n
n 1

n
œ œ œ

"

" "

"
†

ˆ ‰ ˆ ‰n
n

n

  lim   1œ œ #n Ä _

" "

ˆ ‰1! n
n e

39. converges by the Root Test:   lim  a  lim   lim    lim   0 1n n n nÄ _ Ä _ Ä _ Ä _

È Én n
n

n

n
n

(ln n) ln n ln n
n

œ œ œ œ #
È

"
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22. diverges;  lim  a  lim   lim  1 e 0n n nÄ _ Ä _ Ä _
n

n 2 2
n n

n n
œ œ ! œ Áˆ ‰ ˆ ‰! ! !#

23. converges by the Direct Comparison Test:  2 ( 1) (3) which is the n  term of a convergent2 ( 1)
(1.25) 5 5

4 4n nn th" !
n

n œ ! " Ÿˆ ‰ ˆ ‰c d
 geometric series

24. converges; a geometric series with r 1k k ¸ ¸œ " #
2
3

25. diverges;  lim  a  lim  1  lim  1 e 0.05 0n n nÄ _ Ä _ Ä _
n

3 3
n n

n n
œ " œ ! œ ¸ Áˆ ‰ ˆ ‰! !$

26. diverges;  lim  a  lim  1  lim  1 e 0.72 0n n nÄ _ Ä _ Ä _
n 3n n

n
n

œ " œ ! œ ¸ Áˆ ‰ ! ""
!

!"Î$
Š ‹3

27. converges by the Direct Comparison Test:   for n 2, the n  term of a convergent p-series.ln n n
n n n

th
# œ  

"

28. converges by the nth-Root Test:   lim  a  lim   lim   lim   lim  0n n n n nÄ _ Ä _ Ä _ Ä _ Ä _

È Én n n

n

n 1 n

n 1 nn
(ln n)

n n 1
(ln n)

n
ln n

œ œ œ œ œ #
a b
a b

Š ‹n 1

29. diverges by the Direct Comparison Test:   for n 2 or by the Limit Comparison Test (part 1)" " ! " "

#n n n n
n 1

" œ % %ˆ ‰
 with ."n

30. converges by the nth-Root Test:   lim  a  lim   lim   lim  0 1n n n nÄ _ Ä _ Ä _ Ä _

È Éˆ ‰ ˆ ‰ ˆ ‰ˆ ‰n n
n n n n n n n

n n 1 n
œ " œ " œ " œ #

" " " " " "
Î

31. diverges by the Direct Comparison Test:   for n 3ln n
n n%  

"

32. converges by the Ratio Test:   lim    lim   1n nÄ _ Ä _

a
a n ln (n)

(n 1) ln (n 1) 2n 1

n
n 1

n
œ œ #

" "

# #

"
†

33. converges by the Ratio Test:   lim    lim   0 1n nÄ _ Ä _

a
a (n 1)! (n 1)(n 2)

(n 2)(n 3) n!n 1

n
œ œ #

" "

" " "
†

34. converges by the Ratio Test:   lim    lim   1n nÄ _ Ä _

a
a e n e

(n 1) en 1

n
n 1

n
œ œ #

" "
†

35. converges by the Ratio Test:   lim    lim    lim   1n n nÄ _ Ä _ Ä _

a
a 3! (n 1)! 3 (n 3)! 3(n 1) 3

(n 4)! 3! n! 3 n 4n 1

n
n 1

n
œ œ œ #

"

" " "

" "
†

36. converges by the Ratio Test:   lim   lim   lim  1n n nÄ _ Ä _ Ä _

a
a 3 (n 1)! n2 (n 1)! n 3 n 1 3

(n 1)2 (n 2)! 3 n! n 1 2 n 2 2n 1

n

n 1

n 1 n

n
œ œ œ #

" "

" " "

" "
†

ˆ ‰ ˆ ‰ ˆ ‰

37. converges by the Ratio Test:   lim    lim    lim   0 1n n nÄ _ Ä _ Ä _

a
a (2n 3)! n! (2n 3)(2n 2)

(n 1)! (2n 1)! nn 1

n
œ œ œ #

" "

" " "

" "
†

38. converges by the Ratio Test:   lim    lim    lim    lim   n n n nÄ _ Ä _ Ä _ Ä _

a
a (n 1) n! n 1

(n 1)! n n nn 1

n
n 1

n
œ œ œ

"

" "

"
†

ˆ ‰ ˆ ‰n
n

n

  lim   1œ œ #n Ä _

" "

ˆ ‰1! n
n e

39. converges by the Root Test:   lim  a  lim   lim    lim   0 1n n n nÄ _ Ä _ Ä _ Ä _

È Én n
n

n

n
n

(ln n) ln n ln n
n

œ œ œ œ #
È

"
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40. converges by the Root Test:   lim  a  lim   lim   0 1n n nÄ _ Ä _ Ä _

È Én n
n 2

n n

n
n

(ln n)
n

ln n  lim  ln n

 lim  n
œ œ œ œ !

È
È È

È
n

n

  lim  n 1Š ‹È
n Ä _

n
œ

41. converges by the Direct Comparison Test:  n! ln n ln n n
n(n 2)! n(n 1)(n 2) n(n 1)(n 2) (n 1)(n ) n! ! ! ! ! ! ! #

" "
œ ! œ !

 which is the nth-term of a convergent p-series

42. diverges by the Ratio Test:   lim    lim    lim   1n n nÄ _ Ä _ Ä _

a
a (n 1) 2 3 (n 1)

3 n 2 n 3 3n 1

n

n 1 n 3

n 1 n 3œ œ œ "
! ! # #

†

ˆ ‰

43. converges by the Ratio Test:   lim    lim    lim    lim   n n n nÄ _ Ä _ Ä _ Ä _

a
a (2n 2)(2n 1)

n 1
2(n 1)

2n n 1
n

nn 1

n

2

2

2 2
œ œ œ

! ‘a b
! ‘

a b a b
! ‘

! x

! x

x !

x
! !

†

! !

! !

2n 1 1
4n 6n 2 42 œ ! 1

44. converges by the Ratio Test:   lim    lim    lim  n n nÄ _ Ä _ Ä _

a
a 3 2 2n 3 2 3 2n 3

2n 5 2 3 3 2 2n 5 2 6 4 2 3 3n 1

n

n 1

n 1 n

n n n
œ œ †

a bˆ ‰
a ba b

! !

! ! ! !

! ! † ! † ! †
† ’ n

n n n
!

† ! † ! † !

6
3 6 9 3 2 2 6“

  lim   lim  1 1œ † œ † œ !n nÄ _ Ä _
’ “ ’ “2n 5 2 6 4 2 3 3 6 2 2

2n 3 3 6 9 3 2 2 6 3 3
! † ! † ! † !

! † ! † ! † !

n n n

n n n

45. converges by the Ratio Test:   lim    lim   0 1n nÄ _ Ä _

a
a a

an 1

n n

n n
œ œ !

ˆ ‰1 sin n

46. converges by the Ratio Test:   lim    lim    lim   0 since the numeratorn n nÄ _ Ä _ Ä _

a
a a n

a tan nn 1

n n

n
œ œ œ

Š ‹1 tan n
n "!

 approaches 1  while the denominator tends to # _
1

#

47. diverges by the Ratio Test:   lim    lim    lim   1n n nÄ _ Ä _ Ä _

a
a a 2n 5

a 3n 1 3n 1 2n 5

n n

n
œ œ œ "

ˆ ‰3n 1
"

! #

48. diverges;  a a   a  a   a  an 1 n n 1 n 1 n 1 n 2
n n n 1 n n 1 n 2

n 1 n 1 n n 1 n n 1! ! " ! "
! ! ! "

" " "
œ Ê œ Ê œˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰

  a a   a   a , which is a constant times theÊ œ â Ê œ Ê œn 1 n 1 n 1
n n 1 n 2 3

n 1 n n 1 n 1 n 1
a

! " ! !
! " # ! !

" " "ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰
 general term of the diverging harmonic series

49. converges by the Ratio Test:   lim    lim    lim   0 1n n nÄ _ Ä _ Ä _

a
a a n

a 2n 1

n n

n
œ œ œ !

Š ‹2
n

50. converges by the Ratio Test:   lim    lim    lim   1n n nÄ _ Ä _ Ä _

a
a a n

a
n 1

n n

n

œ œ œ !

Œ #
n n

nÈn "

#

51. converges by the Ratio Test:   lim    lim    lim    lim   0 1n n n nÄ _ Ä _ Ä _ Ä _

a
a a n n

a ln nn 1

n n

n
œ œ œ œ !

Š ‹1 ln n
n "! "

52. 0 and a   a 0; ln n 10 for n e   n ln n n 10  1n ln n n ln n
n 10 n 10n
! " !

! # !
"

"!
" œ Ê " " " Ê # " # Ê "

  a  a a ; thus a a    lim  a 0, so the series diverges by the nth-Term TestÊ œ " "   Ê Án 1 n n n 1 n n
n ln n
n 10! !

! "

! # n Ä _

53. diverges by the nth-Term Test:  a , a , a , a , ," # $ %

" " " " " "
œ œ œ œ œ œ á3 3 3 3 3 3É É É É ÉÊ ÊË2 2 23 36 !

 a    lim  a 1 because  is a subsequence of  whose limit is 1 by Table 8.1n nœ Ê œÉ É Éš › š ›n! n! n" " "

3 3 3n Ä _
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54. converges by the Direct Comparison Test:  a , a , a , a ," # $ %

" " " " " "

# # # # # #

# # ' ' #%
$ %

œ œ œ œ œ œ áˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰Š ‹ Š ‹

  a  which is the nth-term of a convergent geometric seriesÊ œ !n
n! nˆ ‰ ˆ ‰" "

# #

55. converges by the Ratio Test:   lim    lim    lim   n n nÄ _ Ä _ Ä _

a
a (2n  2)! 2 n! n! (2n

2 (n  1)! (n  1)! (2n)! 2(n  1)(n  1)n 1

n

n 1

nœ œ
! ! ! !

!
†   )(2n  1)! # !

  lim   1œ œ !n Ä _

n  
2n  1

! " "

! #

56. diverges by the Ratio Test:   lim    lim   n nÄ _ Ä _

a
a (n  1)! (n  2)! (n  3)! (3n)!

(3n  3)! n! (n  1)! (n  2)!n 1

n
œ

! ! !

! ! !
†

  lim    lim  3 3 3 3 27 1œ œ œ œ "n nÄ _ Ä _

(3n  3)(3  2)(3n  1)
(n  1)(n  2)(n  3) n  n  3

3n  2 3n  1! ! !

! ! ! ! # !

! !ˆ ‰ ˆ ‰
† †

57. diverges by the Root Test:   lim  a  lim   lim   1n n nÄ _ Ä _ Ä _

È Én n
n

nn
(n!)
n

n!
n´ œ œ _ "a b

58. converges by the Root Test:   lim   lim   lim    lim  n n n nÄ _ Ä _ Ä _ Ä _
É É ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰ ˆ ‰n

n n

n
n

n n n
(n!) (n!)
n n

n! 2 3 n  1 n
n n n n n nœ œ œ âa b

" "

  lim  0 1Ÿ œ !n Ä _

"

n

59. converges by the Root Test:   lim  a  lim   lim    lim   0 1n n n nÄ _ Ä _ Ä _ Ä _

È Én n n

n n nn
n n
2  ln 2œ œ œ œ !

# #

"

60. diverges by the Root Test:   lim  a  lim   lim   1n n nÄ _ Ä _ Ä _

È Én n
n

nn
n n

4œ œ œ _ "a b#

61. converges by the Ratio Test:   lim   lim   lim   n n nÄ _ Ä _ Ä _

a
a 4 2 (n  1)! 1 3 (2n  1)

1 3 (2n  1)(2n  1) 4 2 n! 2nn 1

n
n 1 n 1

n n
œ œ

† † †

† † †

â " !

! â "
†

  
(4 )(n  1) 4

! " "

# !†

œ ! 1

62. converges by the Ratio Test:  an
1 3 (2n  1) 1 2 3 4 (2n  1)(2n) (2n)!

(2 4 n) 3   1 (2 4 2n) 3   1 2 n! 3   1
œ œ œ

† † † †

† †

â " â "

â# ! â ! !a b a b a b a bn n n n

   lim    lim   Ê œn nÄ _ Ä _

(2n  2)!
2 (n  1)! 3   1

2 n! 3   1 (2n  )(2n  2) 3   1
(2n)! 2 (n  1) 3   1

!

! !

! ! " ! !

! !c d a b
a b a b a b

a bn 1 n 1

n n n

n 1†

  lim   1 1œ œ œ !n Ä _
Š ‹4n   6n  2

4n   8n  4 3  3 3 3
1  3! ! " "

! ! !

!a b
a b

n

n †

63. Ratio:   lim    lim    lim  1 1  no conclusionn n nÄ _ Ä _ Ä _

a
a (n  1) 1 n  1

n n pn 1

n
p

p
œ œ œ œ Ê

"

! !
†

ˆ ‰ p

 Root:   lim  a  lim   lim   1  no conclusionn n nÄ _ Ä _ Ä _

È Én n
p pn pn n (1)n

œ œ œ œ Ê
" " "

ˆ ‰È

64. Ratio:   lim    lim    lim   lim    lim   n n n n nÄ _ Ä _ Ä _ Ä _ Ä _

a
a (ln (n 1)) 1 ln (n 1) n

(ln n) ln n n
p pp

n 1

n
p

p
œ œ œ œ

" ! "

! !
† ’ “ Š ‹” •

ˆ ‰
ˆ ‰

n

n 1

 (1) 1  no conclusionœ œ Ê
p

 Root:   lim  a  lim  ; let f(n) (ln n) , then ln f(n)n nÄ _ Ä _

È Én n
p pn (ln n) n  

1 n ln (ln n)
œ œ œ œ

" " Î

Š ‹lim (ln n)nÄ_

1 n

   lim  ln f(n)  lim    lim    lim   0   lim  (ln n)Ê œ œ œ œ Ên n n n nÄ _ Ä _ Ä _ Ä _ Ä _

ln (ln n)
n 1 n ln n

1 nˆ ‰
n ln n " Î

  lim  e e 1; therefore  lim  a 1  no conclusionœ œ œ œ œ œ Ên nÄ _ Ä _

ln f n
n

 (1)
Ð Ñ ! " "Èn

p p
Š ‹ lim (ln n)nÄ_

1 n

65. a  for every n and the series    converges by the Ratio Test since  lim   1n
n n 2
2 2 n

(n )
Ÿ œ !n n n 1

n!
n 1

# #

! " "

n Ä _
†

   a  converges by the Direct Comparison TestÊ !
n 1

n
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