MTH 201. Homework III Solution.

Section 10.1:

35. n&m@ (14 (=1)") does not exist = diverges 36. n&mx (=" (1 — ﬁ) does not exist = diverges

. 1\" __ . D"
40. lim (- 3)" = lim ‘5~ =0 = converges

. 2n : 2n . 2 _
41. nleoc Vir: = ,/ngmm el ,/nleoo (—1+%) = \/5 = converges

43.  lim  sin (% + %) = sin (nli{n:x) (% + %)) =sin § =1 = converges

44, R lem n7 cos (n7) = nlem (nm)(—1)" does not exist = diverges

n

45. lim_ S0 — O because — <S80 < L — converges by the Sandwich Theorem for sequences
n— oo n n n

47.  lim 9 = o lim Wlnz =0 = converges (using I'HOpital's rule)
: Inn : (%)
50. lim - gbe = lim 2 =1 = converges
51. nlew 8" =1 = converges (Theorem 5, #3)

52. nli_r’noO (0.03)*» =1 = converges (Theorem 5, #3)
53. nlem (1 + %)n =e’ = converges (Theorem 5, #5)

55. lim_+/10n= lim 10" .p!/" =1-.1=1 = converges (Theorem 5, #3 and #2)

56. lim_+v/n? = lim_ (\/5)2 =12=1 = converges (Theorem 5, #2)

. 1 Jim 3!/
57. lim_ (3) /n R = =1 =1 = converges (Theorem 5, #3 and #2)
n—oo \n nanDqC nl/ 1
. lim 1 .
59.  lim :]“,‘; = “li'lgo r:: = F =00 = diverges (Theorem 5, #2)
63. lim & = lim 123-0-D0 o g5y (l) =0and2 0 = lim 2 =0 = converges
‘n—o00 N n—oo n-n-n---n-n —n-—=o00 \n/ n" n—oo n" g

67. lim_ (%)l/(lnn) = lim_exp (i In(5)) = lim_exp (""") =e™' = converges



72.

n1i>moc (l - é)" = nlew exp (n In (1 - %)) = nlem exp (

— i —2n ) _ 0 _ .
—nleOo exp(nz_l) =e’ =1 = converges
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_ 1 sin % Es
78. lim n (1 — Cos %) = lim % =, lim % =, lim  sin (%) =0 = converges
81. lim_tan™'n=% = converges 82. lim_—-tan'n=0-3 =0 = converges
n— 0o n—o00o +/n
89.  lim_ %flnl dx = _lim o = lim_ 1'=0 = converges (Theorem 3, #1)
Section 10.2:
8 L4+ L+sk+.. .t f thi tric series is ) = L
- 16 T 51 + 356 +--- - the sum of this geometric series is -1y = 13
9. I+ 147 th f thi tric series s~ = ]
. 37t 1+t &t ..., the sum ot this geometric series 1s T~ "3
10. 5— 3+ % — & + ... , the sum of this geometric series is 1— f_%) =4
14. 2+%+%+%+... :2(1—1—%+%+%+...);thesumofthisgeometricseriesisZ(1_1( )) =
. 1 . . .
29. nlglolo 73 = 0 = testinconclusive
. 1 _ .
33. nlgglclnﬁ = —oo # 0 = diverges
34. lim cosnm = does not exist = diverges
n—oo
— 1 11 11 1 1 1 Ly 1 :
Bos=(1-3)+G-3)+G-D+ -+ -+ G -o7) =17 = lin_s
= klimm (1 — ﬁ) = 1, series converges to 1
_(3_3 3_3 3_ 3 3 3 3 3 _ 3 :
36. 5=(1-1)+E -3 +GE %)+ +((k_1)2_ﬁ)+(ﬁ_(k+1)2) =3-tmp = Jhm
T __3 _ :
_kILOQ (3 (k+1)2) = 3, series converges to 3

«l3

Sk



37. s = (mﬁ— 1n\ﬂ) + (ln\/_— 1n\/§) + (1n\/Z— 1n\/§) T <1n\/E— Iny/k — 1) + (ln\/k—l- - 1n\/E)
=Inyvk+1- ln\/T =Ihvk+1= klim Sk = klim Iny/k 4 1 = oo; series diverges
— 00 — 00

39. s = (cos™' (1) —cos™!(3)) + (cos™(3) —cos' (1)) + (cos™' (1) —cos™!(2)) + ...
1 1

7)) + (cos™ (57) —cos™! (755)) = § — cos™' (53)

= lim sx= lim {Efcos’l(L)]:

s s 3 s
5 = -, SEeries converges to =
k — o0 k — o0 2 6’ g 6

2n+1 _ 1 1 _ 1 1 1 1 1 1 1 1 1
Mo = ey T s =0-)+G -5+ G %)+ +[m*ﬁ}+[9*<k+l>z}

. o . _ 1 o
= klimm Sk _lemOO [1 (kH)Q} =1

(1 1 1 1 1 1 1 1 1 1
47. s = (m - m) + (m - m) + (E - m) +..F (ln(k+1) - M) + (1n(k+2) - 1n(k+1)>

_ 1 1 3 — 1
=" thasy = kli,moc Sk =

48. s, = [tan"t (1) — tan"1 (2)] + [tan~! (2) —tan"1 (3)] + ... + [tan~! (k — 1) — tan~! (k)]

+ [tan~! (k) —tan~! (k + 1)) = tan"t (1) —tan"' (k + 1) = lim sy =tan~!(1) — rT=5-5=-1
k — o0
49. convergent geometric series with sum ———— = 2 2+ \/5
1-(%) vl
V2
. o - ()
50. divergent geometric series with |r| = \/5 > 1 51. convergent geometric series with sum . ( 1) =1
-2
52. nliﬁmcc (—D)"'n#£0 = diverges 53. nleOC cos (nm) = nli)mOO (=" #0 = diverges
54. cos(nm) = (—1)" = convergent geometric series with sum ﬁ = g
5
55. convergent geometric series with sum ﬁ = %
2
56. lim_In 5 = —oo #0 = diverges
57. convergent geometric series with sum . 2( ; ) -2= % - % = %
— (1o
58. convergent geometric series with sum ﬁ =2
59. difference of two geometric series with sum ﬁ - ﬁ =3- % = %
-5 -
60. lim_(1-— hh = Jim (14 )'=e1£0 = diverges
61.  lim ﬁobn =00 #0 = diverges 62.  lim L= Jim 350 > lim n=oo = diverges
63. N =24y R =3 (H)"+X (3)"both =3 (1) and 3" (3)" are geometric series, and both converge
n=1 n=1 n=1 n=1 n=1 n=1 n=1
00 1 00 3
sincer = 1 = ‘%‘ <landr=3= ‘% < 1, respectivley = Z} (%)" = lj% =1 and; (%)" = ]i% =3=

S 2438 =143 4by Theorem 8, part (1)
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. N gn | . D1
64. lim % = lim £— = lim (2)"
n—o0 n—oo g +1 n—o0 (z) +1

= % =1 # 0 = diverges by n™ term test for divergence

65. 3 In(+25) =X I —In(m+1)] = s =[n(1)—In@)]+ [0 Q@) — InG3)] + [In(3) — In(@)] + ...

+[Ink—-1)—In®]+[Ink —Ink+ )] =—-Ink+ 1) = klim sk = —oo, = diverges
— 00

. _ . n _ 1
66. lim_ a,= lim_ In(5%7) =In(3) #0 = diverges
67. convergent geometric series with sum —L & = —T

GRS

~ 23.141

68. divergent geometric series with |r| = % ~ 55755 > 1

69. > (—1yx" =3 (—x)";a=1,r = —x; converges to —— = 11 for |x| < 1

n=0 n=0 S

71. a:3,r=xgl;convergestoﬁ:%for—l<%1<10r—1<x<3

Section 10.3:

7. f(x) = &% is positive and continuous forx 1, f'(x) = ()?21’:;2 < 0 for x > 2, thus f is decreasing forx ~ 3;
o0 b 0
— _ 11n (x2 — 110 (12 I _ x
[F = lim f i dx = lim_ [Eln(x +4)] = lim  (3In(0? +4) - 1n(13)) =00 = [[" 2 dx
diverges = z igdiverges = Z Ar=3+3+ Z "7 diverges
n=. n=1
8. f(x) = '"" is positive and continuous forx 2, f'(x) = ﬂ < 0O for x > e, thus fis decreasing for x ~ 3;
o0 b
In x* _ : Inx _ : _ : _ Inx
[ gy = lim [l ax = lim [2(1nx)]3 = lim _ (2(Inb) —2(In3)) = 00 = [ ax
) 2 > 2 S 2
diverges = 3 M diverges = > 0 = 114 4 S0 giverges
n=3 n=2 n=3
9. f(x) = e’x‘ZB is positive and continuous forx 1, f’(x) = "3(67 < 0 for x > 6, thus f is decreasing forx ~ 7;
> 2 . b 2 . 2 . —3p2 — —
‘/; e):/} dx = blimoc 7 ﬁ dx = bleoo [7% B elxi); - ez4’2:|7 - bILmoo (W + %) -
= blimOC (3(’?5%18)) + 32 = blimOC (F+E=%=> f X dx converges = 5. e‘:%converges
00 — n=7
< X n?
> Y =+ S+ +5+5+2+ Y 25 converges
n=1 n=7
12. converges; a geometric series withr = % <1
H . H ; n_ __
13. diverges; by the nth-Term Test for Divergence, ll)mOO a1 =1#0
. e 3 e 1 . . . . 1
15. diverges; Y = 3y VR which is a divergent p-series (p = 3)
n=1 n=1
t=Inx
. o h 1 b
20. diverges by the Integral Test: f X dx; | dt=& — f e/?dt = lim [2te"? — 4e"?]
2 /x d txd In2 b= 0o In2
X =¢ dt

= lim [2e%2(b—2) —2e"?/2(In2 - 2)] =
b—



u—\[Jrl

f+1
26. diverges by the Integral Test: f \/'\/_+1 ;[ du_T fz (\/—+1)—1n2—>ooasn—>oo

28. diverges; nleOo a, = nli>moo (1 + %)“ —e#£0

6) g sinx — 1 20
X

33. diverges by the nth-Term Test for divergence; lim _nsin () = lim o) = Jimg
H X —

34. diverges by the nth-Term Test for divergence; lim  n tan (%) = lim

BT 2 (1)  capn2 () —
= lim _ sec (;)—sec 0=1+#0

35. converges by the Integral Test: j; x%xeh dx; [ duu*:e? dx] — j; ) g Jrluz du=lim [tan~t u]z

= lim (tan"'b—tan"'e) =% —tan"'e~ 0.35

b— oo
u=c¢e y ‘
36. converges by the Integral Test: f] s dg |du=etdx | — f ﬁ du = f (2-;%)du
dx = l du
38. diverges by the Integral Test: fl x2+1 X; {gui X2x+d)1(} X = blim [% In u} Z = blim % (Inb—1n2) =00
= — Q0 — OO

57. (a) From Fig. 10.11(a) in thetextwithf(x):%and a = %,wehave flnﬂidxgl-i-%-i-%-i-... +%
<1+ [f0dx = M@+ D<1+5+i 4. +1<I+ln= 0<hh@+D-ln
< (1+%+%+... +%) —Inn< 1. Thereforethesequence{(1+%+%+... +%) 7lnn} is bounded above by
1 and below by 0.
(b) From the graph in Fig. 10.11(b) with f(x) = %, +15 < f"“ fdx=In(n+1)—1Inn
= 0> —Im+D-In=(0+3+3+... +-L-m@a+D)-(1+i+i+...+L—Inn).
If we define a, = 1 + % = % + ﬁ —Inn,then 0 > a,y —a, = a4 < a, = {a,} is a decreasing sequence of

nonnegative terms.



