CHAPTER 8 TECHNIQUES OF INTEGRATION

8.1 INTEGRATION BY PARTS

1. u:x,du:dx;dv:singdx,v:—2005%;

fxsin%dx:fZX(:os%ff(fZCos %) dx:72xcos(%)+4sin(%) +C

2. u=0,du=df;dv=cosnbdf,v=1sinnb;
f@cowr@dﬁzgsin?r@—f?—lr sin 70 d§ = £ sin 76 + % cos 70 4+ C

3. cost
, () .
{° m— sint

(=)

2t =— —cost
(+) .
2 =——  —sint
0 ft2costdt:t2sint+2tcost—23int+C
4. sin x
, ()
X mm—  —COS X
(-) .
2X =———)  —Sin X
(+)

2 =—)  COS X

0 foSinxdx:—x2005x+2xsinx—|—2cosx+C

2

5. u=lnx,du=&;dv=xdx,v=1%;

2 2 2,
flxlnxdx: {Xglnx}l—flgi—x:2ln2—[

N[
[E—
I
[\
—

=

[\
|
18]
I

—_

=

N
|

4

6. u=Inx,du= ¥ dv=x3dx,v=%:
x 4

e e € e
3 —_ | o xax et X 3t
flxlnxdxf[z‘lnx]l fl4 - r v

1

7. u=x,du=dx;dv =¢e*dx, v=2¢*;

fxe"dx:xe"—fe"dx:xe"—e"—i—c

8. u=x,du=dx;dv=e¥dx,v=1e¥;

fxe3"dx =¥ — %fe”dx =Ze™ — 1™+ C
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462  Chapter 8 Techniques of Integration

_|_
R
0 fx2e_xdx_—X2e_"—2xe‘x—2e‘x+c
10. er
+
x2—2x+1 L» e
2X—2 (;)Q iezx
+
2 (_)’éeb(
0 J O = 2x+ D dx = (2 = 2+ D)6 — L(2x - 2)e> + fe + C
= (3x* = 3x+3)e¥ +C
1. u=tan"'y,du= %yyz;dVZdy,sz;

Jrnydy=ytny— [ 2% —yanty-Lhn(1+y)+C=yuanly—In\/T+y?+C

12. u=sin"ly,du = \/ldi—yz;dv:dy,V:y;

fsinflydy:ysinfly—f yl‘iyyz =ysinly+/1—-y2+C

13. u =x, du = dx; dv = sec? x dx, v = tan x;

fxsecQde:xtanx—ftande:xtanx—l—ln |cos x| + C

14. f4xsecQ2xdx;[y:2x] — fysechdy:ytany—ftanydy:ytany—ln\secyH—C
= 2x tan 2x — In |sec 2x| + C

15. e

s (0

X} — e

3x2i» e
(+)

0 [ xPer dx = xPer — 3x2er 4 6x¢" — 66" + C = (x* — 3 + 6x — 6) & + C
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17.

18.

Section 8.1 Integration by Parts

+
pt L —e?

(—)
(+)

12p? ——— e

(-)

24p =——) 7P

(+)

24 — e
0 f pe? dp = —ple® —dple® — 12p%e® — 24pe® — 24e? + C
= (—p* —4p® —12p> —24p —24)e? +C

0 f(x2 —5x)e*dx = (x? — 5x)e* — (2x — 5)e* + 2e* + C = x%e* — Txe* + 7e* + C
=x*2-7x+7)e+C

0 f(r2+r+1)e’dr:(r2+r+1)e’7(2r+1)e‘+26‘+C
=[FP4+r+1)—Qr+DH+2le+C=(*-r+2)e+C

0 fxsex dx = x5e* — 5x%*e* + 20x3e* — 60x2e* 4+ 120xe* — 120e* + C
= (x® — 5x* +20x3 — 60x2 + 120x — 120) e* + C
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464  Chapter 8 Techniques of Integration

20.

21.

22.

23.

24.

25.

26.

27.

e
I
2t —»(_) %Ge‘“
2 i' Lt
0 ft2e‘“dt:%e‘“—ﬁe‘“—l—me‘“—i—c tZ §e‘“+%e‘“+c

I:fe"sin@d&; [u:sinH,du:cos@dﬁ;dv:e"dﬂ,v:e”]éI:e"sinﬂffe"cosﬁdH;
[u=cosf,du=—sinfdf;dv=e’df,v=e’] = I=¢"sinf — (e"cos@—l—fe"sin@d@)

=e¢'sinf —e’cos —1+C = 2I=(e'sinf —e’cos ) +C' = I=4 (e’ sinf — ¢’ cos ) + C, where C = §
another arbitrary constant

1= fe’y cosydy; [u=cosy,du=—sinydy;dv=e?dy,v=—e?]

= I=—-eYcosy— f ¥)(—siny) dy = —e Y cosy — fe ¥siny dy; [u = siny, du = cos y dy;
dv=e?vdy,v=—¢?] = I=—-eYcosy— (—e’y siny — f(—ey) cos'y dy) =—eYcosy+eVsiny—I+C
= 2l=e7(siny—cosy)+C = I= (e Ysiny —e ¥ cosy) + C, where C = 7 is another arbitrary constant
I= f e® cos 3x dx; [u = cos 3x; du = —3 sin 3x dx, dv = e* dx; v = § e*]

= 1= %ezx cos 3x + % fez" sin 3x dx; [u =sin 3x,du = 3 cos 3x,dv = e* dx; v = %ez"]

I+

= 1= %ezxcos3x—|—3 (%ez" sin3x—%fezxcos3xdx> = %ezxcos3x+3 * sin 3x

_9
4
= I 1 2*cos3x+3e2‘sm3x+C’ = —(3sm3x—|—2cos3x)+C whereC—%C

f 2 gin 2x dx; [y = 2x] — 3 fe’y sinydy =L [u=siny,du=cosydy;dv=e>dy,v=—e?
= 1=3 (—e’y siny + fe’y cos'y dy) [u=cosy,du=—siny;dv=e?dy,v=—e?]

:I:—%efysiny—i-%( e cosy— f —smy)dy) —Le(siny+cosy) —I1+C

= 21:—%e’y(siny+cosy)+C’ = I:—Ze’y(siny—kcosy)—l—C:—esz(sinZX—l—cost)—f—C,whereC: =

3s +9 =x2
feﬁHgdS;[dZ:%le(x] — fe"-%xdx:%fxe*dx;[u:x,du:dx;dv:e"dx,v:e"];

%fxe*dxz%(xe*—fexdx):%(xex—ex)+C:%(\/mem em)+C

u:xdu:dX'dV:\/l—xdxV:—%\/(l—x)3
[xv/T=xdx=[-2/T—0x] s+ 2 [ VTP de =2 [~ 20 -2 ) = &

u:x,du:dx;dv:tan2xdx,v:ftan2xdx:f“""dx—fl‘“’”dx fcosz —fdx

cos? x cos?
7/3 7 /3
:tanx—x;j; x tan? x dx = [x(tanx—x)}g/s—j; (tanx — x) dx = § (\/_— —) + [ln |cosx|+%2]
0

:%(ﬁ—%)—i—ln%—f—%—i—an—’lﬁ
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Section 8.1 Integration by Parts

28. uzln(x+x2),du:%;dv:dx,V:x;fln(x+x2)dx:xln(x+x2)—fxz(i—i})-xdx

=xIn(x +x%) — %:xln(x+x2)—f%dx:xln(x+x2)—2x—|—1n|x+1|—|—C

u=Inx
29. [sin(lnx)dx; | du=1dx | — | (sinu)e* du. From Exercise 21, | (sinu)e® du = e* (Snu=cosu) 4 C
X 2
dx =e"du

= L [—xcos(Inx) + x sin(Inx)] + C

u=1Inz
30. fZ(an)ZdZ; du:%dz — feu~u2-e“du:fezu~u2du;
dz=-¢€¢"du
eZu
_|_
u2 (_)’ %eZU
(_) 1 .2u
20— 7€
Jr
,
0 fuzez“du:%ez“—gez“—i—%ez“—i—C:%[2u2—2u+1]+c

=Z[2(nz)?-2mz+1]+C

31. fxsecx2 dx {Letu:x2,du:2xdx:> 1du :xdx] — fxse:cx2 dx = %fsecudu: Iln|secu + tanu| + C

= ln|sec x? + tanx?| + C

465

32. f%;dx {Letu: ﬁ,du: ﬁdx:>2du: ﬁdx] HI% dx :2fcosudu :2Sinu+C:25in\/§+C

u=Inx
33. fx(lnx)de; du:%dx — feu-u2-e”du:fezu-u2du;
dx =e"du
eZu
_|_
u2 (_)’ %eZU

2 —) %e2u
0 Juterdu=er—gerplertC= 20’ —2ut1]+C
:%[2(1nx)2_21nx+1]—|—C:x;(]nx)z_%zlnx_i_z_z_kc
1
W[ [retn=txdu=tax] - [ pin o= [T = —fre= gk tc

35. UZII‘IX,du:%dX;dV:;—ZdX,VZ—l'

X

IIZszX :*%+fx%dx:—%7%+c

36. [ ax [Letu=Inx.du=Ltax] — [0 dx = [wdu = fut+C=fnx)*+C
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37.

38.

39.

40.

41.

42.

43.

44.

45.

Chapter 8 Techniques of Integration

fx3e"4dx [Letu:x4,du:4x3dx:> %du:x3dx} —>fx3e"4dx = ife“du = %e“—i—C: ie"4+C

3 3
u=x% du=3x2dx; dv =x%" dx,v=ie* ;

3 3 3 3 3 3
XX dx = | x%eX x%dx = 1x%eX — %fe" 3x%dx = 1x%e — 1e¥ 4+ C

u = x2, du =2xdx;dv = mxdx’v: %(Xz—i- 1)3/2 :

fx3 Vx4 1dx = 1x3(x* + 1)3/2 - %f(x2 + 1)3/22xdx =12+ 1)3/2 - 2(x*+ 1)5/2 +C

fx2sinx3 dx [Letu =x3,du = 3x%dx = %du = xzdx} — fx2sinx3 dx = %fsinu du = —%cosu—f—C

= —%cosx3 +C

u = sin3x, du = 3cos 3x dx; dv = cos 2xdx, v = 3sin 2x ;
fsin 3xcos 2xdx = %sin 3xsin 2x — %fcos 3x sin 2x dx

u = cos 3x, du = —3sin 3x dx; dv = sin 2xdx, v = —$c0s 2x ;

fsin3x cos 2xdx = 1sin3xsin 2x — 3 [—%cos 3x cos 2x — %fsin3x cos 2x dx]

= %sin 3xsin 2X + %cos 3xcos 2x + %fsin 3xcos 2xdx = f%fsin 3xcos 2xdx = %Sin 3x8in 2X + %cos 3x cos 2x
= fsin3xcos 2xdx = —%sin3x sin 2x — %cos 3xcos 2x + C

u = sin 2x, du = 2cos 2x dx; dv = cos 4x dx, v = ysin 4x ;
fsin 2x cos 4xdx = %sin 2x sin 4x — %fcos 2x sin 4x dx
u = cos 2X, du = —2sin 2xdx; dv = sin 4xdx, v = —%cos 4x ;

fsin 2x cos 4x dx = §sin2xsin4x — § {— 1008 2x cos 4x — %fsin 2x cos 4x dx]

= %sin 2x sin 4x + écos 2x cos 4x + %fsin 2x cos 4xdx = %fsin 2x cos 4xdx = %sin 2x sin 4x + écos 2x cos 4x

= fsin 2xcos 4xdx = %sin 2x sin 4x + écos 2xcos 4x + C

fexsine"dx [Letu:e",du:e"dx} — fe"sinexdx :fsinudu = —cosu+ C = —cose*+C
fﬂdx [Letu:\/g du:de:>2du:de] ﬁfﬂdx :2fe”du :26“+C:2€\/;+C
N =R Ve A

y=1/x
fcosﬁdx; dy:ﬁdx — fcosyZydy:f2ycosydy;
dx =2y dy
u=2y,du=2dy;dv=cosydy,v=siny;

f2ycosydy:2ysiny— f2sinydy: 2ysiny +2cosy + C = 2,/xsin \/E—I—ZCOS\/;—FC
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46.

47.

48.

49.

50.

51.

Section 8.1 Integration by Parts

y=Vx
[/xevrdx; | dy = }/_dx — [yeroydy = [2y2eray;
’ 2/x ye 2y dy y- e’ dy;

dx =2y dy

ey

(+)

2y? — e’

4y —

(+)
4 —
0 f2yzeydy:2y26y74yey+4ey+C:2xe\/;74 xeV* 4 4eV* 4 C

sin 20

+
62 ) —%00529
26 i» — 2 sin26

(+)
2 ——— gcos20

/2 7T/2

0 fo 025in29d9:{—92—200s20+gsin29+%cos29}0

= [—%2-(—1)+§-0+§-(—1)]—[0+o+}¢-1]:%—5:ﬂ254

cos 2x

+
x3 L» 1 sin 2x
3x2 ) — 3 €08 2x

(+) L
OX ———m—— — g sin 2x
6 i» e €08 2x

/2 7T/2

0 j; x3 cos 2x dx = X;sin2x—i—34i2cos2x—%"sin2x—%cos2x}o

= [f—;-o+31’—§-(—1>—%-0—§-(—1)] —[0o+0-0-2-1]=-3 43 =

2
u=sec lt,du= L _:dv=td;,v="L;
/21 2

f2 tsec ltdt = [ﬁ sec’lt}2 —f2 (ﬁ) dt (Z-E—g-ﬂ)—fz tdt

2/\V/3 2 2/v/3 2/V3\2) /-1 33 6 2/V3 2¢/12 -1
2

_ 5 1 _sr 1 4 _5r 1 V3 _ st V3 _ 51=-33

—?—[5 t2_1}2/ﬁ_?_5(f_\/§_1)_?_5(\/5_7)_?_7_—9

u:sin_l(XQ),du:ﬁ;dVZZde,V:)@;

UV (1Y)
2Tt

V2 V2
fol/ 22)( sin~! (x?) dx = [x? sin™! (x?)] (l)/ﬁ - j;l/ 2x2 LR — (1) (%) + j;

1/V2
_ oz / o 3 _ m46y/3-12
—EJF[ 1*"4]0 —EJF\H*I—T

(@) u=2x,du=dx;dv=sinxdx,v= —cosXx,

m m
51:‘/; xsmxdx:[—xcosx]g—i—j;cosxdx:w—i—[smx]g:7r
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52.

53.

54.

55.

Chapter 8 Techniques of Integration

2 2
(b) S, = —f_ xsinx dx = — [[—x cos x]g7r + f_ CoS X dx} = —[-37 4+ [sin x]?r”] =37

3T
(©) ngj;wxsinxdx:[—xcosx]2:+f cosxdx—SW—i—[smx] =57

(n+1)m
(d) Spi1 = (71)““1;7+ x sin x dx = (—1)"' [[—x cos x]®)" + [sin x]®+07]
= (="' [~ + Dm(=1)" + nm(— 1]+ 0 = 2n + D

(@) u=x,du=dx;dv=-cosxdx,v=sinx;

37/2 . 3n/2 3n/2 3
S = — f x cos x dx = — |[x sin x].7 —j;/z sinx dx| = — (=3 — Z) —[cos x]))} = 2

e e [T 5m 3n 5m/2
(b) Se = j; X cos X dx = [x sin X], ), — j; sin x dx = [—’ — (— —)] — [cos x];, ), = 4m

/2 /2 2 2
/2 7 /2 :
_ _ /2 . (L 7r sy .
(©) S3= 5ojp X COS X dx = [[x sin x];.), — j;m sin X dx} = ( 5 5 ) [cos x];), = 6T
d S | (2n+1)m/2 d 1y . @nt1)r/2 . f(2n+l)7r/2 . d
@ Se=CD" ), xcosxdx = (=D" [[xsinx]g, o, =" [, sinxdx

— (1) {% (—1y — @o-r (—1)"71} [cos X&) = L 2n 4 7 + 27 — 7) = 207

In2

In2 In2
V= ["2rn2 e dc=2rln2 [ e dx 27 [ xerdx

In2
= Qrin2)[e]" - 27 ([xeX]g"z — [T dx>
=272 27 (2In2— []") = —27 In2 + 27 = 27(1 — In2)

(a) V:j;IZTrxex x27r< *] +fe dx)

=2 (=14 [-e]}) =2n (-1 L+ 1)
:2%—%

(b) V= j;IZTI'(I —x)e*dx;u=1-—x,du=—dx;dv =e>dx,
v=—e*; V=271 [[(1 —x) (—e™)]) — f;lefx dx]

— 2 {[o— 1(—1)] + [efx]é] —ar (1411 =2

e

/2 /2
(@) V= j; 27x cos x dx = 27 ([x sinx]g/2 - j; sinxdx)

=27 (5 +leosx]§/*) =27 (540~ 1) =(x —2)

/2
(b) V:fo 2m (3 —x) cos x dx; u =  — x, du = —dx; dv = cos x dx, v = sin X;

V:27r[(g— )smx] —|—27rfﬂ2smde—0—|—27r[ cosx] —27r(0—|—1):27r

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



56.

57.

58.

Section 8.1 Integration by Parts 469

(a) V= j:27rx(x sin X) dx;
sin X

, ()
X% =———  —COs X

(—)

2X =—)  —Sin X

(+)

2 =————— COosX
0 = V:27rj;“x2sinxdx:27r[—x2cosx+2xsinx+2005x]g:27r(7r2—4)
(b) V:j:27r(7r—x)x sinxdx:ZwZﬁ;x sin x dx — 27 ‘/:x2 sin x dx = 272 [—x cos X + sin x]§ — (273 — 8)

=87
(a) A:flelnxdx: [xlnx]e—fedx v
=(elne—1Inl) — [}l—e—(e—l)zl ?
®) V= [r(nx) dc=([x(nx) }?fflezmxdx) ) yoin
= (e(lne —1(In1 2) ([2xlnx] —fdex)]

= :e - ((2elne —2(1)In1) - [2X] j>]

R —(2e—2))} — re—2)

© V= f27rx-|—2)1nxdx-27rf x+2) 1nxdx_27r([ 2 4 2x) lnxK—j‘le(%x—i-Z)dx)
:2%((%e2—|—2e)lne—(%+2)1n1—[ —I—ZX] ) & 42¢) — (2 +20) = 9)) = 2(2 +9)

(@ M= ["Inxdx = 1 (from part (@)); X = ! [ xInxdx = [% lnx]l — [Tixdx = (%ezlne— %(1)21111) - [ixz]e

=t = (2= 1(1)°) = @+ 1y =1 [ 1 (nx)? ({ (Inx) } lenxdx> |

dx
:%<(e(lne)2_1 (In1)’) - ([2x1nx} fzdx)> 2elne—2(1)ln1)—{2x]:))

=1e—2e+2—-2)=1(e-2)= (X,y) = (624“,"’ 2) is the centroid.

(@) A= j;ltan‘lxdx: [xtan“x]l —j;lﬁdx y
’ 1 x y=tan”x
=(tan"'1-0)—1 [111(1 + xz)] :
=I—1llm2-m1)=172- %11120
b)) V xtan~! x dx ——

1
2
2
1
S L o)
1
! tan 0——fl(l—ﬁ)dx>:27r<%—%[x—tan‘lx} >=27r(g L1 = tan' 1 - (0 0))

)
|
e

27‘(’

l\)\»—t

\

R E]
SN—
SN—

Il

3
=

3

el

2

s
8

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



470  Chapter 8 Techniques of Integration

27
59. av(y) = % j; 2e~" cos tdt 2 .
_ 1 I:e—l (sinlfcosl)] 2m y y=2e
o 2 0
(see Exercise 22) = av(y) = % (1 —e™) av(y)t =7 t
n T
-2
2T
60. av(y) = %j; de ' (sint — cos t) dt y
27 27 - .
=2 [Tetsintdi— 2 [Tetcostdt y=4e™'(sint - cost)
_ % [e—t(—sintz—cost) _e—t(sint;cost)] 5” 1:/4/\&/4 2% .
=2[-e'sint];" =0

/3‘/4%4/

-4

6l. I = fx“cos x dx; [u = x®, du = nx"~! dx; dv = cos x dx, v = sin x]

=1=x"sinx — fnx“‘lsin x dx

62. 1= fx"sin x dx; [u = x", du = nx"~! dx; dv = sin x dx, v = —cos X]
= 1= —x"cos x + fnx“flcos x dx
63. I = fx“eax dx; [u =x", du=nx""1dx;dv=e®*dx, v = %eax]

ax

== Xex gfx“_leax dx,a#0

a

64. I:f(lnx)ndx; [u:(lnx) du—de dv = 1dx, V—X}

= I1=x(Inx)" - fn(ln x)" ! dx

65. fab(x—a)f(x)dx; [u:x—a,du:dx;dv:f(x)dx,v:fxf(t)dt:—fbf(t)dt}
X b b, px b b
—[(x—a)jl; f(t)dt]a—fa(fb f(t)dt)dx—( —af f(di—(a—a) [ f(t)dt>—fa(—fx f(t)dt)dx
=o+f:<f:f(t)dt) dx=j;b(j;bf(t)dt> dx

66. [V1—xdx; {u—mdu—\/zdx dV—dxv—x]
:xJW—fﬁdx xV1—x2 - [Lxad X_ldx—xm—( =2 dx — f¢1 )
ZX\/I—XZ—f\/l—deX-l—fm X
= [Vimed=xVT=x+ [Aoax- [VIi— a2 [Vi-xd=xVT-x+ [ dx
= [Vi—Xax=3V1-x+} [ i+

67. fsin_lxdx =xsin"!x — fsinydy =xsin"!x+cosy+ C=xsin"!x+ cos (sin"!x) + C

68. ftan’1 xdx =xtan"!x — ftan ydy = xtan"!x +In|cos y| + C = x tan~! x + In |cos (tan~! x)| + C
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Section 8.2 Trigonometric Integrals

69. fsec’lxdx:xsec’lx— fsecydy:xsec’lx—ln|secy+tany| +C
= xsec”!x — In [sec (sec™! x) + tan (sec™! x)| + C = x sec™! x — In ‘x—i— VX2 — 1‘ +C

70. flog2xdx:xlog2x—f2ydy:xlog2x— %—I—C:xloggx— s +C
71. Yes, cos™! x is the angle whose cosine is x which implies sin (cos ™' x) = /1 — x2.

72. Yes, tan~! x is the angle whose tangent is x which implies sec (tan™! x) = /1 + x2.

73. (a) fsinh‘1 x dx = x sinh~! x — fsinh y dy = x sinh™' x — cosh y + C = x sinh~! x — cosh (sinh™! x) + C;

check: d[x sinh™! x — cosh (sinh™!x) + C] = [sinh’1 X+ \/ﬁ — sinh (sinh™! x) \/ﬁ} dx
= sinh~! x dx
(b) fsinh’1 xdx = x sinh ™t x — fx (\/11+7x2) dx = x sinh ™' x — } f(l +x2) M ?2x dx

1/2

=xsinh'x— (14+x?)""+C

check: d |:X sinh='x — (1 + X2)1/2 + C] = { ;} dx = sinh~! x dx

: -1 X
sinh™ x + 22— —
+ V1+x2 1+x2

74. (a) ftanh’1 x dx = x tanh™! x — ftanh y dy = x tanh™! x — In |cosh y| + C = x tanh~! x — In |cosh (tanh~!x)| 4+ C

check: d[x tanh™! x — In |cosh (tanh~! x)| 4+ C] = [tanh’1 X+ 127 — sinh (tanh 7 3 _3 ] dx

cosh (tanh=1x) 1 —x?

= [tanh™'x + 25 — 23] dx = tanh ! x dx

1—x2

(b) ftanh’lxdx:xtanh’lx—fl_x dx:xtanh’lx—lf 2 dx=xtanh'x+1In[l-x*+C

2 1—x2
check: d[xtanh™'x + £ In |1 —x*| + C] = [tanh ™' x + 25 — ;2] dx = tanh ™! x dx

I-xz

x2

8.2 TRIGONOMETRIC INTEGRALS

1. fcostdx = %fcost -2dx = 1sin2x + C

[\
[N Ne]

. j:3 sin %dx:9j: sin % %dx:9{—cos§]z :9(—cos% +COSO) = 9(—% + 1) =

3. fcos3x sinxdx = —fcos3x (—sinx)dx = —Jcos*x + C

&

fsin42x cos2xdx = %fsin42x cos2x -2dx = %sin52x +C

e

4

6. fcos34x dx = fcosz4x cosdxdx = %f(l - sin24x) cosdx - 4dx = lfcos4x - 4dx — %fsin24x cos4x - 4dx

= %sin4x — %sin34x +C

~

fsinsx dx = f(sin2x)zsin x dx = f(l — cos?x)’sin x dx = f(l — 2co0s?x + cos*x)sin x dx

= fsin x dx — f2cos2x sin x dx + fcos“x sin x dx = —cos x + Zcos’x — cos’x + C

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.

fsin3xdx = fsinzx sinxdx = f(l - cos2x) sinxdx = fsinxdx - fcoszx sinxdx = —cosx + 3cos’x + C
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8. f sin’ dx (using Exercise 7) = j;sm( dx—f 2cos? )Sln(%)dx—i-j:c()s“(%)sin(%)dx
! o i)+ o Lo (3)]7 = 0) - (244 - ) = &

9. fcos3x dx = f(COS2X)COS xdx = f(l — sin®x)cos x dx = fcos x dx — fsin2x cos x dx = sin x — 1sin’x + C

/6

(1 —sin?3x)’cos 3x - 3dx = [ (1 — 2sin®3x + sin*3x)cos 3x - 3dx

/6 16 16
10. fﬂr 3cos’3x dx = fﬂ (cos23x)°cos 3x - 3dx = fﬂ o

0

76 R /6
= f cos 3x - 3dx—2f sin?3x cos 3x - 3dx—|—f sin'3x cos 3x - 3dx = {sm 3x — Q83X sin’ "}
0
=(1-3+35) -0 =55
11. [ sin’xcos’xdx = fsin3x cos’x cos xdx = fsm x (1 — sin®x)cos xdx = fsin3xcosxdx — fsinsx cos x dx

= %sin“x — ésinﬁx +C

12. fcos32x sin"2x dx = %fcos32x sin°2x - 2dx = %fcos 2x cos?2x sin’2x - 2dx = %f(l — sin?2x) sin2x cos 2x - 2dx
= %f sin°2x cos 2x - 2dx — %f sin’2x cos 2x - 2dx = sin®2x — Lsin®2x + C

13. fcoszxdx:f%dx——f(l—l—cosh fdx—i— fcostdx— fdx—i— fcost 2dx
:%x—l—%sian—i—C

/2 5 lel—cost 1 /2 1 /2 1 /2 1 /2 1 /2
14. j; smxdx:f0 de:ﬁﬁ) (1—cost)dx—§ 0 dx—ij;) cos2xdx:§ﬁ) dx—zﬁ) cos 2x - 2dx

=[x Jsin2x] 7 = (3(5) ~ sin2(5) ~ (400) - Jsin2(0)) = (5-0) ~ 0-0) = §

/2 w2 w2 w2 /2
. j;) sin’y dy = f sin®y siny dy = fo (1-— coszy)3 siny dy = j; siny dy — Sﬁ) cos’y sin y dy

/2 /2 6<) o cos’y cos’y cos’y /2 3 1 16
+3f cosysmydy—f cosysmydy:[—cosy—l—?) Y 3y 4 =2 }0 =0)—(-1+1-34+1) =4

8]

1

W

16. f7cos7t dt (using Exercise 15) = 7 {fcos tdt— 3fsin2t cos t dt 4 3fsin4t cos t dt — fsin6t cos t dt}

:7(sint—3s‘2—3‘ —1—3“';5t — sint ) + C = 7sint — Tsin3t + 2 5 Lsin®t — sin"t + C

17. fO 85in4xdx:8f0 (%)2&(:2f0l(172c0s2x+c0s22x)dx:2f0 dX*2f0“00s2x'2dx+2f0l%dX
:[2x—2sin2x]g‘+j; dx—i—j; cosdxdx = 27 + [x + sin4dx|| =27 + 7 =3n

18. f8cos427rx dx = 8f(1+c‘2’wydx = 2f(1 + 2cos 47x + cos?4mx)dx = 2fdx+4fcos47rxdx+2fw dx
:3fdx+4fcos47rxdx+fcos87rxdx:3x+%sin47rx+ +sin87x + C

19. [16 sinxcos?x dx = 16 [ (1=e2x) (e gx — 4 (1 — cos?2x)dx = 4 [[dx — 4 [ (Led)dx
:4x72fdxf2fcos4xdx:4x72xf%sin4x+C:2xf%sin4x+C:2xfsin2x0052x+C

= 2x — 2sin xcos x (2cos®> x — 1) + C = 2x — 4sin x cos’ x + 2sin xcosx + C
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20. fOWSSin“ycoszdy:8ﬁﬂ(17°2032y)2(1+02052y) dy:j;ﬂdy—j:cos2ydy—fOﬂCOSZ2ydy+‘[:cos32ydy
=[y- %SinZy]:—j;“ ) dy+j;ﬂ(1 — sin2y)cos 2y dy = 7 — %j;ﬁdy— %fowcos4ydy—|—j;ﬂ0052ydy

™

2

ol

T . 3 T
- j; sin?2y cos 2y dy = 7 + [—%y — gsin4y + isin2y — 5 - 51“32y} LT
21. f 8cos26 sin 26 df = 8(—1) % +C = —cos*20 +C

w2 w2 w2 72
22. fo sin?26 cos*26 df = j; sin?26(1 — sin®26)cos 260 df = j; sin?26 cos 260 df — fo sin*26 cos 26 df

ﬁzw\/@dxzﬂfﬂ
4. [ 1—c032xdx:J:T\/i|sin2x|dx:j:\/§sin2xdx:[ \/—cos2x} — 2+ /2=22

23. fj:ﬂsingdx:[—2005%]?:24—2:4

W

in X
SlIl2

m m /2
25. j; \/l—sin2tdt:j;|cos.t|dt:f0 costdt—flzcostdt—[smt] —[sint],=1-0—-0+1=2
26. Lﬂ\/l—coswd@:ﬁqsin6‘|d9:j:sin9d9:[—cos@]§:1+1:2

27 fﬂ/z sin x dx — fﬂ/z sin? x «/1+cosx f /2 sin® x 1+c0<x dx = /2 sin’ x\/1+cosxd
" J7r/3 \/1—-cosx m/3 /1 —cosx \/1+cosx m/ V1 —cos2x /3 V/sin? x

= fr/zsmx\/l—i—cosxdx— [—% 1+ cosx)%/z} j3 =-3(1+ cos(g))w—i— 21+ cos(%))S/2 =-24+Z )3/2

2
3

[S1[S%}

- 2

/6 ”/6\/1+sinxm W/6\/17sin2x /6 \/cos? x /6 cos X
28. f 1+S1I1XdX—f 1 mdx:ﬁ) Vv 1—sinx dX:j;) \/lfsinxdxzﬁ) v 1—sinx X

—24/1 — sin(%)-i—Z\/l — sin :—2\/g+2\ﬂ:2—ﬁ

= {—2(1 — sin X)l/z} 2/6

2

e

fﬂ cos? x fﬂ cos? x \/1+smx f cos? x\/1+smx f cos? x\/1+s1nx dx
57/6 \/lfsmx 57/6 \/1—sinx \/1+smx 57/6 1751[12 57/6 Loszx

s m ™
= cos'x /1 +sinx v1+smxdx:—fswmcos X 1+smxdx——fjw/6cosx(1—sm x) v/ 1+ sinx dx

57/6 —CoS X
fﬂ' us ) 2
= — X1 in x dx xsin“x /1 in x dx;
52/6 008XV 1 s dx + 57/ COSX S + sinx dx; u?y/udu

[Letu:1—|—sinx:>u—1:sinxédu:cosxdx,x:5—”:> u:1+sin(5€):%,x:7r:> uzl—i—sinwzl}

= {—%(l—l-smx)%/z}sﬁm—l- 3/2 fdu— [——(1+Smx) /ZLH/G—F 3/2( w2 — 2032 4+ | /u) du

_ (—%(1+sin7r)3/2+ 3(1+sin(§))3/2) 4 [2u7/2 4 w2 4 2113/2]3/2

= (30307) G-+ - (GO - %(%)5/2 ORI EHONEOKSE

f77/12 / — sin2xdx = f77r/12 v/ 1 —sin2x \/1+sm2x f77r/12 V1 —sin?2x 2x f7ﬂ/12 /cos? 2x dx

1 \/l+sm2x l+sm2x /1 +sin2x

Tr/12 Tr/12
_ —cos 2x _ _ T 1 \/— 1
_L/z \/ﬁdx—{f\/lJrsmb{} o *\/1+Sln2 +\/1+s1n2§ \/7+1—1—$_ 7
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72 /2 . /2 . N
31.]; 9\/1—c0529d9:j; 9\/§|sm9|d9:\/§j; fsin 0 do = \/2[— fcosf +sin 0]~ = =/2(1) =2

m m 0 T 0
32. f — cos?t)®/? dt = f_T (sin20)*? dt = f | sin®t| dt = ff_ sin’t dt + f sin’t dt = ff_ (1 — cos?t)sint dt
0 0
+ fo (1 — cos?t)sint dt = ff_ sint dt 4 f cos’tsint dt + f sint dt — f cos’tsint dt = {costf %ﬁzt} .

K
+{—cost+%§3‘}0:(1—§+1—§)+(1—§+1—§):§
33. fseczxtanxdx: ftanxseczxdx: %tan2x+C

34, fsecxtanzx dx = fsecxtanxtan xdx; u = tan x, du = sec? x dx, dv = sec x tan x dx, v = sec x;
= sec x tanx — fsec3 xdx = sec x tanx — fsecz x sec xdx = sec X tanx — f(tanzx + l)secxdx
=sec X tanx — (ftanzxsec xdx + fsecxdx) = sec x tanx — In|sec x + tan x| — ftanzxsecxdx
= fsecxtanzxdx = sec X tanx — In|secx + tan x| — ftanzxsecxdx

= 2ftan x sec xdx = sec X tanx — In|sec x + tan x| = ftan xsecxdx = isec x tanx — 1ln|secx + tanx| 4+ C
35. fsec3xtanxdx = fseczx secxtanx dx = {sec®x 4+ C

36. fsec3xtan3x dx = fseczxtanzx sec x tan x dx = fseczx(seczx — 1)sec x tan x dx

= fsec“xsecxtanxdx — fseczxsecxtanxdx = ésecsx — %sec3x +C
37. fseczxtanzx dx = ftanzx sec?’xdx = 1tan’x + C

38. fsec4x tan®x dx = fseczxtanzx sec2x dx = f(tanzx + l)tanzx sec2x dx = ftan4x sec2x dx + ftanzx sec?x dx
= %tansx + %tan3x +C

0
39. f_m 2 sec’x dx; u = sec x, du = sec x tanx dx, dv = sec?x dx, v = tan x;

0 0 0
ffm 2 sec®x dx = [2 sec x tan x] (iﬂ/g — 2f77r/3 secx tan’x dx =2-1-0—2-2- \/§ - 2f7ﬂ/3 sec x (sec’x — 1)dx
0 0 0
=4y/3 - 2];,3 sec3x dx + 2f4/3 sec x dx; Zfim 2 sec®x dx = 41/3 + [2In | sec x + tan x|](l7r/3

2" 2 sectxdx = 44/3+2In| 1+0] — 2In| 2 ~V3|=4/3-2In (2 - V3)
fiBZse&x dx = 2v/3 —In (2 - \/5)

40. fe"sec3(ex)dx;u = sec(e¥), du = sec(e*)tan(e*)e*dx, dv = sec?(e*)e*dx, v = tan(e¥).
fe"sec3(e") dx = sec(e*)tan(e*) — fsec(e")tanz(ex)e"dx
= sec(e*)tan(e*) — fsec(ex)(secz( *) — 1)e*dx
= sec(e*)tan(e*) — fsec (e¥)e*dx + fsec *)e*dx
2fe"sec3(e") dx = sec(e*)tan(e*) + In|sec(e*) + tan(e*)| + C
fexsec3(ex) dx = 1 (sec(e*)tan(e*) + In|sec(e*) + tan(e*)|) + C
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41. fsec4t9 do = f(l + tan?0)sec’d df = fsecz¢9 dd + ftan20 sec?f df = tan 6 + {tan®d + C
= tan 6 + ftan f(sec’d — 1) + C = ltan 0sec’d + 3tan 6 + C

42. f 3sec*(3x) dx = f(l + tan?(3x))sec?(3x)3dx = fsecz(3x)3dx + f tan®(3x) sec?(3x)3dx = tan (3x) + itan*(3x) + C

w2 w2 w2 /2 /2
43. fm csctf df = frr/4 (1 + cot?§)csc?0 df = fm csc?0 df + fm cot’f csc?0 df = {—cot@ — et »

SURCEDEE

44. fsecex dx = fsec“x sec’x dx = f(tanzx + l)zseczx dx = f(tan“x + 2tan’x + l)seczx dx

= ftan“x sec2x dx + 2ftan2x sec?x dx + fseczx dx = ttan®x + Ztan®x + tanx 4+ C

45. f4 tan®x dx = 4f (sec’x — 1)tan x dx :4fsec2xtanxdx—4ftanxdx = 4% —41Inlsec x|+ C
= 2tan’x — 41Insec x| + C = 2tan?x — 21In [sec® x| + C = 2tan®x — 21In (1 + tan? x) + C

/4 /4 /4 /4
46. f 6 tan*x dx = 6f (sec’x — 1)tan’x dx = 6f sec’x tan’x dx — 6f tan’x dx
—7/4 /4 —7/4 —7l4

w4 /4 w/4 /4 /4
= 6f7ﬁ/4 sec’x tan’xdx — 6 | (sec’x — 1)dx = {6%} T 6f7ﬂ/4 sec’x dx + 6f7ﬂ/4 dx

= 2(1 = (=1)) — [6tan x] 7}, + [6x] ", = 4= 6(1 = (1)) + F + & =378
2
47. ftan5x dx = ftan4x tanx dx = f(seczx - 1) tanx dx = f(sec“x — 2sec?x + l)tanx dx
= fsec“xtanx dx — 2fseczxtanx dx + ftanx dx = fsec3xsecxtanx dx — 2fsecxsecxtanx dx + ftanx dx

2
= lsec*x — sec’x + In[secx| + C = %(tanzx + 1) - (tanzx + 1) + Injsec x| 4+ C = Jtan*x — tan’x + In|secx| + C

48. fcot62x dx = fcot42x cot?2x dx = fcot42x (csc?2x — 1) dx = fcot42x csc?2x dx — fcot42x dx
= fcot42x csc?2x dx — fcot22x cot?2x dx = fcot42x csc?2x dx — fcot22x(csc22x — 1)dx
= fcot42x csc?2x dx — fcot22x cse?2x dx + fcot22x dx
= fc0t42x csc?2x dx — fc0t22x csc?2xdx + f(CSCZZX — 1)dx
= fcot42x csc?2x dx — fcot22x csc?2xdx + fCSCZZX dx — fdx = —%COtSZX + écot32x — %cot 2x —x+C

/3 /3

/3 3 /3 ’ /3 » 9
f cot’x dx = f (csc*x — 1 )cotx dx = f% csc*x cotx dx — f cotx dx = {—% + In | csc x| )
7 /6

/6 /6 w6

=-1(l-3)+ (m%—m) =13

49.

Nel

50. fS cot*t dt = 8f(csc2t — 1 )cot’tdt = 8fcscztcot2t dt — Sfcotzt dt = —3cot’t — 8f(csczt —1)dt
= —Scot’t + 8 cott+ 8t + C

51 fsin 3x cos 2x dx = %f(sinx—l—sin 5x) dx = —1cos x — {5cos 5x + C

f(sin(—x) + sin 5x) dx = lf(—sinx + sin 5x) dx = Lcosx — cos 5x + C

52. [ 'sin 2x cos 3x dx = :

B[
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53. f:sin3xsin3xdx: %fj (cos 0 — cos 6x) d f dx — —f;cos6xdx: %[x— Esm6x] =5 t5-0=
/2 /2 /2

54. fo sinx cos x dx = %j; (sin 0 + sin 2x) dx = %fo sin 2x dx = —{[cos 2)(]7/2 —1(-1-1)=1

55. fcos 3x cos 4x dx = %f(cos(fx) + cos 7x) dx = f(cosx + cos 7x) dx = 1sinx 4+ 4sin 7x + C

[l

56.

[*))

fﬂ/z _1f"/2 _ 11l 1 T2 _
/2008 Tx cos x dx = 3 ﬁ/z(cos 6x + cos 8x) dx = 1 [%sin 6x+1sin 8x] Y =0

57. fsin20c0339d9: fl’cfosw cos 36 df = %fcosSGde %fcos2000539d0
= 2fcos 360 do — —fQ(cos( —3)0 +cos(2+3)0)do = lfcos 360 d6 — lf(c:os(—@) + cos 50) df
= ifcos 30 df — chos& do — —fcosSGd&— 6sm39— lgin g — 0sm59—i—C

58. fc0s2 20 sin 6 df = f(Zcos2 9— 1) singdf = f(4cos4 6 — 4cos? @ + 1) sin 6 d9
*f4cos4951n9d97f40052051n0d0+fs1n0d0*f 00559+ 00530 cosf +C

59. fcos3 6 sin 26 df = fcos3 6 (2sin O cos 0) df = 2fcos4 0 sin 6 d§ = —2cos® § 4+ C

60. fsin3 0 cos 26 df = fsin2 0 cos 26 sin 6 df = f(l — cos? 9) (2cos® 6 — 1)sin 6 dO
= f(—20084 6 + 3cos> @ — 1)sin 6 df = —2fcos4 6 sin 6 df + Eifcos2 6 sin 6 d — fsin 6 do
= %00550700530+0059+C

61. fsm 6 cos B cos36 df = f2s1n 6 cos O cos 30 df = —fsm 26 cos 30 df = —f (sin(2 — 3)6 + sin(2 + 3)0) do
= Zf(sm(—&) + sin56) df = Zf(—sm& + sin56) d = jcos# — 55c0s8 50 + C

62. fsm 6 sin 20 sin 30 df = f (cos(l —2) —cos(1 + 2)0) sin 30 df = %f(cos(fﬂ) — cos 30) sin 36 dé
= §fsin 36 cos§do — §fsin 360 cos36df = %f%(sin@ —1)0 +sin(3 + 1)6)do — %f2sin39 cos 36 dd

= %f(sinZG + sin46)dé — %fsin69 do = %f(sinZ@ + sin46)d6 — %fsin69 do
= —4€0820 — -cos 48 + 3cos 660 + C

sec’ x sec? X sec X tan’ X+1 secx tan? X sec X sec X
63. f—dx:f _f :fiderfde:ftanxsecxderfcscxdx

tan x tan x tan X tan X

= secx — In|cscx + cotx| + C

sin’ x sin” x sin x 1—cos® x ) sinx sin X cos” X sin X
64. f —f fgdx:f—dx—f—dx—fsec3xtanxdx—fsecxtanxdx

cos* x cos* x cos* x cos* x cos* x

:fsec xsecxtanxdxffsecxtanxdx: %sec3xfsecx+C

tan” x sin x . 1—cos®x) .
65. f dx:f ’ smxdx:fi( )smxdx=
COS“ X C

cscx 0s? X

COS .
fc xsmxdx—fsecxtanxdx—fsmxdx

=secx +cosx + C
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cotx COS X 2
66. o > = dx = | -
cos? x sinx  cos?x 2sin X cos X S

67.

68.

69.

70.

71.

72. A

73.
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o dx= fcsc 2x2dx = —In|csc2x + cot2x | + C

fxsinzde: fx#dx: %fx dx — %fxcostdx {u: X, du = dx, dv = cos 2xdx, v = %sinZX

x2 — %[%xsian — f%sian dx] = %XZ — szmZx — §c052x—|— C

=

fxc0s3de:fxcoszxcosxdx:fx(lfsinzx)cosxdx:fxcosxdxffxsinzxcosxdx;
fxcosxdx :xsinx—fsinxdx:xsinx—i—cosx;
[u:x,du:dx,dv:cosxdx,v:sinx}
fxsinzxcosxdx = %xsin3xf f%sin3xdx;

2

[u =X, du = dx, dv = sin“xcos xdx, v = %sin3 x]

= Ixsin®x — 3f 1 — cos?x) sinxdx = ixsin®x — —fsmxdx—i— 3fcos xsinxdx = 1xsin’x + fcosx — §cos® x;
= fxcosxdx— fxsm xcosxdx = (xsinx 4 cos x) — (5xsin* x + Jcosx — geos*x) + C

= xsinx — xsin®x + 2cosx + Scos’x + C

y = In(sec x); y" = S€1E% — tap x;( = tan’x; f V1+tan?x dx = f |sec x| dx = [In|sec x + tan x|]7T/4

ln(\/_—i-l) In(0 + 1) (f+1)

M= f /4secxdx—[ln|secx+tanx| ﬂ/4—ln(f+1>—ln|\/§—1|:ln£i

_ /4 2 4
— SECX qx — 1 tan m/ _ 1 1—(—=1 = 1
y=1 ﬁfi f-ﬂ/4 z YT o —gi[ X] 2y 9In %i( (=1) ! Vf—jji

= &3 = (0 (w%) ")

V= fosmxdxfﬂf Locos I gy =1 de,,f cos 2x dx = Z[x]( — F[sin 2x]§ = (7 —0) = 5(0—0) =

1+ cosdxdx = \/_COSZde—\/_ costdx—f cos2xdx+\/7 cos 2x dx
/4 3 /4
[smzx]”/‘* \/2—[s1n2x]37r/4—|— f[smzx]w—f(1_o)_§(_1_1)+ 0+1)=/2+/2 =22

/4

|3s

M= [ (x+ cos xpdx = |5 +sinx] Zﬂ = (5@m)? +sin(2m)) — (3(0) +sin (0)) = 27

_ 1 2 1 2w 2 | 2T 2 1 2T
x:—f x(x +cosx)dx = 77 | (x* + xcos x)dx = 55 | xdx—i—ﬁﬁj x cos xdx
{u =X,du =dx,dv = cosxdx, v = sinx]

2m 2m 2m 2m
# [xﬂ 2;2 ({x sin x]o - J; sin xdx) = #(8773 —0) + 217 (271' sin2m — 0 — fo sin xdx>

0

2r 2T
— dm oy 1 — d4m oy 1 _ — 47 _dm.g L 1 2
3+ 5 {cosx}o =T+ 52(cos2m —cos0) = F +0=F;y= 27r2ﬁ) 3 (x + cos x)“dx

2 2

2T 2T
_ 1 2 2 1 2 1 1 2
=12, (x* 4+ 2x cos x + cos” x)dx = ), X dx+_27r2f0 X COS xdx—l——wf0 cos” x dx
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|
N‘,_.

2 2w 2T 2
1 1 cos 2x cos2x+ 1 2~r 1
{ ] 37 {x sin X + cos x} . + iz dx=<L40+ 87T2 cos2xdx + g j;) dx
L

ol

T 2w
1 _2r 1 _ 8743 7 8m*+3
+ 5= [st }0 +—[x}o —T+0+E_ T2 = The centroid is (T r )

82

74 v= [ s 2gx = [ (sin®x + 2si 2x) d
- V=), m(sinx+secx)"dx=m | (sin"x 4 2sinx secx + sec” x) dx

/3 /3 /3 /3 /3 /3
= 7rf0 sin?x dx+7rf0 2tanx dx + 7rf0 sec’ x dx = ﬂj;) Locosdx gx + 27r{1n|secx|}0 + W[taan|0

/3 . /3 . .
j;) dx — iﬁ) cos 2x dx + 27 (In|sec 5| — In[sec 0]) 4 (tan § — tan0)

(SIE

(SIE

|:X];T/3 g {sian]O/ +2rIn2+m/3 =2(2 —0) — Z(sin2(Z) — sin2(0)) + 27 In2 + /3

S}

= \[ 27r1n2+7r\/__ (4n+21\/§—481n2)

-6 24

8.3 TRIGONOMETRIC SUBSTITUTIONS

cos 6 cos 0 .
9+x* =9 (I +tan’0) =9sec’d = o = 5oy = lcosf] _ cost,

. x=3tanf, -5 <0< J,dx=

cosz [

(because cos # > 0when — 2 < 9 < /,) .
\/9dix2 =3 ) 9 = fcogﬂ In |sec @ +tan ] + C' = In ‘m 43

ln‘\/9+x2+x‘ +C

3 dx _ du _ T s __dt 2 _ .
2. \/1+92’[3X_u] - f nmsu=tant -5 <t< g, du= oo, V1 +u = [sect| = sect;

\/]+u2 _fcosztsent —fsectdt:1n|sect—|—tant|+C:1n‘ u2—|—1+u‘+C:1n‘\/1+9x2—|—3x‘+C

2 X —1 x]2 — - T s s
3Lt = Ban )Y, = dan - e <D= (3) (5) - (3) (- ) =

2 2 _ 2 B _
b Lt e et s = G b 0) = () () () -0

7. t=5sin6, -5 <0< §,dt=5cosfdf, /25— t> =5 cos 0,
f\/25—t2dt:f(Scos@)(Scos@)dG:25f00520d6:25f”C—‘MdH:ZS(g—}-%)—I—C
=3 (@ +sinfcosh)+C=2 {sin‘1 (H+ (%) (—V = tz)} +C=Bsin !t (H)+ VB 4 C

5

8. t=1sinf, -2 <O<Z dt=1%coshdb, \/1—92=cosb;
[V1-92dt=1 [(cosO)(cos #)df = L [ cos? 9d9:g(9+sin6?cos€)+C:é{sin‘1(3t)+3t\/1—9t2} +C

9. x=1sech,0<0<73, dx:zsecé)tanede,\/4x2—49:\/49sec29—49:7tan9;

%ec()tan(ﬂ % Vax2 —
\/4x2 = f 7 —%fsec&dez%1n|sec€—|—tan9|+C:1 n %—k#‘—i—C

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Section 8.3 Trigonometric Substitutions

10. x:%sece 0<9<E,dx:%sec&tanGdQ,\/25x2—9:\/9se020—9:3tan9;

\/25532"_9 f se;ti:;a 6:fsec&dezln|sec€+tan0|+C:1n 53—"+7Vz5;‘2_9 +C

11. y=7sech,0< 0 < Z,dy="7sechtantdl, /y?2—49 =7 tan 6,

f—vy2_49 dy = | Qun@lsecbmb b _ 7 ftan?9 df =7 [(sec?d — 1) df = T(tan 6 — ) + C

=7 [@ —sec™! (%)} +C

12. y:55609,0<9<ﬁ dy =5secftan 6 df, \/y>? —25 = 5tan 0,

f—V y?; 2 dy = f—(s tan 6)(5 sec § tan 6) df ftan2 0 cos? 6 df = 1 f sin? 6 df = ;5 f(l — cos 26) d

125 sec® 0

- -y o et () (452) ()] v = (S50 7

y

13. x =sec,0 <0 < 5,dx =secftanddf, \/x* — 1 =tan 0;
fxz\/XZ_l :fsecr‘)tané’d&:fi:sine_‘_c: \/xx— +C

sec? 6 tan 6 sec

14. x =sec,0< 0 < g,dx:sec9tan0d9, v/x2—1=tan9,

fxsj;‘zxi = f7221r23{995?§n99d9 = 2fcos2 6 do = Zf (LE228) 49 = 6 + sin 6 cos 6 + C

=0 +tan 6 cos?f +C =sec” ! x + \/xz—1(%)2+C:sec*1x+7”‘;[1 +C

15. u=9—x*= du = —2xdx = —1du = xdx;

soc — [ fdu=— i+ C=—/0-x+C

16. x=2tanf, — 5 <0 < 3 ,dx = 2sec?60 df, 4 + x% = 4sec® 4

f" dy :fw:f2tan29d0:2f(seczt971)d9:2f56020d072fd0:2tan9720+C

44+x2 4sec? 0

=x—2tan"'(3) +C

— 7r __ 24df _
17. x=2tan 0, — 5 <0 < 5,dx = coqw"/ + m,
xX¥dx f 8tan39 (cos9)d9 _ 8fsm30d6 _ Sf (cos®—1) (= sm9)d9

Vx2+4 cos2 0 cost 0 cos4 0

[t =cos ] — 8f‘tjldt:Sf(tlz—[%)dt:S(—%—i-%)+C:8<—secﬁ+$>+c

) X 3/2
:8(—*7“%%)“? L2+ 4" 4/ 1 4+C=1x2-8)V/x2+4+C

18. x=tanf, — § < 0 < 5, dx =sec’ 0 df, /x> + 1 = sec 0;
f dx :f sec? 6 df :f00§6d9:7 1 4c= 7\/x2+1+c

x2/x2+ 1 tan2 6 sec 6 sin2 0 sin

19. w=2sinf, -5 <0 < 5,dw =2cos 0 df, /4 — w? = 2 cos 0;

8 dw _ 8-2 cos 6 df o 2v/4—w?
fw2«/4—w2 - f 4sin?0-2cos 6 Zfsmzé’ —2cotf+C= W +C

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

Chapter 8 Techniques of Integration

w=3sinf, -5 <0< F,dw=3cos0df, V9 —w?=3cosb;
f\/9w—2w2 dw — f3gos(93cos€d6’ fcot29d9: f(l—'sinzﬁ) do — f(cscze— 1) df

9sin2 0 sin2 0

:fc0t970+C:77V"W*W2fsinfl (¥) +C

u=5x=du=5dx,a=26
J 5 %ax =20 [ -t sax =20 [ Hhdu =20 fan ! (2) + C = Luan ! () + C

u:x2—4:>du:2xdx¢ldu:xdx

fX\/de——f\fdu—-u3/2+c L2 —4)3/2+C

x=sinf,0 <6 <%, dx =cos 6 db, (1—x2)3/2:cos39;

V3/2 /3 5 /3
ﬁ) 4x dx _ f 451ni(9)30059d9 4 L (lgocs(;seé) do =4 L (SCC2 0 — 1) do
[tan 0—0]1° =43

Xx=2sin6,0<0 <%, dx=2cos0df, (4—X2)3/2=800539;

f‘ dx _f”/(’ 2cosed0_;f”/" do —l[tanH]”/G V3
0 (4—x2)3'/2 — Jo 8cos’d — 4 Jo cos?f T 4 - 12 T

o~
QIH
%)

x=secf,0 <0 <3, dx =secdtanfdf, (x* — 1)*? = tan® 9;
f(xz ijxl):‘wz = fsec fa;a3n09 = f c(S)isngge == smr‘) +C= ./x;(,l +C

x=sech,0 <6 < J,dx =secftan 6 df, (x> — 1) = tan® §;

x? dx sec” f-sec 6 tan 6 d§ cos 6 _ B x*
f (x2—1)"? _f tan® 0 fsm“? df = 351n30+c_ 3(x2,1)3"2+c

x=sinf, -5 <0< E,dx:COSGdG,(l—XQ)?'/2 = cos® 6;
f(l—x2)3r’2dx _ f00q36c0s6d9 fCOt4QCSC29d9: _ @ +C= _% (\/1,,(2)5 e

x6 sinf 0

Xx=sinf, -5 <6< E,dx:cosedﬁ,(l—x2)1/220039;
n1/2 3
f(l_xz) & — f"‘“ec‘”ade fCOtQHCSCZHdQZ — ol C= —%(V '_XZ) +C

xt sin @

x=1tanf, -5 <0<7 dx——sec9d9(4x2+1)2—sec49'
f( Sd"lz—f %o’ Cw—4[00526’d9*2(9+s1n6’cos€)+C*Ztan’12x+(4)(2 @ +C

4x2 + sect 0

t=1tanf, — 5 <6< %, dt=]sec’fdf, 9> + 1 = sec’6;
2
f t,fftz_f ::;Z de_2fcos29d9—9—|—sm900s9+c tan‘13t+<912+1>—|—C

u:xzflédu:2xdxéldu:xdx

[ o= o o= [

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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Section 8.3 Trigonometric Substitutions
32. u=25+4x> = du = 8xdx = ldu=xdx

[ s2mdx = 1 [1du= linjul + C = 1In (25 + 4x2) + C
33. v=sinf, -5 <0< ,dv = cos 0.df, (1 —v?)** = cos® 8
f idv52 _ fsm26c050d0

cos® §

3
ftan2956029d0: @+C: % ( 1V 2) +C
~ A%
3. r=sinf, -5 <0< 3;
1—2)"2 4 5 7 2 7
f( rrg r:fcosf“izsogedﬁ fC0t69CSC29d9:—CO;0+C:—%[ rr} +C
35. Lete' =3tan 6, t =In(3tan §), tan"' (§) < 0 <tan"'(3),dt = “[iffg d, \/e* +9 = /9 tan20 + 9 = 3 sec §
In4 tan~! (4/3) tan~! (4/3)
el dt 3tan f-sec>fdf __ tan™! (4/3)
o5 = Junys @nf3secd j;mil(l/z sec 6 df = [In |sec 6 + tan 6‘|]WL(]/z
_ 5, 4 V10 | 1
=i (3+4) - (424 1) =mo—m(1+/10)
36. Lete' =tan 6, t =In(tan §), tan"!(3) <0 <tan"'(3),dt = Stiflg dd, 1 4+¢e* =1-+tan’d = sec’0;
f]n @A) g wn~ (4/3) (tan 0) <*§;ngf*) g pent@)
nG3/4) (1+e2)%? tan=1 (3/4) sec® §

tan 4/3) 4 3 _ l
iy SO 6 do = [sin 0] ol =35 3= 5

1/4 1
2de L[ 1
37. fu/lz Tt {U—Z\ﬂ, du= - dt} - f.

Wi 1Jruz,u—tane z <9§Z,du—sec 6do, 1 +u? = sec? 6,
1 /4
2du __ 2 sec’f df /4 _ s T _ m
ﬁ/ﬁ I+u2 = Jass sec?f [20]71'/6 - 2(1 6) — 6

38.

y=e"? 0<0<7 dy=e""sec?0dd, \/1+(ny?=+/1+tan?6 = sec
fe dy _fﬂ/ e gec?
1 yy/1+(Iny)? -

e’ sec

w/4
df = f sec 6 df = [In |sec 6 + tan 0[] }/* =
39.

o(1+v2)

x=sect,0 <0 <3, dx:sec9tan0d9,\/X2—1:\/sec29—1—tan0
S = i =64 C=see xtC
40. x =tan 0, dx = sec?2 9 df, 1 + x2 = sec? 6

f sec’6 df
x2 +1

ap =0+ C=tan"

Ix+C
41.

x—secﬁ,dx:secﬁtanﬁdﬂ,\/x2—1:\/seCQG—lftanQ

x dx _ fsec&-sec&tanf)dﬁ
N tan 0 -

—fsec29d9:tan9—|—C:\/x2—1+C

42. x =sinf,dx =cosdf, — 5 <0 < 3;

S = [l —grc=sinx+C

43. Letx? =tan 6,0 <46 <

,2xdx = sec? 0 df = xdx = 3sec? 0 db; V1+xt=
_ sec? 0
/1+x4 fsec&

V14 tan? 6 = sec 6
do = —fsec&d&- 1n[secd + tan 6| + C = $In|\/1 +x* + x*| +C

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley
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482  Chapter 8 Techniques of Integration

44.

45.

46.

47.

48.

49.

Letlnx =sinf), —5 <6 <0or0 <6< 7, -dx =cosfdd, 1—(lnx)2:cos9

1
X

f” d —fm“zed@—fl_““zede—fcsc@d&—fsinGdHZ — Injesc @ + cotf| + cosf + C

x Inx sin 6 sin 6
Inx)? 1 1—(Inx)?
—In|;L + <Xn> + lf(lnx)2+C:fln+?x(n) 1— (Inx)*+C

Letu:\/;:>x:u2:>dx:2udu:>f 4—;"dx:f\/4;2“22udu:2f 4 —u2du;

u=2sinf,du =2cos0df,0 <0 §%,\/4—u2:20056’
2[Va—urdu=2[(2cos0) (2cos 0) 40 = 8 fcos? 0d0 = 8 [ 122 49 = 4 [ 40 + 4 [ cos 204

=40 +2sin20 +C = 49+4sm9c050+C—4sm’1( )+4( )(—“‘27”2>+C:4sin’1<§)+\/§\/4—x+c

:4sin—l(§) FVAx—x24C

Letu=x*? = x =u?? = dx = 3u™' du

f Zodx = f,/ “zu; 2’1/2 du—fm T u:%f\/ﬁdu:%Sin’1u+C:%sin’1(X3/2)+C
Letu:\/;:>x:u2:>dx:2udu:>f\/§ l—xdx:fu\/l—u22udu:2fu2\/l—u2du;

u =sin @, du = cos 6 dé, —E <40 <3 I m—cosﬁ

2f Mdu*2fs1n29cos9cos@d0*2fsm2900529d9*—fsm 20d6 = f““)“ede
fd&— —fcos49d9— 10 — {esin4f + C = 10 — 4sin26cos 20 + C = 16 — ysinfcosf (2cos*§ — 1) 4+ C

= 10— —sm000530 +—s1n9<:0s9+C —sm 1uf%u(l 3/2 \/—112+C

= 1sin™!/x — 1/x( x)*? — LxV/1-x+C

Letw:\/méwzzx—l :>2wdw:dx:>f%dx:I@ZWdW:ZI\/ﬁdW
w=sec,dx =secftanf df, 0 < 0 <%,M:tan€

2f w2—1dw:thaneseCQtaanQ;u:tanG,du:se029d9,dv:secﬁtan9d9,v:secQ
2ftan0sec9tan9d9:2sec€tan072fsec30dt9:2sec¢9tan072fsec205ec0d0
:ZSecﬂtanG—Zf(tanzﬁ—i—l)seCGdG:2sect9tan9—2<ftan20secc9d0—|—fse(:9d9)

= 2sec 6 tan § — 2In|sec 6 + tan 6| —2ftan295609d9 = 2ftan265609d9 =sec f tanf — In|secd + tan | + C

=wyvw—1l-Injw+vw?2—-1|+C=vx—-1vx—-2—-In|y/x—-1+x—-2|+C

x=2sech,0<0<7

x%:«/x2—4;dy=w/X2—4d—f;y=f—in_4dX; dx = 2 sec 6 tan A df
x2—4=2tan0
— y= —(2tan9)(§zzzzm0>da :2ftan29d0:2f(sec29— 1) df = 2(tanf — ) + C

zz[Lgftsec*l (%)] +Cx=2andy=0= 0=0+C = C=0 = y=2|Y~* —sec' £
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50.

51.

52.

53.

54.

55.

Section 8.3 Trigonometric Substitutions 483

x=3sec,0<0 <73
\/X2_9?1_Z =1,dy = oY = L?,g; dx = 3 sec 0 tan 6 df N y:f;“ecfgsf};“e
Vx2—-9=3tan0

14522 4 Cix=Sandy =In3 = n3=1n3+C = C=0

= fse09d9:1n|se09+tan9\—I—Czln
+ \/x;—9

= y=In|3

2+4 3y = 3f d 3tan’l"—I—C foandy—0§O—3tan’11+C

(x2+4) L =3,dy=23 S
x) _ 31

= C=-f 5 y=junt(3) -}

(x2+1 2dy—\/x2 dy— d">32 ;X = tan 0, dx = sec? 6 d6, (x* +1)3/2:sec39;

y:fw:fcosﬁdﬂzs1n9+C:tan00059+C anb 4 C= \/x;‘ﬁJrC;X:Oandy:I

sec? 6 sec 6

= 1:O+C§y:ﬁ;‘ﬁ+l

3 2
— [ 4k x = 35in 0,0 <0< 7, dx = 3cos §dd, /9 — x2 = /9 — 9sin 0 = 3 cos b;

/2 /2 .
:j; —3”39'3“’3“9:31; cos?6 df = 3 [0 + sin 6 cos 6] /2 = =3

o l=lsy=2b/1-5A=4f b/1-Sdx=db] /1% dx

[x:asinﬂ,—ggﬂgg,dx:acosﬁdg, 1—Z—i:COSH,X:O:asin9:>0:0,x:a:asin0:>6’:g

a m/2 /2 /2
4bj; \/1—’;—§dx:4b‘f; cos@(acos@)d9:4abj; 00520d0:4abj; Licosdbgg

= 2abj:/2 do + 2abf;/2 cos260df = 2ab[9] :/2 +ab {sin 29] :/2 = 2ab(3 — 0) + ab(sin 7 — sin0) = 7ab

12
(a) A= fo sin~'x dx [u = sin~'x, du = ﬁdx, dv=dx,v= X:|
12 12 1/2
= {xsm lx} - 2 dx = = (isin7'L - 0) + {\/1 - xz} :%\é_lz

0 0

1/2 1/2 1/2
- R _om+63-12, 1 P _ 12 -1
(b) M—j; sin” ' x dx = 5 ;X = HG‘@*IZ];’ X sin XdX_iﬂ«kG\/glej; xsin”'x dx
— in—l _ 1 _ _ 12
[u— sin x,du—mdx,dv xdx, v ZX}
1/2 12,
— 12 1 X
= rre/i iz x sin~ x 3o Ao dx)
[x:sin@,—% <0< F,dx=cosfdf, V1 —x2=cosf,x=0=sinf = 0=0, X———sm0:>0—%}

/6 in~ 6 T /6 .
—7T+6\]}—12( 3 % sin~ %)—0)—%f0 img 0050d9> ﬂ+6\[ (__%j; sm20d9>
7T /6
- w+6\l/2_—12( % Logn2t d9) 71'-‘—617\/25—12 (ﬁ - Zj; o+ 4 f cos 2¢ d€>
_ 12 71' [ _ 3\/5—7r L= 1 1/21 s 1on\2
= e/ (@4- _Z + sm29} ) = 4(7”6\/5712), y= Hé{zgflzj; 5(sin™'x)"dx

[u = (sin"x)z, du = 20 Xdx dv=dx,v= x]

vV1=—x

&lﬂ
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6 . 2 1/2 1/2 5
T e/l [X(Sln_xdx)] - \X/i”i—xdx

0

dx, dv = dx,v=-2 l—xz}

[u— sin~!x, du_\/_ Zixz
1/2 )
:ﬁ\flz((%(sm_l(%))z—O) + [2 l—xzsin‘lx] fol/ 2\/—V]l__xx22d>
0
2 . 1/2 W_ _ oS3
56. V= f ( xtan—lx) dxzﬂj;lxtan—lxdx [u: tan—lx,du:Tlxzdx,dvzxd&v:%xz}
i 1 . 1
=[] ] e o) <o (o0 - 1[0 poe) =5 (5110 - poe)

_ =z 1f1 1f11 _ =z 1 TP L N 1 1, -1 _ n(n=2)
=T 3 3 0dX+§ Omdx =T §+{—§X+§tan X:| 77T(§+(—§—|—§tan 1+0—0))— 7

0

57. (a) Integration by parts: u = x2, du = 2x dx, dv=x/1—x2dx, v_—%(l —x2)3/2
fx 1—x2dx = —1x*(1 - 3/2+ f 3/22)(dx — X2 (1 - X2)3/271(1*X2)5/2+C
(b) Substitution: u = 1 —x> = x> :1—u:>du:—2xdxﬁ—§du:xdx
[ Vi=xd= [VI-xdc=-L[(1—w)udu= -] [(Vu—u¥?) du= 124 132 4 C
= l1-)" 11 -0+ C
(¢) Trig substitution: x = sin 6, % <fg< g,dx = cos 6 db, m =cos
fx3 de:fsiﬁ& cos Hcosﬂdﬁzfsinzﬂ coszﬁsinﬁdﬁzf(lfcos2 6)cos? 6 sin 6 df

:fcoszt‘)siné)dﬂ—fcos“@sin@df):—%00539+%00559+C:—%(1—x2)3/2+%(1— )5/2+C

58. (a) The slope of the line tangent to y = f(x) is given by f’(x). Consider the triangle whose hypotenuse is the 30 ft rope,

the length of the base is x and the height h = 1/900 — x2. The slope of the tangent line is also —7”0(” , thus
f’(X) - _ \/9007)(2_
(b) f(x) = [~ ¥=Xdx [x=30sin6, 0 < 6 < F,dx = 30cos 0 df, /900 — x> = 30cos 0]
— [ 3e0030cos 9 do = 30 [0 do = —30 [ L= g9 — —30 [esc0.df + 30 [sin 0 do

sin 6 sin 6
— /900 — x>+ C; f(30) =0

— /900 — 302+ C=C = f(x) = 301n|3 4 ¥20=X| _ /900 _ x2

= 301In|csc 6 + cot§] — 30cosf + C = 301n| 20 4 V=X 900 x?

30 900 302
= 0= 301In|30 4 YO00-30°

8.4 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS

L 255 =25+:25 = x—1B3=AK—-2+Bx—3)=(A+B)x— (2A+3B)

A+B=5 B B . B i .

= 2A+3B—13} = —B=(10-13) = B=3 = A_2,thus,m 2o+ 3

2. X25}3;12 = ("*5)5)(7;771) = _A_ X§1 T=Ax—-1)+Bx—-2)=(A+B)x —(A+2B)
AtTB=5 -7 3 2
A+2B:7}=>B—2$A—3thus T = vt
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Section 8.4 Integration of Rational Functions by Partial Fractions 485

A=1
Ax+1)+B=Ax+(A+B) = A+B:4} = A=1landB = 3;

x+4 _
(xi_l)z_x+1+(x+1)2 = X+4=
Xx+4 _ 1 3

thus, (xil)Z*x+1+(x+1)2

Zx+2  _ =42 _ A x4+ 2= A DB =A A+B A=2
ot - G- x-1 T & 1)2 = X+ x—=D+ x+(-A+B) = —A+B=2

%42 2 4
_2xX+2 +m

= A=2and B =4;thus, 55557 = =5
= z+1=A2z-1D)+Bz-1)+C2> = z+1=A+0Oz>+ (-A+B)z—

zzi;r—ll) % + z% + zgl
A+C=0
= —A+B=1) = B=-1 = A=-2 = C=2thus, 55 = 2+ 3 + 2
—-B=1
z 1 1 A B
6. e T e T a3 Td — -3 T2 = 1=AC+2)+B(z-3)=(A+B)z+(2A - 3B)
A+B=0 1 1. , 1 1
248 5 12 542 A
1. gims=1+¢ ‘;+6(afterlongdlv151on),l_75[+6—(lfg;(:fz) Lo+ B
A+B=5
(A +B)t+ (—2A — 3B) = _2A_3B:2} = -B=(10+2)=12

= 5t4+2=A(t—-2)+B(t—3)=
= B=-12 = A=17; thus,t2 5t+6 1+t1,73+_22
—9¢2 49 :é+t'%+f§‘f§

_92 49 (after long lelSlOn) t2 (2 +9)

149 9249 _
8. l}:—%z =1+ t4itg-tz _]+t3(tz+9
92 +9=At(>+9)+B (> +9) + (Ct+ D)2 = (A+ O)* +
A+C=0
B+D=-9 -
OA — 0 = A=0=C=0B=1= D=—10thus, ;5% = 1 + 3 + 7%
9B =9
9 i =5+ = 1=A0+0)+Bl—x)sx=1= A=§;x=—-1 = B=1;
flix)@: fl—x+ fl+x—%ln|1+x|—ln|1—x|]+c
=-2=B=-1;

= 1=Ax+2)+Bx;x=0 = A=

1 _ A B
0. e =5 T2
Jatm=tfe 1) =4Ik -mix+ 2]+ C
1L it — Ay B o x4 4= Ax-D+Bx+6ix=1= B=3;x=-6 = A=2=2;
[t oax=2 [ s [ a0 g6+ 2Inx—1]+C=LIn|x+6)2x— 1’| +C
12, o2 n = A4 By 5 X+ I = AR - HBr-4ix=3 = B=2 = -Tix=4 5 A=3=9;
(x -4y

—7[ & — 9 |x—4[—TIn|x—3|+C

s

EN[%)

=3 = A=
(3In1+§In5)

f.2x+1 dX:9fxd,x4

x2 —Tx + 12

<

= y=Aly+D+By—-3sy=-1 = B===1;
8 8

73 d d I3 1 87 3 1

=3y sty = Ay -3+ imy+1],=(fIn5+;m9) -

y —
13. y2—2y =3 — y73 +y+1

8
y dy
4y -2y-3

_ 1 1 __Inl5
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y+4 =242y > y+4=A0+D+Byy=0=> A=4y=—-1 = B= 2 =-3;

4. y? y+1

16.

17.

18.

20.

21.

22.

+4 ] 3
f 3t gy _4f1/” 3, =y =3y + 1]}, =@In1-3m2)— (4In}—31n3)
n%—l E‘i‘lﬂ%—lﬂ(@'g'lG):lnT

1 _ A B C _ et _ 1.,
ool s, I e i 1=At+2)t—1D+Btt— D+ Ct(t+2);t=0 = A=—35;t=-2

1. _ 1. _ dt 1 dt
:>B_6’t_1:>C_§’ft3+t—2t___f +5 fl+2 §fﬁ

— 3+ imlft+2[+fInjt—1|+C

e =+ B+ S =2 L+ = AR+ DX - ) +Bx(x -2+ Cx(x+2):;x=0 = A= Z:x=
:>B:%;x:2:>C:15—6;f2;§+3 dX——— dx+16 3
=—3mlfx[+Lnx+2[+2Injx—2/+C=L1n (’(_2))(++2)‘+C
m (x = 2) + 25 (after long division); 2% = A7 + gip = X +2=Ax+1D+B
—AX+(A+B) = A=3,A+B=2 = A=3,B=—1; | o2&
1 1 1
= Jlocm2paxs [t - [T S [ a3 1]+ ]
=(3—-2+3m2+4)—-(H=3m2-2
ﬁ :(X+2)+(i"_’l)2 (after long division); (x 1)2 = ﬁ+(x e = 3x—-2=Ax—-1+B
_ _ _ _ 1. d
=Ax+(-A+B) = A=3,-A+B=-2 = AfS,Bfl,flﬁx"H
0
~ [ x4 dx+s [ +fl(x_1>2:{ +2x+3ln|x71|fx_l} y
=(040+3m1-45) = (§-243m2- &) =2-3In2
1 )2:H1+ 1+(x+1)2+(x = l=A+Dx—1D?+Bx—Dx+1)?+Cx—-1)2+Dx+ 1%

(x2
x=—1=>C=:;x=1 = D— ; coefficient of x> =A+B = A+B=0;constant=A —B+C+D

~ A—-B+C+D=1 = A—B:%;thus,A:i = B=- [ 2%

1 dx 1 dx 1 x+ 1 X
*foﬂ __fx—1+ f(x+1)2+1f(x—1)2 =7 |35 —se-p tC

T St ety = X = A+ D?+BE- DE+ D+ CE - Dix =1

= C:—z,x_l = A= % coefficientof x> =A+B = A+B=1 = B_Z’f(xfl);%
-1 3 In |( D(x + 1
fx—l fx+177f(x+1)2_1 x—=1]+3 ln‘x+1|+2(x+l)+c — Jr2(x+1)+c
(x+1)1(x2+1) :ﬁ"‘zéilc = 1=AX+1D)+Bx+O)x+1);x=-1 = A:%;coefficientofx2
1
=A+B = A+B=0= B=—J;constant=A+C = A+C=1 = C:%;j;(xﬂ)d%
1 1
:1f0x+l+ . X;‘i]l)dx—[%ln|x+1|f1ln(xz+1)+ltan’1x]é

=(lm2-1im2+itan'1) - ({lml-Iml+ltan?0)=1m2+](F) =22

Wit — A L BEC o 32 444 =A(2+ 1)+ Bt+Ot;t=0 = A = 4; coefficient of >

=A+B = A+B=3 = B= —1;coefficientoft=C = C=1; fl %dt

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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Section 8.4 Integration of Rational Functions by Partial Fractions

V3 V3 . s
:4fl %Jrfl lzt:l)dt [4ln|t|*%ln(t2+l)+tan1t]1

- (4ln\/—%ln4—|—tan_l\/§) —(4ln1-1m24t@n'1)=23-n2+3+1m2—7T

:21n37%1n2+%:1n(%)+%

2
B =T iy 2 Y A2yt = Ay +B) (Y + 1) +Cy+D

=Ay’ +By’+(A+Qy+B+D) = A=0B=1;A+C=2 = C=2;B+D=1= D=0;
Y 42y +1 _ 1 y U | 1
deY—deYJFZdeY—taH y— g +C

2. gﬁxﬁx&z = {xtB 4 @i?f = 8x*+8x+2=(Ax+B)4x*+1)+Cx+D

=4Ax* +4Bx>+ (A+C)x+(B+D);A=0,B=2;A+C=8 = C=8B+D=2 = D=0;
8 8 2 _ _
f)(<4; X+2 dx = 2f4x2+l+8f4x2 Z—tan Iox — 4X2+I+C

2s +2 _ As+B C
25. E+DG—1@  £+1 +s—l + 1)2+(s s = 2s+2

=(As+B)s— 1 +C(s> + )(s—1)2+D(s +1)(s—1)+E(s>+1)
= [As? + (—=3A + B)s® + (3A — 3B)s’ + (—A +3B)s — B] + C(s* — 283 +2s> =25+ 1) + D (s* — s> +s— 1)

487

+E(s?+1)
=A+0s*+(-3A+B-2C+D)s>+ BA—-3B+2C—D+E)s*>’+ (-A+3B—-2C+D)s+(—-B+C—-D+E)
A + C =0
—-3A+ B-2C+D =0
= 3A-3B+2C—-D+E =0 p summing all equations = 2E=4 = E=2;
—-A+3B-2C+D =2

—-B+ C-D+E=2

summing eqs (2) and (3) = —2B+2=0 = B =1;summingeqs (3)and (4) = 2A+2=2 = A=0;C=0

fromeq (1);then —1+0—-D+2 =2 fromeq (5) = D= —1;
f(@fi)ﬁ *fsul f(s—1)2+2f(s =—(-D7?+6E-D " +an s+ C

26. S‘(‘;Jfgl)z =44 Bl y (?‘:;)2 = st 4+ 81 =A(s2+9)° + Bs+CO)s(s2+9) + (Ds + E)s
= A(s* + 18s? 4+ 81) + (Bs* + Cs® + 9Bs? + 9Cs) + Ds? + Es
= (A+B)s* + Cs® + (18A + 9B + D)s2 + (9C + E)s + 81A = 8lA=8lorA=1;A+B=1 = B=0;
C:O'9C+E:O:>E:O;18A+9B+D:O:>D:—18;f Sl das= [ s [ e

s(sz+9)‘ (s2 +
=Inl|s \+ 2+9) +C

27, X2 = AL PUC o 2 x4 2 = AP+ x+ 1)+ (Bx+ C)(x — 1) = (A +B)x*> + (A =B+ C)x + (A — C)

=A+B=1,A-B+C=—-1,A—C=2= adding eq(2) and eq(3) = 2A — B = 1, add this equation to eq(1)

:>3A:2:>A:2:»13:1—A:%:>C:—1—A+B:_§;f%dx:f(%+%)dx

:—f —Lodx+ ] f —d {uzx+l:>u—%:x:>du:dx}

= f 2+3du7’f 2i3du

+3
= %ln|x71|+éln’(x + %) + 3

u2 :f
1

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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488  Chapter 8 Techniques of Integration

28.

29.

30.

31.

32.

33.

34.

A= A B o 1= AR+ D —x+ 1) +Bx(x2 = x4+ 1) + (Cx +D)x(x + 1)
=(A+B+0O)xX*+(-B+C+D)x>+(B+D)x+A=>A=1,B+D=0=>D=-B,-B+C+D=0
= -2B4+C=0=C=2B,A+B+C=0=1+B+2B=0=>B=-1=C=-3=D=1

fx4+xdx_ f(% - xl—{-gl + fz/i):i:/g f dx — fx+l 3f 2X;-ll—1dx

=In|x| — }In[x + 1| — {In[x> = x+ 1|+ C

2= A B+ SR o = A - DX+ 1)+ B(x + 1)(x2 + 1)+(Cx + D)(x — 1)(x + 1)
=A+B+0O)x*+(-A+B+D)xX*+(A+B-C)x—A+B-D=A+B+C=0,-A+B+D=1,
A+B-C=0,-A+B —D = 0= adding eq(1) to eq (3) gives 2A 4 2B = 0, adding eq(2) to eq(4) gives

—2A + 2B = 1, adding these two equations gives 4B—1:>B— , using 2A+2B—0:>A——— using
—-A+B-D= O:>D— andusmgA—|—B C=0=C= Of dx—f( 1/44—1/4—1— 12 )dx

x+1 x—1 x2+1
= 7fo+ldx+ fo—l

AR = A B OD 2 x = A(x +2)(x2 + 1) + B(x — 2)(x> + 1+(Cx + D)(x — 2)(x +2)
=(A+B+0O)x*+(2A—-2B+D)x>+ (A+B—-4C)x +2A—-2B—-4D=A+B+C=0,2A-2B+D =1,
A+B—-4C=1,2A — 2B — 4D = 0 = subtractin eq(1) from eq (3) gives —5C = 1= C = —é, subtacting eq(2) from

eq(4) gives =5D = -1 =D = substltutmg for Cineq(1) gives A + B = z, and substituting for D in eq(4) gives

1.
10°

dx = —iIn[x + 1| + {In|x — 1| + Jtan"'x + C =

m x+l‘+ Ltan='x + C

2A -2B = 5 =A-B= g, addmg this equation to the previous equatin gives 2A = % = A= 13—0 =B =-

2 4x 7]‘ 3/10  1/10 | (=1/5)x+1/5 _ 3 (1 L[ 7;f x ;f 1
fx4—3x2—4dX— =2 x+2 T %+ dx =55 | 72X = 15 ) 729X — 5 ) opdx 4+ 5 ) o

n|x — 2| — {In|x + 2| — {5In|x? + 1| + ttan~'x + C

20° 456>+ 80+4 _ _AO+B CH+D 3 2 2
01201 2) —02+20+2+<0,+2€+2>) = 20° + 50 +80+4—(A0+B)(0 +26+2)+C0+D

= AP+ (A +B)? +(2A+2B+C0+(2B+D) = A=22A+B=5 = B=1;2A+2B+C=8 = C=2;

93 6> 9 0 0

7]‘ do — f f el+2a+2 7‘[ (62 + 26 +2) f 1
02+26+2 92+29+2 (02 +20+2)° 02 +20+2 (9+l)2+1 TP+ 20+2

=5+ m(?+20+2) —tan ' @+ D+ C

04_403&16?); 30+1 /22113 + (5’6:1)2 + (E6+1P;3 — 04 _4p3 +292 —304+1

= (A0+B)(02+1)°+(CO+D) (0 + 1) +EI+F = (A + B) (6* + 262 + 1) + (CO? + DI? + C+ D) + E§ + F
= (A0° + BO* + 2A0° + 2BO? + A + B) + (CO> + DO?> + CO + D) + E§ + F

=AP +BO+ A+ O+ 2B +D)? +(A+CH+EW+B+D+F) = A=0;B=1;2A+C=—4

= C=-42B+D=2 = D=0,A+C+E=-3 = E=1;B+D+F=1 = F=0;

01 —46° +26%2 — 30+ 1 0.de 6.do 1 2 1 1 2 -2
f 220 de_fyz -~ f(ﬁ? 2—|-f92+13—tan +2(0>+1) L@+ +C
%: _2X+X(x l)’x(xl—l) A+XE1 = 1=Ax-D+Bx;x=0= A=-1

x=1= B=1; fw f2xdx—fd"—|—fdx =x*—In[x|+Infx—1[+C=x*+In || +C

(g2 1 (2 1 . 1 _ A B .
=x+D+ 5=~k +])+(x+1)(x D GaDx—1D  x+1 " x—1 =AKx—-1D+Bx+1)

x=-1=A=-lix=1=B=1; [ ax=[(drna-] [ 41 [

=i +x—Ltlx+1+inx—1+C=%+x+in|*1+C

x2—1
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35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

Section 8.4 Integration of Rational Functions by Partial Fractions 489

W—9+m¢(afterlongdwmon) wz——i— + 55
= 0x2-3x4+1=Axx—D+Bx—-1)+Cx*x=1=C=7;x=0=B=-1;A4+C=9 = A=2;
Jolerrtax = fodx+2 [& - [S 47 [ & —oxqt2m|x|+ 1 +7lx—1]+C

16x3 12x—4 ., 12x—4 __ _A B _
prepmy rans Sl GO M R e 4x+1’(2x71)2_2x71+(2x71)2 = I2x-4=A2x-D+B

. _ _n. 16x% _ dx dx

= A=6-A+B=—4 = B=2 [ 1% dx=4 [+ Ddx+6[ 52 +2 [ 58
=2x+ 1 +3In[2x — 1| - 55 +Cr =2x+4x+3In[2x — 1| = 2x — 1) + C, where C =2+ C;
1 2
y;{ry 1 :y_y(y21+l);y(y21+ ) *%"‘ +C = 1=AFy"+1)+By+Cy=(A+B)y*+Cy+A

7= A=LA+B=0=B=-1:C=0; [Y X lay= [ydy— [& 4 [2%

yi+y 241

2
=L —Inly|+3ilm(1+y*)+C

2y*
Y-y +y-1

_ 2 . 2 _ 2 _
_2y+2+y37y2+y71 Cyi-yity-1 T (P+D-D T

= 2=A’+1)+®By+C)(y—1)=(Ay’+A) + (By>+Cy —By —C) = (A+B)y> + (-B+C)y + (A — C)

= A+B=0,-B+C=0orC=B,A-C=A—-B=2= A=1,B=-1,C=—-1;
dey—Zf(y—i-l)dy—f—f—— o dy - f2+1

=@+’ +Inly—1]—FIn(y’+1)—tan'y+Cy =y*+2y+Inly— 1| - $In(y’ + 1) —tan~'y + C,
where C=C; + 1

et dt _ _ y+1 _ 1
fe2‘+3e‘+2 I_Y]f y~+3y+2 y+1_ y+2 ln‘y+2’+C_ln (:‘+2)+C
_ 3y et y=¢e 3oy 1 ’
S an [esrmen | J20 |- [U = [ ) o= [ e

:y;—i—%ln(yQ—f—l)—tan y—i—C—1 2‘—l—1ln(ez‘—i—l)—tan_l(e‘)—i—C

cos y dy ; _ _ dy _ 1 1 1 _ 1 t—2
fsm—y+smy 6,[s1ny_t,cosydy—dt] - ft2+t76 - EI(m_m) dt = gln|l+_3|+c

71 siny — 2
- In smy+3‘+c

sin 6 d6 . _ _ dy _lf dy 1 dy _ 1 y+2 _1 cosf +2
fco%20+cost9 2,[C0$9—y] - f y2+y—-2 "3 y+2 3 y—1 —3111 y—1 +C_31n|cosﬁ |+C

=3I [FEG+C=— s[5 [+C

(x — 2% tan~! (2x) — 12x% — 3x f tan™! (2x) f
f @+ 1) (x—2)72 dx = AT T dx —3 x— 2)2

=1 [t @od (tan ! 20) —3 [ (&5 —6 [ 2, = <“‘“’;2X —3Injx—2[+ L5 +C

(x

(x + 1)% tan— (3x)+9x +x tan—" (3x) f X
f O+ )+ 12 dx f o1 X+ ) e dx

ftan’1(3x)d(tan’1(3x) +fx+l_ (Xixl)zzm+ln|x+l|+—+c
fx” dx—f\/— [Letu:\/;:du—zx/—dxé2du:ﬁdx}—>fuzz—71du;
u2{1=u11+u71:>2_ Alu—1)+Bu+1)=(A+Bu—A+B=A+B=0,-A+B=2

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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=B=1=A=-1 [2du= [(&5 +)du=—[rdut [Adu=—Inju+ 1| +Infu—1]+C

Vx—1

Y| +C

=In

46. dex [Letx—u =dx = 6u5du] — fm6u5du= fufujldu: f(6—|— %)du

:6fdu+f%du; w1 ui

-A+B=6=B=3=A=

(u—1)+B( +1):(A—|—B)u—A—|—B:>A—|—B:0

u+1 u—l u_6u_3fu+l

—6u—31n|u+1|+31n|u—1|+C—6x'/6+31 16+1 +C

47. f—v’(}fldx {Letx+1:u2:>dx :2udu] —>fu2“_l 7‘[”22“_21 7\[(24_ )du
:2fdu+fi du; 25 =25+ 2 =>2=A@u—-1)+B(u +1):(A+B)u—A+B:>A+B:0
“A+B=2=B=1=A=-12[du+ [2ydu=20+ [(F5 + 2y)du=2u— [
=2u—Inju+1/+Inju—1]+C=2yx+1+In J_Vijl;l +C

48. fxmdx {Letx+9—u édx—Zudu} HfﬁZUdu:f%g du; ﬁ:ué3+uf3
=2=A+3)+Bu-3)=(A+Bu+3A-3B=A+B=03A-3B=2=A=1=B=-1;

1/3 1/3 x+9-3

Jatsa= [ (5 - 5) a=1[ 5 au— 1 [ o5 au=dmnju = 3] dinju+3[+ C = {m| 02 4. C

49. fxx4+1)dx_fx4(x4 Ty dx {Letu:x4:>du:4x3dx}—>%fu( pydu; (+1):%+u51

> 1=A@+1)+Bu=(A+Bu+tA=A=1=B=—1![lrd=1[(!- 2 )du

u u+1
= 4 [au—1 [ hydu = dinfu] = dnfju+ 1]+ C = §in( ) +C

50. fX6X5+4>dX—fde—[Letu—x :>du—5X4dx]—>;fu2<u+4>du u2(u+4>: A+ B +u+4
:>1:Au(u+4)+B(u+4)+Cu:(A+C)u (4A+B)u+4B:>A+C:O,4A—|—B:O,4B:1:>B:%

_ _ 1.1 _ 1/16 1/4 1/16 __1[1 11 1 1
> A=—f=C= {1 [ = f(—T trt u+4>du_ —gf hau+ 5 [ hdu+ &5 [ au
:—8'—01n|u|—ﬁ+g—oln|u+4|+c———ln|x| o + Il + 4]+ C = ghn 4| — k-

SL(2-3t+2) & = ix= [4 = [0 [ o |22 40 =2 = Cet=3andx = 0
=1=C= 2=l :>x—IHIZ(%)‘:ln|t—2|—ln|t—1|—|—1n2

52. Bt +424+1) =2 3x_2\/f3t+4t2+1—fft2+1 ft2+1

=3tan! <\/§t)—\/gtam‘lt—l—C;t:1amdx:#E = —@:w—éw—i—c = C=-7

= x =3tan"! <\/§t) —V3tanlt—nx
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[ Sy Sy N T N
t=landx=1= In2=In3+C = C=ml2+ml3=mI6 = In[x+1/=h6|5] = x+1=

t+2
:>X_t+_2_1t>0

S4 4+ DB =41 = [0 = [9 — anix—Inft+ 1|+ Ct=0andx =0 = tan"' 0=In [1] +C

= C—tan 10=0 = tan!x=In|t+ 1] = x=tan(n(t+ 1)), t > —1

ss.v=n [ yac=n [ staax=3n ([ (-

0.5 3x

a 1)) = [Brin|5)0] = 370 2s

56. V=2r [[xydx =2 [ B dx=dr [ (=1 () + 2 (515)) dx
:[—4?”(1n|x—|—1|—|—21n|2—x|)]0:%(1112)

V3 V3
57. A= j; tan~! x dx = [x tan~! x]g/3 - fo = dx y=tan~'x
=S I 4+1)]" =8 oy

Il
>[=
N
ol
|

vl
(9%}
_|_
[Nk
N—
Il
>[=
N
wl¥
|
|
(98]
N——
11
—_
—
o

5 5 5 5
N T Ay = _ds :[31n|x\ In|x+3[+2In[x— 1] =1n 22,

-1 4x? 4 13x—9 5 5
X:Kj;xg(3x+2x2i3x>dxzi([4x]§+3 3x+3+2

):X(8+llln2—3ln6)’:“3.90

59. (@) & =kx(N-x) = [ & fkdt:>lfd—x+lfd—xszdt:§1 | =kt G
k= ok, N =1000,t=0andx =2 =

= In

1000 In |998| =C = 10100 In |m| 355 + 1000 In (499)

| =4t = B — et o 490x = e¥(1000 — x) = (499 +e*)x = 1000e* = x = 0%

(b) x=1N=500 = 500 = 4;,%0364;. 500 - 499 + 500e* = 1000e* = e* =499 = t=11n499 ~ 1.55 days

60. & =ka—x)b—x) = g = kdt
_ 1 R _ 1 _ 1 1
@ a=b [o% = [kdt = L =k+Ct=0adx=0= 1 =C= 1 =k+!
1 _ akt+1 _ _a _ a a’kt
= ix= "2 ja*X_akwl :>x_a7akl+l_akt+l

(b) a?éb f(a x)(b X) fkdt = ﬁfad—xxibia b—a
t=0andx=0 = ZIn2=C = |22 =@®b-aki+In(d) = 2=2 = Del-ak

—X
ab [1 —e®-9K]
2 — Dok

= X =

8.5 INTEGRAL TABLES AND COMPUTER ALGEBRA SYSTEMS

X\/x— \[ tan~ = 4+C
(We used FORMULA 13(a) witha = 1,b = 3)
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dx 1 Vx+4—/4 _1 Vx+4-2

2 fwm VA “‘mwﬂ*c— 2ln‘m+z\+c
(We used FORMULA 13(b) witha = 1, b = 4)

-1

f s <x 24 (\/E)ldX-FZf(\/E) dx

- —W?) +z<%>@=m{w+4]+c

(We used FORMULA 11 witha=1,b=—-2,n=1landa=1,b=-2,n=—1)

4. f X dx @x+3)dx g gf dx
(2x+3)3/2 - (2x +3)3/2 (2x+3)3/2 - /2x+ 2 (m)s
2 (\/2x+3)1 3\ (2 (\/2)(+3)71
) -(3) (B) =5 +C

:%f(\/ﬁ)_ dx — 32 f( 2x + )_ dx = (3) (3 T (&)

_ 1 . (x+3)
2y/2x +3 (2x+3+3)+C= V2x+3 +C

(We used FORMULA 11 witha=2,b=3,n=—-landa=2,b=3,n=

5. fxmm(:%f(Zx—3)\/de+%f\/de:%f(M) dx + 2 f( 2X—> dx

_2)3/2
(2x 3)5 (X+l)+C

—-3)

e ) BES Y (L NP LY SN S PO

(We used FORMULA 11 witha=2,b=—-3,n=3anda=2,b=-3,n=1)
6. [x(7x+3)2 dx = %f(7x+5)(7x+5)3/2 a2 [ox+592dx =1 [(VTx+5) dx =3 [(VTx+5)" dx
_ (l) (g) (V7x+5) _ (i) (g) (\/7x+ ) +C= |:(7x1_95)5f2} [2(7)(7—0—5) _2] +C

7 7 7 7 7

— {(7)(;95)“*2} (Mx=%) 4 C

(We used FORMULA 11 witha=7,b=5,n=5anda=7,b=5,n=3)

(We used FORMULA 14 Wlth a= —4, b=9)

S () n R o

(We used FORMULA 13(b) witha = —4,b =9)

_ _fiE m%’
=% —s3hh| 5= tC

*®

dx Vo dx
fxz\/4x79 (=9)x + xv/4x -9 +C

(We used FORMULA 15 witha=4,b = —9)
=04 (3) () ant /52 4 C
(We used FORMULA 13(a) witha =4,b =9)
v 4" —1— L tan~ ¥ +C

fx 4x—x2dx:fx 2-2x — x2dx = S 32)‘22X X —sm T(352)+cC
— (x+2)(2x—66)\/4x—x2 —|—4Sil‘l_1 (%) —I—CZ (x+2)(x—33)\/4x—x —|—4Sil‘l_ (ng) +C

(We used FORMULA 51 with a = 2)

e

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Section 8.5 Integral Tables and Computer Algebra Systems

2-1x —x2 X—3
10. f—vxx_xzdx:fivzxdx:,/2-%x—x2—|—%sin_1( 15)+cz x—x2+ Lsinl@2x— 1)+ C
2

(We used FORMULA 52 witha = 1)

Vi) .
1. fmﬂz—f\/ ﬁln%—FC:—%ln‘L TRESSI e

(We used FORMULA 26 with a = \ﬁ)

VI (V) -

X - X . o 7 7 —x2
[P SN o PR

12.

[\

(We used FORMULA 34 with a = \ﬁ)

130 [V ax= [VE=2ax = V27— -2 [HVEEE
(We used FORMULA 31 with a = 2)

14, [ty = [V g0 = /@222 —2sec! 3|+ C= VX —4—2sec! 3] 4+ C

(We used FORMULA 42 with a = 2)

+C=Va—xz-2m |22y C

15. fez‘cos3tdt: %(20053t—|—3sin3t)+c °—3(200s3t+3sm3t)+C
(We used FORMULA 108 witha = 2, b = 3)

16. fe’“ sin 4t dt = - g)z z (=3 sindt— 4 cos 4t) + C = %3[ (—3sin4t — 4 cos 4t) + C
(We used FORMULA 107 witha = —3,b = 4)

17. fxcos‘lxdx: fx1 cos lxdx = %cos‘lx—l—l%l \"/'% :";cos‘lx—k%f\/":f—xxz
(We used FORMULA 100 witha =1,n=1)
= x;cos’lx—ké(% sin™! x) —%(%X\/l—XQ) +C =% cos 1x—|—%sin’1x—%xx/1—xz+c
(We used FORMULA 33 witha = 1)

1 xldx  _ x? -1 _lfxzdx
(1X) 111 1+(1)2x2 - 9 tan™" x 2 1 +x2

18. fx tan~! x dx = fxl tan~!(1x) dx = X
(We used FORMULA 101 witha=1,n=1)
"; tan " !x — 2 f(l — —xz)dx (after long division)

= X;tanflx—gfdx—i—ﬁflixzdx:X;tanflx—%x—i—%tan’lx—i—C: 5(x*+Dtan'x —x) +C

dx

201 _ 1 1y _ 1
19. fx tan xdx—2+1 Ix T 1+X2dx— * tan—!x 3f

(We used FORMULA 101 witha = 1,n = 2);

f1+x2 dx-fxdx-f%:";—%ln(l+x2)+C = fxztan‘lxdx
7?tan x—g+lln(l—|—x2)+C

1+ x2
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20. f —mnx;lx dx = fX’Q tan~! x dx = —(f(;:)l) tan~' X — 7 S 3 f’ldsz = {5 tan” Ix + f I_HQ
(We used FORMULA 101 witha = 1, n = —2);

g =atm= o[5S =mx-ina+x)+C

:>f‘ar:(—2x dx:—;tan’lx—i—ln x| =3 In(1+x?) +C

21, ['sin 3x cos 2x dx = — 83 _ x4 C
(We used FORMULA 62(a) with a = 3, b = 2)

22. fsiancos?)de:f%er;xwLC

(We used FORMULA 62(a) witha = 2, b = 3)

23. [8sindtsin L dx = & sin (1) - Esin (%) +C =8|

(We used FORMULA 62(b) witha =4,b = %)

24, fsin%sin%dt:3sin(é) — sin (% )+C
(We used FORMULA 62(b) witha = 5,b = })

25. fcos%cos4 0—6sm( )—l—%sin(?—e)
(We used FORMULA 62(c) witha = 1,

(130 . (1560
26. fcos g cos 70 df = % sin (5¢) + L sin (B¢) + C = Smg; ) + Smgsz ) +C
(We used FORMULA 62(c) with a = %, b="17)

X +x+1 _ x dx dx _ 1 x% 4+ 1)
27 f(x2+ dx = fx2+1+f(x2+1)2_§f X+ 1 Jrfszrl
=1 In(x? —l—l)—l—m—i—%tan’lx—kc
(For the second integral we used FORMULA 17 witha = 1)

x? + 6x 6x dx 3 dx dx (x2 +3) dx
) ’)dX X2+3+ ) - ) 27 — o+ 2
(x2+43)° (x2 4 3)° (x2+3) (x2 +3)°

VAT

28.

[o ]

X

= Lant () - Ay -3 (O T (2) ] +c

(For the first integral we used FORMULA 16 with a = \/5 ; for the third integral we used FORMULA 17 with
a= \/5)
— _1 -1 X 3 X
—2\—/§tan (—3)—m—m+c
u=/x

29, fSinfl\/;dx; x = u2 —>qu sin™ udu—2<msm1u l—}rlf ‘;i‘ﬂdu)
dx = 2udu
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. 2
= u? sin 1u—f udu

(We used FORMULA 99 witha=1,n=1)
=ulsin~lu— (% sin~lu— %u\/l—uQ) +C= (u2 — %) sin~lu+ %u\/l—u2 +C
(We used FORMULA 33 witha = 1)

:(X—%) sin‘l\/;+%\/x—x2—|—c
v=

30. fcosz/l;‘/;dx; x = u —>f%-Zudu:chos’ludu:Z(ucos’lu—% 1—u2)+C
dx =2udu
(We used FORMULA 97 witha = 1)

:2(\/§cos‘1\/§—m>+C

u=,/X
\/; . _\/Q_ u-2u _ u? — 1 -1, _ 1 12
31. mdx, X=u — mdu 2 —mdu 2(5sin"u—suy1l—u?)+C
dx =2udu

=sintu—uy/1—-u2+C

(We used FORMULA 33 witha = 1)

= sin~ —/xy/1—-x+C=sin"ty/x—vVx—x2+C
LR RYT R+ C=sin R VR

V2—x u=Vx Va—u ?
2 [L | ox=w | = [ udu=2[/(V2) —wde
dx =2udu
2
_Zl;‘ (\/E)quer@sin’l(%) +C:u\/27u2+251n’1(“)+c
(We used FORMULA 29 with a = \/E)

=V2x—x>+2sin! /3 +C

S

33, f(cott)mdt:fivl_sﬁtfcowd[;[ u=sint ] S ot

du = cos tdt
_ 14++vV1—u?
= \/17u271n’ﬁ +C
(We used FORMULA 31 witha = 1)

= VT =sint— In | Bl
dt _ cos tdt . u=sint du _ 1 ‘2+\/47u2
34. f(lanl)\/4fsinzl 7f(sinl)\/4fsin2l’ [du:costdt] _)fux/4fu2 2 In u +C
(We used FORMULA 34 with a = 2)
_ 1 2 + /4 —sin?t
_751[1‘ sin t +C
u=Iny
dy . _ au eldu du _ / )
35 fy T | fe“¢3+u2 =)A= ’u+ 3tu ’JFC
y =¢" du

=1In |lny+ 3+(lny)2| +C
(We used FORMULA 20 with a = \/5)
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t:ﬂ
2 2 N
36. ftan’lﬁdy; y =t — thtan’ltdt:2[% tan’ltf%fll+t2 dt] :tQtan’ltffﬁ dt
dy = 2t dt

(We used FORMULA 101 withn=1,a=1)
:tQtan‘lt—flz“dH—f1th2 =ttan't—t+tan 't+C=ytan' fy+tan~' /y— /y+C

e+1

=x+1
Ll Bt iy IR

(We used FORMULA 20 with a = 2)

zln‘t—f— \/t2+4‘+C:In‘(X+1)+ (x+1)2+4+C:In‘(x+l)+\/x2 n 2x+5‘+C

t=x-2 (t+2)° 24442
38 [ —dx= [ f —— [ ]—»f Par= [rrang- [otody [t [Aoa
(We used FORMULA 25 witha = 1) (We used FORMULA 20 witha = 1)

[—%ln‘t—k \/t2+1‘+# 4/ 1+ [4ln‘t—|— \/t2—|—1” +C

X— x—2)?
(= 2) 4+ /(=27 + 1]+ BV g fx— 2 1 din| (- 2) + 4/ (x -2+ 1|+ C
zln‘(x—2)+\/x2—4x+5‘+L R e

39. [V5—ax—x2dx = [/9 - (x+2) [t_"*z} — [Vo—rta

(We used FORMULA 29 with a = 3)
=3 97t2+fsm’1( )+ C=

9 — (x+2)° + Isin~! (242) + C = *£21/5 —dx — x2 + Jsin~ ' (*£2) + C

0. [x2V2x—xdx = [x2\/1 - (x— 1)? {tx—l] o [ Viced= [(e42+1)V/T- e
:ftzx/l—tzdt—Fth\/l—t2dt—|—f 1 —dt

(We used FORMULA 30 witha = 1) (We used FORMULA 29 witha = 1)
{%sin‘l (1) - %t V1-12(17 - 2t2)} — %(1 — t2)3/2 + [

3/2
= Lsinl(x— 1) = Lx = 1) /1= (x = 1)2(12 ~2(x — 1)2) - %(1 — (x— 1)2)
+ 3sin7!(x = 1) + C = 3sin ' (x — 1) — %(2x—x2)3/2+ e V2x = x2(2x2 —4x+5) + C

[S1E

-2+ —sm"( )} +C

1—(x—1)7°

. sind S _ . sind . sin S _ .
41. fsm52x dx = — sin 2x0052x+551fs1n32xdx: __ sin 2){6:052)(_'_% [_ sin” 2x cos 2x + 331fSIH2XdX:|

5-2 3-2
(We used FORMULA 60 witha=2,n=5anda=2,n = 3)
_ sin"2>i5*052x _ % sin? 2x cos 2x —+ % (_ %) cos2x +C = — sin”2;;00052x _ 251n221>20052x _ 40(1)§2x +C

421
(We used FORMULA 61 witha = 27, n = 4)

— cos® 27t sin 27t +6 |:%_'_ Sln(22ﬂt)] +C

42, f8cos42mdt:8(w+4‘1fc0522mdt)

™

(We used FORMULA 59 with a = 27)
_ cos® 27r7trsin 27t +3t+ 3 si;lﬂ47rt +C= cos® 27t sin 27t + 3 cos 2t sin 27t +3t+C

ks 2T
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43, fsm 26 cos? 20d0f%+§;%fsm 20 cos 260 do

(We used FORMULA 69 witha =2, m=3,n=2)

_ sin® 20 cos 226 42 fSlIl2 20 cos 26 df = sin® 26180S2 260 T % {%fsinQ 20 d(sin 29):| _ sin® 2t9180s2 26 4 si1113520 T C

44, f2sin2tsec4tdt:fZSin2tcos’4tdt:2<*smzl+°f(3l+chos"‘tdt)

(We used FORMULA 68 witha=1,n=2,m = —4)
=sintcos 3t — fcos‘4tdt =sintcos 3t — fsec4tdt =sintcos 3t — (% + 4= fsec2tdt)
(We used FORMULA 92 witha=1,n = 4)
=sintcos3t — (M) —2tant+C=Z2sec’ttant— 2 tant+C= 2 tant(sec’t — 1) + C
=Z2wan’t+C
An easy way to find the integral using substitution:

f25in2tcos_4tdt:f2tan2tsec32tdt: f2tan2td(tant):%tan3t+c

45. [4tan®2xdx = 4 (mn 2 _ [tan 2x dx) — tan? 2x — 4 [ tan 2x dx

(We used FORMULA 86 withn = 3,a = 2)
= tan’ 2x — 3 In |sec 2x| + C = tan? 2x — 2 In |sec 2x| + C

46. f800t4tdt—8(— cot’t —fcot2tdt)

(We used FORMULA 87 witha=1,n=4)
=8(—fcot’t+cott+1t) +C
(We used FORMULA 85 witha = 1)

47. fZSec37rxdx:2{W+3 fsecwxdx]

(We used FORMULA 92 withn = 3,a =)

= L sec mx tan 7x + £ In |sec 7x + tan 7x| + C

(We used FORMULA 88 with a = )

48. [3sect 3xdx = 3 [t 4 422 [lsee? 3x d]

(We used FORMULA 92 withn = 4, a = 3)
_ sec23>§lan 3x + % tan 3x + C
(We used FORMULA 90 with a = 3)

_ B ¥ o _
49. fcsc5xdx =— 7“%"_“;)”‘ +i= fcsc3xdx = — eexcotx 4 3 (— excolx 4 3-2 %fcscxdx)

3-1
(We used FORMULA 93 withn=5,a=1andn=3,a=1)

= — 3 esc®xcotx — 3 escx cotx — 3 Infesc x + cot x| + C

(We used FORMULA 89 witha = 1)

50. [163(In x)? dx = 16 [ 202 — 2 [x3 Inx x| = 16 [ 2002 — L [200 L [0 ax]]
(We used FORMULA 110witha=1,n=3, m=2anda=1,n=3, m=1)
16( xlnx? _ A(g”‘) + %) +C=4x'(nx)? - 2x*Inx + X +C
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t_
51. fe‘sec?’(et—l)dt [d © ‘dﬂ — fsec?’xdx:%—i-%fsecxdx
(We used FORMULA 92 witha = 1,n = 3)

= seextnx 4 1 n [sec x 4 tan x| + C = § [sec (¢' — 1) tan (e' — 1) + In [sec (¢' — 1) + tan (' — 1)[] + C

t=+/0

@:t2 —>2fCSC tdt_z[_csctcott+3 2fCSCtdt:|
df =2t dt
(We used FORMULA 93 witha = 1,n = 3)

=2 [— ettt — Linfesc t+ cott|] + C = —csc Hcot\/a—ln‘csc\/é—l—cot\/@‘—i-c

[\ )
—
2
Ow
N
o
>

52.

/4

53. f2\/x2 ldx;[x =tant] — 2f

(We used FORMULA 92 withn = 3,a=1)
= [sect-tant+ In [sec t+ tant|] ”/4 \/_+ln(\/_+1>

p /4
sect-sec’tdt = 2f sec tdt—Z[[m‘_ta“t] /4—1-3 Zj; Sectdt]

V32 . /3 /3 ) /3 /3
54. j; & y=sinx] — fo cos X dx :j; sectx dx = [%} + 1= j; sec? x dx

(1- y2>:)’/2 ’ COS? X

(We used FORMULA 92 witha=1,n=4)

= {Se&émnx—thanx} ( )\/74-( )\/5:2\/§

sec 6

/3
= [ee - tan9+9] —N3_ \f3pz_t
(We used FORMULA 86 with a = 1, n = 4 and FORMULA 84 witha = 1)

2 /3 Ly 3 /3 /3
55. fl(r_l) dr; [r = sec ] — fo ane(secﬁtanﬁ)de—fo tan? 6 df = [ta“‘g}) —j; tan’ § df

/6

/6
L+ (5 J) eoso a0

1/\/3 /6 N /6 PP

dt Cly — sec6df __ 5 __ | cos*@sinb

56. fo sk [t =tan 0] — j; ) = f; cos’ 6 df = [75 ]
_ | cos!@sing 7r/6 4 cos? 6 sin 6 7r/6 3-1 fﬂ/ﬁ _ | cos'fsind 4 2 : 8 o W/G
—{f}o +§ -3 0 +(T) o C089d9 = f‘i‘ﬁcos 98m9—|—ﬁsm90

(We used FORMULA 61 witha=1,n=5anda=1,n=3)

V3 4(;) 2
-0 ) (£) D+ B =+ - B

/2
57. S= [ oy y/T+ () dx
v :
=or [V /14 2 dx

:2\/§7rf0ﬁ\/x2+ldx
=22m {X—V";H—F%ln‘x%— \/x2—|—1H v
0

(We used FORMULA 21 witha = 1)

= \/§7r {\/EJrln(\/EJr \/5)} :27r\/§+7r\/§1n<\/§+ \/§>

58. L:ﬁﬁ/zmdx:Zﬁ \/4+x2dx—2[§\/4+x2 () (

(We used FORMULA 2 with a = §)

D=
N—r
—
=
N
>
+
FNT
+
>
[3V)
N——
i
(=)
S
N
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E + 5 (x+1 1+4x2)}’ =2\ 1443 +im (L4 /144(3)) -t}
:@(z)ﬁln(@ﬂ)+§1nz:§+§1n(\/§+z)

3
— dx _ v 1 x dx
0. A= [, B = vxrl] =xx=1 [l
3 3
_ 1 / 1 dx
_XL X+1dx*X¢f0 x+1

3
Pl -1 = 4
(We used FORMULA 11 witha=1,b=1,n=1and
a=1b=1Ln=-1)

3
V=% ), & =tnx+Dj=4md=Lm2=mn2

DO

60. My = [ x(5255) dx =18 [ 253 ax— 54 [ 58 = [18x — 27 In [2x + 3[)}
—18-3-2719—(—271n3)=54—27-21n3+271n3 =54—271n3

1
61. S =21 [ x2\/1+4¢ dx; y

u=2x - [? ':

[du—de] - 5 [LeVive
2

:%{%(1+2u2)\/1—|—u2—%1n(u+ 1+u2)} 2

(We used FORMULA 22 witha = 1)
:g{§(1+2-4)\/1+ —%ln<2+\/1+4)
+2(142-4) 1+4—|—lln<—2—|—\/1+4)}
_ 7|9 2+\/_

62. (a) The volume of the filled part equals the length of the y
tank times the area of the shaded region shown in the
accompanying figure. Consider a layer of gasoline
of thickness dy located at height y where
—r <y < —r + d. The width of this layer is

24/1r? — y2. Therefore, A =2 firﬁd 12 —y2dy
andV=L-A=2L [ /Py’ dy

() 2L f:er Vi —y?dy =2L {y@ + § sin™! ﬂ B
(We used FORMULA 29 with a =)
= 2L |:(d r) 21'(1 — d2 + g Sin71 (%) + g (%):| = 2L {(%) 2rd — d2 + (g) (Sin71 (dfr) + %):|

63. The integrand f(x) = v/x — x2 is nonnegative, so the integral is maximized by integrating over the function's
entire domain, which runs fromx =0tox = 1
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= ‘/;]\/X—Xde:LI,/Z-%X—XQdX:

(We used FORMULA 48 witha = 1)

(x=3) /5.1 () -1 (*—3
s 2-5x—x2+2751n1(T2>

2
(x—3) 2, 1 i1 L R T T
:{T X — X%+ g sin (2"—1)}0:5'5—5(—‘)=§

64. The integrand is maximized by integrating g(x) = x1/2x — x2 over the largest domain on which g is
nonnegative, namely [0, 2]

2 — 2
= j; xV2x —x2dx = [W + % sin™! (x — 1)}
0
(We used FORMULA 51 witha = 1)

CAS EXPLORATIONS

65. Example CAS commands:

Maple:
ql := Int( x*In(x), X ); # (a)
ql = value( ql );
q2 = Int( x*2*¥In(x), X ); # (b)
q2 = value( q2);
q3 = Int( x*3*In(x), X ); #(c)
q3 = value( g3 );
g4 := Int( x"4*In(x), X ); #(d)
g4 = value( g4 );
g5 := Int( x*n*In(x), X ); # (e)

g6 := value( g5 );
q7 := simplify(q6) assuming n::integer;
g5 = collect( factor(q7), In(x) );

66. Example CAS commands:

Maple:
ql := Int( In(x)/x, x ); #(a)
ql = value( ql );
q2 := Int( In(x)/x"2, X ); # (b)
q2 = value( g2 );
q3 = Int( In(x)/x"3, x ); #(c)
q3 = value(q3);
g4 := Int( In(x)/x™4, x ); #(d)
g4 = value( g4 );
g5 := Int( In(x)/x"n, x ); # (e)

q6 = value( q5 );
q7 := simplify(q6) assuming n::integer;
g5 = collect( factor(q7), In(x) );
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67. Example CAS commands:

Maple:
q := Int( sin(x)"n/(sin(x)*n+cos(x)"n), x=0..Pi/2 ); # (a)
q = value(q);
ql :=eval(qg, n=1): # (b)

ql = value( ql );

for Nin [1,2,3,5,7] do
ql :=eval( g, n=N);
print( q1 = evalf(ql) );

end do:

qql := PDEtools[dchange]( x=Pi/2-u, g, [u] ); #(c)

qq2 :=subs(u=x, qql );

qq3:=q+q=q+qq2;

qq4 := combine( qq3 );

qqS := value( qq4 );

simplify( qq5/2 );

65-67. Example CAS commands:
Mathematica: (functions may vary)
In Mathematica, the natural log is denoted by Log rather than Ln, Log base 10 is Log[x,10]
Mathematica does not include an arbitrary constant when computing an indefinite integral,
Clear[x, f, n]
f[x_]:=Log[x] / x"
Integrate[f[x], x]
For exercise 67, Mathematica cannot evaluate the integral with arbitrary n. It does evaluate the integral (value is 7/4 in
each case) for small values of n, but for large values of n, it identifies this integral as Indeterminate

65. (e) fx Inx dx = "+]+1'f"—n+1fx dx,n # —1
(We used FORMULA 110 witha=1,m= 1)
o X“+]1 X n+] n+] 1
- n+r11 7(n+l)2+C n+1(ln +l)+C

66. (e) fx‘“ Inxdx = X::“l" — ﬁ fx‘“ dx,n# 1
(We used FORMULA 110 witha=1,m=1,n= —n)

Sl (3] + 0= 5 (nx - )+ C

67. (a) Neither MAPLE nor MATHEMATICA can find this integral for arbitrary n.
(b) MAPLE and MATHEMATICA get stuck at about n = 5.

(© Letx=5—u = dx=—-dux=0=u=7,x=75 = u=0;
1= frr/z sin"xdx 0 —sin” (‘ —U) du _ fﬂ/ cos"udu  __ fﬂ/z cos" x dx
— Jo sin? x+costx 7/2sin“(1—u)+009“ (E—u) — Jo cos"u+sin"u ~ Jo cos" X + sin® X
/2 L
_ sin” x + cos” x _ T _
:>I+I_f (sm“x+cos" dX f dX_? :>I_4
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8.6 NUMERICAL INTEGRATION

1. f 2x dx X f(x:) m | mf(x;)
l b-a _ 2-1 _ 1 Ax _ 1. X | 1 ! ! !

I. (a) FOrn:4, AX: o = 3 = x = -5 = g X1 5/4 5/4 2 5/2
S mfx)=12 = T=112)=3; Xs | 32 | 32 2 3
f(x)=x = f/®x)=1=>f"=0= M=0 X3 | 7/4 7/4 2 712
= |ET| =0 X4 2 2 1 2

2 2 2 3 2
) [ xdx= [7]1=2—§=§ = B = [ xdx-T=0
(©) e vae X 100 = 0%
II. (a) Forn=4,Ax = 'ﬁ = 2;—1 = % = % = %; X; f(x,) m mf(x;)
me(x)—18:>S_12(1):g, x| 1 1 1 1
W) — X1 | 5/4 | 5/4 4 5
®)=0=M=0= [E|=0 | 32 | 32 | 2 3
(b)flxdx:%:>|Es|:fxd —s=3-3=0 X5 | 74 | 74 | 4 7
© e x 100 = 0% wl 2 12 112

2. [ex- 1 X | fex) | m | mf(x)

Il E — 4 Ax—b=a _3-1_2_1 Ax _ 1. X0 1 ! 1 1

- (a) Forn=4, X*n*4*1*5:>7*1’ x| 32 | 2 2 g
Yomf(x) =24 = T=3(24) = X2 | 2 3 2 6
f(x)=2x—1 = f'x)=2 = "=0 = M=0 X3 | 512 4 2 8
= |[Ei| =0 X¢| 3 5 1 5

b [x-Dax=[-x}=0-3)-(1-D=6= [E|=[ @x-Ddx-T=6-6=0

(©) ol x 100 = 0%

Il (a) Forn=4, Ax = l% = % = % % = % = %; X f(x;) m mf(x;)
> mf(x) =36 = S=1(36)=6; xo | 1 1 1 1
)(x) = _ _ x1| 32 | 2 4 3
f3(x) 0= M=0 = |E| 30 A : : s
) [[ex-Ddx=6 = [E|= [ @x-Ddx—s xs| 52 | 4 | 4 | 16
=6-6=0 x| 3 5 1 5
| _
(C) True Value x 100 = 0%
3.0 [ x [ fo) [ m [ mfex)
1l F _4A_—a_17(71)_2_1 Ax 1 [ Xo| 1 2 1 2
(a) Forn X = =i=y = T =1 (x| 12| 54 | 2 | 2
Yomf(x) =11 = T = ;(11) = 2.75; x| 0 I 3 3
fx)=x241 = fx)=2x = f'x)=2 = M=2 |X3| 1/2 | 5/4 2 512
= B < =50 (1)%2) = L 0r0.08333 X | 1 2 1 2

Sh=

1
b [+ dx:[%3—1—)(}_1:(%4—1)—(—%—1):% = Er= [ () dx—T=3-4—_
~ (0.08333

) % 100 ~ 3%

= |E|=|-%

E;
(C) Trule V‘a]ue x 100 = (

woc|,\,p
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(a) Forn =4, Ax—%:ﬂ—%zé = %Z%; X; f(xi) m | mf(x;)
Y omf(x) =16 = S =1(16) = ¥ =2.66667; X | -1 | 2 ! 2
5 xi| —12| 54 | 4 5
fOx) =0 = ¢ (x):0:>Mf0:>\Es|:O %0 i 3 >
1 1
® [ 6+ 1)dx= [; +X} = xs | 12 | 5/4 | 4 5
1 - xi| 1 2 1 2
= El= [ (+)dx-S=8-5=0

(©) Trgvame X 100 = 0%

X f(x;) m mf(x;)
X0 -2 3 1 3
—a _ 0-(=2 _ 2 _ Ax _

(@ Forn=4 Ax=920 =22 =t=3 = S=7 [ 3p] 54 | 2 | 52
Ymi(x)=3 = T=103)=3; Xs | —1 0 2 0
fx)=x2-1 = f'x) =2x= f'(x) = X3 | —1/2 | =3/4 2 =372
S M=2= [E] <562 (1)) = li —o0s333 el O [ U] T |

0 0 0

® [ (- 1)dx= [g—x]72:0—(—§+2) =25 EB=[ (- D&x-T=2-3=-1
= |E| = 12

© —EL_ x100= :> x 100 ~ 13%

True Value %
(a) Forn=4,Ax =52 = o:(;z) =2=1 X; f(x;) m | mf(x;)
Ax _ 1. 1 2 X -2 3 1 3
= =z mf(x,)) =4 = S=2(4) = %; 0
3o 24 ¢ : x| | 32| 5/4 | 4 5
fOx) =0 = fY%x) =0 = M=0 = [E|=0 o o1 o 3 5
0 0

(b) f_z(x ~dx=2 = [El= [ (x-1)dx-S X; | — 12| 34| 4 | -3
=2_2_9 X4 0 -1 1 -1
—2_2_

(C) TruLE\Sllalue x 100 = 0%

4 1(t;) m mi(t;)
] 0 0 1 0
_2-0_2 _ 1

(@) Forn=4, Ax =10 =20 = § = w12 [ 58 | 2 | 54
= & =1:5mf(t) =25 = T=1025 = | 1 2 2 4
f(t) =3 +t = ff)=3C+1 = {(t) =6t t3 | 3/2 | 39/8 2 39/4
= M=12=f") = |ET|§20( ) (12)__ ty 2 10 1 10

2 ,72 2 2
® [ rga=[5+5] =(3+%)-0=6= El=[[(@+0d-T=6-3 =1 = [E| =}
E: 1 -

(©) Trufl:V‘alue 100 = 4| x 100 ~ 4%

(a) Forn—4,Ax:Ta:21—°=%=%$%:%; t, f(t,) m | mf(t)
> mf(t) =36 = S =1(36) =6; th| O 0 1 0
Bty=6 = f1H)=0= M=0 = [E|=0 :1 112 Ség ‘21 Sf

2 2 2

® [(E+yd=6= [E|=[ (@ +0d-s | 32 | 3958 | 4 | 392
C6—6-0 w] 2 | 10 | 1 10

(C) Tru‘eE\Sllalue x 100 = 0%
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o [+

L.

(a) Forn=4,Ax = —a:ﬂ—% %
= 2 =1Ymft)=8 = T=
fi)=6+1 = (1) =32 = () = 6t

= M=6=f"(1) = [E| <57 (3)°6) =}

IS
~~

)
N

1

[\

1
4
© [ ra=ind] = (Fe) - (Fren) =2 = m= L

©) —El_ % 100=0%

True Value

ti f(tl) m mf(t,)
to | —1 0 1 0
ty | =172 | 7/8 2 7/4
to 0 1 2 2
tg | 172 9/8 2 9/4
ty 1 2 1 2

+1)dt—-T=2-2=0

IL (@ Forn=4, Ax="0t =70 = 3=} ¢ Tf0 | m | miw
= &=Ll Y mit)=12 = S=1(12)=2; to —1}2 7(/)8 i 792
\ by -
(3)(0:6 = f(4)(t):0 = M=0 = |ES|:0 t1 5 l . :
1 1 2
® [(@F+Dd=2= [El=[ (+1)d-s G| 12| 98| 4 | o2
=2-2=0 ty 1 2 1 2
(C) Truz‘eEsLllue x 100 = 0%
7. [Las s M) [ m [ miGs)
1
So 1 1 1 1
- _b-a _2-1_1 Ax _ 1.
L@ Forn=4Ax="2=57=2= 3 =5 si | 54 16725 2 | 3225
179,573 _ 179,573 \ __ 179,573
>omi(s) = 7555 = T= 3 (44,100) = 352800 Sp | 372 | 49 2 8/9
~ 0.50899: f(s) = 4 £(g) = — 2 ss | 7/4 | 16/49 2 32/49
2050899 f(8) =5 = T =-5 se | 2 | VA | 1 | 14
= ') =5 = M=6=1"(1)
_ 2
= [E:| < 35 (3)7(6) = 55 = 0.03125
2 2
(b) ‘fl Sz ds = |f1 5_2 ds = [— %] — % — (— %) = % = ET = L blz ds—T=1-0.50899 = —0.00899
= |Eq| = 0.00899
(©) Trevime X 100= 5 100~ 2%
I (a) Forn=4,Ax= = =i=5%=u s | f(s) m | mf(s,)
— 264,821 1 (264,821 _ 264821 S 1 1 1 1
2. mf(s) = a0 = ST 1 (44 100) T 529,200 si | 5/4 | 16/25 4 64/25
~0.50042; fP(s) = — % = fW(5) = 1P s | 32 | 49 | 2 | 8P
= M=120 = |[E < |_01’ (1)4(120) ss | 7/4 | 16/49 | 4 64/49
1 si| 2 1/4 1 1/4
= 5 ~ 0.00260
(b) le ds=j = Es= f ds—S =1-050042 = —0.00042 = [E| = 0.00042
1 s2 2 S 2 . . S .
(©) w2l x 100 = 20904 5 100 ~ 0.08%
4
8. 2 (S— (s—1D? ds Si f(s;) m mf(s;)
I Forn— 4. Ax — b=a _4-2 _ 1 Ax _ 1. So | 2 1 1 1
- @ Forn=4 Ax="2 =" =0 = S =8 S| 52 | 49 | 2 | 8P
37 mf(s) = 5p | 3 | 4 | 2 2
= T=1 (1) = L% _0.70500; ss | 72 | 425 | 2 | 825
f(s) = (s — 1)*2 = 1) = — 25 sy | 4 1/9 1 179
f”(S) - 1)4 = M - 6
= |ET|s“ 2 (1)%© =1=025
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4 4
® [ tmds =[], = () — () =3 = Br= [, gl ds— T =3 - 0705 ~ —0.03833
= |Eq| ~ 003833
(© sl 5100 = %0383 » 100 ~ 6%

True Value (i)
II. (a) Forn=4, Ax = ;a 4 2 % = % = % ; S; f(s;) m mf(s;)
3 mif(s;) = % So 2 1 1 1
ey si S| 52 | 49 | 4 | 1609
:; S= %7(2}%) % ~0. 6120148 | 3 | 14| 2 | 12
fO(s) = =% W) = & = M =120 ss | 72 | 425 | 4 | 16/25
= |Es| <42 (L ) (120) = iz 0.08333 a4 W/ 1] 1R

® | sZpds=3 = Es= f o ds — S~ 5 —0.67148 = —0.00481 = |Es| ~ 0.00481
(© sl x 100 = %0981 100 ~ 1%

True Value ( z )

9. ["sintdt G [ fW [ m [ mi)
I (@ Forn=4,Ax="0-8_m0_17  A&x _ 1. o] O 0 ! 0

' ’ n 4o 28 u| w4 | Vel 2 | V2
SO mf(t) = 2 + 2+/2 ~ 4.8284 ) 3 3

= T=: (2 n 2ﬁ) ~ 1.89612; 6| 3m4 | V| 2 | V2
f(t) =sint = f'(t) =cost = f’(t) = —sint Wl ™ 0 1 0

= M=1= [E[< (2 ) (1)_—
~ 0.16149
(b) f; sin tdt = [—cos t]§ = (—cos 1) — (—cos 0) =2 = |ET|:‘/:r sintdt— Ta?2— 189612 = 0.10388

(C) TruleE\T’Llue 100 = 0.10588 10388 x 100 =~ 5%

I (a) Forn=4 Ax=>23t =238 = § = 5 =5 t [ ft) [ m [mf(t)
S mf(t) = 2 + 4/2 ~ 7.6569 | O 0 1
S=7%(2 4\/5 ~ 2.00456; t | w4 \/5/2 4 2\/5
M ( " ) D Wl 2 | 1 p >
B0 = —cost = () = sint G| 304 | V22| 4 | 22
= M=1 = [E| <22 (2)"(1) ~ 0.00664 T 1 0

(® [ sintdt=2 = Ey= [ sintdi—S~2-2.00456 = —0.00456 = [Es| ~ 0.00456
(©) i x 100 = 000456 5 100 ~ 0%

True Value

1
10. [ sin rtdt t | f(t) [ m [ mf()
IO () Forn=4,Ax =b=2a —1-0_1 o Ax_ 1. % 0 0 ! 0
' ST e 2~ | 14 | Vo] 2 | V2
S mf(t) = 2 +2+/2 ~ 4.828 o] 172 5 5
= T=1 (2 + 2\/5) ~ 0.60355; f(t) = sin it t3 | 34 | V22| 2 2
| 1 1 0

= f'(t) = 7 cos 7t
= f'(t) = —r?sinwt = M =72
= [Bi| < 550 (4)* (72) ~ 0.05140
(b) j;lsin ntdt =[— % cos Tt]} = (— % cos 7r) — (— % cos 0) = % ~ 0.63662 = |E;| = j;lsin mtdt—T
—0.60355 = 0.03307

[E| 0.03307 N
(©) Trevame X 100 = SFE x 100 ~ 5%

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



506

11.

12.

13.

15.

16.

17.

18.

IL.

()
(b)

(a)
(b)

()

(b)

. (a)

(b)

(b)

()

(b)

(a)

(b)

(a)

(b)

Chapter 8 Techniques of Integration

b—a 1

-0

(@) Forn=4, Ax = > 1 %
S mf(t) = 2 + 4/2 ~ 7.65685

& (2+4v2) ~ 063807;

fO(t) = -7 cos 1t = (1) = 7 sin 7t

= M=n! = [E| <=0 ()" (#) ~ 000211

=

= S=

1 1
(b) [ sinmtdt=2~0.63662 = Es= [ sinntdt—

(©) e X 100 = S x 100 ~ 0%

G f(t) m mf(t;)
| O 0 1 0
u| 14 [ V2r| 4 |22
6| 12 ]| 1 2 2
5| 34 | V22| 4 |22
] 1 0 1 0

S~ 2063807 = —0.00145 = |E| ~ 0.00145

M = 0 (see Exercise 1): Thenn=1 = Ax=1 = |E{| = % (D?(0)=0< 107

M = 0 (see Exercise 1): Thenn =2 (n must be even) = Ax =1 = |Es| = ﬁ (%)4(0) =0<107

2

M = 0 (see Exercise 2): Thenn=1 = Ax=2 = [E;| =3 2*0)=0< 10"
M = 0 (see Exercise 2): Thenn =2 (n mustbe even) = Ax =1 = |Eg| = 1%0 (H*0)=0<107*

2

M = 2 (see Exercise 3): Then Ax = % 5

= B¢ <

(;

= n>1154,s0letn =116

M = 0 (see Exercise 3): Thenn =2 (nmustbeeven) = Ax=1 = [Es| = 15 (D*(0)=0< 107"

M = 2 (see Exercise 4): Then Ax = 2 = |E,[ < & (2

= n>1154,s0letn =116

M = 0 (see Exercise 4): Thenn =2 (n must be even) = Ax =1 = |E| = 1%0 (H*0)=0< 1071

M = 12 (see Exercise 5): Then Ax = 2 = |E;| < 3 (
= n > 282.8,soletn = 283

(@) =5 <107 = n2>4(10Y) = n> /(10
)@= & <107 = n2>4(10Y) = n> /(109
2)%(12) = 8 <107 = n2 > 8(10Y) = n> /8(10%)

M = 0 (see Exercise 5): Thenn =2 (n must be even) = Ax =1 = |E| = 1%0 (H*0)=0< 1074

M = 6 (see Exercise 6): Then Ax = %
=200, so letn = 201

2 (2
= [Edl < 5 (§

n

)26 = 4 <1074 = n2 > 4(10%) = n > \/4(10%)

M = 0 (see Exercise 6): Thenn =2 (nmustbe even) = Ax =1 = |Ef| = 3 (D*(0)=0< 107

M = 6 (see Exercise 7): Then Ax = 1 = |E;| < & (4

2 \n

= n>70.7,s0letn =71
M = 120 (see Exercise 7): Then Ax = &

n

= [Es| = 15

)%(6) = 55 <107 = n2> 1(10Y) = n> /1 (10

(1)'120) = 2 < 107* = n* > 2 (10

n

= n> /3 (10*) = n> 9.04,soletn = 10 (n must be even)

M = 6 (see Exercise 8): Then Ax = %
= n > 200, so letn = 201
M = 120 (see Exercise 8): Then Ax = 2

2 (2
= [Ed < 5 (3

2

= |Es| < 155

)26 = 4 <1074 = n2 > 4(10%) = n> /4 (10%)

(2)'(120) = & <1074 = n* > % (10%)

n

= n> /% (10*) = n>21.5,s0letn = 22 (n must be even)
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fx)=vx+1 = fO=x+D"? = f"®)=-tx+ 13 = —m = M= 4(%)3 =1
Then Ax =2 = [Eq| < & (3)° (1) =12 <10 = n2> 2 (10%) = n> /2 (104) = n> 75,
soletn =76
) P =3x+D? = fWx)=-Bx+1)7?=- ﬁ = M= lﬁ(lsﬁ)T = 13 Then Ax = 2
= |Es| < 135 (3) () = 163(51(%))“4 <107 = nt> % = n> 35(1165()153;)?4) = n > 10.6, so let
n = 12 (n must be even)
(@) f(x)= h = X =—-1x+D?? = "O=3x+D?= ﬁ = M= 4(%),, =3.
Then Ax = 3 = [Bq| < & (2)7 (3) = 2% OO s> /29 o 051299, 50 letn = 130
b) fOx) =-2x+1)7? = W)= x+ 1) = ﬁ = M= ﬁ =195 Then Ax =3
= [Es| < 25 ()" (12) = S <107 = nt > % = n> /ZUU0 = 0> 172550

let n = 18 (n must be even)

(@ fx)=sin(x+1) = f'(x) =cos(x+1) = ’(x) = —sin(x+1) = M=1. ThenAx =2 = [E| < 3 (%)2(1)
=2 <10 n? > (113) = n> 8(1';)4) = n> 81.6,soletn = 82
(b) f(x) = —cos(x+ 1) = fW(x) =sin(x+1) = M=1. Then Ax = 2 = |Es| < 2 (2)'(1) = 22 < 104
= nt> 2 (109 = n> /209 s 6.49, so let n = 8 (n must be even)
180 180
(a) f(x) =cos(x+m) = f'(x) = —sin(x+7) = {’(x) = —cos(x+7) = M = 1. Then Ax = %
=>|ET|§122()(1)—1ZH- = n? > (1;)):>n>\/8(lo>:>n>816soletn—82
() fOx) =sin(x+m) = fHx) =cos(x+7) = M=1. ThenAx =2 = |E| < % (2 ) () =225 < 107!
= nt> 2 (109 = n> /209 s 6.49, so let n = 8 (n must be even)
180 180
%(6.0 +2(8.2) +2(9.1)... +2(12.7) + 13.0)(30) = 15,990 ft>.
Use the conversion 30 mph = 44 fps (ft per (f‘és)
sec) since time is measured in seconds. The 1804 /,.,-——"""'
distance traveled as the car accelerates from, :jg
say, 40 mph = 58.67 fps to 50 mph = 73.33 fps 120§
in (4.5 — 3.2) = 1.3 sec is the area of the 123
trapezoid (see figure) associated with that time 60
interval: % (58.67 + 73.33)(1.3) = 85.8 ft. The ;g
total distance traveled by the Ford Mustang ¢ (sec)
Cobra is the sum of all these eleven trapezoids
(usmg ! and the table below):
v (mph) 0 30 40 50 60 70 80 90 100 110 120 130
v (fps) 0 44 | 58.67 | 73.33 88 102.67 | 117.33 132 | 146.67 | 161.33 | 176 | 190.67
t (sec) 0 2.2 32 4.5 5.9 7.8 10.2 12.7 16 20.6 26.2 37.1
At/2 0 1.1 0.5 0.65 0.7 0.95 1.2 1.25 1.65 2.3 2.8 5.45
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26.

27.

28.

29.

30.
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s = (44)(1.1) + (102.67)(0.5) + (132)(0.65) + (161.33)(0.7) + (190.67)(0.95) + (220)(1.2) + (249.33)(1.25)
+ (278.67)(1.65) + (308)(2.3) + (337.33)(2.8) + (366.67)(5.45) = 5166.346 ft ~ 0.9785 mi

Using Simpson's Rule, Ax =1 = &* = 1; X; Yi m my;
> my; = 33.6 = Cross Section Area ~ 1 (33.6) X0 0 L5 1 L5
= 11.2 ft%. Let x be the length of the tank. Then the il ; ig 3 22
Volume V = (Cross Sectional Area) x = 11.2x. Xz 3 1:9 T 7:6
Now 5000 1b of gasoline at 42 1b/ft3 X1 4 2.0 2 4.0
= V= % =119.05 ft® X5 3 21 4 ]84
= 119.05=112x = x =~ 10.63 ft Xg 6 2.1 1 2.1

2410.019 + 2(0.020) + 2(0.021) + ... +2(0.031) +0.035] = 4.2L

(a) |ES| S blgoa (AX4)M,11:4 = AX: %4_0 — %’

<1 = M=1 = [E| < 522 (2)'(1) ~ 0.00021

(b) Ax=1 = & =TI X, f(x)) mf(xy;)
>° mf(x;) = 10.47208705 X | O 1 1

3.897981432
1.800632632
3.136853212
0.636619772

= S = Z(10.47208705) ~ 1.37079 X | m8 | 0.974495358
Xy | /4 | 0900316316

X3 | 37/8 0.784213303
Xy | w2 0.636619772

=R =] B

(©) ~ (220031} 5 100 ~ 0.015%

(@ Ax =200 =45 = 0.0 = erf(1) = (%) (yo +4y1 + 2y2 +4ys + ... + 4y + Y10)

n

s (€0 +4e700 26700 4700 4 467081 +e7T) 2 0.843

) |Es| < 1=0(0.1)*(12) ~ 6.7 x 107°
180

T= %(yo +2y1 +2y2 +2y3 + ... + 2yn_1 + yn) where Ax = '% and f is continuous on [a, b]. So

T = %()’0+)’1+)’1+)’2+)’2;---+}’n—1+)ﬁ—1+}’n) — %(f(x());f(xl) + f<X1)J2Ff<X2) 4.+ f(anl)erf(Xn)).

Since f is continuous on each interval [Xx_1, Xx], and ) 104§ always between fi xx—1) and f(xy), there is a point ¢y in
2 y p

f(xie—1) + (%)
2

[Xk—1, Xk] with f(cy) = ; this is a consequence of the Intermediate Value Theorem. Thus our sum is

n

n
> (?)f(ck) which has the form kZ:lekf(ck) with Axy, = ? for all k. This is a Riemann Sum for f on [a, b].
k=1 =

S = %(yo + 4y, + 2y, +4y3 + ...+ 2yn—2 + 4yn_1 + ya) where n is even, Ax = % and f is continuous on [a, b]. So

_b—a(yotdyit+y y2+4ys+ys ya+4ys+Ye Yn2+4Yn-1+Yn
=boa(ndintys 4 Yoty YatWedVe 4 B2t o1t

a [ f(xo) + 4f(x1) +f(x2) f(x2) + 4f(x3) + f(x4) f(x4) + 4f(xs) + f(x6) f(Xp—2) + 4f(Xn—1) + f(Xn)
( 0 61 2 + 63 4 _|_ 4 65 6 + . _"_ 2 ¢ 1 )

b

[SIE]

£(xax) + 4(xx+1) +F(Xok12)
6

is the average of the six values of the continuous function on the interval [Xyk, Xok+2], SO it is between
the minimum and maximum of f on this interval. By the Extreme Value Theorem for continuous functions, f takes on its
maximum and minimum in this interval, so there are x, and xp with Xk < X,, Xp < Xox4o and

f(x,) < fxan) +4f(x2k6“) + o) f(xp). By the Intermediate Value Theorem, there is ¢k in [Xox, Xak4+2] with

n/2

flck) = fxau) +4f(x2‘g“) +f22) g6 our sum has the form kZlekf(ck) with Ax, = t(’n%Z)’ a Riemann sum for f on [a, b].
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1 e P X; f(x;) m mf(x;)

31. (a a=1l,e=3 :>Length:4f 1 — 7 cos?tdt i i i
» . X0 0 | 1.732050808 1 1.732050808
=2 f V4 —cos?tdt = fo f(t) dt; use the X1 | 720 | 1.739100843 2 3.478201686
()0 | % | w10 | 1759400893 | 2 | 3.518801786
Trapezoid Rule withn = 10 = At = 2= = x3 | 37/20 | 1.790560631 2 3581121262
4 oo Ldi ~ 3= mf(x.) — 37.3686183 | X1_|_> | 1.82906848 1 3.658136959
=W f €08 Zm(x) xs | w/4 | 1.870828693 | 1 | 3.741657387
= T= % (37.3686183) = 7 (37.3686183) xg | 37/10 | 1.911676881 2 3.823353762
— 2934924419 = Length = 2(2.934924419) X | Tm/20 | 1947791731 | 2 | 3.895583461
5870 xs | 27/5 | 1.975982919 | 2 | 3.951965839
- Xo | 97/20 | 1.993872679 | 2 | 3.987745357

®) |f'®] <1 = M=1 SRR 5 : 5

= B < bor(aeM) < 820 ()1 < 0.0032

Ax =150 = % = 8% = 1.5 mi(x;) = 29.184807792 X; f(x) m mf(x,)
= S = §(29.18480779) ~ 3.82028 X0 0 1.414213562 1 1.414213562
x1 | 7/8 | 1361452677 | 4 | 5445810706
Xo | w4 | 1.224744871 2 | 2.449489743
X3 | 37/8 | 1.070722471 4 | 4.282889883

X | 72 1 2 2
xs | 57/8 | 1.070722471 | 4 | 4.282889883
Xo | 374 | 1224744871 2 | 2.449489743
x; | 7n/8 | 1361452677 | 4 | 5.445810706
xs | 7 | 1414213562 1 1414213562

33.

34.

35.

36.

37.

38.

The length of the curve y = sin (2% x) from 0 to 20 is: L = f

9?2 2 (3w e 2
= 700 €O (20x = L= f \/1—1—400005

First, we'll find the length of the cosine curve: L = f 1/1 gi dx, o= 25507 sin (7”‘

2
dy 2 (7X 2
= (—dx) 4 * sin (50) = L= f25 = §in

L ~ 73.1848 ft. Surface area is: A = length - width ~
Cost = 1.75A = (1.75)(21,955.44) =
integration used.

y=sinx =
S~ 144

dx

4

2
dy .dy _ 37
(dx> dx; & = 55 cos

A calculator or computer numerical integrator yields sin~! 0.6 ~ 0.643501109.

A calculator or computer numerical integrator yields m ~ 3.1415929.

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.

3

20

dx Using a numerical integrator we find

(73 1848)(300) = 21,955.44 ft.
$38,422.02. Answers may vary slightly, depending on the numerical

9 = (8)

) dx. Using numerical integration we find L ~ 21.07 in

2 s
N — cosx = (j—x) =cos’x = S= j; 2m(sin X) v/ 1 + cos? x dx; a numerical integration gives

2 2
- S = j; 21 ("—) 1 + dx a numerical integration gives S ~ 5.28
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8.7 IMPROPER INTEGRALS

00 b
dx dx 13 —141° _ 15 -1f — tan~! T ()_ T
fo S = lim fo ) _bh_r)nOO [tan X}O—blir)nOO (tan™'b 0)=5-0=7

X2+ 1 b — 0o

e b
2 [t = tim [T = im [1000x09]) = lim (1990 + 1000) = 1000

b— o0 b— o0

1
lim [l x V2 dx = fim 2107 = lim (2—2\6) —2-0=2

b—>0 b—

'L»)
s
S

I

4. f:ﬁ%: lim_ Ob(4—x)*1/"’dx:b1in}r [—2 4—b—(—2\/21)}:0+4:4

—4

9,1

fl ng _fl Xz? . sz} :bli?%)* [3)(1/3]5I —f—cli)l'l(l]+ [3)(1/3]3

= blinbf [3b1/3 —3(—D13] + . in(lﬁ B3 —3c3] =(0+3)+(3-0)=6

1 0 1
A = i 3 42/3])° - 3 42/3)1
6. ffsxl/S_fgx”—i— 0x13_b1i,m* [QX ]78+C1_1)H(1)+ [ZX ]c

0
1 3 - 3 3 _ 3 3 _ 9
= Qim_ [36%° = 3 (=87°] + lim  [F(P =3 =03 @]+(3-0) =3
1
7. fo\/%:bl_i}n%f [sin’lx]z:blim (sin”'b—sinT'0)=2-0=1

1
8. f %5 = lim _[1000r"™'], = 1lim (1000 — 1000b°*") = 1000 — 0 = 1000
0 b— 0" b— 0

-2 -2 -2 -2
0. [ =) - = tim k=)0 = lim x4 1], = tim [ )
= dim (I [Z[=m[tA) =m3—In( fim td)=mn3-In1=n3
fz 2dx 4 -1 x72 _ li -11 -1b)y _ 7 T\ _ 37
100 J &%= lim [tan™ 3] = ‘lim (an”'1—tan™'3) =F—(-3)=7F

11. f; 725 = lim [21@%]]‘;:}3@% (2In [ =2 |2 ]) =2In(1) —2In(}) =0+2In2=1In4

7 _
A — 00

12. f:’lfftl = Mim_ [1n|ﬂ|]2=blimw (In |4 = |34]) =In()—In(3) =0+1n3

t+1 b+1
2
2x dx 2x dx > 2xdx . | U=X +1 1du OOdu_ .
1300 Ees o [ ey [ (X2+1)2’[du_2xdx} = [u e = im [
= lim (—1+5)+01Lm00 [1-(-D]=(C-1+0+0+1)=0

D el e s ) e I AR

= li S i —_ L = L 41y (_1
= lim [= 5], +etim = 5] = tim (=4 ) +ctimg \/€+2) (=3

=In3

+ lim [—

Cc— 00

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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! . u=6?+20 3 . P 3
15. ], it 4 [du:2(9+1)d9] = fost = i [ = im [V = tim (V3= vb) = V30
=3

2 2 .
s+ 1 _ 2s ds . u 4 . ¢ ds
16. \/:) Va4 — g2 ds = \/4—s2 f \/4—s2 ’ [du— —ZSds} f cleZ* 0 V4 -5
_ . d . d _ . 4 . 1 c
*bli%ﬁﬁﬂlﬁ% Jo gt = im VAl i [sin 515
. . - - T _4 T
= lim (2—\/B>+C1_1)n%7 (sinh £ —sinT'0) =2 -0+ (5 —0) =+
o0 u:\/; 00 b
dx . 2du __ 2du . —1,.1b
7. fo T+0Vx° [du—z\[] - f“ wer —pim J, wE = im 2 an Tl
= lim (2tan'b—2tan'0)=2(3) -20)=n
b — oo

dx

18. fx\/szx_ 12;(\/;(2——’_[%# b*,1+-[b)(\/x2_+0—’00 j:x\/m

1 _ 1 1 - -
1 x[]; + lim _ [sec™ [x H2_bll,rr}+ (sec™'2—sec™'b) + lim (sec

, lsec
0+ G- -

e —sec™12)

o v _ b . _ _
19. fo Mw: lim [In|l + tan 1V|]O:b1Lmoo [In |1+ tan~'b|] —In|1 + tan™! O]

b—

=In(1+%)—In(1+0)=In(1+1)

20, [716un s gx = lim {8 (tan™! xﬂ "~ lim {8 (tan™" b)z} —8(tan"10)" = 8 (2)* — 8(0) = 22

14x b— oo 0 b— oo

b— —o0 b— —c0

0
21. ff‘x 0e? do = , lim [0ef —e?]) = (0-e"—e”) — 1lim [be’—e']=—1— lim (25!)

—1—_lim (781 h) (l'H(/Spital's rule for 22 form)

b — —oo

= —1-0=—1

oo b
22, ["2e sin 0/df = tim_ [ 2 sin 6 b
_ b
— lim 2 [1—” (—sine—cose)] (FORMULA 107 witha = —1,b = 1)
b — 0o + 1

—2(sin b + cos b) 2(sin 0 4+ cos 0) __ 20+ 1)
2¢eb + 2¢Y =0+ 2 =1

= lim
b— o0

0 0
3. [ etax= [ edx= lim [e]l= lim (1-¢)=(1-0=1

— —00 b— —o0

o 2 0 2 > 2 . 2 . 27¢
24. f 2xe™ dx = f 2xe™ dx + fo 2xe™ dx = b lim [—e ], + Jim [—e™]
—00 —x S —
= lim [-1—(—e "2)]+01Lm00 [e¢—(-D)]=(-1-0+0O+1)=0

b— —

1 . <2 21! . 2 2 . n
25. j;xlnxdx: hm+ [7lnx—j}h:(%lnl—%)— hm+ (%lnb—%):—%— lim ('sz—i-o

_ b—0

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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—
o=
—

1
26. fo (—1nx)dx:bli)n(1)+ [x—xInx]l=[1—-1In1] - hm b— blnb}—l—O—i- hm lrl—zl—i-blinb+

=1— lm b=1-0=1
b— 0"

217. ‘/;2 ds — llm I:Sinfl %]z — th%, (Sin71 %) _ Sin,I 0= % _0= %

1
28. j; Ardr _ hm [2sin~! ()], = hm [2sin™! (b?)] —2sin'0=2-Z-0=m

V1—rt b—1 b—1
2. [ & = lim [sec™!s], =sec™!2— lim secT'b=1-0=1
PV 1 p It b— I+
4 ,
30. ), ity = i [Gsee! g] = lim [(gsec™t ) — e (5)] =5 (5) —5-0=5
4 b
31 f_l\;ﬁ:blg%f f— \;i_x+c1—l>r%+f \f_blg%* [2v=],  m, 2]

= lim_ (=2V/b) = (~2y/=(-D) +2/4 - tim 2\[:0+2+2-2—0:6

2 1 2 b 2
e s e i, [V, [T
:blin}( 2/1= ) ( 21— )+2\/2—1— lim_ (2 c—1>:O+2+2—0:4
— c—
B[ = im [n[52))° = tim [in 23]~ |22 =0—n(}) =2

> dx _ 1 1 1 2 Lea—1.1% _ 1 1 X+ 1 11
34 j:) m_bll;moc [§1n|x—|—1|—zln(x +1)+§tan X]U_ lim {EIH(JJT)—F?HIH X:|
1 1
2

_ 1 b+l 11 1 1, 1410 _ 1 1
—bhm [iln(\/bj—“)+§tan b}f[glnﬁJritan 0}—§ln1+§-§f§lnlf

— 0

/2
35. j; tan 6 df = . 1_1)1‘11g [—1n |cos 0]]) = . 1_1)111% [—Infcosb|]+Inl= . 1_1)111% [—In |cos b|]] = + oo, the integral diverges

/2
_ . /2 . . _ . . _ . .
36. j; cotd df = blin%) [In[sin0]];" =In1— blin}ﬁ [In [sin b]] = —bling)+ [In |sin b|]] = + oo, the integral diverges
"sinfdf . — 0 sinxdx _ [ sinxdx sin x 1 dx
37. J, m,[wfﬁ_x] = =) = A Since 0 < < \/_fora110<x<7randf - converges, then

fo Si;;" dx converges by the Direct Comparison Test.

e x=m—20 . ,
m cos0df . =1 _ % f —cos(%—%) dx f ™ sin(%) dx . sin%
38. fiﬁ/z EETEE D) d)% = ), =, o - Since 0 < 557 < 2X1 = forall 0 < x < 27 and
Y

2 2m o X
sin 5 dx . .
fo 23;‘ 5 converges, then j; s converges by the Direct Comparison Test.

In2 1/In2 y 00 .
39. j; x~2e1/x dx: [__y] N f yle~ yevdy _ e dy— lim [_e—y]?/lnzz lim [—e™®] — [—e /2

%0 -y 1/In2 b — 0o b= 0o
=0+ e7/"2 = ¢7'/"2 5o the integral converges.
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41.

42.

44.

45.

46.

47.

49.

50.

51.
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fol % dx; [y = \/;] — 2];16’y dy =2 — % so the integral converges.

g dt L Wﬁ .. .
fo Trtent . Sincefor0 <t <7, 0< \[+ i < \/ and fo /i converges, then the original integral converges as well by

the Direct Comparison Test.

! f(v)

_ _ 32 _ 1 6t
0 t— smt ; let f(t) t— smt and g(t) - 3 ’ then hmo 2® t—( t—sint - [15110 1—cost tlgno sin t
BT 6 _ _ 110 _ 1 : 1] _ : :
= tlgno 1 =6 Now,f0 5= hr%+ [f W] = "3~ bli)n%J+ [f W] = +00, which diverges = . smt diverges

by the Limit Comparison Test.

dx
1 xQ_j;lfxz—’_f

: d
diverges = j; :

O = lim_ [ ln|'+"|] = lim _ [31In [+£2]] — 0 = oo, which

: dx ldx 2 1 b o . .
l—x_j:)l—x f] o andfl_x_bli)rrif [fln(lfx)]o— hm [—In(1 — b)] — 0 = oo, which diverges

0

2
dx :
= fo 7= diverges as well.

1 0 1 1 . 1 )
[ inxldx= [ In(xd+ [ mxdx [ Inxdc= lim [xInx—x],=[1-0—1]— lim [blnb—b]

0 1
=—1-0=-1; filln(—x) dx=-1 = filln |x| dx = —2 converges.

&)

c—0

0 ! . 2! . 2 2!
f —xIn |x|) dx:fil[—xln(—x)] dx—|—j;(—xlnx)dx:bli>r%+ {% lnx—’ﬂ — lim {% lnx—"j]C
=[fm1—4] - tim [Sinb—%|-[fmi—4]+ tim [$he—5]=—1-0+}+0=0 = theintcgral

converges (see Exercise 25 for the limit calculations).

L Tl 0< x3£u1 < % for 1 <x < oo and f @ converges = | + 5 converges by the Direct Comparison Test.

4 f—l;xllmm (;) :xliﬂmoo f;/El :xllmm 1—1ﬁ:ﬁ:1andﬁ %: lim [2\/;]2200’

b — oo

J. ﬁ'vlmoo <¢) =, lim, —\Vfil = lim —11_% = ﬁTO:la“dfz ‘%Zblijﬂm ENGIS

00

0<

_éfor0§0<ooandﬁx‘i—f: lim [—e”’]; = lim (—e*b+1):1$fox‘i—fconverges

0 l+eg’ l+ﬂ b— o0 b— oo

00

dé
o 1+’

= converges by the Direct Comparison Test.

1 00
f \/x6+1 _j; \/Xix+1 + 1 \/xix+1 < f \/x6+1 1 X3 andf dx = [_ ﬁ]ll)
= _lim (—#-ﬁ- z% :>f

b— o0

- converges by the Direct Comparlson Test.
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)
: 21) _ _ _ Ly — T b _
52. f 1xh~r>noo (i)l = lim  —2— = lim_ —" =1 dxfbhm [Inb]; = co

-5 — 00

—

which diverges = f \/— diverges by the Limit Comparison Test.

* 1 . . .
53. f 2L dx; lim — lim 2 = lim =1; 2 = %
1 X — 00 X — 00 /x+1 X — 00 1+ X X

= lim [-2x"1/?] l]) = lim (\_/—% + 2) =2 = flm VX1 dx converges by the Limit Comparison Test.

b— o0 — 00

sq. [ Ao lim — lim 2% — im

Vxi—1’x—=00 (X) X =00 /xi—1 X—00 _

:f ":blim [In x]% = oo,

— 0

which diverges = fz \/% diverges by the Limit Comparison Test.

55. f Zheosx dx; 0 < L < 248X forx  7rand f & — blim [In x]° = oo, which diverges

— 0

= L “C% dx diverges by the Direct Comparison Test.

56. [ lEsnx g0 < ey < 2gorx grand [ Zdx= lim [-2]°= lim (-2+42)=2

b — oo 2T b—oo

= f 2 converges = f . “‘“ X dx converges by the Direct Comparison Test.

* o4t _ 2dt _ 41210 —4 _ f 2dt
57. j; 7 i hmOO —ﬁ 5 1 and f S7 = hm [ 4t ]4 = bli>moo (\/B +2) =2 = 57 converges
= J, tgr/zz‘ﬁl converges by the Limit Comparlson Test.

58. f2 i3 0 < < 5 forx > 2 and f & diverges = f gx . diverges by the Direct Comparison Test.

59. fl e; dx; 0 < % < e; for x > 1 and fl d;" diverges = fl exxdx diverges by the Direct Comparison Test.

60. fxln(lnx)dx;[x:ey] — fx (Iny)e*dy; 0 <Iny < (Iny)e* fory eandfmlnydy: lim [ylny—y]’ = oo,
ee e e b — oo €

which diverges = fe “Ine dy diverges = j; x In (In x) dx diverges by the Direct Comparison Test.

1
& : <\/e"fx)_ . Ve R
61 [ /2 lim, (=) M Vex ~x ﬁ—ﬁ
= lim [-2e?))= 1im (—2e>+2e7'?) fi =

b — oo — 00 Ve !

dx :foo —x/2
e e dx

o
e ¥/? dx converges = f X converges
1 eXr —x

by the Limit Comparison Test.

Fod Lo (=) _ o 11 Fdx g —x]b
62. ']: m,xll}moo (eixz) _x1l>moo = 2 —lemoo @—m—land I g_bli{noo [76 ]1
= lim (—et+el)=1= <X converges =
b — oo ¢ ! !
oo 1 oo 1
— dx _ dx _dx dx
63. \/x4 Zf \/x4+1 0 \/x4+1_f \/x'+1+f1 Vxi+1 <f \/x+ +f < and

fl 3_;: lim [~1]7= lim (= §+1) _1:f

b - converges by the Direct Comparison Test.
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65.

66.

67.

68.

69.

70.

71.

72.

Section 8.7 Improper Integrals

fi‘x‘ dx 2]; K 0< 1< el for x > 0; j; ‘i—f converges = 2 & converges by the

e fe * ex+e *? erte * 0 e*+e?*

Direct Comparison Test.

2 In2 In2
dx . a7 1 - _ T b'-P 1 -
(@) | X(nxp t=Inx] — j; T blgr(lﬁ [,pﬂ t' p}b _bllr%+ it ﬁ(ln 2)!-p
= the integral converges for p < 1 and diverges forp 1
(b) f2 b ﬁ ;[t=Inx] — jl‘ ; % and this integral is essentially the same as in Exercise 65(a): it converges
for p > 1 and diverges forp < 1
2x

* ox dx . b . . . o0
f é&:bB&Jm@”+Uh:bg&meLHﬂ—O:b@%hﬂw+lﬁzm:émmm%mlﬁxﬂﬂ

(b2 +1)—In(b>+1)] = lim m@ﬁg

b
. . 2x dx . 2 b .
diverges. But lim f,xx’lxﬁ = lim n(x*+1)]°, = Mim ,lim

= Ilim (In1)=0
b— o0
A= [ e dx = lim [—e]b= lim (—e®)—(-e?)

b— oo
=0+1=1

v 1 > X _ X x]b o b by _ -0 _ A—0) __ _

X=x fo xe*dx = lim [-xe™—e ]O—bhm (~be*—e™®)—(—0-e e?)=0+1=1;

— o x\2 X : X =0+ —
y= 21A j;) (e ) dx %f e *dx lim 2 [7%6 2]0 bllIIl:: %( %e Zb) o % (756 20) 0 % %

b— oo

V:j;oo7r(f:”‘)2 dx:wﬁwe’z"dx:wblimoo [—%e’z"]gzﬂ lim (—je®+1)=1

b— o0

/2
Azfo (secx—tanx)dx:bimgf []n\secx+tanx|—1n|secx|]g:b£rr%7 (In |1+ 222| —1n |1+ 0])

= lim_In|l+sinb] =1In2
b— 3

/2 /2 /2 /2
(@ V= j; 7 sec? x dx — j; 7rtan2xdx:7rj; (sec’ x — tan’x) dx = j; 7 [sec? x — (sec? x — 1)] dx

/2 2
=7 dx =%
0 2

/2 /2 .
(b) Souer = fo 27 sec xy/ 1 + sec? x tan? x dx j; 27 sec x(sec X tan X) dx = X lim _ [tan’ x]z
L
2

/2
=7 [b lim  [tan?b] — O] =7 lim (tan’b) = 00 = S diverges; S = j; 27 tan x4/ 1 + sec? x dx
-3 -3

/2
j; 27rtanxsec2xdx:7rblimy__ [tan2x]32w[bliq [tan2b]—0] =7 lim_ (tan’b) = 0o
-3 -3 '

= Simer diverges

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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Bo@ [ evdx= lim [~ie®]l= tim (~ie®)—(-fe ) =0+)-ev=1le”
3

~ 0.0000411 < 0.000042. Since e ™ < e 3 for x > 3, then f e dx < 0.000042 and therefore
o0 2 3 2 . . .
fo e * dx can be replaced by fo e * dx without introducing an error greater than 0.000042.

3 2
(b [ e dx 088621

X — 00

o0 2 . b .
4@ V= [Tr() ax=r tim [~} =] lm (-}) - (-})] =m0+ D=7
(b) When you take the limit to co, you are no longer modeling the real world which is finite. The comparison
step in the modeling process discussed in Section 4.2 relating the mathematical world to the real world fails to hold.

75. (a)

18
16
14
12

1
0.8
0.6
0.4
0.2

X .
Six) = / st gy
0 t

1 1 I 1 1
0 5 10 15 20 25

(b) > int((sin(t))/t, t=0..infinity); (answer is g)

X

1 /\}lﬁ/f\vﬁ'\\il
0 5 155720 35
RV
76. (a) (b) > f:=2%exp(—t"2)/sqrt(Pi);
y . P .
) > int(f, t=0..infinity); (answer is 1)
08
06
_e2
04 erf(z) = iy g’i—/—n—dt
02
0 TTTTOTTTS T 2 X

77. (a) f(x) = ﬁe—xzﬂ

f is increasing on (—oo, 0]. f is decreasing on [0, co).

f has a local maximum at (0, f(0)) = (O, ﬁ)
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(b) Maple commands:

(©

78. (a)

>f: = exp(—x"2/2)(sqrt(2*pi);

>int(f, x = —1..1); ~ (0.683
>int(f, x = —2..2); ~ 0.954
>int(f, x = —3..3); ~ 0.997

Part (b) suggests that as n increases, the integral approaches 1. We can take f jn f(x) dx as close to 1 as we want by
choosing n > 1 large enough. Also, we can make j; Oc'f(x) dx and f ;: f(x) dx as small as we want by choosing n large
enough. This is because 0 < f(x) < e for x > 1. (Likewise, 0 < f(x) < e¥? for x < —1.)

Thus, j;x f(x) dx < j:x e ¥2dx.

[T e 2ax = tim [ e 2dx = lim [~2e 215 = lim [—2e~¢ 4 2e2] = 2¢2

n c—oov c—00 Cc—00

—n/2

Asn — o0, 2e — 0, for large enough n, fn ch(x) dx is as small as we want. Likewise for large enough n,

f :O: f(x) dx is as small as we want.

b a b 00 00 b
The statement is true since f(x) dx = fx)dx + | f(x) dx, f(x)dx = f(x) dx — f(x) dx
—00 —00 a b a a

b
and j; f(x) dx exists since f(x) is integrable on every interval [a, b].

(b) f;f(x) dx + f “fx) dx = ffx f(x) dx + f " fx) dx — f lb f(x) dx + f “f(x) dx

= [Tt ax+ [ fodc+ [T dax= [ foax+ [ oo dx

79. Example CAS commands:
Maple:
f := (x,p) -> x*p*In(x);
domain := 0..exp(1);
fn_list := [seq( f(x,p), p=-2..2)];
plot( fn_list, x=domain, y=-50..10, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0],
legend=["p=-2","p=-1""p=0","p=1","p = 2"], title="#79 (Section 8.7)" );
ql := Int( f(x,p), x=domain );
q2 :=value(ql );
q3 := simplify( q2 ) assuming p>-1;
g4 := simplify( q2 ) assuming p<-1;
g5 :=value( eval(ql, p=-1));
il := ql = piecewise( p<-1, q4, p=-1, g5, p>-1,q3 );
80. Example CAS commands:
Maple:

f = (x,p) -> x"p*In(x);

domain := exp(1)..infinity;

fn_list := [seq( f(x,p), p=-2..2)];

plot( fn_list, x=exp(1)..10, y=0..100, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0],
legend=["p=-2","p=-1""p=0""p =1","p = 2"], title="#80 (Section 8.7)" );

g6 := Int( f(x,p), x=domain );

q7 := value( g6 );

g8 := simplify( q7 ) assuming p>-1;

q9 = simplify( q7 ) assuming p<-1;
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ql0 := value( eval( g6, p=-1) );
i2 := q6 = piecewise( p<-1, q9, p=-1, q10, p>-1, g8 );

81. Example CAS commands:
Maple:
f := (x,p) -> x*p*In(x);
domain := 0..infinity;
fn_list := [seq( f(x,p), p=-2..2)];
plot( fn_list, x=0..10, y=-50..50, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9], thickness=[3,4,1,2,0],
legend=["p=-2","p=-1""p=0""p =1","p = 2"], title="#81 (Section 8.7)" );
ql1 :=Int( f(x,p), x=domain ):
ql1 =lhs(i1+i2);
* =rhs(i1+i2);
= piecewise( p<-1, g4+q9, p=-1, q5+q10, p>-1, q3+q8 );

~

* = piecewise( p<-1, -infinity, p=-1, undefined, p>-1, infinity );

82. Example CAS commands:
Maple:
f := (x,p) -> x"p*In(abs(x));
domain := -infinity..infinity;
fn_list := [seq( f(x,p), p=-2..2)];
plot( fn_list, x=-4..4, y=-20..10, color=[red,blue,green,cyan,pink], linestyle=[1,3,4,7,9],
legend=["p=-2","p=-1""p=0""p=1""p =2"], title="#82 (Section 8.7)" );
ql2 := Int( f(x,p), x=domain );
q12p := Int( f(x,p), x=0..infinity );
q12n := Int( f(x,p), x=-infinity..0 );
ql2=ql2p + ql2n;
= = simplify( q12p+q12n );

79-82. Example CAS commands:

Mathematica: (functions and domains may vary)
Clear[x, f, p]
f[x_]:= xP Log[Abs[x]]
int = Integrate[f[x], {x, e, 100)]
int/.p— 25

In order to plot the function, a value for p must be selected.
p=3;
Plot[f[x], {x, 2.72, 10}]

CHAPTER 8 PRACTICE EXERCISES

dv =dx, v =x;

1. u:ln(x+1),du—x+1,

Jimx+Ddc=xmx+ - [2rdx=xnx+D— [dx+ [& =xInx+D—x+Inx+D+C
=x+DInEx+1)—x+Ci=x+DInx+1)—x+1)+C,where C=C; + 1

dx

2. u—lnxdu——'dv—xdeV— x3;

s

1
3X
fx 1nxdx:§x3lnx—f (%) —";—i—C
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3. u=tan"!3x,du= -3 dv =dx, v =x;

1+9°’
-1 _ -1 sax L |y =1+09x -1 1 [dy
ftan 3x dx = x tan 3Xf1+9"2’[dy:18xdx — X tan 3x76 3
=xtan~' (3x) — ¢ In(1+9x*) +C
4. u=cos~*(3), du—\/;d—X dv=dx,v=x;

2
Joot (o mxeot () [ [ 2500 — vt 0 -4
=xcos ! (3) —V4—-x2+C=xcos! (}) —24/1— (%)Z—FC

5. e*
(+)

K+ 12— &
(-)

2(X + 1) =— c*

—_—

0 = f(x+1)26*dx:[(x—|—1)2—2(x+1)+2]ex+C
6. sin (1 — x)

, ()

X’ m——)  cos (1l —x)

2Xib —sin(l —x)

(+)

2 =——— —cos(l —x)

0 = fxzsin(lfx)dx:xzcos(lfx)+2xsin(1fx)72<:os(1fx)+C
7. u=cos2x,du = —2sin2x dx;dv = e* dx, v = €*;

I:fe*cos2xdx:e‘cos2x—f—2feX sin 2x dx;
u = sin 2x, du = 2 cos 2x dx; dv = e* dx, v = e¥;

I:e‘cos2x—|—2[e‘sin2x—2fe*cos2xdx} = e* cos 2x + 2e* sin 2x — 41 = I:@—i—%%—C

8. u=sin3x,du=3cos3xdx;dv=e*dx,v=— % e

I= fe*zx sin 3x dx = — %e’zx sin 3x + % fe** cos 3x dx;

u=cos3x,du = —3sin3xdx;dv=e>dx,v=— %e’zx;

I:—%ef“sin3x+%[—%6’2*0053)(—%fe’zxsin3xdx]:—%efzxsinSX—%e’zxcos3x—%l
_ 4 (1 o 3 a2 2 a2x g 3

:>I—13( € sin3x — g€ cos3x)+C— 3 e sin3x — ;3e 7 cos 3x + C

9. fxz_x;?+2:f2d" ffx_l =2In|x—2|—-In|x—1]+C

10, [ =3 oo 1 [ a3y 3]~ Linfx+1]+C

x2 +4x+3 x+3 x+1

11. IX(X(KI)Z:f(%_x+1+(x+1)~)dx_1n|x| ln\x—I—l\—l—ﬁ—i—C
12. f o dX:f(L*Z**)dX—ZIMX 1|+ +C=-2Inx|+i+2n|x—-1]+C

x2(x—1) x—1 X

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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=

sin 6 df — _ L__lf dy fdy 1 y+2
13. fcosze-&-coqﬁ 2’[005973/ - f2+y 2 3 y—l+3 y+273]n y—1 +C

= 5In |5+ C=—3In[im[+C

cos 0 df dx _ 1 dx 1 dx 1 sinf —2
14. fsm29+s1n6 6,[51[19—)(] - f x2+x—-6 5 fx—Z 5fx+3 -5 1n|sin9+3|+c

15. f3x +4x+4dx_f dx_f2+ldx—4ln|x| ln(x2+l)+4tan_1x+C

x3 +x

16, [ = [0 =2t (3) +C

(v+3)dv _ 1 3 5 1 _ 3 1
17. hg—_&,—if(—ﬂ'f‘m-f—m)dV—— 1n|V‘+ 1II|V 2|+ﬁln|v+2|+C
_ 1 v=2°(v+2)
= & |22y c
(Bv—"7)dv (=2)dv vV—2)(v—3)
18 [ o=ty = S [ [ w17 ’+C

dt 1 a1 f_a 11 1 -1t 1ol V3 ¢
19 fm75f12+1—§ft2+37§tan t—mtan (%>+C7§tan t——tan ﬁ-f—c

2

e

[ e Lt d — |2 -2 —Lin(@+1)+C

-2 — 3 +1

2 [ ax =[x+ g2oy) o= [xdx+2 [ 14 [ =g 4 tmfx+ 2+ 2 fx— 1]+ C

2 fﬁtidx:f(l+x+1)dx_f|:l+ﬁ] dx:deJerdfx]*f%:X +Injx—1—In|x|+C

23 [aridx= (- ) de= [xdxt 3 [0 -3 [ =5 — Sk 43+ 3 fx+1[+C

24, [2edoahint g [[2x-3)+ oig] dx= [@x—3dx+ 1 [ &
=x>—3x+2Iln|x+4/+iln[x-2[+C

u=+vx+1

x+4

dx . _ _d 2 du 1 d 1 du 1 1
25. f@i/Tl) du= | o 2 [ oL flan L [l a1 - L fut 1]+ C
dx = 2udu
_ 1 Vx+1-1
= “‘m+1’+c
u—{/g
dx . _ 3u” du _ u _ \3/;
26. fx(lJr\}/;)’ du = W fu3(l+u) 3)j‘u(lJru) 31n|u+1|+c_31n‘1+3x
dx = 3u? du
u=c¢e%—1
d: . — S du _ du —1
2. Jetys|dumeds )~ fighy = fit e J¥ =mlglrC=mlsEtc=mil -4 C
S =
u+1

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Chapter 8 Practice Exercises

u=/es+1
ds . — _¢ds 2udu  __
e’:rl’ du_2\/8*+1 - fu uu 2\/‘(qul)(ufl) fm_fqul ln|u+1|—|_C
ds = 2u du
T uz-1
_ m_l‘
=1In Ve +1+1 +C
y dy ___ d(16 — y _
@ f\/lé y? V16— y2 —V16—y?+C

) [y =4sinx] —>4f—si"xcggsxxdx:—4cosx+c:—4v'j‘y2+C=—\/T—y2+c

x dx d(4+x2
(@) f\/4d+xz \/rx; \/4+X2—|—C
(b) f\/%; =2tany] — f%:2fsecytanydy:2secy—|—C:1/4_|_X2+C
—x2
(a) f"d;‘@:f fdi4_x2):*lln|4fx2|+c

(b) f Xd’)‘(z, [x=2sinf] — f—zsmfczosc;’;ade ftan@dﬂ——ln|cosc9|+C——ln(V XZ)—i—C
——lm[4—x*+C

() ff‘dt =1 dﬁ;*”:l\/m?—uc

4t

(b) f\/% *7S6C9 f secf)ta{r;:;seu‘}d& ifSCC 0d9713n9+c Vae -1 +C
xdx .| U=9—x 1 a1 1y L 1yl
IE XZ’[du——Zxdx] b f@=—tmpj+C=InF+C=In - +C

fx 7x2 9fdx+18 ij_LSISdXx:%ln|x|_%ln‘3_x|_%1n|3+x|+c
=¢ihnfx[— kml[9-x*+C

=1 )35+ 3d—+"x:—%ln\3—x|+%ln\3+x|+cz%ln|x+%|+c

X =3sin0 0 o
f Xz;[x—3cosed9] —>fgigiedO—de:G-i-C:sml%_,_C

. . . 5 7
fsm x cos*x dx = fcos“x(l — cos?x)sin x dx = fcos“x sin x dx — fcos6x sin x dx = — % + 5% + C

. . 2
fcossx sin’x dx = fSlIlSX cos*x cos x dx = fsm x (1 — sin?x)“cos x dx

6

. . . H -8 210
:fsmsxcosxdx—2fs1n7xcosxdx—|—fsm9xcosxdx:%—zs‘—g"—l—%—i—c
5
ftan4x sec?x dx = WX 4 C

ftan3x sec’x dx = f(seczx — l) sec?x - sec X - tanx dx = fsec4x -sec X - tanx dx — fseczx - sec X - tan x dx

— SC(SESX _ SC(:;}X _"_ C
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41. fsin 56 cos 66 df = %f(sin(—@) + sin(116)) df = %fsin( 0)do + 3 fsm 116) df = Jcos(—6) — 55cos 116 4+ C
= 1cos 6 — 35c08 1160 + C

42. fcos3900530d0: %f(cosO+cos60 fdGJr fcos60d0: %0+%sin60+c

3. [\/1+cos(L) dt= [V/2]cos §| dt=4/2]sin §| +C
44, fe‘\/tanze‘—l—ldt:f\sece‘|etdt:1n|sece‘+tanet\—I—C

45. |E| < 3180 (Ax)'Mwhere Ax = 3L =2 fx) =1 =x! = /()= —x? = ') =2x3 = {"(x) = —6x"
= f@W(x) = 24x~°® which is decreasmg on [1,3] = maximum of f®(x) on [1,3]is f¥)(1) =24 = M = 24. Then
3—-1 768 180 768
E| <0.0001 = (331) (2)'24) <0.0001 = (1) (L) <0.0001 = L < (0.0001) (%) = n* 10,000 (1)
= n 1437 = n 16 (n must be even)

nl

46. |Br| < 150 (Ax)2M where Ax = =L0<f"x) <8 = M=8. Then [E;| < 1073 = % (%)2(8) <1073

:»ngoif a 1000:>n2 X0 = n 2582 = n 26

47. Ax = bfa = ”T’O =5 = % =15 X f(x;) m mf(x;)
6 - X0 0 0 1 0
3 mf(x) =12 = T= ()12 =m; x| 76 72 2 T
- Xo 7/3 3/2 2 3
X3 72 2 2 4
X4 2m/3 3/2 2 3
X5 57/6 1/2 2 1
X6 P 0 1 0
6
_ Ax _ o« Xi f(x;) m mf(x;)
g mf(xi) = 18 and 3 — 18 = Xg 0 0 1 0
S = (%) (18) = . X1 /6 172 4 2
X9 /3 3/2 2 3
X3 /2 2 4 8
X4 27m/3 3/2 2 3
X5 57/6 1/2 4 2
X6 s 0 1 0
48. [fM(x)| <3=>M=3;Ax =221 =1 Hence|E| <107 = (2=1) (1)'3) <107 = L <105 =t L
=n 638=n 8 (nmustbe even)
365 . 365
49. yo = 32— fo [37 sin (5% (x — 101)) + 25] dx = 53z [=37 (32 cos (5% (x — 101)) + 25x)]
= 5= [(-37(38) cos [ (365 —10D)] 4 25(365)) — ( 37 (35) cos [ZZ (0 — 101)] +25(0))]
=— g—z cos (2% (264)) + 25 + 3L cos (£= (—101)) = — 3L (cos (£ (264)) — cos (% (—101))) +25

~ — ? (0.16705 — 0.16705) + 25 =25°F
o7 -5 2 13 T2 _ 0.62333 737 675
50. av(C) P fzo [8.27 41077 (26T — 1.87T%)] dT = gz [8.27T + 55 T2 — 268X T3] 1
655 [(5582.25 +59.23125 — 1917.03194) — (165.4 + 0.052 — 0.04987)] ~ 5.434,

8.27+ 1077 (26T — 1.87T?) = 5434 = 1.87T% — 26T — 283,600 = 0 = T~ XVERTICINENID 396 450 C
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51. (a) Eachinterval is 5 min = iz hour.
2[25+42(24) +2(23)+ ... +2(24) + 23] = £ ~ 242 gal
(b) (60 mph) (33 hours/gal) ~ 24.83 mi/gal

52. Using the Simpson's rule, Ax = 15 = AX =35; X f(x;) m mf(x;)
S mf(x;) = 1211.8 = Area ~ (1211.8)(5) = 6059 fi2; X0 0 0 1 0
The cost is Area - ($2.10/2) ~ (6059 f2)($2.10/£¢%) X ;3 22 ‘2‘ igg
_ . X9
= $12,723.90 = the job cannot be done for $11,000. s a5 51 7 04
Xy | 60 49.5 2 99
xs | 75 54 4 216
xs | 90 64.4 2 128.8
x7 | 105 67.5 4 270
xs | 120 42 1 42
53 f3 dx = 1 b dx = 1 s —1 (x\1P _ li c—1 (b -1 (0 _ 7 0=1=
o e = im ) s = lim [sinTt (5)]) = lim_ sin”! (3) —sin T (§) =5 -0=73
54. fllnxdx: lim [xInx—x],=(-In1—1)— lim [blhb-bl=-1— lim &t =_1— [im (&)
0 b— 0* b b— 0" b0t (}) b—0" (-%)
=—140=—-1
'y 0 g "4 d : ! i
55 —1)’2—}”/3 :f,l yg?’ y —ZL y2y3 = bli,r%+ I:yl/3:|b:6(1—]311}1’1’6+ b1/3) :6

* 40 _ [ 48 . .
56. f,z e f2 (0+1)3 =+ f1(0+1)3 =+ j; @7 1y converges if each integral converges, but

: 63/ 9 > de :
elem Gs = 1 and fz s diverges = fizm diverges

oo o0
2du du
57. j; u? —2u _,]; u—2

8. [ v [T E gt dv=tim [nv—L-m@v- 1]

v —

: b 1 1 3
= lim () -4 -nl—1-In3)=Ini+1+mI3=1+In3

()0 = tim i [252[] ~In [ 2352 =0~ In (3) = In3

& — Jim |
u b— o0

59. f: x’e*dx = lim [—x%e™ —2xe* —2e], = lim (—b%®—2be® —2e"*)—(-2)=0+2=2

b— o0 b— o0

0
3x _ : Xa3x _ 1.%x]0_ 1 . b .3
60. f‘xyxe dx = lim [ e e ]h* 5 lim (36

oL [ st =2 [ ety =1 ) =4 tim Bt (3)]) =4 lim [Fan(2)] - Lan©)

62 [ o =2f d8 =2 lim [t (3)]; =2 lim [ (§)] ~ant©) =2(3) -0=nx

: 0 _ x‘ﬁ . x‘i .
63. elimoo st 1 and f6 o diverges = f6 JET diverges
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524  Chapter 8 Techniques of Integration

64. 1= j;me’“ cosudu=_lim [—e™cosu], — j:oe’“ sinudu=1+ blimOO [e* sinu], — j;m(e’“) cos u du

b — oo

= 1=1+0-1= 2I=1 = I= 1 converges

“mz g, _ [z Iz g, _ [W2?]° 22" _ (12 - by 1] _
R e T ) N R (RO R e B
= diverges
66. 0 < < \/ <e'fort 1and fl e ' dt converges = fl dt converges

- = ~ 00
67. f 2 dxﬁX —_ zﬁ 2dX7X < j; % converges = f def,( converges
—00

o0 €€ eXfe e*t+e

> d _ X4 )
68. ff‘x, xz(l)—(kex) _fx X2 (1+e) 1+ex) +f1x2(l+cx 0 x2(1+ex) + 1 x2(l)-(|—eX) ’

& S
Xli_r)n0 [ (“ll)} = xli—r>n0 XZ(IX;“’) = Xli_I)n0 (I1+e)=2and f & diverges = f +e‘) diverges

= f 1 +e dlverges

u:\/; 9
xdx . 2udu __ 2 2 _ 2.3 2
69. [ ldU—;‘j;] — [eme [0 —u42- 2)du=2u —u?+2u—21n |1 4+u[+C

- x—2In(1+/x)+C

70.

——fx+4"+2 —fxdx——sz—%fxd_xz:—"———ln|x+2| 2lnjx—2[+C

dx__ . X = tan 29d0 B9do 1—sin20 -
1. fx(xzil)z’ |:dX—SeC20d9:| - fl:r?%sec“e _fw:ine _f( siiné )d(SIH 0)

2
:ln|sin9|—%sin29+C:1n‘\/x+T‘—%(ﬁ) +C

Ot —sin!(x+ 1)+ C

72. = 2x < _f\/l—(xﬂ)2

73. fmw dxff205c2xdx—f°°?"d"+fcscxdx_72cotx+

sin? sinZ

—In|esc x + cot x| + C

sin X

= —2cotx+cscx —In |csc x + cot x| + C

74, [0 qg— [1=2020 4p — [sec?0df — [df = tan 6 — 0+ C

cos2 6 cos2 6

9dv. _ 1 v 1 qe [34v| L L1 v
75. 817v"1_2fv2+9+12 +12 3+v_12]n’37v’+6tan 3 +C

76 [, w0 = lim [5]h = lim [ - (-] =0+ 1=1

— 00

77. cos(20+ 1)
(+)

) — % sin (260 + 1)

] ——— —1cos (20 + 1)

0 = [Ocos20+1)df =& sin20+ 1)+ L cos 20+ 1)+ C
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: fx?fgzixﬂ :f(x+2+x23—x2_xi-l)dx:f(x+2)dx+3fxd—_xl+f(xixl)2
=2 4 2x+3lfx—1|- L5 +C

sin260dd  __ 1 d(1 +cos20) __ 1 9
(I4cos26)? = 2J (14+cos20)> — 2(14cos26) +C= 4 sec”f + C

i /2 /2
VT = 3 oo = [ L aina] 2

/4

xdx .| Y=2-X = y)dy_z y3/2 1/2 _ 2 3/2 1/2
—ﬁ,[dy } f =2y 412 C =202 X —4Q2 -2+ C

:2[@—2@

+C

fmdv [v=sinf] — IM fw:fcsczﬁdﬂffd0:cot0—9+C

sin2 sin? 0
= —sin"ly — Y=\ lvaz +C
d _ dy—1) __ -1
‘ fyzfznyrz = (y7y1)2+1 =tan (y-D+C

. oxdx

d(x*+1) 1 -1 (K241
V8- 2)(2—)(’1 f /97(x2+1)2_2S1n ( 3 )+C

= G- ) =t -~ i ) fan g C

' fxgexz dx = %IXQGXZ d(x?) =1(x% -e')+C= % +C

tdt _ d(9—4?) _1./0 _ a2
N Vo—42 4 9-4+C
.u:tan’lx,du:]i—"xz;dV:%,v:f%
lan’izxdx == % tanilx—’_fx(ld-&-xxz) = tan X+fdx flx-fiz
:—%tan‘1x+ln|x|—%ln(1+x2)+C:—T+ln|x|—ln\/l—i-x?—i—C

' fﬁ,[e':x] - m le—fHQ Infx+1/—In|x+2[+C=In || +C
:ln(e'+1)+c

el 42

: ftanStdt:f(tant)(seCZt—l)dt:m‘;i—ftantdt:m%zl—lnbecq—l—c

x=Iny
Flnydy . _dy fxx-_e‘ _fx' Xy — T X 1,20
fl S| dx= 9 — ), Edx= ) xe dx_blimoo[ se e,
dy = e* dx
_ 1 —b 1 1y _ 1
= Jim (55— gw) —(0-3) =3
Jova _ f _emva  [U=IENDN L0 C 2 fin(sinv)| + C
. In(sinv) — (sinv)In(sinv) > | dy = cos vdv o =
sin v
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526  Chapter 8 Techniques of Integration

93. fe'“\/;dx:f\/;dx:%xg’/?—l—c

od. [e'\/3+ e’ do; [duu:_4t§0d9] - V3t udu=1-2@ 1w+ C=1(3+4e) 4 C

95. f%; [duiiSC(;?nS;tdt] — —%fli“uz =—ttan'u+C=—1tan"!(cos 5t) + C

9. | S— .[dxx—_eevdv] - - ‘;‘_1 =sec!x+C=sec!(e")+C

97.f1ffﬁ;[dl:l:_\f] — [me_ oo 2y du=2u—2In|l+u[+C=2r—2In(1+ ) +C

2i

g x% — 10x2
98. [t ax = [UGE0E) < x! — 10% +9]+ C

99. f%sxzdx:f(x—Txﬂ)dx:fxdx——flfxzdx—Exz—%ln(1+xz)+C
100, [ 2 dx =3[ 225 dx = 3In[1 + x| +C

X . xz X
101, [ 1 dx 125 = (A BC g 2 = A(1 = x4 x2) + (Bx + O)(1 + )
=(A+B)x*+(-A+B+C)x+(A+C)=A+B=1,-A+B+C=0,A+C=1=>A=3B=1C=1
14x 2/3 (/3x+1/% X+ 1 _ x+1
flixzd f<l+x+ 1 —x+x2 d 73fl+xdx+3f :+x2dx7§fl+xdx+§f%+(:,%)
1
Uu=Xx-3 1 [ uts _ 1 1 _ 11,13 2 1 -1
[du_dx{z} -4/ +52d §f%iu2du+5f%+u2du_éln‘1 U ‘Jrﬁtan (Jgn)

17,3 “1fx=3) _ 1 11 2x—
ZGIn‘Z + (x—13) ‘+Ltan 1(\/—/2) = 3In|1 —X+x2|+7tan 1( \/51)

:>%flide+%f 2 dx = SIn|1 + x| 4 ¢ ln|1—x+x2|+\/§tan’l(2"’31)+c

N
o
2

X :1+ —1)? ut —
102. f‘*i X;[udu—dxx] [l gy = [Eemigy = [Lau— [2du+t [2du=Tnu[+2- L +C

=In|1 + x| + Z—I—C

1+X (l+x

= = 2:
103. [ /xy/1+ /xdx; [W Zv\v/iwz“"jx X] = [2w? /T 5w dw
VI1I+w

+
2W2 ( ) %(1+W)3/2
4w i» (1 +w)*?
(+)
(1 +w)?
0 :>f2vv2\/1+w dw = w2 (1 + w)*? = Bw(1 +w)? + 2 (14 w)? +C

3/2 5/2 7/2
= 3x(1+Vx)"7 = BVx(1+VX) 7+ 5 (1+ Vx) T+ C

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Chapter 8 Practice Exercises

W= 1+x:>w =1+x .
104, [/14/T+xdx; [ SR ]—>f2w\/l+wdw,
[u:ZW,du:Zdw,dv: 1+WdW,V:%(1+W)3/2:|
Jow/THwdw= 4wl +w)¥? = [4(1+w)dw = dw(1+w)? — (1 +w)? 4 C

=§\/1+x<1+\/1+x) /2—%(1+ 1+x)5/ +C

1 . uz\/géuzzx 2
10> ffxmdx’{ 2udu = dx ]Hfm

du= [250.d0 = [2sec0d0 = 2Infsect + an f] +C = 2In| /T + v +u| +C

sec f

du; [u:tan&, -5 <0< 3,du= sec20df, /1 + u2 = sec@}

2
v
=2In|y/T+ x+ /x| +C

106. j;l/z\/ 14+ +v1—x2dx;

[x:sinﬁ,—ﬁ<9<ﬁ,dx:cosed9 V1—-x2=cosl,x=0=sinf = 60=0, x———sm6:>€—%}
7/ _ 7/6\/1 _ / in 6 cos 0 _ / sin  cos 6
— f v/1-+cosfcosfdf = f %cos&d& f \“/ﬁ = 3Ln(}+f I_TOS

[u:COSQ, du = —sinfdf, dv = \/I“LdG v=2(1 —cosﬁ)l/z}

= Jim -[20059 (1 - cos)"”] :/6 + [7°2(1 = cos 6)"Psing de]

= tim [ (2c08(2) (1~ cos(£)) " 2008 (1 —c0s)"?) + [401 cosez/q:“]

= i [VA (1= 4) " - zeonet —eone) (301 - eon(2)) 7 - 301 - eone) )|
- clLI&-\/g(l_\/73)1/2_2COSC(1_COSC)I/2+%(1_#)3/2—%(1—0050)3/2]
A1) (1) () -

u=1+Inx B
107. fxiiﬁnxdxzfﬁdx;[ du = Ldx :|_>fuuldu:fdu_f%du:u—ln|u|—|—C
X

=(1+1Inx) —In]l +Inx| +C=1Inx — In|]1 +Inx|+C

u = In(Inx)
108, [ sy dx: {du _ g ] — [1du=Inu] + C = In|ln(Inx)| + C
109 fi"]nxh”‘dX' [u = xI"* = [pu = Inx"* = (lnx)2 = ldu=2InX gx = du = 2“1“" dx l"xln" dx] — lfdu
. X ’ - - - u X - 2

:%u—i—C:%xl“"—i—C

110. f(lnx)‘“[l + M]dx; [u = (Inx)"™ = Inu = In (Inx)"™* = (Inx) In (Inx) = du = ( (nx) 4 @)dx

X X xInx

X

=du=u {% + ]nanx)}dx = (lnx)lnX [x + 1"GM)]dx} fdu =u+C= (lnx)mx +C

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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528  Chapter 8 Techniques of Integration

dx; {xz =sinf,0 < 0 < 7,2xdx = cosfdb, V1—x* :cosﬂ] — %fs,»fé’iﬁsa do

R e L e e

V1—x*
#_i_lx

x2

1‘%\/)(217)(4 +C

:%fcsc&d&———1n|csc€+cot0|+C———ln +C=—1ln

112. fle_xdx; {u:\/1—x:>u2:1—x:>2udu:—dx} Hff%‘:;du:fdz—‘fldu:f(2+lg2ﬁ)du;

=+ 5 =22=A0W+1)+Bu—-1)=(A+Bu+A-B=A+B=0,A-B=2
SA=1=B=—1 [2+27)du= [2du+ [(5 - )du
=2u+Inju—1|—Infu+1[+C=2y/1-x+ iln J_V}:z;} +C

0
113. (a) j;)af(a—x)dx; [u:a—x:>du:—dx,x:Oéu:a,x:aéu:O} —>—Lf(u)du:j;)af(u)du,whichis

the same integral as j:f(x) dx
(b) f /2 __sinx___ _ f”/z sin(§ —x) dx — fﬂ/z sin(5) cosx — cos(gz) sinx _ dx
2

2
910X+COSX 0 sin(5—x)+cos (5 —x) 0 sin(3) cosx —cos() sinx + cos (5) cosx +sin(5) sinx

fﬂ/z cos X dX=>2f/ sinx dx—fﬂ/ _ sinx dx +f/ _cosx _f /2 <1nx+cosx —fﬂ/zdx
- cos X + sinx sinx + cos x — Jo sinx+cosx cosx+smx 51nX+L0§X —Jo

= |x zf/ _sinx —E:>f7r/2 sin x dx = &
- smx+cosx -2 0 sin X + cos X 4

114. f sin x dx = fsmx+cosx cosX +sinx —sinx dx = fsmx+cosx dX+f —Cos X + sinx dx+f —sinx

sinx + cos x sin x + cos x SIn X + COs X sinx + cos x smx+cosx
:fdxffwd f%dx:xfln|smx+cosx|—f%dx
sinx 4 cos x sinx 4 cos x sin X + cos x
sin X _ : sin X _x _ 1 :
= 2fmx+cm = x — In|sinx + cos x| = fsinx+cosx dx = § — 3In|sinx + cosx| + C

sin2

sin?x
sin’x cosZx _ tan’x _ f tan’x + sec’x — sec’x f tan’x + sec’x f sec’x
115. f 1 +sm2x f 1y sindx dx = f sec2x + tanx dx = sec2x + tanx dx = sec2x + tan2x dx — sec2x + tan2x dx

cos2x €OS“X.

= fdxf f]je;;’;zx dx =x — %tan’l(ﬁtanx) +C

_ 1— 2 _
16, [lreon gy = [Uzeonl g = [1-Zomyreods gy = [ 1 gy~ [2om gy 4 [feosx gy

:fcsc XdX—2fCSCXCOthX+fCOtZXdX:—COtX—I—ZCSCX—l—f csc x—l)dx: = —2cotx +2cscx —x + C

CHAPTER 8 ADDITIONAL AND ADVANCED EXERCISES

L2 -
I. u=(sin"'x)",du= 2L & 4y — dx, v = x;

V1-x2
PR 2x sin—!x dx .

f(sm 1x)? dx = x (sin"1 x) f e
u=sin"'x, du :\/d_—xz, ——\/zi“l—xﬂ,v_Z 1 —x2;

fz““l’_"zd" =2(sin™tx) V1 —x2— f2dx =2 (sin"' x) /1 — x2 — 2x + C; therefore
f(sm_1 x)” dx = x (sin"1x)* + 2 (sin"'x) /1 — x? — 2x + C

2. 1=1

11 1

xx+1) 7 x

0 _ 1 1 + 1
x(x+ Dx+2) — 2x x+1 2(x+2)°

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Chapter 8 Additional and Advanced Exercises

- _ 1 _ 1 + 1 _ 1
x(x+ Dx+2)(x+3) — 6x 2(x+1) 2(x+2) 6(x+3)°

1 _ 1 _ 1 + 1 o 1 + 1
x(X+ D+ 2)(x+3)(x+4) 24x 6(x+ 1) 4(x+2) 6(x +3) 24(x +4)

= the following pattern:

1 dx
XTI DRt m) Z KD(m — k)'(x+k)’theref0refx(x+1)(x+2)-~(x+m)

_ Z [(k‘)(m o In[x +k|} +C

u=sin"

2
X, du = \/l_—z;dv:xdx,VZ%;

-1 _x3dx X =sinf f s -1 X2 -1 sin” § cos 6 df
xsin~!x dx = £ sin x—f ; — | xsinT xdx = % sinT x — | SIS
f 2 2v/1—-x2" |: dx = cos 6 d@ 2 2 cos 6

2 . .« 1 —
=% sin” 1x——fsm2(9d€——sm Ix—1 (8 -2y C= —sm Tx 4 sinfeosfob 4 C

2 . V1 —x2 —sin-!
:%SIHIX—F lx4 sin X+C

z=./y
Jsin™ /v dy: [ ay
=2
» . !
:Z““;lzwLZ 1_Zi_sle+C = fsin’lﬂdy:ysin’l\/§+w+C
V/ 2 sin™!
:ysin_l\/y_F%_nT\/y_’_C

1

— f 2z sin~! z dz; from Exercise 3, fz sin~ zdz

" u=tanf
.| t=sm cosfd)  _ f . — sec2 f
t—w/ _ l:dt_C059d9:| - fsin()fcosﬁ - tanf—1° du = sec 9d9 (u— u3+
o = &4
_ 1 du 1 du 1 udu __ 1 u—1 _ 1 tan 6 — 1 1
_ifufl_if—uhrl_if—uhrl_ In| == —jtantut+ C=gIn["iF — 50+ C

[

ln(t—\/l —t2) —3sinlt+C

_ 1 _ 1
fx T44 dx = j‘m dx = f(x2+2x+2)(x2—2x+2) dx

_ 1 2x 42 2 2x—2

— 16 [x2+2x+2+(x+l)2+17x2—2x+2+(x 12 +1 dx
1 242x4+2 1 - -

=1z 1n %‘—Fg[tan 'x+ 1D +tant(x—1)]+C

Jim f; sintdt=_lim_[—cost]" = lim [—cosx+cos(—x)]= lim_ (—cosx+cosx)= lim 0=0

1 1
lim %“ dt; lim (‘2? = lim —t =1 = hm f o8t dt diverges since f diverges; thus
x — 0F Jx t— 0F (C%) t— 0t ©o8

1
lim = x f C‘[’S‘ dt is an indeterminate O - co form and we apply 1'Hopital's rule:

x — 0
1 _ cosl _ [cosx
lim xf%“dt: lim f‘ = lim (*12): lim cosx =1
x — 0" x x — 0 x — 0" (7;2) x — 0"

. o " k_ o n 1 u=1+x,du=dx
oM, oI/ 1+ 5= lim >0t (1+k(3)) ( = [ima+xdx l:x—O — u=1x=1= u=2

2
— fl lnudu:[ulnu—u]f:(21n2—2)—(ln1—1):21n2—1:ln4—l

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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530  Chapter 8 Techniques of Integration

n—1 n

—1
0. lim, & 72 =, lim, & (77) @) =,lime £ | = | O)

% \ 0T

1
_ 1 ~ Tein—1¢1! s
= fo 7 dx = [sin™'x], = §

2 /4 2 /4
11. %:\/COSZX = 1+(g—i> :1+c0s2x:2c0s2x;L:j; 1/1+(\/cos2t) dt:\/ij; v/ cos? tdt
=2 [sinf]]* =1

2 212 ; 0 4 2 1/2 2
dy _ -2 ; d _ =) A 142 xt (14X .7 d
12. %_ 1—;2 1+(§) - - (I,XXZ)?X - (1—;2) ’L_j; 1+(§> dx

1/2 2 1/2 1/2 < 1/2
=Jo () ax= ) 1 2 ae= [ (S e ) ax= [k 1]
=(-14+m3)-@O+mIn)=mn3-]

b shell shell ! o
13. V= ﬁ 27 (2dins) (hseizht) dx = j; 2mxy dx y=3/T=x
1 u=1-x
:67rfx2 1 —xdx; | du=—dx
0 0.8
x2 = (1 —u)?

0 0.6
— —6r [ (1 —w?/udu N
= —6m flo(ul/z — 2032 +u%/?) du

= 6 [2u¥2 — w32 4 2uT2] ] = 6 (2

0.2

4,2
3 s+7) :
_ 70—84+30\ _ 16\ _ 32x
= o (B=55) = 67 (753) = 3¢
b 4 y
_ 2 3. _ 25 dx
14. V—j;wy dx=m ey
4 255
_ dx 5dx dx
=7 f] (T + x2 + 57x)

y=5/Gx/5~x)

=[] -3 =7 (nd4—3) —7(nj-5)
=BT 4 2rn4

0.5

15 v = [T2r () (o) ax = [ 2mxe dx

=2 [xe* — &'y = 27
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Chapter 8 Additional and Advanced Exercises 531

In2
16. V= [ 2n(n2 - x) (e — 1) dx
In2
=2r [ [ 2)e" —1n2 — xe* + x] dx

In2
0

2

zzw[zlnz—(ln2)2—21n2+2+““”2}—27T(1n2+1) .
n

=2r [~ ©2 —n2+1

17. @ V= [ n[l - (nx?dx

7 [x — x(In x)?]; —|—27rj:elnxdx
(FORMULA 110)

m[x —x(In x)* + 2(x In x — x)||

7 [—x — x(In x)? + 2x In x|

T

[Fe—e+2e—(—D]=n

® V= [ a0 -mx?dx=x[ [1-2Inx+(Inx?dx
:77[)(—2(xlnx—x)—l—x(lnx)2]T—271'f1e In x dx
=[x —2(x In x — x) + x(In x)* — 2(x In x — x)];
= m[5x — 4x In x + x(In x)*]
=m[(5¢ —4e +e) — (5)] = m(2e — 5)

1

18. @ V=r [ [(&)? 1] dyzﬂj:(enyl)dy:ﬂ[%fy]ézw{e;717(%)} =29
0 V=rf (@ -12dy=n[ (20 +Ddy=n[5—20+y],=n[(§-2e+1) = ({ ~2)]

— 2 5) _ m(—de+5)
—W(%—Zeﬁ-g)—%

19. (@ lim xInx=0 = lim f(x)=0=f(0) = fiscontinuous
x—0F x — 0F

u = (In x)?
2 du=@2Inx) & . . 2« x
) V= [ m2(Inx)? dx; PR I n<bgn6+ [g’(lnx)?hffo (;)(2 In x) dx>
X3
v=%

3

2
_ 8 2 . 3 3 _ 8(In 2)° 16(In 2) 16
W[(g)(ln2)2—(§)blilr(l)+ B 1nx—%M = [B2E 162 4 1]

1
20. V= [ m(—Inx)? dx

_ . 211 !
_W(bli,n%ﬁ [x(In x) ]bfZJ; lnxdx>

=27 lim [xInx —x], =27

b— 0"
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532 Chapter 8 Techniques of Integration

21. M:flelnxdx:[XlnX—X]::(e—e)_(o_l)zl;
MX:f]c (In x) (%) dx:%f]c (In )2 dx
=1 ([x(ln x2S -2 flelnxdx) =1e-2);

e

My:flexlnde:{xzé#]jf% x dx

=i[emx=g] =[(e-5) + i = i@
M e

therefore, X = 3 = Sl andy = M — 22
22. M= f \/ZICi_x 2 [sin! x]é =
1
M, = fﬂ_z{—vl—)@] =2
0
therefore, X = % = 2 and y = 0 by symmetry

23. L= f 1 + = dX = f ¥ X2 d |: X = tan ¢ :| —~ L= B e f-sec” 6 df

dx = sec? g df /4 tan 0

_fm" © (e ) (an’ 0 41) dgfflan " (tan 0 sec 0+ csc ) df = [sec 6 — In fesc 0+ cot 0],

T a6 /4 /4

=<m—ln‘@+%)—{\/§—ln(l+\/§)}Im—ln(@—k%)—\/——}-ln( f)

2 d 1 — oY
2oy=Inx = 1+ (&) =14x = s=2r xx/1+x2dy:>S—Zﬂfoey\/lJrezydy;[du ¢ }

u=-e’ dy
u=tan#f
du = sec? 6 df

_27r( )[secQtanH—l—ln|sec€+tan9|}‘f‘;‘;e:ﬂ-[<\/1+—e2)e+ln’\/14——624—6‘” —7T|:\/§-1—|—ln (ﬁ-}l)}
[T E i (L) - V7]

! 1
25. S=2x filf(x)\/lJr[f’(x)}de; f(x) = (1 ﬂ(z/:*:):‘/2 = [P +1=25 = S=2r f,l (1,Xz/3)3/2, \/473
2/3
_47Tf x2/3 3/2(x1/3) dx; [dllll );d_‘| — 4. _,n-f (1_u)3/2 du——67rf (1—u)3/2d(1—u)
3

—)S:Zﬂ'\flc 1+u2du;[ ] HZWf‘;:Csecﬂ.seCQQda

= —6r- 1 [(1 - = 1

26. y—flxq/\/f—ldt:>%—w/\/;—léL—fllé\/l—i—(Mﬁ—l)zdx—fllé\/l—i—\/g—ldx

_ [ _[a 16 4 5/4  4/1N\5/4 _ 124

b

27, [T - L) dx:blimmﬁb( By ) do= lim [Hn( 1) = Sinx]) = tim L &

x2+1 2X oo oo .
2 ? 2 ? a . 1 . .
= lim 1 {ln O 4D n 25‘} ;  lim ®£D > fim 2= lim b6-) =ccifa> 1 = the improper
b— oo 2 b b— oo b b—ooo P b— 0 2
T 5 1/2
integral divergesifa > L;fora=1: lim b;“ = _lim 1+ bl—z =1 = lim 1| % —In2'/?
2 2 — 00 b — oo — o0 2
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_1 1n2 (b*+1)* : b+h™ s 21 _
—§(ln17— ) 1fa<f 0< li)mOO > <bll>moo DrT _bgmw b+D*'=0

. < + 1) _ . . . 1.: . .
= bli>mOO In =— = —co = the improper integral diverges if a < 5 ; in summary, the improper integral
fl (%5 — 5-) dx converges only when a = 1 and has the value — %2

28. G(x)

b
= lim [edt=
b—oo YO

29. A f & converges if p > 1 and diverges if p < 1. Thus, p < 1 for infinite area. The volume of the solid of revolution

about the x-axis is V = f Xp Pdx =1 f
p> 5 for finite volume. In conclusion, the curve y = x? gives infinite area and finite volume for values of p satisfying

1<p<L

lim [_ % e—xt]z — lim (1,57“,) _1-0

b— oo b— oo X X

1fx>0 = XG(X)—X( )—11fx>0

< which converges if 2p > 1 and diverges if 2p < 1. Thus we want

1
30. The area is given by the integral A = | & ;

0 xP’

p=1: A:bling)+ [lnx]:’:—blin(l) Inb = oo, diverges;
p>1 A= lirr%) [X'P], =1 — bllrr(l) b'? = —o0, diverges;
p<l: A= llr% [xIP] =1 blm(l) b'"? =1 — 0, converges; thus, p 1 for infinite area.

1
The volume of the solid of revolution about the x-axisis V, = 7 % which converges if 2p < 1 or

0 Xz”

p< 5 , and diverges if p 5 . Thus, V, is infinite whenever the area is infinite (p  1).
The volume of the solid of revolution about the y-axis is V, = 7 fl h R(y))*dy =7 fl h % which
converges if % > 1 < p < 2(see Exercise 29). In conclusion, the curve y = x? gives infinite area and finite

volume for values of p satisfying 1 < p < 2, as described above.

1

00 b
3L (@ T() = [ etdi= lim [leta= gmw
(b) u=t,du=xt""'dt;dv=etdt,v=—e"

= I'x+1)= ﬁxt*e" dt = bllmm [—te™ +x fom tletdt =
(¢c) I'm+1) =nl'(n) =n!:
n=0: T(O0+1)=T() =0

—t1b .
—ely = lim [~ & - (D] =
; X = fixed positive real

lim (=% 4 0%") + xI'(x) = xI'(x)

b — o0

n=k: AssumeI'(k + 1) = k!

n=k+1:Tk+1+1) =k+DI'k+1)
= (k+ k!
=(k+1)!

Thus, I'(n +

32. (@) D)~ (2

1) = nI'(n) = n! for every positive integer n.

for some k > 0;
from part (b)
induction hypothesis
definition of factorial

) \/gandnl“(n):n! = n! %n(g)" 27” = (2)" 2nm

(b) n ()" 2nm calculator
10 3598695.619 3628800
20 2.4227868 x 108 2.432902 x 10'8
30 2.6451710 x 1032 2.652528 x 1032
40 8.1421726 x 10% 8.1591528 x 10%7
50 3.0363446 x 1064 3.0414093 x 1064
60 8.3094383 x 108! 8.3209871 x 103!
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33.

34.

35.

36.

37.

Chapter 8 Techniques of Integration

(c) n (M)"v/2n7 (2)"y/2nme!/ calculator
10 3598695.619 3628810.051 3628800
e (+) cos 3x

262X$ 1sin 3x
462X$> —Lcos 3x

9

»
-

I:%zxsin3x+2%2xcos3x—%l = %I:%(3sin3x+20053x) = I:%(3sin3x+20053x)+c

eH (+) sin 4x

363X$ —1 cos 4x
963X$ — L sin 4x

16

I:—%Xcos4x+3%sin4x—l9—61 = %I:ﬁ—z(3sin4x—4cos4x) = I:%(3sin4x—4cos4x)+C
sin 3x (+) sin x

3 cos 3x N —Cos X
—9 sin 3x$> —sin x

»
-

I=—sin3xcosx+3cos3xsinx +9] = —8I = —sin3x cos x + 3 cos 3x sin x
= [= sin3xc0sx—83t:os3xsinx +C

cos 5x (+) sin 4x

— sin 5x N—% cos 4x
—25c0s SXN—% sin 4

!

I=—1cos5xcosdx — = sinSxsindx + 21 =

= 1= § (4 cos 5x cos 4x + 5 sin 5x sin 4x) + C

— 2 1= —1cos 5x cos 4x — 2 sin 5x sin 4x

e™ (+) sin bx

ae” N — 1 cos bx

b

a%“‘$ — L sinbx

b2

'

ax ax . 2 2 2 ax .
[=—5 cosbx+ Grsinbx — 71 = (a;b>1:i—2(asmbx—bcosbx)

= I:%(asinbxfbcosbx)JrC

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

e™ (+) cos bx

ae™ N £ sin bx
a%“”$ — L cos bx

bZ

ax o, ax 2 2 2
I= S sinbx+ % cosbx — &1 = (a H’)I:

b2
= I= 255 (acosbx +bsinbx) +C

o=
—~
I
~—
>

1+224+2z2+1—22

f ,f l+z- ,f 2dz
1+smx+cosx 1 ) -
+
I+L~

ln|tan( )+1|+C

f”/z P (12+d77-) _fl 2dz __[_
o l+4sinx = Jo 1+(1 ) — Jo U+2?

/2 2dz
[Fe o B w
73 1—cosx 1/\/517(1—12) 1/y/3 22
1+L2
- 2dz
f“ﬂd_‘?_ : (1+z2 _f] 2dz
o 24cosf — Jo I—ZZ)_ 02+222+1—22
2+(1+z2
T _\/§7r
3y/3 9

- 1-72
fzu/S cos 0 df f\ﬁ <1+z2)
1 2

x/2  sinfcos @ +sinf

Chapter 8 Additional and Advanced Exercises

x+C

X
2

ffd
- 1+z

2dz
fl—ds);nx = flfl(ﬂz_z)) = (12_d§)2 = ﬁ +C= % +C

% (a cos bx + b sin bx)

=In|l+z+C

—1-2)=1

[—%]1/\/5:\/5—1

_ f] 2dz
— Jo 22+3

D=1

2

3

[tan‘1 i} Lz
0

2(1—2%) dz

—§:§m3—m:§0nJ74)

(Zdz)
f dt _f 1422 _f 2dz _f 2dz
sint—cost ( 2z _1—z2) - 2z—1+22 (z+1)2—

1422 1422

+C

tan (5) +1-
tan (§) + 1+

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.

2

; 2 f\ﬁ
2Z-28+22+22%  Jy

z+17ﬁ
z+1+\ﬁ

2
12Zz dz

|+c
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536  Chapter 8 Techniques of Integration

48 fcosldt 7‘/‘ 1+z (+z; :f _f
' ") (1+22) 1+22 (1-22) (1-§-Z2 l—t-z2 l+z2

1 —cost

1+Z
f(l+22 7 :fz2 1+29) 7fl+z2 7f fz2+1 :*%*2tan71Z+CZ*COt(%)*t+c

49. fsec&d& = fcgfﬁ = IEL) = f12d§2 (1+i)?f—z) = f1+z
1+tan(g>

1 —tan (g)

+C

=In|l4+z—In|l—z|+C=1In

50. fcsc&d&—fgme—fg%g 7f =Inz|+C=1In|tan |+ C

1+22
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