CHAPTER 7 TRANSCENDENTAL FUNCTIONS

7.1 INVERSE FUNCTIONS AND THEIR DERIVATIVES

1. Yes one-to-one, the graph passes the horizontal line test.

2. Not one-to-one, the graph fails the horizontal line test.

3. Not one-to-one since (for example) the horizontal line y = 2 intersects the graph twice.
4. Not one-to-one, the graph fails the horizontal line test.

5. Yes one-to-one, the graph passes the horizontal line test

6. Yes one-to-one, the graph passes the horizontal line test

7. Not one-to-one since the horizontal line y = 3 intersects the graph an infinite number of times.
8. Yes one-to-one, the graph passes the horizontal line test

9. Yes one-to-one, the graph passes the horizontal line test

10. Not one-to-one since (for example) the horizontal line y = 1 intersects the graph twice.

11. Domain: 0 < x < 1, Range: 0 <y 12. Domain: x < 1, Range: y > 0
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13. Domain: —1 <x < 1,Range: — % <y < 14. Domain: —oo < X < 00, Range: fg <y<
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390  Chapter 7 Transcendental Functions

15. Domain: 0 < x < 6,Range: 0 <y <3 16. Domain: —2 < x < 1,Range: —1 <y <3

¥

B y=vV1-x2=y=1-x2=2x2=1-y2 =2 x=4/1-y2 = y=vV1I-x2=f"1x)

18. The graph is symmetric about y = x.

y=5=f"(

19. Step 1: y:x2—|—1 = x2:y—1 = x=,y—1

Step2: y=+/x—1=Ff"1(x)

20. Stepl: y=x> = x:—\/_,sincexgo.
Step2: y=—/x=f"1(x)

21. Step1l: y=x*-1=x*=y+1 = x=(y+ D3

Step2: y=3/x+1=1f1x)

22. Stepl: y=x>-2x+1 = y=x—-1? = Vy=x—1Lsincex 1= x=1+,/y
Step2: y=1+/x=f"1(x)

23. Stepl: y=(x+10 = \/y=x+1,sincex —1 = x=,/y—1
Step2: y=/x—1=f"1(x)

24. Step 1: y=x2/3 = x=y3/?
Step2: y =x%2 =f1(x)
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Section 7.1 Inverse Functions and Their Derivatives 391

.Stepl: y=xb = x=y!/b

Step2: y = /x = f71(x);

Domain and Range of f~!: all reals;

f(F71(x) = (x1/9)” = x and f=1(f(x)) = (x*)"/° = x

.Stepl: y=x* = x=y*

Step2: y=*4/x=f"1(x);

Domain of f~': x  0,Rangeof f~': y 0;
f(F1(x)) = (x1/4)" = x and f1(f(x)) = (x})/* =

Stepl: y=x*41=x=y—-1 = x=(@F - D

Step2: y=%/x—1=f"1(x);

Domain and Range of f —1. all reals;
FEL(0) = (k= DYV3)’ 4+ 1= (x = 1)+ 1 =xand f1(f()) = (* + 1) — )/* = (x3)/* = x

CStepl: y=3x—-1 = ix=y+] = x=2y+7

Step2: y =2x +7 = f1(x);
Domain and Range of f~!: all reals;
f(f~1(x)) = %(2x—|—7)— % = (x—|—%) — % :xandf_l(f(x)):2(%x— %) +7=x-7+7=x

2 _ 1

. Stepl: y=2% = x = x=7

<=

Step2: y = ﬁ =f1(x)
Domain of f~: x > 0, Range of {71 y > 0;

f(f~1(x)) = = A =xand f1(f(x)) = = X since x > 0
(%)2 0 ET0
.Stepl:y—13:>x3_l:>x:ﬁ

Step 2: y———f—f 1(x);

Domain of f~!: x # 0, Range of f~!: y # 0;
F(FL() = o = & = xand £4(f(x)) = (&) 7= (1) = x

()"

. +3 _ _ _ _ 2y+3
. Step l: y =125 :>y(x—2)—x—|—3:>xy—2y—x—|—3:>xy—x—2y—i-3:>x_ny1

Step2: y = ZE =f~!(x);
Domain of f~!: x # 1, Range of f~1: y # 2;

- )3 x43)43(x-1) _ sx _ _ 2343 2(x+3)+3(x—2) _ 5x _
() = E{—”;—z 22x+3;—25x—1; =3 =xand f(f(x)) = ((x+32))_| - Ex+3§—()5—2)> =5 =X

iR

2
- Step I: Y= "5i- 3:>y(\/g_3):\/§:>Y\/;_3y:\/;:>Y\/—\/§:3y:>x:(y3%l)

Step 2: y:(x71) =f~1(x);
Domain of f~!: (—o0, 0] U (1, 00), Range of f~: [0,9) U (9, 0);

f f_1 _ ( = )2 0 (x?:xl)z _ x3f| _ 3x _ 3x __ d
( (X))—i = T Vo3 -3 W3- T3 =Xan
)
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392  Chapter 7 Transcendental Functions

33. Step 1: y:x2—2x,x§1:>y—|—1:(x—1)2,x§1$—w/y+l:x—l,x§1:>x:1—«/y+l
Step2: y=1—+/x+1=1f"1(x);

Domain of f~!: [—1, c0), Range of 1 (—o0, 1];

f ) = (1= VAT 1) —2(1 - VAT 1) = 1= 2K F T x4+ 1-242/5 5 1= xand

LX) =1— /(2 =20+ Lx<l=1—/(x=1)Ax<l=1-|x—1]=1-(1-x)=x

34. Step I: y:(2x3—|—l)l/5:>y5:2)13—1—1:>y5—1:2x3:>—y5;1 :)(3:>x:f/y—5;1

Step2: y= /X571 =f!(x);

Domain of f~!: (—o0, 00), Range of f~1:

(_
= (05 +1) = () #1) = 40 = 00 = xana

00, 00);

_ 3f [23+1)"3 —1 S 0ox3 21— 1 3
f1(f(x)) = [ 2} :*(X+2) 2127:)(
35. (@) y=2x4+3 = 2x=y—3 (b) ,
= x=3-3=fl®=5-3 S y=rw=2u+3
(C) % x:—lzz’% 712% ,_f—l()_§7§
X= y= x—y
—32 0/3 *
=372
36. (a) y:%x—|—7:%x:y—7 (b) .
= x=5y-35 = fl(x)=5x-35
df 1 odr! i el
© wler =5 Tw | Ly, =0 —
I '
37. (@) y=5—-4x = 4x=5—-y (b) .
> x=3-¥=flx=3-12
df _ df? _ 1
© =% | =71
38. (a) y:2x2 = xX = %y (b) y
= X= ﬁ VY = 1) =/3 1 v= ) =2
© L]  =4x| _ =20,
dr! 1 —1/2 _ 1 - x
dx x:so_%_ﬁx / wso 20 e e l(x):\/;
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39. (a) f(g(x) = (VX)" = x, gfx) = V/x* = x (b)
(©) f'x)=3x? = f'(1) =3,f'(-1) = 3; e
g =3x" = d)=3,¢(-D=3 L
(d) The line y = 0 is tangent to f(x) = x° at (0, 0); o
the line x = 0 is tangent to g(x) = 3. /X at 0,0) 2 -l 1 P
1k
2k
40. (a) h(k(x)) =1 ((4x)1/3) (b) y
k(h(x)) = (43 ) L
© N@w=% = N =3K-2=3 g W
K0 =307 = K@) =L K(-2) = e
: i
(d) The line y = 0 is tangent to h(x) = X; at (0,0); Ll
the line x = 0 is tangent to k(x) = (4x)1/ 3 at
0,0
df _ df-! _ 1 _ 1 df _ df! 1 _ 1
41&— 6X:>d—xxf(3>7§x:3—§ 42.d—x—2X—4§KXf(S) gxzs—g
-t _ it — il 1 _ de”t | dgt 10 _1
8w x—4 & | & oo (3) 3 MR x—=0 &l E =0 2
45. (a) y=mx = x= %y = f1lx) =
(b) The graph of y = f~1(x) is a line through the origin with slope %
46. y=mx+b = x=% -2 = f71(x) = L x — 2 the graph of f~!(x) is a line with slope % and y-intercept — 2

47.

48.

Section 7.1 Inverse Functions and Their Derivatives

@ y=x+1=>x=y-1=flx)=x-1
b)) y=x+b = x=y—-b = flx)=x—->b
(c) Their graphs will be parallel to one another and lie on
opposite sides of the line y = x equidistant from that

line.

@y=-x+1= x=-y+1 = flx)=1-x
the lines intersect at a right angle

b) y=—x+b = x=-y+b = flx)=b—x;
the lines intersect at a right angle

(¢) Such a function is its own inverse.

Copyright © 2010 Pearson Education,

Inc. Publishing as Addison-Wesley.

393



394  Chapter 7 Transcendental Functions

49. Let x1 # X9 be two numbers in the domain of an increasing function f. Then, either x; < x5 or
X1 > Xo which implies f(x;) < f(x2) or f(x1) > f(x9), since f(x) is increasing. In either case,
f(x1) # f(x2) and f is one-to-one. Similar arguments hold if f is decreasing.

50. f(x) is increasing since Xy > X; = %Xng% > %xl +%;% = % = %: = é =3

51. f(x)is increasing since x; > x; = 27x3 > 27x};y =27x* = x=1y!/? = fl(x) = ix!/%
df _ 2 a1 _ 1 _1.-2/3
=81 = G =gal =g =5x

52. f(x) is decreasing since X, > x; = 1 —8x3 <1—-8x};y=1-8x* = x=1(1— B3 = fix) = 51— x)1/3;
o ux? = I = =l =-11-x73

x dx —24x? ‘ La-oir — 6(1—x)23

53. f(x) is decreasing since xo > x; = (1 —x)° < (1 —x)y=(0-%x° = x=1—-y/? = f1(x)=1-x"3

df a1 o2 a1 _ -1 1.-2/3
x = 1 =x)7 = S5 = Sp—p A A R
. L 5/3 _ _5/3 _
54. f(x) is increasing since xo > X; = xg/ > x‘l)/ y=x"3 = x=y% = fl(x) =x7
daf _ 5 ,2/3 af ' 1 _ 3 __3,-2/5
dx — 3 X = dx — §X2'3 s — 5x2/5 T 5 X

55. The function g(x) is also one-to-one. The reasoning: f(x) is one-to-one means that if x; # X then f(x;) # f(x2), so
—f(x1) # —f(x2) and therefore g(x;) # g(xs). Therefore g(x) is one-to-one as well.

56. The function h(x) is also one-to-one. The reasoning: f(x) is one-to-one means that if x; # X then f(x;) # f(x2), so
5 7 fy - and therefore h(x;) # h(xa).

57. The composite is one-to-one also. The reasoning: If X; # Xo then g(x;) # g(Xo) because g is one-to-one. Since
g(x1) # g(xo), we also have f(g(x1)) # f(g(x2)) because f is one-to-one. Thus, f o g is one-to-one because

X1 # xg = f(g(x1) # f(g(x2)).

58. Yes, g must be one-to-one. If g were not one-to-one, there would exist numbers x; # X in the domain of g with
g(x1) = g(x2). For these numbers we would also have f(g(x;)) = f(g(x2)), contradicting the assumption that
f o g is one-to-one.

59. (goHx) =x = gf(x) =x = E)I'x) =1

60. W(a) = [ o [(f*l(y))2 - a2] dy = 0= [ 2mx[f(a) — f(x)] dx = S(a); W(1) = 7r[(f*1(f(t)))2 _ aQ] £(t)

f(a)
= 7 (€ — a?) £'(0; also S = 2760 | x dx — 27 [ xf(x) dx = [ — wf(va?) — 2 [ xf(x) dx = S'(0)
— 7CF(0) + 2mti(t) — ma’f'() — 2mti(t) = 7 (2 — a?) £/(t) = W'(t) = S'(1). Therefore, W(t) = S(t) for all t € [a, b].

61-68. Example CAS commands:
Maple:
with( plots );#63
f:=x -> sqrt(3*x-2);
domain :=2/3 .. 4;
x0 :=3;
Df := D(f); # (a)

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Section 7.1 Inverse Functions and Their Derivatives 395

plot( [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[1,3], legend=["y=f(x)","y=f '(x)"],
title="#61(a) (Section 7.1)" );

ql :=solve( y=f(x), x ); # (b)

g == unapply(ql, y);

ml := Df(x0); #(c)

tl := f(x0)+m1*(x-x0);

y=tl;

m?2 := 1/Df(x0); #(d)

t2 := g(f(x0)) + m2*(x-f(x0));

y=t2;

domaing := map(f,domain); # (e)

pl := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[1,9], thickness=[3,0] ):

p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4 ):

p3 := plot( t1, x=x0-1..x0+1, color=red, linestyle=4, thickness=0 ):

p4 = plot( t2, x=f(x0)-1..f(x0)+1, color=blue, linestyle=7, thickness=1 ):

p5 = plot( [ [x0,f(x0)], [f(x0),x0] ], color=green ):

display( [p1,p2,p3,p4,p5], scaling=constrained, title="#63(e) (Section 7.1)" );

Mathematica: (assigned function and values for a, b, and x0 may vary)

If a function requires the odd root of a negative number, begin by loading the RealOnly package that allows Mathematica

to do this. See section 2.5 for details.

69-70.

<<Miscellaneous “RealOnly”

Clear[x, y]

{ab}={-2,1};x0=1/2;

flx_ 1=0Bx+2)/(2x —11)

Plot[{f[x], f'[x]}, {x, a, b}]

solx = Solvely == f[x], x]

gly_l=x/.solx[[1]]

y0 = f[x0]

ftan[x_] = y0 + f'[x0] (x-x0)

gtan[y_] = x0 + 1/ f[x0] (y — y0)

Plot[{f[x], ftan[x], g[x], gtan[x], Identity[x]},{x, a, b},
Epilog — Line[{{x0, y0},{y0, x0} }], PlotRange — {{a,b},{a,b}}, AspectRatio — Automatic]

Example CAS commands:

Maple:

with( plots );
eq := cos(y) = x(1/5);
domain :=0.. 1;

x0:=1/2;
f := unapply( solve(eq, y ), x); #(a)
Df :=D(f);

plot( [f(x),Df(x)], x=domain, color=[red,blue], linestyle=[1,3], legend=["y=f(x)","y=f '(x)"],
title="#70(a) (Section 7.1)" );

ql :=solve(eq, x ); # (b)
g :=unapply(ql, y);

ml := Df(x0); #(c)
tl := f(x0)+m1*(x-x0);

y=tl;

m?2 := 1/Df(x0); #(d)

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



396  Chapter 7 Transcendental Functions

t2 := g(f(x0)) + m2*(x-f(x0));

y=t2;

domaing := map(f,domain); # (e)

pl := plot( [f(x),x], x=domain, color=[pink,green], linestyle=[1,9], thickness=[3,0] ):

p2 := plot( g(x), x=domaing, color=cyan, linestyle=3, thickness=4):

p3 := plot( t1, x=x0-1..x0+1, color=red, linestyle=4, thickness=0 ):

p4 = plot( t2, x=f(x0)-1..f(x0)+1, color=blue, linestyle=7, thickness=1 ):

p5 = plot( [ [x0,f(x0)], [f(x0),x0] ], color=green ):

display( [p1l,p2,p3,p4,p5], scaling=constrained, title="#70(e) (Section 7.1)" );
Mathematica: (assigned function and values for a, b, and x0 may vary)
For problems 69 and 70, the code is just slightly altered. At times, different "parts" of solutions need to be used, as in the
definitions of f[x] and g[y]

Clear[x, y]

{a,b} ={0,1};x0=1/2;

eqn = Cos[y] == x'”

soly = Solve[eqn, y]

flx_] =y /. soly[[2]]

Plot[{f[x], f'[x]}, {x, a, b}]

solx = Solve[eqn, x]

gly_] =x /. solx[[1]]

y0 = f[x0]

ftan[x_] = y0 + f'[x0] (x — x0)

gtan[y_] = x0 + 1/ f[x0] (y — y0)

Plot[{f[x], ftan[x], g[x], gtan[x], Identity[x]},{X, a, b},

Epilog — Line[{{x0, y0},{y0, x0}}], PlotRange — {{a, b}, {a, b}}, AspectRatio — Automatic]

7.2 NATURAL LOGARITHMS

1. (a) 1n0.75:1n%:1n3—1n4:1n3—1n22:ln3—21n2
(b)) ng=In4-In9=In2>-1n3*=2mI2-2In3
(c) ln%:lnl—an:—an (d) ln€/§:%1n9:%ln32:%ln3
(€) n3y2=I3+m2/2=In3+1n2
() n\/135=4In135=4{Im% =1 (In3*-n2)=13In3-1n2)

2. (@ Ingz=In1-3In5=-31In5 (b) n98=InL=mIn7"-In5=2In7—In5
© In7y/7=72=3In7 d In1225=1In352=2In35=2In5+2In7
(© M0056=In % =In7-In5=m7-3In5 () Wi _msihimi_1
3. (a) Insin@ —In (¥2%) —1n<(sgi¥>> =In5 (b) In(3x* — 9x) +In (%) :1n(3X23—;9X) =1In(x —3)

© @) —m2=In 4 —In2=I22 —In2=1In (%) — In ()

4. (a) Insecd +1Incosf =1In[(secO)(cos )] =In1=0
(b) In(8x+4) —In2> =In(8x+4) —In4 =In (24) =In@2x+ 1)

© 3mVe—T-ln@t+)=3mE -1 e+ =31)In@E@-1)—Int+1)=1n (%)
—In(t—1)

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



10.

11.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

Section 7.2 Natural Logarithms

y=In3x =y =(5)3 =1 6. y=Inkx = y = (&) =1

y=h(®) = ¥=(3)ey=2 8. y=In(t2) = &= (L)(30P) =2
y=In3=mn3x" = g_i* (35) (-3x72) =1

y=lh¥=mn10x"! = £ = () (-10x2)=-1

y=ln@+1 = &= (1) D=7 12.y=InQ20+2) = $ = (555) @ =7
Sy =k = G = () (%) =3 14y = (nx)? = & =3(nx?- & (nx) = 202

y=tnt? = L=t +2tnt)- L (nt)=(nt)? + 2 = (Int)> + 2 Int

y=t/Int=tno"? = ¥ =02+ Ldn o2 & (ny = (n /2 4 @0
=02+ spbes

4 4 3
Inx—% = C=x*Inx+%-1 % =xInx

IS

y =
y=xhx)'"= = 4(x2In )()3()(2 14 2x1Inx) = 4x°(In x)* (x + 2xIn x) = 4x"(In x)*+8x (In x)*

dy _ H(H) =) _ 1—ing

__Int dy __ t

Y= = dt — 2 2
1

_ 1+Int dy _ (D) -Q+moM® e Ind
y= t = dt t2 - t2 - t2

_ _nx p_ Ul ()—tno ()  y+55-8%
Y=1Ttmx = Y = A+ Inxy? = TOtmx? T xU+hx?

— xhnx o (I+Inx) (lnx+x~%)—(xlnx)(%) _ (Q4+lx’-Inx _ ] — —Inx
Y= T5mnx y = (1+1n x)? = T a+mxZz T+ Inx?

y=Innx) =y = (53) (5) = 70z
y= In (111 (111 X)) = y/ = ln(lln X) ) % (ln (ln X)) = ln(lln X) ) ﬁ ) % (111 X) = x (In x)lln(ln X)

y = 0[sin(In 6) + cos (In §)] = & = [sin(In #) + cos (In )] + & [cos (In ) - § — sin(In O) - 1]
= sin(In #) + cos (In 8) 4+ cos (In 8) — sin (In #) = 2 cos (In 6)

_ dy _ secftanf+sec’d __ secB(tanf+sech)
y—ln(SGCH—l—tan 0) = do — sec 6 + tan 0 - tan 0 4 sec 6 = sec 0

_ 1 _ 1 ;1 1 1 . 2x+D+x . 3x+42
y=hh ——=-hx-—shx+1) =y =—4 2(x+l)_ Ro+D  mGFD

y=imi2 = lind 40— -x] = vy =1 [ - (5) 0] = § [E502] = s

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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398  Chapter 7 Transcendental Functions
_ 141 dy _ (-lnp(}) —d+mp (L) L-_myplypbme o,
29. y= ltlE: = di}tl - (1 —1Int)? - (l—lnt)2 T t(1-1Int?
30. y = /In/i= () o = L nd2) 74 (nd/2) = L (nd2) T g (02
— 1 (Int'/2 1/2 I I VO |
2 ( ) /2 2 m /ln\/E
31y =In(sec(In0)) = § = g - & (sec(In f)) = *QLILEAD . & (In ) — 2o

32.

33.

34.

35.

36.

37.

39.

41.

42.

43.

44.

S

y=1In 7vlsi+“201°n°;9 =1 (nsinf+1Incos) —In(1+2In6) = & — 1(exb_ sinb) _

:%[cotﬁ—taHG—é}

1+2In6

8(1+21n0)

2 5
Y:ln(xlﬂ))(> 5In (x? +1)77 In(1 —x) = vy _Xs‘ixlié(l

1 _ 10 1
—x) (=D = x2+X1 + 2(1 —x)

y=In /&0 = L5+ D - 20l +2)] = ¥ = § (57— 2%) = § [ 5250

_ 5| __3x+4+2
= T2 |G+ DE+2)

2

y:fxz/zln\/idt = g—i:(ln\/x2)~%(xz)—(ln %)-di(’g)—2xln|x|—xln\‘;|E

VX . )
:f\/; ntdt = = (Iny/x) - & (vVx) — (Inv/x) - & (Vx) = (In /%) (3x7°) = (In /x) (5x712)
_ In{/x In /X
= e T A
f::%dx:[1n\x|]:§:1n2—1n3:1n§ 38. fﬂx —[ln3x—2)]°, =n2—In5=1In2
J 25 dy=nnl|y> 25/ +C 40. [ 8 dr=1nl4r2 =5/ +C

j: sint_ dt = [ln|2—cost|]g:1n3—lnl:ln3;orletu:2—cost = du=sintdtwitht=0

2—cos t

3
S u=landt=7 = u=3 = [ 2 dt= [ Tdu =[nfu} =3 -In1=1In3

0 2—cost u

3 4 ing /3 1 .
j; a4 =[In |1 —4cosf]])" =In|l =2| = —In3 =1In5;0rletu=1—4cos = du=4sin6df

-1
With9 =0 = u=—3and9=2 = u=—1 = [ 40 g9~ [ "lau —[nfu]f=-In3=1In1

Letu=Inx = du=1dx;x=1 = u=0andx=2 = u=1In2;

[Fmx gy = [ 2udu = 2] = (n 2)?
1 X —Jo - -

Letu:Inx:>du:%dx;x:2:>u:1n23ndx:4:> In 4
4 In4
[ = [ ldu=[nul =In(n4) ~In(n2) = In () = ('“22)— In2) — In 2
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51.

52.

53.

54.

55.

56.

57.

Section 7.2 Natural Logarithms

Letu=Inx = du=1dx;x=2 = u=In2andx=4 = u=In4;

4 In4
dx -2 1o, 1 1 1 1 1 1 _ 1
j;x(lnx)z_ﬁnzu du_[ u]lnz_ mi T hme = w2 th2= " 2m2 T2 3m2— W4

Letu=Inx = du:%dx;x:Z = u=In2andx =16 = u=1n16;

f;shyﬁ 1 [ ez au = W) = Vin 16— Vin2 = V42— Vin2 = 2/In2 - v/In2 = /in2

n2

Letu=6+3tant = du=3sec?tdt;
3 sec’t dtffdu—“:ln\u|+C:1n|6+3tant\+C

6+3tant

Letu=2+secy = du=secytany dy;
fsecy‘a”ydy:fd—u“:1n|u|—|—C:1n 2 +secy|+C

2+secy

Letu:cosg:>du:—lsin5dx:>—2du:sin%dx;x:O:>uzlandx:géu:%;
/2 /2 /\[

j; tan%dx:j; zglzd fl [21n|u|]‘/f 21n\[_21n\/§:1n2
Letu:sint:du:costdt;tzgéu:%andt:géuzl;

/2 /2 1

_ _ du __ 1 _ 1

fmcottdt—fmCs?—]ft‘dt—fl/ﬁv—[ln|u|]1/\/§—fln%—ln\/§
Letu:singédu:lcosgdé’é6du:2005gd9;0:%ﬁu:%and@:wéu:é,

™ T V3/2
fW/ZZCotgdG:f zcos’dﬂ 6 d—“:6[ln|u|]‘[/2—6< ﬁ—ln%):6ln\/§:ln27

/2 sin 3 1/2 u 1/2

Letu=cos3x = du= —3sin3xdx = —2du=6sin3xdx;x=0 = uzlandx:% = u:%;
/12 r/12 1/v/2
6uan3xdx = [ G2 o= -2 [T = 2 fu)){"? = 210 L —In1 =212 =12

J s = [ sptgietn=14 V5 = du=ghan [t = [ & —mpl+C
=In|l1+/x|+C=In(1+x)+C

Letu =secx +tanx = du = (sec x tan x + seczx) dx = (sec x)(tan X 4 sec x) dx = sec x dx = %;

gt = [ = [anw 2 L du =200 w2 4 € = 2y/Insec x + @nx) + C

y=xx+D=xx+1)"? = hy=hExx+1) = 2hy=h&x+hx+1) = ZTY':%—%
_ VXD Ex+D . ax41
=y = (’) VX(x + )( +le) T 2\/X(I+l)

y=EFx-1? = Iny=1[n (2+1)+21n(x—1)] = L=1(Er+)

o X 1 - Xox+x24+1] _ 2% —x+1)|x—1]
=y =VE+) - (E5+ ) =vVE+ -2 { x2+1§(x—+l):| TV D)

1/2
y=yi =) = my=tni—ma+ D] = L¥ =L (1- L)

dy _ 1 1 1)y_1 t 1 _ 1
= @ =3y G- =3y [mn)} = 2iar e
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58. y= /i = [tt+ DI = Iny={nt+ e+ D] =  F=—1(1+ )

jﬂf,l 1 2e+1 | 2t+41
d = 2\ D [WtHD | T 2@

59. y=0+3(sin0) = (@ +3)"2sinf = lny=1In(0+3)+InGsing) = I P = 5ls+f
N NI CY) {m—kcot&}

60. y = (tan6) /20 + 1 = (tan )20 + D> = Iny =In(tan ) + 1 In (20 + 1) = 5% =204 (3) (529)
= § = @ 0) V201 (357 + ) = (sec?0) V20 + 1+l

_ _ 1 dy __
6l. y=tt+1)(t+2) = Iny=Int+In(t+ 1) +In(t+2) = yd—f_—+[+—1+l+—2

= Q=tt+ D) (2 + L+ L) =+ D +2) {“““‘””‘“””‘“”} =3t 46t +2

t+1 e+ 1)(t+2)

— 1 — 1dy _ 1 1 1
= dy _ 1 [_l _ 1 1 ] _ -1 t+ DA+ +tt+2)+ut+1)
dt T ot(t+ D(t+2) t t+1 t+21 T tt+ D(t+2) tt+ D(t+2)

324 6t42
(88 + 32 421)°

63. y= b5 = Iny=In@+5) —In6 —In(cos ) = 1 ¥ = zlo — 4+ M8 & — () (71 — 1 4 tan 6)

64. y = 9%2 = Iny =In6+In(sin §) — % In(sec §) = %% = [% 4 cosf —(Seczi)e(cta;%]
dy __ Osind 1
= o= \/SS? (% +cot§ — 1 tan )
65. y=2204 = Iny=Ix+imn(E+) -2+ = L =14+ 25— 22
_oxvx2+1 |1 X 2
=y = G+ |Xx TX+1 T 3x+D
X 10 /
66. y = /5y = Iny =3[0+ 1) -5mQx+ D] = L= 25— 52+
S VR 5
=y = (;x+1)5 (x_ﬂ_ 2x+1)

67 y=y/%2 = my=1x+hx-2-mx+1)] = L=1(14+ 1 -2

1 13/xx=2)(1 1 2x
=y -3 x2+1 (;+x72 _x2+1)

68. y= % = Iny=1[nx+Inx+1D+In(x—2)—In(x*+ 1) — In(2x + 3)]

r_ 13 x(x+1)(x 2) 1 1 2x 2
=y =3 I x13) (3 +x+l+x—2_x2+l_2x+3)

69. (a) f(x)=In(cosx) = f/(x) = — X = _fanx =0 = x = 0; f'(x) > 0 for — 7 < x < Oand f'(x) <0 for

COS X

0<x<Z = thereis arelative maximum at x = 0 with f(0) = In(cos 0) =In 1 = 0; f (— §) = In (cos (- §))
=1In (%) =—1In2andf(§) =1In(cos (5)) =In 3 = —In 2. Therefore, the absolute minimum occurs at

x = § with f (%) = —In 2 and the absolute maximum occurs at x = 0 with f(0) = 0.
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71.

72.

73.

74. V

75.

76. V

77.

78.

79.
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(b) f(x) =cos(Inx) = f'(x)= =180 = = x=1;f'(x) >0for i <x < landf'(x)<Oforl <x<2
= there is a relative maximum at X = 1 with f(1) = cos(In1) = cos 0 = 1; f (%) = cos (ln (%))
= cos (—In 2) = cos (In 2) and f(2) = cos (In 2). Therefore, the absolute minimum occurs at X = % and
X = 2 with f (%) = f(2) = cos (In 2), and the absolute maximum occurs at x = 1 with f(1) = 1.

(a f(x)=x—Inx = f'x)=1-— % ;if x > 1, then f'(x) > 0 which means that f(x) is increasing
b f)=1-Inl=1 = fx)=x—Inx>0,ifx > I bypart(a) = x >Inxifx > 1

5
fls(ln2x—lnx)dx:f](—lnx—|—ln2—|—1nx)dx:(ln2)f]5dx:(ln2)(5—1):1n24:ln16

0 /3
A= fim—tanxderfO tanxdx:f —sinx —f =SinX dx = [In \cosx\] . [In |c0sx|}g/3

m/4 COSX COS X

=(n1-md)—(ni-mn1)=Iny2+n2=3n2

3 2
V:rﬁ) (\/%) dy =4r | y+1 dy =4n[In|y+1|]) =4n(In4 —In 1) = 47 In 4

_’R'f COthX_’]Tf cos x dx—w[ln(smx)]ﬂ/e,—W(lnl—ln%) =7ln2

/6 sinx

2 2
V=27 x(3)dx=2r fm% dx =27 [In[x[]3, =27 (In2—In}) =272In2) =7 In2' =7 In 16

_Wf( )dx—277rf dx = 277 [In (x3 + 9)]; = 277(In 36 — In9) = 27x(In 4 +1n 9 — In 9)
—277r1n4—547rln2

(a) y:"—z—lnx = 1+(y’)2:1+(§—%) —1+(X2_4) :(Xi—i‘l)z = L:LS\/lﬁ-(y’)de

= [(ax= (34 ax= [X§+1n\x|]4 B+In8) —Q2+In4)=6+1In2
2

2 2 s \2 ) 2
b x=() -2m(}) = E=3-2 = 1+(%) =1+ (3-2) =1+ (55"°) = (%)

401

12 2 12, 12 12
L= 1+(g—;) ay= [ Lregy— | (§+§)dy:[§+21ny]4 —(©9+2In12)— (1+21n4)

=8+4+2In3=8+1n9

2
L:ﬁ1/1+%dx = %:l = y=In|x|+C=mIhx+Csincex>0 = 0=In14+C = C=0 = y=

X

@ M =[x @ as=tm= [13) () ax=4 [Tha= [ 4T = hM= [l ac= )i = m>
@i:%:ﬁzlﬁlandy—%:@%o-%
(b)

y

1
y=3

1+ YEX
[ ]
(1.44, 0.36)

0 1 2
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80. @) M,= [ ( )dx_fl xV/2 dx = 3

[SS118)
Q
._“’.
—
D
|
N
»
=
Il
—
VS

— 1 fx]P =mam=[" 1dxf[2x1/2] —6 = X=r—7andy= — Ind
16
_ _ -3/2
() M f ( )(W>dx_4ldx_60M .( )( )( )d_2f]x/dx
_1/2716 16 M,
=—4[x 2] =3 M= 1(%)(\/—)&_4]‘ lax=[4mnx]]°=4In16 = X =3 = 13 and
c_M _ _3
Y=M T nie
81. f(x) = In(x*> — 1), domain of f: (1, 00) = f'(x) = %;f’(x):0:3)(2:O:>x:0,notinthedomain;
f’(x) = undefined = x> — 1 = 0 = x = 1, not in domain. On (1, ), f/(x) > 0 = fiis increasing on (1, 00)
= fis one-to-one
82. g(x) = v/x2 + Inx, domain of g: x > 0.652919 = g'(x) = CSE S ;2'(x) =0=2x>+1=0 = noreal

2v/x2+Inx 2xv/x2+Inx
solutions; g’(x) = undefined = 2xv/x> + Inx = 0 = x = 0 or x = 0.652919, neither in domain. On x > 0.652919,
g’'(x) > 0 = g is increasing for x > 0.652919 = g is one-to-one

83. dy*14— cat(1,3) = y=x+Inx[+Cy=3atx=1 = C=2 = y=x+In[x[+2

84. %:seczx = g—i:tanx—i—Candl:tanO—i—C = g—i:tanx—i—l = y:f(tanx—i—l)dx
=In|secx|+x+Ciand0=1Insec0|+0+C; = C; =0 = y=In|secx|+x

85. (a) L(x) = f(0) + f'(0) - x, and f(x) = In(1 + x) = f'(X)| _, = 1= =1=Lx=hl+1-x = LKx) =x

1+x
(b) Letf(x) = In(x + 1). Since f”(x) = ——L— < 0 on [0, 0.1], the graph of f is concave down on this interval and the

(x+1)
largest error in the linear approximation will occur when x = 0.1. This error is 0.1 — In(1.1) & 0.00469 to five
decimal places.

(c) The approximation y = x for In (1 + x) is best for smaller y
positive values of x; in particular for 0 < x < 0.1 in the Rk y=x
graph. As x increases, so does the error x — In (1 + x). 04
From the graph an upper bound for the error is o /y SIn(x+1)
0.5 —In(1 +0.5) =~ 0.095; i.e., o
0 < x < 0.5. Note from the graph that 0.1 — In(1 + 0.1) e
~ 0.00469 estimates the error in replacing In (1 4 x) by ol
x over 0 < x < 0.1. This is consistent with the estimate
given in part (b) above. oo oy od o X

86. For all positive values of x, 1 [In2] = 3. -4 = —land {[lna—Inx]=0—-1=—1 Since In} and Ina — Inx have

the same derivative, then In 2 o= Ina — In x + C for some constant C. Since this equation holds for all positve values of x,
it must be true forx = 1 = ln% =Inl-Inx+C=0-Inx+C= ln% = —In x 4 C. By part 3 we know that
ln% =-Inx=C=0=1In{=Ima—-Inx
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/ __  COSX : .
87. (a) ) (b) ¥ = 25 Since |sin x| and |cos x| are less than

or equal to 1, we have fora > 1
i <y < ﬁ for all x.

Thus, lim y’ = 0 for all x = the graph of y looks
y=1In(a+sinx) a—+o00

more and more horizontal as a — —+ oo.
.
NN

N \/ Yo
\/ / \/

88. (a) The graphof y = \/i — In x appears to be concave
upward for all x > 0.

—_———— N

o — RN RS

=1

(b) y=+x-Inx = Y=55"% = y”:—ﬁ+x%:x%(f§+1):o = /x=4 = x=16.
Thus, y” > 0if 0 < x < 16 and y” < 0if x > 16 so a point of inflection exists at x = 16. The graph of
y = \/§ — In x closely resembles a straight line for x 10 and it is impossible to discuss the point of

inflection visually from the graph.
7.3 EXPONENTIAL FUNCTIONS

. (@ e %'=27 = Ine % =mn3 = (-03t)lne=3In3 = —03t=3In3 = t=—-10In3
(b) =4 = Ine"=mI2!'=ktlne=—-In2 = t=—12

(©) eV =04 = (e"0?)' =04 = 02'=04 = n02'=In04 = th02=1n04 = t= 1004

2. (@ e *M=1000 = Ine "' =1n1000 = (—0.01t)Ine=1In1000 = —0.01t =In 1000 = t= —100 In 1000
(b) =% = Ine=In10""=ktlne=—-In10 = ki=—1n10 = t=— 10

k
© el=1 o (M) =271 =5 20=2"1 = (=1

3. eVi=x2 = neVi=Inx? = /i=2Inx = t=4(Inx)>

4. et — gl = Tl —et o IpeX Tt —Jpet = t=x2+2x+1
5 yze S oy e (50 5y = -5

6. y=en? = y =3 L () oy 2623

7. y=eT oy =N L5 _Tx) = y = 75

8. y=el/xt) o y = e(V/xix) L4/x+x%) =y = (i +2x> e (/x+x?)

9. y=xe*—¢* = y = (e* +xe*) — e* = xe*
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404  Chapter 7 Transcendental Functions
10 y=(1+2x)e™ = y =22+ (1+2x)e > & (-2x) = y =2 —2(1 +2x)e > = —4xe
1. y=(x>=2x+2)e* = y =(2x —2)e* + (x> = 2x +2) e* = x%e*

12. y = (9x® — 6x +2) e = y' = (18x — 6)e®* + (9x2 — 6x + 2) e* % (3x) =y = (18x — 6)e** + 3 (9x? — 6x + 2) e

— 27)(2 3x
13. y=¢e%sin @ 4 cos §) = y' = e’(sin @ + cos 0) + e’(cos § — sin §) = 2¢’ cos

14. y=In(30e”’) =In3+mf+he’=m3+m—0 = L =1-1

15. y = cos (e’gz) = % = —sin (e’gz) & <e’02) = (— sin (e"’ﬂ)) (6’62) £(—60%) = 20e=% sin (e’ez)

16. y = 0% ¥ cos 50 = & = (36) (7% cos 50) + (6% cos 50) e 2 & (—20) — 5(sin 50) (§%e~*)
= 0%2e27 (3 cos 50 — 20 cos 50 — 56 sin 56)

17.y=In(Bte™) =3 +Int+he'=m3+ht—t = ¥=1_1=1=t
18. y=In(2e 'sint) =In2+Ine ' +Insint=1In2 —t+Insint = ?Ty:_l"‘(sin) d(sint) = —1 + !
_ cost—sint
sin t
19. y:ln—lfeg:lneg—ln(l—}—e&)zﬁ—ln(1+e‘9) = jz: —(ﬁ)%(l—kee):l—%:li—eg

20, y=t = o-m(1+v0) = &= (L) & (Vo) - () & (1+V9)
1 1 1 1 1+V6) - Vo 1 1
- (W) (m) B (1+\/5) (ﬁ) - (29(1+)\/§) - 260 (1+/9) ~ W17

21. y = e(costHn t) @cost o Int _ — teost — gl_}t’ — ecost + tecost %(COS t) _ (1 _ tsin t) ecost

22, y=e"(Int®+1) = % =e"(cost) (Int? + 1) + %eSi‘“ gsint [(ln 2 4+ 1) (cos t) + %]

In x
23. fo sine'dt = y = (sin eh”‘) .4 —(Inx) = sinx

er
24y = [isntdt =y = (Ine?) - & (@) = (InetV™) - & (V8) = @20 (262) = (4%) () - & (4V)
= dxe® — 4, /xe*Vx <l> = 4xe? — 8etVx
/5
25. Iny=¢sinx = ( )y = (y'¢¥)(sinx)+e¥cosx = ¥y (— —eY smx) =¢eY cos X
1 —yeY sin x ye¥ cos X

r(lzyelsinx ) _ .y ~ T—yersinx
N y( : )_e cosx =y = 50

26. Inxy =e*"Y = Inx+Iny =" = +( )y =(l+y)e?y = y’(%—e"*y) =ty -1

X
1 1—ye _ oxetty—1 r_ y(xerty—1)
-y ( y ) oox = Y = Xye)
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35.

36.

37.

38.

39.

40.

41.

42.

43.

44.
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e = sin(x + 3y) = 2e* = (1 +3y’) cos (x + 3y) = 1 + 3y’ = cos(x+3y) =3y = Cos(zxei?ay) —l=y = 423?;:‘(’;3‘;;;”
tany =e* +Inx = (sec’y)y =e*+1 = y = 7(Xex+i)c"52y
f(e3x +567X) dx = e3j —5¢ X4+ C 30. f 72x dx = 2e* + 3 672)‘ +C

In3 n3 _ n3 _ 2 L —x10 0, .2
ﬁnze"dXZ [y, =¢e"> —e"*=3-2= 32. f_mze Ydx=[-e ¥ ,,=—¢e'+e"=—-14+2=1
fge(xH) dx = 8¢t 4+ C 4. fze(ZX—l) dx = e 4 C

S ax = oL = 2[e2 et E] <2 (eh? %) =23 - =2

In 16 o </41In16 n _ n — —
Jo e ax = [4ex4] 10 = 4 (M9 — ) =4 (M2~ 1) =42~ 1) =4

Letu=r"/? = du=1r12dr = 2du=r"1%dr

Sidr= [ rifdr=2 ferdu=2e +C= 2" 4 C=2eVT 4 C

Letu= —rl/? = du:—%r’l/2 dr = —2du=r12dr;

-Vr _ /2 —1/2 _ _ —rl/2 _ —\/r
f"Tdr—fe -T /dr——2fe“du——2e +C=-2eVi4C

Letu=—t* = du=—2tdt = —du=2tdt
f2te_‘2dt:—fe“du:—e“—|—C:_e—tZ+C

Letu=t! = du=4dt = ldu=1dg

ftSe‘ dt = fe du—4e +C

Letu—%:> u:——dx:> du—lzdx
f”x f u=—e"+C=—e/*4+C
Letu=—x2 = du=2x3dx = %du:x_?’ dx;

fﬁm dx_f Xﬁz-x‘?’dx:%fe“du:%e“+C:%e— +C=leMycC

Letu=tanf = du=sec’6df;6 =0 = u:0,9:§ = u=1;

foﬂm(l + ') sec? § df = foﬂﬂseeQ 6 do + e du = [tan 0]3/* + [e"]} = [tan (Z) — tan (0)] + (¢! —¢?)

=(1-0)+E-D=e

Letu=cotf = du:—c5029d0;9:§ = uzl,@z% = u=0;
/2 /2 0
fﬂ/i (1+et?) csc? 6 df = j;r/i cs029d9—f] e du = [—cotﬁ]yi— [e']) = [~ cot (§) +cot (Z)] — (" —e)

—O0+Dh-(1-e)=e
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45. Letu = sec mt = du = 7 sec 7t tan 7t dt = d—“ = sec 7rt tan 7t dt;

f e (Mgec (1rt) tan (rt) dt = f eldu=¢% + C=

esec (7t)

+C

46. Letu=csc(mr+t) = du= —csc(m +t) cot(m + t) dt;
fecsc (mt¢sc (7 + t) cot (7 + t) dt = —fe” du= —¢"+C = —essc(mt) 4 C

™

47. Letu=¢"' = du=¢e'dv = 2du=2"dv;v=Ing = u=¢,v=In§ = u=7;

fhlln(:;g 2e¥Vcose’ dv =2 fT/z cos udu = [2 sin u] ?6 =2 [sm (%) — sin (%)] = 2( — %) =1

48. Letu=¢" = du=2xe* dx;x=0 = u=L,x=+Inm = u=¢e"" =,
f\/lnfr
0

2xe’ cos (e"2) dx = flﬂcos udu = [sinu]] = sin(m) — sin(1) = —sin (1) =~ —0.84147
49. Letu=1+4+¢" = du=e"dr
f1+erdr_f du=lnfu/+C=In(1+¢")+C

50. [ dx= [0 dx

letu=e*+1 = du=—-e*dx = —du=e*dx;
[ dx=— [ldu=-Infu/+C=-In(e*+1)+C

51 %:e‘sin(e‘—Z) = y:fe‘sin(e‘—Z)dt;
letu=e'—2 = du=e'dt = y:fsinudu:—cosu—l—C:—cos(e‘—2)+C;y(ln2):0

= —Cos (61“2—2)+C:0 = —cos(2—2)+C=0 = C=cos0=1;thus,y =1—cos(e' —2)

52, W —etsec? (met) = y= fe" sec? (me™") dt;

letu=me™ = du=—me'dt = —ldu=e'dt = y——lfsec udu=—Lltanu+C
:—ltan(ﬂe_‘)—l—C;y(ln4)—% = —lwan(re™)+C=2 = —Llwan(r-§)+C=2
= -1 +C=2 = C=3;thus,y =2 — Ltan(ne™)

53 8y —2e = ¥ o 2e 4 Cix=0and ¥ =0 = 0=-2"+C = C=2;thus & = —2e 42

= y=2*+2x+C;;x=0andy=1 = 1=2"4+C; = C;=-1 = y=2e +2x—1=2(*+x)—1

54 9y e o ¥l Ci=1and¥ =0 = 0=1-1e?+C = C=1le?—1;thus
Yot—ledtled—1 = y=12-1letyt(le —1)t+c1,t=1andy:—1:—1:%—§e2+%e2—1+c1
S Ci=-h-ie s y=le- i@ (1 - )i- (14 1e)

55. y=2" = y/ =2In2 56. y=3* = y' =3*(In3)(-1) = =3 In3
— s 1— — nS s

57. y=54 = ¥ =543n5)(} 1/2)_(2—ﬁ)5f

2

58. y=2" = ¥ =2"(n2)2s = (In2?) (sZS = (In 4)s2%’

\_/
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59.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

7.

78.

Section 7.3 Exponential Functions 407

y=x =y =mx"" 60. y=t"* = ¥ =(1-eprt*

y = (cos 0)V2 = % = \/ 2 (cos 9) (sm 0)
y=(nfy = & —x(n @)= () = 1Y

y=7*"In7 = gg = (7 In 7)(In 7)(sec 6 tan 0) = 7°’(In 7)* (sec 6 tan )

y=3"]n3 = g—g = (3“ In 3)(In 3) sec® = 3“**(In 3)? sec? §

y =203 = Cg = (2% 1In 2)(cos 3t)(3) = (3 cos 3t) (25"*) (In 2)

y =5 = ¥ = (572 5)(sin 20(2) = (2 sin 2t) (5-°**) (In 5)

_ (1 +6In3) dy _ (1
y=log; (1+60In3) =522 = d_z_(ﬁ)(l+91n3)(ln3) 1+91n3
! Inx® _ 1 nx _ 71 _ 3
y_ﬁ+&§_ﬁ+2ﬁ_3lgﬁxjy,_xln4

__ xlIne Inx _ X Inx __ 1 1 1y _ x—1
Y= 125 " 25~ 25 25 (21n5) x—Inx) = y'= (2ln5) (1- 2) = %5

— 3 _ (3(Imx\ _ 1 x3 3.1 2 _ 2Inx __ 2
y—xloglox_x(lnlo) mX Inx=y' = 1(X x +3x Inx) = 1nloX + 3X 1m0 1n10X + 3x7logjo X

_ _ (Inr Inr\ _ In%r dy __ 1 1\ _ 2Inr
y = logsr-logy r = (ﬁ) (ﬁ) = @maan9 — @ — [(ln3)(1n9):| (2Inr) (F) = n 3)(n9)

X In3 n n x+1
y = log, ((xtl)m) _ In (349) _ (In3)1 (xfl) :ln(it%) —Inx4+1)—Inx—1)

x—1 In3 In3
1 1 -2

dy _ _ =2
= &= x+1 x—1 7 x+Dx-1)

- ) In (-2x)(3)/2 1
y=togs ()" =toss (5732) " = M = () [ M2 = 4 (57)

_ 1 1 dy _ 7 3 _ (Bx+2)—-3x __ 1
=;ITx=5InGx+2) = T =357 ~ 3573 = 2o D — 1D

y = 0 sin(log, 0) = 0 sin (2£) = g—g = sin (I2£) + ¢ [cos (I2£)] (725) = sin(log, 6) + = cos (log; )

_ sinfcosf) __ In (sin 8) + In (cos 6) — In e? — In 27 _ In(sin@)+1In(cos @) —0—61In2
y_]0g7 ( ef20 )_ In7 - In7

dy _ _ cosf sin 0 1 W2 _ 1
= 3= GnOnT  ©oshHinT) W7 7 — (1n7) (cotl —tan§ — 1 —1In2)
— 10 X = In e* — _X = r_ 1
y 810 10 — W10 Y T o
yo e (2o 59) (055 +51) = (05) (Cgus) _ 5'In 5@ —logs )@ 5+ 1) + 5
2 —Tlogs @ 2-hg (2,%)2 In 5(2 —logs §)*
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79. y = 310th — 3(]n()/(]n2) = % — [3(lnt)/(ln2)(ln 3)] (tliz) — % (10g2 3) 3logat

) — 3 _ 1
tln T t(nt)(n8) ~ t(Int)(In 2)

_ _ 3n(ogrt _ 3In(}) dy _ (3 1
80. y =3 logs (log, t) = nln08g In8 = cT}t, - (ﬁ) [(In 0/(In 2)} (

81. y = log, (8tn?) = WS _ 3m2tn2iny _ 34 1qq o & 1

In2 In2 dt t
thn ((e'“) Sim) tln (3n) t(sin H)(In 3) d
— — _ — tqi dy ;
82. y= 3 =3 = o3 =tsint = dl—smt—i—tcost

83. [5dx= 2 +C

84. Letu=3—-3*=du= —3"ln3dx:>—idu:3"dX'
In|3 — 3¢
f3 3de— ln3f du = ln31n|u|+c_ ‘13 +C

! ! ak 1 L
85. j;z,g dezj; (%)9(10: [15 )})>] = lné) 1n(§) = mé) = mi-m2 — ﬁ

0 2
0 _ " n _ (%)9 _ 1 (3) _ 4 _
86. f725"d0_f (5) do = |fn(§) _2_1“(%)7 ln@) (%) (1-25 = mI-3 = in3
87. Letu=x%> = du=2xdx = %du:xdx;x:l = uzl,x:ﬁ = u=2;
V2 » 2 .
[ ax= [ 2 du= L [E]] = () 22 -2) =

88. Letu =x!/? = du—— x~12dx = 2du—d7x— x=1=u=1,x=4 = u=2;

4 5 4 12 _ u+ 2
D= [l ta=n [Trde= 3] = () 002 =

89. Letu=—cost = du=—sintdt = —du=sintdt;t=0 = u=1,t=

2 . 0 u
j; 7% sin t dt = —fl 7" du = [_ 1Z_7]? = (ln7) (70 7= %

B!
I
[
I
2

90. Letu=tant = du =sec’tdt;t=0 = u:O,tzg = u=1;

[ et [y an= [ G5 - [0 - 0] = s

91. Letu=x* = Inu=2xInx = 1 ¥ =2Ix+@2x) () = ¥ =2ulnx+1) = 1du=x*1+Inx) dx;
x=2=>u=2'=16,x=4 = u=4% = 65,536;
[t amoax=1 [0 qu= 1) = 165,536 — 16) = 552 — 32,760
, X +nx)dx =3 | u=sluf 2( ) = 25— =32,

6

92. Letu = 1+2% = du=2"(2x)In2dx = 515du = 2¥xdx

2In2

2 In(1+2%
X 2% o 140 1 _ ( )
szxzdx — s [ldu= g +c= 5L v

93.f3xﬁdx:3\"/(£;)+c 94, [x(V*) ax = 2 +C
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V2 V2 ¢ n2)— Cpxmie  emz_gqm2 oy
95. f(\[+ )xfdx [( +1)} — 3(van) 96. ﬁx(IZ)ldX_[m]|_%_%_ﬁ

0

97. fwdxif(l?lo)( ) dx [u=Inx = du=dx]

2
) dx = 1n1() fudu— nlO) () +C= ;hllnxl)()—’_c

98. f“"g—“dx:f(}g—;)( Jdx;[u=Inx = du=Ldx;x=1 = u=0,x=4 = u=1In4]

In4 .
= [T @) ax= [T () udu= (1) Bl = () [Fan4?) = B = 9 — g
99, ['m2omx gy — ["(m2) (m3) ax =[x gx = [Lanx?] ! = L[ 42 — (n 2] = L (n 4 = L @21n2)? = 2(n 2)?
100, [ 210000y gy — [TWI0@N (1) gx — [(Inx)?]; = (Ine)? — (In 1) = |

log, (x +2
101, [ et gy = o [ in (x4 2)] (2

_ (1) |42’ @2 | _ 3
—(m){ 2 2 ]_§1n2

27 2
1) dx = () [ =52 =

(L) (In4)*>  (In2)?
0 In2 2 2

10 10 »7 10
log;o (10x) _ 10 1 _ (.10 (In (10x))* _ (10 (In 100)? (In 1)?
102. f]/lo v X =R ]/lo[ln(IOX)] (10:) dx = (710) [ 20 } 0 (7o) { 0 2 }

= (gt [“542] = 2m10

20

9
103. j:) 2]ngm+(x1+]) dx =g 10f In (x + 1)( 1) dx = (ﬁ) [(m(x;l))Z] =

0

2 (In 10)? (n1)?*| _
(10) {—2 i }—1“ 10

104, [2070 0= 2 [Mines = 1) (L) ox = () [2202)

(2 (In 2)? (In1)?| _
2‘(@){ 7 T 2 }_1n2

105. [ &= dx=n10) [ () (1) dsu=Inx = du="!d

(1n10)f IL (H)dx=an10) [} du—(ln10)ln|u|—|—C—(ln10)1n|1nx|+C

X

In x

dx _ dx _ (Inx)~2 _ (Inx)~! o (In 8)?
106, [ g = [ iy = me? [0 = ang) iyt o= - C
Inx
107. [ tdi=[n ] =Inflnx| ~In1=In(nx),x > I
108. fle%dt:[ln|t\]"ix:1ne"—lnl:xlne:x
1/x
109. [ tdi=[m()* =In |} ~Inl=(nl-Infx)~In1=—Inx,x>0
10, 2 [Lae=[Linff] =02 — il —jog, x,x >0
1t 1 Ina Ina a

1. y=x+D)* == hy=hEx+1)=xlhx+1) = yylzln(x+1)+x-

=y =x+1r[2

(x«lu) X+1 +ln(x+l)]
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112 y=x>+x* =y —x>=x*=In(y — x?}) = Inx>* =
=y -2x=(y — x})(2+2Inx) =y = ((x + x¥) — x?)(2 + 2Inx) + 2x = 2(x + x> + x> Inx)

Ly —=2x) =2x- 1 +2.-Inx =2+ 2Inx

13, y=(1) = () =t?=shy=nt?= () ht=> L=+ () (1) =041

y dt
o R CONCER

4y =t/ =1 Sy =) = (02) (ny = L& = (J0/2) (ny+ 072 (1) = 1852 = & = (1152

115. y=(sinx)* = Iny = In(sinx)* =xIn(sinx) =

< |‘<\

=In(sin x) + x (COS X) =y’ = (sin x)* [In (sin x) + X cot X]

sin X

sin X + X (In x)(cos x)
X

116. y =x"* = Iny = Inx** = (sin x)(In x) = y;/ = (cos x)(In x) + (sin x) (%) =

_ osinx | sin x 4 x(In x)(cos x)
=y = [ |

117. y =sinx* =y’ —cosxxdi( ) ifu =x* :lnu—lnx—xlnxé——x +1~lnx:1+lnx
=u =x*(1+ Inx) =y’ =cosx* - x*(1 + Inx) = x*cosx*(1 + Inx)

118. y=(nx)" = Iny = (Inx)In(In x) = Yy =(HInnx)+0nx) (75) & (nx) = 20 4 1
= y/ — (ln(ln;)+1) (ln X)lnx

119. fx)=¢e* —2x = f'(x) = e* — 2;f'(x) = 0 = e* = 2 = x = In 2; f(0) = 1, the absolute maximum; f(In2) =2 — 21n 2
~ 0.613706, the absolute minimum; f(1) = e — 2 ~ 0.71828, a relative or local maximum since f”(x) = e* is always
positive.

120. The function f(x) = 25"/ 2) has a maximum whenever sin % = 1 and a minimum whenever sin % = —1. Therefore the

maximums occur at X = 7 + 2k(27) and the minimums occur at x = 37 + 2k(27), where k is any integer. The maximum
is 2e &~ 5.43656 and the minimum is % ~ (0.73576.

121. f(x) =xe * = f'(x) =xe *(-1)+e*=e*—xe*=>f"(x) = —e* — (xe *(—1)+e*) =xe ¥ — 2"
@@ f'(x)=0=>e*—xe*=e*(1-x)=0=e*=00r1—x=0=x=11f(1)=(1)e”! = 1; using second
derivative test, f(1) = (1)e™! —2e™! = —1 < 0 = absolute maximum at (1, !)
) f"(x)=0=>xe*—2e*=e*x—-2)=0=e*=00rx—2=0=x=2,f(2) = (2)e"? = ; since
/(1) < 0and f"(3) = e3(3 — 2) = & > 0 = point of inflection at (2, 3)

N ’ _ (14e¥)er—eX(2eP)  ex e ” - (1+e2x)z(e‘73e3‘)7(e"7e3x)2(1+e2x)(2e2")
122. £(x) = e = () = (1+e2)* = lrey () = [<1+e2x)z]2
(1 —6e> +e¥)
T (14ex)
@ ffx)=0=e —e*=0=e"(1-e¥)=0=e*=1=x=0;f0) = —1+622<0> =1
f’(x) = undefined = (1 + ez")2 = 0 = e = —1 = no real solutions. Using the second derivative test,
(1—6e20 4O
£7(0) = (IT‘)))) = ' < 0 = absolute maximum at (0, 1)
(b) f'(x) =0=e*(1 — 6e>* + e4"):> e =0o0rl — 66 + e =0= e = LOEVI4 _3.49,/7
L 1n(3+2ﬁ) orx — ln(372\/§).f 1n(3+2\/§) _ 34242 and £ ln<372\/§) _ ,/3_2\/5;
2 2 2 4422 2 4-2\/2
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123, f() = x2In L = /(x) = 2x In L 4 x2 (1)(—x*Q):2xlnlfx:7x(21nx+1);f’(x):0éx:00rlnx:7

Since x = 0 is not in the domain of f, x = e~1/2 =

Therefore, f (ﬁ) =il /e=lme/?=1

124. f(x) =

since f’(—1) > 0, f”(0) < 0, and f”(1) > 0 = points of inflection at (

(m@;ﬁ) W)

> 4-2\2

g

. Also, f'(x) > 0for0 < x < \/—andf’(x)<0f0rx> L

= % is the absolute maximum value of f assumed at x

Section 7.3 Exponential Functions 411

1n<3+2\/§> 1/3._;_2\/_> and

2 > 4422

1
3-
e

1

e "

(x—=3Pe = f'(x) =2(x —3)e* + (x — 3)%e*

=x-3)eR2+x—-3)=

(x — D(x — 3)e*; thus

f'(x) > 0forx < 1 orx > 3, and f'(x) < 0 for

1 <x<3 = f(1) =4e ~ 10.87 is a local maximum and

10

N\

f(3) = 0 is a local minimum. Since f(x)

0 for all x,

f(3) = 0 is also an absolute minimum.

-4 2

In3 X In3 n
125. j; eX —e*)dx = {%—ex}o = (622: eln3> - (ZO —eo) =(32-3)-(G3-1)=%8-2=2
2In2 2In2
126. fo (/2 —e™?) dx = [2"% + 272 77 = (2eM2 4+ 2e7"%) — (2" +2") =4+ D -(2+2)=5-4=1
1 o
127. L= [\ J1+9dx = =9 5 y=e21Cy(0) =0 5 0=¢"+C = C=—1 = y=e" |
In2 _
128. szzﬁf ey+ey 1/1+(u)2dy:27rf M \/1+l(e2y_2+e—2y)dy
In2 _ In2
=om [ (252) (25 dy =2 00 (25) dy =7 [ (¥ 42 ke )dy
=5 [he 42y = 3ot = 5[ 1 2m2 bt — (340 )
=I($-4+42m2-L1-H)=2(2-142m2)=n (£ +Mm?2)
1 e—2x
120, y = e +e) = & = de —e L= [+ (e —en) ox= [\ 14 5 -1 o
1 2
:f /e2x+ +e2xd _f %ex+e—x zdx:f%(GX—FC_X)dX:%[eX—e_X}é:%(e—é) O:e‘zgl
X e e eX e2x
130. y=In(e*— 1) —In(e* + 1) = & = & & 2 2 T+ ooy dx
o A In3 o Ferany B In3 e2X+1 2 _ ln3g2’;+l
eez"—l = dx 7j;n2 \/ ) ezxe dx = «[l‘ (e — d T Jdm2 §2x_1 dx = j:n2 ezx.i;l dx
In3 x
=J., ‘C’fz, dx; {letu:e"fe’xédu:(e"+e’x)dx,x:1n2:>u:e1“276’1“2:27%:%,x:ln3

131. y =Incosx = d—y

:>u:eln3_efln3:3_

iaN1
—>f du =
32 U

1_8
373

—%mx

COS X

—f secxdx—[ln|secx—|—tanx|]7r/4

8/3

[In [ul] 3/2

=In(§) —In(3) =

= 1n<\/§—|-

In()

)

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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/4 /4 /4
132. y =Incscx = g—i = el — —cotx; L = j;/G \/ 1+ (—cotx)* dx = j;/6 1 + cot’x dx = j;/(, v ese?x dx

= j:fcscx dx = [—ln|cscx+cotx|]; = (~Infesc(§) +cot (3)]) + (Infesc(%) + cot (7))

(3 1)+ ) -n()

133. (a) %(xlnx—x—I—C):x-%—I—lnx—l—i—O:lnx

(b) averagevalue:ﬁflelnxdx:ﬁ[xlnx—xﬁ:ﬁ[(elne—e)—(l Inl-D]=2A(—e+1)=-

2
134. average value = 517 | 1 dx = [In x]?=m2—In1=1In2
135. (a) fx)=¢" = f'x) =5 LX) =f0)+f'0)(x—-0) = LE)=1+x

(b) f(0) =1andL(0) =1 = error = 0; f(0.2) = €*? ~ 1.22140 and L(0.2) = 1.2 = error ~ 0.02140
(c) Sincey” =e* > 0, the tangent line

y y= &

approximation always lies below the curve y = e*.
Thus L(x) = x + 1 never overestimates e*.

136. (a) y=¢e* = y’ =e* > 0forallx = the graph of y = e is always concave upward
Inb
(b) area of the trapezoid ABCD < j; L e dx < area of the trapezoid AEFD = % (AB+CD)(Inb —1n a)

Inb

< [Tedx < (ﬁ) (nb—Ina). Now 1 (AB + CD) is the height of the midpoint
M = e(lna+nb)/2 gince the curve containing the points B and C is linear = e™*"®/2(In b — In a)

lnb na n
< [Tedx < (f";ie'”> (Inb — In a)

Ina

Inb
() j;na e dx = [e"]!"" = e"* —e"* = b — a, so part (b) implies that

et/ (Inb —Ina) < b—a< (5 ) (nb—Ina) = eMerindl2 < cho < ag

= elna/2_elnb/2 < b—a a+b = elna \/elnb ~

a+b
lnb—]na 2 <

<a+b ab < S

]nb lna 2 lnb lna

137. A= [ 2 dc =2 B dxu=14+x% = du=2xdxix=0 = u=1,x=2 = u=}3|
—~ A=2f tdu=2[mn[u]}=20n5—In1)=21In5

T
1 1 %
R Y I R R [ R
/1
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139. From zooming in on the graph at the right, we estimate
the third root to be x ~ —0.76666

140. The functions f(x) = x™* and g(x) = 2"* appear to
have identical graphs for x > 0. This is no accident,

. 1
because X]n2 — eln21nx — (ean) nx __ 21nx'

Section 7.3 Exponential Functions

X =~ 0.76666

141. (@) f{(x)=2* = f/x)=2In2;L(x) = (2°In2)x+2° =xIn2 + 1 ~ 0.69x + 1

(b)
y=2

/

y=(n2)z+1

14 7
/
3 12
/ y=(n2)z+1

-l 0.5

413

142. (@) f(x)=log;x = f'(x) = 5,andf3) =13 = LX) = x -3+ 22 =2 — L 4+ 1~030x+0.09

xIn3°?

b
® .,
yr3Tas (x-3)41
1 =
P y 1093x
o7 ) (3 T X

25 3 335

143. (a) The point of tangency is (p, In p) and Myngent = % since g—i =1

—X

. The tangent line passes through (0, 0) = the

equation of the tangent line isy = %x. The tangent line also passes through(p, Inp) = Inp = %p =1=p=e,and

the tangent line equation is y = %x.

(b) &y —% for x # 0 = y = In x is concave downward over its domain. Therefore, y = In x lies below the graph of

dx?

y = %xforallx>0,x§£e,andlnx<%forx>0,x;£e.
(c) Multiplying by e, e In x < x or In x® < x.

(d) Exponentiating both sides of In x® < x, we have "X < e*, or x® < e for all positive x # e.

(e) Letx = 7 to see that m° < e". Therefore, e” is bigger.
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414  Chapter 7 Transcendental Functions

144. Using Newton's Method: f(x) = In(x) — 1 = f'(x) = £ = x,41 = x, — % = Xnt1 = Xn [2 - ln(xn)].

Xxn

Then, x| = 2, x, = 2.61370564, x3 = 2.71624393, and x5 = 2.71828183. Many other methods may be used. For
example, graph y = In x — 1 and determine the zero of y.

7.4 EXPONENTIAL CHANGE AND SEPARABLE DIFFERENTIAL EQUATIONS

. (a y=e* => y' =—e* = 2y +3y=2(—e¢")+3e =c¢"
(b) y = e 4 e X2 = y/ = —e X — § e 2 = Zy’ + 3y ) ( e X — 123 efzx/z) +3 (e—x + e—3x/2) — e
© y=e*+Ce™? = y/ = —e*—3Ce™? = 2y' 43y =2 (e — 3Ce™?) +3 (™ + Ce™™?) =™

2
__ 1 1 T
O y=-m3 =Y =gy = [* (x+3)] =y

_ 1 _ _ 172 _ 2
© y=17c :y/—m—[_uc] =Y

3. y:%flx%dt@y’:f% lx%dt+(%) (£) = x%y' = flx"fdtJre‘:—x(%f;x%ldt)+exz—xy+ex
= x%y/ +xy =¢

1 4x4

4. y= \/1—‘[;\/1—1—t4dt =y =-1 [LH]LX\/1+t4dt+—ﬁ (\/l—l—x4)

:>Y':(1+x4)(mf\/1+t4dt)+l =y’ —(1+x1)y+1 =y’ +1+x4 y=1

— a—X -1 X I a—x -1 X —x _ _a—x -1 X 2
5. y=e™*tan ' (2¢") = y' = —e*tan"' (2¢*) + e {—H(zw}(%)— e tan™" (2€") + 735

>y =yt =Yy =yl =e " an !t (26" =2ant1=2(§) =3

6. y=(x-2e™ =y =eX+(-2eV)(x-2) =y =¥ - 2AyyQ)=2-2e ¥ =0

s —X sin X — cos si 1 s si : : .
7. y:cozx:y/: x<1n)):2 CquZ}y,:—glix—;(CO:X):>y/:—m;x—%ixy,:—SlI]X—y:>Xy/+y:—SII]X,
T\ _ cos(m/2) __
y(?)_ @) =0
In x x(l) 2 2
X !/ ;1 1 2/ X X _ _
8. Y= =Y = —mo - 7Y T o = XY Thx T X*y' =xy —y* y(e) = e =6

9. 2 ydy—1:>2xl/2 12 dy = dx = 2y'/2 dy = x1/2 dx:>f2y1/2dy—fx’l/de:>2(%y3/2):2x1/2—|—C1
= 2 y3/2 /:C,WhereC:%Cl

10. %:xg\/§2>dy:x2y1/2dxﬁy_1/2dy:x2dxéfy_1/2dy:fx2dx:>2y1/2 +C :>2y1/2—% =C
11. %:e*’y = dy=¢eVdx = &dy=¢"dx = feydy:fe*dx > e&=e¢+C = e —-e=C

12 & = 3e™ = dy =3xe”dx = e dy=3¢dx= [edy= [3dx=e =x+C= ¢ —x =C
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dy =y COSQ\/_ =dy = (\/§ cos? f) dx = gei[\[dy =dx = f * \[d = fdx. In the integral on the left-hand

side, substitute u = \/§:>du: ﬁdy:>2duf \[dy, and we have fsec udu—fdx:>2tanu—x—|—C
= —x+2tan ,/y=C

\/de—lédy— dx:>f\/_dy— dx:>fy1/2dy—x1/2dx:>ffy1/2dy—fx 12 gx
2y' =7 +C1é\/7y3/2*3\/>+ C1:>\/_(\/_) x = C, where C = 3C,

. \/; g—i =tV g_i = el dy = Celldx = e dy = % dx = fe’y dy = \/— Y* dx. In the integral on the right-

TV Vx
. . _ 1 _ 1 . _ u —y _ Aau
hands1de,subst1tuteu—\/§:>du—Q—ﬁdx:Zdu—de,andwehave feydy—Zfe du= —e?¥ =2e"+C
= —e = 2eV* + C, where C = —C,

dy __ _y+sinx dy __ _y+sinx — (pY @sinx -y __ asinx
(secx) @ =e =5 =€ cos x = dy = (e’ e™*cos x)dx = e dy = e""* cos x dx

= fe’y dy = fe“i“ cosxdx = —e¥ ="+ C; = eV e =C, where C = —C,

f2xdx:> sin~ly = x? + C since |y| < 1

=2x4/1 —y2 = dy = 2x/1 — y2dx =

=y =sin(x? + C)

d—y:ezxfy:>dy:e;:;yydxz>dy—eeeydx: &dx = e¥ dy = e* dx:>f2ydy—fe dx = & —e"—l—Cl

dx exty X ey

= e¥ — 2e* = C where C = 2C;

yzdy—3x —6x%> = y?dy = 3x*(y? — 2)dx = 3 dy—3x2dx:>f dy—f3x2dx§ Iy’ —=2|=x*+C

dy—xy+3x—2y 6=(y+3)(x—-2)= yde_(x— dx:>fy+3dy_f(x—2)dx
= Inly +3| = x> = 2x+ C

%g_i :yexz +2\/§ex2 :exz(y_}—z\/y) = y+£\/§dy: Xexzdxz> fy+é\/ydy: fxexzdx

éfmdy:fxexzdxé21n|\/§+2|= 1e¥ +C= 4| /y+2/=e +C=4In(/F+2) = +C

Y et VterteV+1=(e ‘y+1)(e"—|—1):>ﬁdy:(ex+1)dx:>fﬁdy:f(ex+l)dx
:>f1+eydy—f *+dx=In|l +e¥|=e*+x+C=In(1+e&)=e*+x+C

(@) y=yoe" = 099y = yoe'™ = k=GP ~ —0.00001
(b) 0.9 = e-0%0N = (—0,00001)t =In(0.9) = t= 100 ~ 10,536 years
(© y = yoe® ¥~ ye*? = y(0.82) = 82%

@ P =kp = p=poe where py = 1013; 90 = 1013e>* = k = 2E0-nU0D ~ 0121
(b) p = 1013e %% =~ 2.389 millibars

(c) 900 = 10132 = —0.121h = In (%) = h= 200 ~ 0977 km

F = —-0.6y = y=ype " yy=100 = y = 100e*" = y = 100e® =~ 54.88 grams whent = | hr
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A = Ape® = 800 = 1000e'™ = k = W = A = 1000e™©¥/1% 'where A represents the amount of sugar that

remains after time t. Thus after another 14 hrs, A = 1000e"*®/1924 ~ 585 35 kg

L(x) =Lee™ = 2 =Lee™ = Inl=-18k = k=12~0.0385 = L(x) = Loe*"**; when the intensity is
one-tenth of the surface value, Il‘(‘; =L, e’0 0385% = 1n 10 = O O385x = X~ 59.8ft

V(1) = Vee™/* = 0.1V = Ve /* when the voltage is 10% of its original value = t = —401In(0.1) ~ 92.1 sec

y=yoeandyg=1 = y=¢" = aty =2andt=05wehave2 =¢"* = In2=0.5k = k=192 =In4.
Therefore, y = e = y = e**I* = 4% = 2.81474978 x 10" at the end of 24 hrs

y = yoe* and y(3) = 10,000 = 10,000 = yqe*; also y(5) = 40,000 = yye’*. Therefore yge™ = 4yge™
= e* =4e* = e*=4 = k=1In2. Thus,y = ye™? = 10,000 = ype*"? = ype™* = 10,000 = 8y,

(a) 10,000e4" = 7500 = e*=0.75 = k =1n0.75 and y = 10,000e"°7". Now 1000 = 10,000e"*7*

= In0.1 = (In0.75)t = t= %L ~ 8.00 years (to the nearest hundredth of a year)

(b) 1 =10,000e™°7" = 1n 0.0001 = (In 0.75)t = t = 1r;n0£(7)21 ~ 32.02 years (to the nearest hundredth of a year)

(a) There are (60)(60)(24)(365) = 31,536,000 seconds in a year. Thus, assuming exponential growth,
P =257313.431¢" and 257,313,432 = 257,313 43 1e/2550000) = 1n (03R4 ) — Mo = k& 0.0087542

257,313,431
(b) P =257,313,431¢(00087542 115) ~~ 293,420,847 (to the nearest integer). Answers will vary considerably with the
number of decimal places retained.

0.9Py = Pye* = k = In 0.9; when the well's output falls to one-fifth of its present value P = 0.2P

= 0.2P; = Ppe™*" = 0.2 =¢""" = In(0.2) =(n0.9)t = t= 233 ~ 1528 yr

(a) % ——mp = d;’:—mdx = Inp=— 100X+C = p = 000 = gCe 00 — (e 00,

p(100) = 20.09 = 20.09 = C;e0M10 — C; = 20.09¢ ~ 54.61 = p(x) = 54.61e~*°™* (in dollars)
(b) p(10) = 54.61e-10 — $49.41, and p(90) = 54.61e!-*V0 — $22.20
(©) 1(x) =xp(x) = r'(x)=px) + xp'(x); 20001
p'(x) = —.5461e " = r'(x)

1800
— (54.61 — 5461x)e "™, Thus, r'(x) = 0 s oo
= 5461 = .5461x = x = 100. Since ' > 0 O ) = 4.8z

for any x < 100 and ' < 0 for x > 100, then 1400

r(x) must be a maximum at x = 100.

50 100 150 200 X

A=Ape"and Ag = 10 = A = 10", 5 = 10?90 = k = 103 ~ _0.000028454 = A = 100000028454

—0. t In0.2 ~
then 0.2(10) = 10~ 00000282% — ¢ — 2o & 56563 years

A= Ageand L Ag = Age™ = § = e = k = B0 ~ —0.00499; then 0.05A¢ = Age "

139
=t= _138(')3599 ~ 600 days

y = yoe ™ = yoe WM = ype = % < I = (0.05)(yo) = after three mean lifetimes less than 5% remains

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



38.

39.

40.

41.

42.

43.

44.

45.

46.

Section 7.4 Exponential Change and Separable Differential Equations 417

(@) A=Ap™ = §=e2 = k=%~ 0262
(b) { =~ 3.816 years

(©) (0.05A =Aexp(—52%t) = —In20= (—22)t = t= 2081020 ~ 11 43] years

T—T, =(Ty —T,)e™, Ty = 90°C, T, = 20°C, T = 60°C = 60 — 20 = 70e~'* = % =e "= k= # ~ 0.05596
(a) 35 —20 = 70e %" = t  27.5 min is the total time = it will take 27.5 — 10 = 17.5 minutes longer to reach 35°C
(b) T—T,=(Ty —Tye™, Ty =90°C, T, = —15°C = 35+ 15 = 10579 = = 13.26 min

T — 65° = (Typ — 65°) e ™ = 35° — 65° = (Ty — 65°) e '™ and 50° — 65° = (Ty — 65°)e **. Solving
—30° = (Tg — 65°) e and —15° = (Ty — 65°) e™** simultaneously = (Ty — 65°)e'% = 2(Ty — 65°) e~ **
= e% =2 = k="22and —30° = T=5% = —30°[e(i) ] =Ty - 65° = Ty =65 —30°(e"?) = 65° — 60° = 5°

T-T,=(To—T)e™ = 39—T, =46 —T)e ™ and33 — T, = (46 — T,)e>* = =L — e % and

2
Dheem=(e™) = 2= () = (3-TIE6-T)=(39-T)* = 1518~ 79T, + T2
= 1521 —78T§ —|—T\2 = —TS =3 = TS — _3°C

Let x represent how far above room temperature the silver will be 15 min from now, y how far above room temperature the

silver will be 120 min from now, and t, the time the silver will be 10°C above room temperature. We then have the
following time-temperature table:
time in min. 0 20 (Now) | 35 140 to
temperature T,+70° | T,+60° | T,+x | T,+y | T,+ 10°
T-T,=(Ty—T)e™ = (60+T)—T,=[70+T,) - TJe ™ = 60 =70e* = k= (—2) In($) ~0.00771
(@ T—T,=(Ty—Ty)e ™ = (T, +x)— T, = [(70 + T,) — T, e OV = x = T0e 02 ~ 53.44°C
(b) T—T,=(Typ—Ty)e ™ = (T, +y)— T, = [(70 + T,) — T, e~ @07V — vy = 70e 197 ~ 23.79°C
() T—T,=(Typ—T,)e " = (T, +10) — T, = [(70 + T,) — T, e @07 = 10 = 70e 07w

= In(3) = —0.00771ty = ty = (— gga77) In (3) =252.39 = 252.39 — 20 ~ 232 minutes from now the

©0.00771
silver will be 10°C above room temperature

From Example 4, the half-life of carbon-14 is 5700 yr = 1 ¢y = coe ™5 = k = 22 ~ 0.0001216 = ¢ = coe 021
= (0.445)c) = coe M0 = = B~ 6659 years

From Exercise 43, k ~ 0.0001216 for carbon-14.

(a) ¢ =cpe % = (0.17)cq = coe " = t ~ 14,571.44 years = 12,571 BC

(b) (0.18)cy = coe 001 = t ~ 14,101.41 years = 12,101 BC

(©) (0.16)cy = coe ™01 — t ~ 15,069.98 years = 13,070 BC

From Exercise 43, k ~ 0.0001216 for carbon-14 = y = y,e~ 001216t When t = 5000
= y = ype 20001216(5000) ~ 0 5444y, = % ~ 0.5444 = approximately 54.44% remains

From Exercise 43, k =~ 0.0001216 for carbon-14. Thus, ¢ = ¢oe %%121% = (0.995)cy = coe 001218

In (0.995)

=>t= ~0.0001216 ~ 41 yearsold
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7.5 INDETERMINATE FORMS AND L'HOPITAL'S RULE

1 : x—2 : x—2 : 1 1
sor lim 42=—= = lim —3-5— = lim_ —(— = ;
4 X —2 Xx—4 X — 2 (x=2)(x+2) X —2 X+2 4

1. I'HOpital: lim =2 = .L
x—2 X

x=2

2. I'HOpital: lim sinox — ScosSx

=5or 1im0 snSX — 5 iy X —5.1=35
X —

x—0 X 1 x=0 X 5%x >0 X
3
AT 1 5x2=3x __ 1 10x=3 _ 1 10 _ 5 . 5x2=3x __ 1 S-% _s
3. THopital: lim 5577 = lim o= = lim gy = 5or lim 5525 = lim 4L T
X
A Al TG -1 _ 1 3} 3 : B=1  _ 71 (x—1)(x>+x+1)
4. 1'Hopital: X11_r>n1 o3 = X11_r}n1 Ge-1 =i of xlin1 W3 = Xlgnl =D @ +ax+3)
T (x*+x+1) _ 3
= lim oy =

5. I'HOpital: lim =% = lim S5 = lim 3% = Jor lim =9 = lim [7“‘””)(—1“0“)]

X — Xx—0 2X X — 2 X — X — 0 X2 1+cosx
1 sin? x 1 sin X sin x 1 _ 1
—XIE)IIO x2(1 + cos x) —XIE)TIO ( X )( X )(1+cosx) - 2
2.3
AT 1 22 4+3x 1 X431 4 _ . 22 4+3x _ 1: it
6. lHopltal. xliymoc X3+ x+1 7x1l>moc 3x2+1 7x1i>moo 6x 700rx1l>moc X3+ x+1 7xll>moc 1+%+i3 -
X= X
. . 2 .
7. lim 2=2 = lim L =1 8. lim_ X=2— [im_ X =-10
X2 X4 X —2 2 4 X ——5 Xx+5 x— -5 1
: G—4t+15 _ 7 324 _ 3(=3’-4 _ _ 23
9. Mim H=p = Im, 55 =557 =3
: -1 _ 1 32 _ 3
10. lim gp=5 = lim H7 =1
. 532 1 152 -2 _ 1 30x 1 30 _ 5
1L dim 5525 = lim - 5= = lm g = lim 5 =3
: x—8x2 : 1—16x __ : -6 _ _ 2
12, Iim - potse = Jimy ons = My 557 = —3
. in 12 . s t2) (2 . o . .
13. lim S0t = Jim (2080 — ¢ 14. lim S5t = Jim 33t = 3
t—0 ! t—0 t—0 t—0
: 82 _ 1 16x 1 6 _ 16 _
15. xlgno cosx—1 Xlgno —sin x —XIE}IIO —cosx -1 16
16. lim S x3—x = lim cosgxz—l = lim =$"X — ]im —cgsx _ _1
x—0 X x—0 X x—0 06X x—0 6
. 20— __ : 2 — 2 - _
17. 92117}/2 cosmr—0) — (91~1>n7}/2 sin 2w — 6) sin (3F) 2

. 30+m : 3
18. 9_1,12171./3 sin (04 3) 6_1}1{1’171'/3 cos (6+ %) 3

lim = lim : = lim —inf_— 1 __1
9_”1_/2 1+ cos 26 0_)71_/2 —2 sin 20 9—>7r/2 —4 cos 20 (=4 (-1 4

19 . 1—sinf . —cos @ . sin 6
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Copyright

: x—1 1 _ 1
Xll_I')Ill Inx —sin(mx) Xh_I>nl I_mceos(mx) — 147
x2 _ 2x _ 2X 13 2 _ 2 _
XILO In (sec x) xh—I>no () T Xlgno tanx xh—l>no mx = 1772
_ CSC X cot X 2 2
li In(csex) lim (=532) — lim —cotx  _ [jyp @ ex — 12 _ 1
X — /2 (X*(%))2 X — /2 2(’(_(5)) X —m/2 Z(X_(E)) X —m/2 2 2 2
. t(l—cost) __ (1 —cost)4t(sint) __ q: sint+ (sint+tcost) _ cost+cost4+cost—tsint __ 14+14+1—-0 __
tlgno t—sint tlgno 1 —cost - tlgno sin t th_I)nO cos t - 1 =3
tsint  __ 1; sint+tcost __ 13 cost+(cost—tsint) _ 1+(1-0) _
hmo 1—cost tlgno sin t - th_r,no cos t - 1 =2
lim  (x—2)secx= lim Do gim (ol = Ll -
x = (/2)" x— (127 % T xo(m/2)n T
lim (5 —x)tanx=  lim (lizx) = lim_ (=)= 1lim__ sin®’x=1
x — (7/2)” X = (m/2)7 X X = (m/2)7 T x—(m/2)”
lim 3™ =1 _ iy 3™0n3)eosd) _ (WD) _ g3
g—0 ¢ 9—0 1 1
L@ L () () 1
lim “2— = lim ~—2-2- =In(§)=Inl1—-In2=—1In2
6—0 6—0
. X2 g A +an2)(2) _ 12°40 _ 1
Xlgno >_1 Xlgno n2) (2%) = WP = W2
: -1 _ 3*mn3 _ 3“In3 _ In3
Mmooy = lim) 5505 = %2 = i
. In(x+1) __ In(x+1) (%) X : 1 _
. XleOO Togs X XleOO () _(ln2) 11m 6) —(ln2) hm o —(ln2)xll>mOO =In2
lim  lmx o o im D)o (Ind) gy Dx () iy ) (Ind) gy a3
X =00 logs(x+3) ~ x = 0 (In<lx§3)> T \In2/ x =00 In(x+3) In2/) x =00 (XL) — \In X =00 X
_ (l3) iy L1 _ I3
= (in3) Jdm o= s
) (2x+2) )
lim Dm0 iy A2 o gy 204 lim D2 iy 2=
X — 0 In x X — 0+ (%) X — 0 x2 4+ 2x ot 2x+2 T X — 0F 2
lim =D — iy (e“c;‘) = lim 2% = lim <8¢ = 140 -
x — 0" Inx x—o0t () x—o0t ¢~ xSt 1
— 1/2 1 —1/2
lim YVEBZI gy G023 gy Q)OO gy S
y—0 y y—0 y y—0 1 y—0 24/5y+25 2
. / 7_ ) 21/ . 1 2y~1/2
lim YWFE-a gy @Fa) ey 4(2)(W+1a) © = T =5.4>0
y—0 y y—0 y—0 y—>0 2\/@‘}"*‘5l
: _ . 2X _ 2X _ : 2\ _
Jim [In2x —In(x+ D] = lim_ In(;2) =1In (Xll)moo Hl) —1In (Xlgnoo 1) —1n2

© 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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38. lim, (nx —lnsinx)= lim, 1n(L):1n( lim X ):m( lim L ):1n1:

X — 0 X —s sin x

. Inx)? . 2(Inx) () . 2(Inx)(sin x) . 2(Inx)  sinx
39. lim AW = i 2006 o fjy 200600 gy SR = -0l = -
x—0+ In(sinx) X0t smx X0+  XCOSX X0+ L Cosx X
: 3x+1 1 _ : Bx+DGinx)—x | _ . 3sinx+ (3x+ 1)(cos x) — 1
40. xli{r%ﬁ. ( X sinx) - xlif%‘*' ( X sin X ) - XEH(I)*' sin X + X €oS X

— lim 3cosx+3cosx+GBx+D(=sinx)\ _ 3+3+MO) _ 6 _ 3
_x~>0+ €OS X + €08 X — X sin X - 1+1-0 T 2

- 1 1Y 1 nx—Gx=DY) _ 1 i1 _ 1-x
AL lim - (5 = 5x) = lim (m)— lim (m)— lim ((Xlnx)+x—l)

X — 1t X — 17 X — 1T x — 17
T -1 -1 1
= lim ((lnx+l)+l) ORI RS B
: . : 1 —cos S
42. hrr%)+ (csc X — cot X + cos X) = hrr%)+ (G — <X fcosx) = hrr(1)+ (( °°‘X>S+in(;mx)(cosx))
X — X — X —
. . 2 G2 _
— lim (smx+c05 X — sin x) —0+1-0 _ 1
X — 0F Cos X 1
43. lim S0-b — lim —f — fim =<0 — |
g —0 € —6-1 g0 -1 §—0 e
. h _ . h _ . h
44, lim $—5T% fé“’) = lim <1 = lim & =1
h—0 h—0 h—0
. t 2 . t . t . t
45. lim ¢t = lim <2 = |im X2 = lim % =1
t—oo -1 t—oo € t—oo ¢ t—oo ¢
. _ . 2 . .
46. lim x%¢*= lim £ = lim Z= lim 2=0
X — 00 X —00 € X =00 € X — 00 €
s X—sinx . 1; l—cosx  __ 13 sinx _ 0 _
47. )%—»O xtanx li_>0 xsec2x +tanx lir_lllo 2x sec?x tanx + 2sec2x 2 0
. X1 2 . 2(eX —1)e* . 2X _ 9aX . 2X _ naX
48. lim C8 = jym 2E U iy 2eto2e gy deto2e 2
x—( Xsinx X—s() XCOSX +sinXx X—() XCOSX +sinx x—0 —Xxsinx + 2cos x 2

. 0 —sinfcosf __ 1: 1+ sin®0— cos*d __ 12 2sin%0 _ 1: 20
49. I;Tom = lér_l}ow = lér_l}o @20 lérBOZCOS 0=2
oo osin3x=3x4+x2 _ q: 3cos3x —3 +2x B H 3cos3x—=3+2x __ 13 —9sin3x +2 _ 2 _1
50 limo sin x sin 2x - 1;_)0 2sinx cos 2X + cos x sin2x 1;_>0 sin X cos 2x 4 sin3x liI_I}O —2sin X sin 2X 4+ cos X cos 2x 4 3cos 3x 4 = 2
51. The limit leads to the indeterminate form 1. Let f(x) = x'/™ = In f(x) = In (x"/!7) = {2X . Now
1 . . .
lim Inf(x) = lim_ {** = lim % = —1. Therefore lim x"0% = lim f(x) = lim "W =¢ 1 =1
x — 17 x— 1t T xS0t T x — 17 x — 1t x — 17 ¢
52. The limit leads to the indeterminate form 1*. Let f(x) = x"/®") = In f(x) = In (x/*"V) = 12X Now
1 . . .
lim Inf(x) = lim % = lim (T) = 1. Therefore lim x"/ = lim f(x)= lim e =el =¢
x— 1" x — 17 X~ x— 1F x—1 x— 1" x—1
53. The limit leads to the indeterminate form oo’ Let f(x) = (Inx)"* = Inf(x) = In(In x)"* = 22 Now
1
lim Inf(x) = lim_ 20 — pim G5 — 0 Therefore lim (Inx)'* = lim_ f(x) = lim_e"®) = ¢0 = |
X — 00 X — 00 X X — 00 1 X — 00 X — 00 X — 00
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. The limit leads to the indeterminate form 1*. Let f(x) = (In x)"/*"9 = In f(x) = "0 = lim 1In f(x)

X

X—¢
1 .
= lim 20Y — gy (“i‘*) . Therefore (In x)"/*¥ = lim f(x) = lim enflx) = gl/e
x—et *7° x — e’ x — e’ x — e’
. The limit leads to the indeterminate form 0°. Let f(x) = x™'/"* = Inf(x) = — {2* = —1. Therefore
lim x /"= lim f(x)= lim "™ =¢!1=1
x—0 x — 0" x — 0" ¢

. The limit leads to the indeterminate form oc®. Let f(x) = x'/"* = In f(x) = I»* = . Therefore Jimx!m

In x
= lim_f(x) = lim_e™f® =¢l =¢
X — 0 X — 0

. The limit leads to the indeterminate form oc”. Let f(x) = (1 +2x)"/?") = In f(x) = 520
= lim_Inf(x) = lim W Jim e = lim i=1 Therefore lim (1 + 2x)V/@mnx)
= lim_f(x) = lim_ e =el/?
X — 0 X — 00
. The limit leads to the indeterminate form 1°°. Let f(x) = (¢* + x)"/* = Inf(x) = w

E@+%) — Jim €41 =2 Therefore lim (e +x)”* = lim f(x) = lim e = ¢2
X x—0 ¢FX x—0 x—0 x—0

= lim_Inf(x) = lim
x—0 x—0

. The limit leads to the indeterminate form 0°. Let f(x) = x* = Inf(x) =xIlnx = Inf(x) = '(“l’)‘

1
= li{% In f(x) = ) lin(l) 1(“5 = EH%)+ 7(7(;2) = xli{%+ (—x) = 0. Therefore . ILII(I) Xt = xlingﬁ f(x)
= lim_ "™ =¢0 =1
x — 0"

. The limit leads to the indeterminate form oo”. Let f(x) = (1+1)" = Inf(x) = ln(i%fl) = lim Inf(x)

X —

= lim (_;): lim 15 = lim 2 =0. Therefore lim (1+1)"= lim f(x)

x— 0 X x— o0t IF x— 0t *F1 x—0 x — 0"

= lim e"f® =¢0 =1
x — 0F

. The limit leads to the indeterminate form 1. Let f(x) = (2£2)" = Inf(x) = In (2:2)" = xIn (2:2) = limIn f(x)
x+2 —3

= fimxln (33) = fim (205)) = fim (02O i ( : ) lim (M>
X—00 X—00 X X—00 Z X—00 X2 X—00 -2

= xlirglo (#"&_1)) = xllrglc (2)(6—)&(-1) = )}Lrlolo (%) = 3. Therefore, X11Hn010 (2 1) = xlirgo f(x) = xlgg elnf(x) — 3

1/x 2 1/x
. ; ; 0 _ (x*+1 xX2+1 _ 1 x2+1
. The limit leads to the indeterminate form oco”. Let f(x) = (X+2) = Inf(x) =1In (X+2) = In (m>
2
In (% +1 2 2x 1
. - +1\ _ 1 (x+2) oo I (P41 —In(x+2) . 7 Tk x2+4x — 1
= limin ) = Jim Hn (35 = Jim S = lim x = T = e neey
1/x
_ X4d4x—1  _ 1; 2x+4 : x2+1 _ i alnf(x) _ L0 _
= l1m N a2 = XILTO3X2+4X+1 = Xle ex72 = 0. Therefore, xllglo( x+2) = xllrgcf(x) = XlLrgloe =e' =1

. . . 1 . 3 . 2
limx2Inx= lim (2} = 1lim (= | = lim (—’2‘—) = lim (—%) =0
x—0+ x—0+ 2 x—0+ \ 73 x—0+ X x—0+

limx (Inx)® = lim <<1“f‘>2) = lim <2<11>') = lim (21'11*) = lim (f) = lim (272) = lim (2x) =0
x—0+ x—0+ X x—0+ -2 x—0+ X x—0+ \ 2 x—0+ x—0+
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422 Chapter 7 Transcendental Functions

. m . . _ . 1 _ 1 _
65 Jimxtan(5 = x) = lin (=) = Jim (o) = 4 =1

66. limsinx - Inx = lim ( lnx) — lim ( X ) — lim (_smxtdnx) — lim (_smxsec xftcosxtdnx) — % =0
x—0+ x—(+ \CSCX Xx—0+ —CscXcotx X0+ X X—0+
: Vox+1 _ : 9x+1 _ : 9 _ _
67. lim Y2 =/ lim 25 =/ lim $=19=3
. X
68. lim L — [_L__ [l
X — 0 Vsinx XILIBL X

69. lim X = fim (L) (@)= im =1

x~>7r/27 tan x x~>71'/27 COS X sin X x~>7r/27 sin X

A
213
512
b [%
)

70. lim X — ]im ) — lim cosx =1
x—=0t X T 0t (mx) x—0
i
: 2o G)y-1_
71. Xleoo S 7xll>m e =0
. X X . 1+ 4Hx . X
72. xl}moo gxtgx = xﬂn—loc (é)x(z_)l = XEIEOO (é)t_l = lt(l) =1
2 2
2 2 —
. X . x2—x . X(x—1 . x(x=1)(2x — 1
73. lim & = lim $— = lim ¢ — lim =D
X — 00 X€ X — 00 X X — 00 X X = 00 1
. X . el/x . ellx _xiz) : 1/x
74. lim 23— = lim —= lim —~ = lim e/ *=w
x — 0t ¢ x— 0" X x — 0" 2 x — 0F

75. Part (b) is correct because part (a) is neither in the % nor % form and so 1‘H6pital's rule may not be used.

. . . 2X — 2 _ . 2 . . .
76. Part (b) is correct; the step xlgn0 ey = Xhino 7T smy 0 part (a) is false because xlgno

2x—2

5 is not an
X —COS X

indeterminate quotient form.

77. Part (d) is correct, the other parts are indeterminate forms and cannot be calculated by the incorrect arithmetic

78. (a) Weseek cin (—2, 0) so that % = % = 0+2 = — 1. Since f'(c) = 1 and g'(c) = 2c we have that 5 = —3
=c=—1.
(b) We seek c in (a, b) so that g,((z)) = % = =% = ;1. Since f’(c) = 1 and g(c) = 2c we have that ;- = bia
=c="0f
(c) We seek c in (0, 3) so that % = H = 3% = —1. Since f'(c) = ¢ — 4 and g/(c) = 2¢ we have that

79. If f(x) is to be continuous at x = 0, then limO fx) = f(0) = c=1(0) = lim0 Jodgindx — Jim =P
X — X —

- 1 8lcos3x _ 27
= lim 0 = -
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. . . 2. . 2 2 3 . . .
80. lim ( ta232x + X% 4 smxbx ) — lim ( tan 2x + a):(;r X sin bx ) — lim ( 2sec 2x+a+ b);xgos bx + 2x sin bx ) will be in % form if

x—0 x—0 x—0

. . . cec? Ix — 2 eos ;
hr%(Zsec2 2x + a + bx?cosbx + 2xsinbx) =a+2=0=a= —2; lim ( e dx 2o by conbr iy Smb")
X— X—
— lim ( 8sec? 2x tan 2x — b?x? sin bx 4 4bx cos bx -+ 2sin bx ) — lim ( 32sec? 2x tan” 2x + 16sec* 2x — b>x? cos bx — 6bx sin bx 4 6b cos bx )

x—0 6x x—0 6

=148 —0=16+6b=0=b=-3

81. (a)

-

20 40 60 80 100

-

-0.5

y=x—-vx’+x

_1 4
(b) The limit leads to the indeterminate form co — oo:
x? = (x2+x)

. . VX2 . . x
Jdim (x= V) = dimg (- VREEX) (SR = tim (55 = dime s

= lim =1
X=00 144/1+1

w2 Jim (VT - &) = Jimx(EE - ) = fima(y/58 - F) = lme(y/1+E - ) =

X—00

-1 _
T 1+V/140

1
2

83. The graph indicates a limit near —1. The limit leads to the
2 = (B3x+ 1) /x+2

y 2% (ax+ 1)V +2

indeterminate form g : lim ; 1
X s X— X=
. 2 2.3/2 _ 1/2 . dx—2x12 _1x-12 i
— 111'11 2x 3x lx +2 — hm 3 : 3 x
X 1 X= X — 1 1
_4-iy _a-s g

- 1
- (1-1)

84. (a) The limit leads to the indeterminate form 1°°. Let f(x) = (1 + %)X = Inf(x) =x1n (1 + %) = leOO In f(x)

-2
_ oy mOeY mx) _ () _ L1
_lemoc &) _xli>moo x71 _Xleoo I—+>(7’2_)(1l>m<>0 W_m_l
S lim (1+1)" = im0 = lim &) < ¢! = ¢
(b) X (1417

10 2.5937424601

100 2.70481382942

1000 2.71692393224

10,000 2.71814592683

100,000 2.71826823717

Both functions have limits as x approaches
infinity. The function f has a maximum but

no minimum while g has no extrema. The limit
of f(x) leads to the indeterminate form 1°°.

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



424  Chapter 7 Transcendental Functions

85.

86.

87.

88.

89.

© Letfx)=(1+%)" = Infx)=xIn(l +x72)

—2x73
= lim_ Inf(x) = _lim ) = lim (m;;): lim 2 = lim % _ = lim_ £ =0.
X — 00 X — 0

Therefore lim _ (1+ X%)X = lim_ f(x) = lim_ enfx) — 0 —

—rk—2
Letf(k) = (1+£)" = Inft = nUEED o jjyy Ok D iy (__): lim

k! k = 0o k! k — 0o k=2 k = 0o |+1;k71
= i ko _ r— i nk_ 1 Inf(k) _ ar
klgnOO — klgnOO [ =T ThereforeklgnOC (l + k) kli>moo f(k) lemOO e e'.
7 1 —
(@ y=x"" = Iny="10% = y; = W =y = (1=%) (x'/*). The sign pattern is
y=|++++ + | — — — — which indicates a maximum value of y = ¢'/* when x = ¢
0 €
! 1 2) - 2 . .
b) y=x'/ = Iny="1x = L= () 6) —2xlnx )X4 xhx oy = (1=3n%) (x/). The sign pattern is
y=|+ + + | — — — — which indicates a maximum of y = e'/* when x = /e
€
N 1 ny _ n—1 n— _ n .
© y=x"/¥" = Iny="10x= )6 =) (™) S;x) () y =28 1(1X2nnlnx) -x!/X". The sign pattern is
y=|++ + | — — — — which indicates a maximum of y = !/ when x = y/e
0 e
(d) Xlew /X — Xli)moo (elnx)l/x“ _ Xli)moo e(lnx)/x“ =exp (Xll>moo 1;‘(_“") = exp (X 1l>moc (mlg")) =l =1

(a) y:xtan(i), lim(xtan(i)) = lim(tan(%)> = lim <M> = limsecz(l) =1; lim (xtan(i))

1
X—00 X—00 X X—00 (_ iz) S
X

X—00 X——00
1 . sec? (1) (—% . . .
= lim (M) = lim (&) = lim sec?(1) = 1 = the horizontal asymptote is y = 1 as x — oo and as
X——00 X——00 2 X——0x

X — —O00.
_ 3x+e* . 3x+e*\ . 3422\ . 4e>\ _ . 4\ _n 1 3x 4 e*
b) y =t Xlgrg(zx+ezx) = Xlgg(z+3eax) = Xlgg(m) = lim (55) = 0; Xlgr_nx,(zmsx)
. 2x .
= lim (;igzk) = % => the horizontal asymptotes arey = 0asx — ocoandy = % as X — —o0.
X——0oc
i — 1/h? 1/h2 1 _ L
£/(0) = Lim O =0 _ e o0 e lim(+) — lim| 2| = 1im(¢)
0) h—0 h hoo 0 hoo N h—0 \ /12 h—0\ e/ (-3) o0 \ 2¢1/
= 11m(%e’1/h) 0
(a) We should assign the value 1 to f(x) = (sin x)* to
y
make it continuous at x = 0.
1
0.8
0.6 y=(sin x)"‘
04k
0.2
1 1 1 1 X
05 1 1.5 2 25 3
. . 1
b) Inf(x) = xIn(sinx) = 2600~ Jim Infx) = lim D600 — jiy (@)
®) Infeo =xIn(sinx =Tay™ = lm, dnfeo = TmTo” = S0
. x> _ 1 —2X : a0
= xlgn0 oy = Xhino wox =0 = xlgno fx)y=¢"=1

(c) The maximum value of f(x) is close to 1 near the point x = 1.55 (see the graph in part (a)).
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(d) The root in question is near 1.57.

90. (a) When sin x < 0 there are gaps in the sketch. The width

of each gap is 7.

(b) Let f(x) = (sin x)™* = In f(x) = (tan X) In (sin Xx)

= lim_ Inf(x)= lim 1n060%
x~>7r/2’ ( ) x~>7r/2’ cotx

— ; (i) (cos ) _ ; cosXx  __

T x _1}1711_1/27 —ese?x Ty _1}21/27 (—escx)

= lim_f(x) =e" = 1. Similarly,

X — /27

lim . f(x) = e’ = 1. Therefore, lim f(x) = 1.

X —m/2 Xx—7/2

Section 7.6 Inverse Trigonometric Functions

y‘
—
0.5 1 1.~_2 2.5 x
-1
"2y =(in(sin x) - x cot x)(sin x)*
-3
-4

1.4
12 y = (sinx)'™*
1 1 1 L c

0.8

(¢) From the graph in part (b) we have a minimum of about 0.665 at x ~ 0.47 and the maximum is about 1.491 at

X =~ 2.66.

7.6 INVERSE TRIGONOMETRIC FUNCTIONS

L@ % ® -5  © Z
@ - b g © -3
5. (@ T b F © 3§
7@ F ®) % ©
9. sin (cos‘1 ‘/75) =sin(I) = %
11. tan (sin™! (1)) =tan (- %) = — ﬁ
13. lim sin'x=12
X — 1- 2
15. lim tan~'x =73
X — 0
17. lim sec !x = %
X — 0
19. lim csc™lx= lim_sin"! (1) =0
X — 00 X — 00 X

10.

12.

14.

16.

18.

20.

(@ —% () 3 () —%
(@ % (®) —7 © 3
(@ 7 b)) —3 © %
(@) ¢ (b) I © ¥

sec (cos™ 1) =sec (3) =2

cot (sin‘1 (— ‘é)) =cot(— %) =— %

lim cos™
x — —1*

X=1T7

lim tan lx=—1T
2
X — —0
lim secix=_lim_ cos™! (l) =1
X — —00 X — —00 X 2
lim _csc7'x=_lim_sin™' (1) =0
X = =00 X — —00 X
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426  Chapter 7 Transcendental Functions

el (2 dy _  ax 2 el (1) cape] dy _
21 y=cos ! (x?) = ¢ = Ty = Viow 22. y=cos! (1) =sectx = ¢ IX\\/—
23 y=sinl\2t = ¥ V2 _ V2 24 y=sint1—y = §= b = 2l

de \/1—(\/51)2 V12

— -1 dy _ 2 _ 2 _ 1
25. y=secT 28+ 1) = 5 = s+ 1] V/@s+ D=1 ~ s+ 1]/a2+4s s+ 1]/ +s

_ -1 dy _ _ 1
26. y =sec” 58 = & = T \/(53)271 = Ve

— el (42 dy _ _ 2x = —2x
27. y =csc (X + 1) = & |x2+1\\/(X2+1)2—1 (x2+1) /x1+2x2

28~y=csc‘1(§):>d—y:_i: a4

29. y=sec! (}) =coslt = = g

30. y=sin"! (3) =csc™! <§> = ¥—_ (?3 .

1Y) .-1/2
_ -1 _ —1.1/2 dy _ (i)t
31. y=cot \/E—cot e = F = Tt (@) 2\/(1+t)

1 1/2
_ -1 _ -1 1/2 dy _ (5) - -1
32. y=cotly/t—l=cott(t— DY = & =— SN 2F<1+1-1> T
33 =1 -1 dy _ (1+1x2) _ 1
Y= n(tan X) = &= @ x (tan Tx) (1+x?)
— tan—1 dy _ () _ 1
34. y = tan (Inx) = d_i T 14+(nx)? T x[1+(nx)?

35. y=cscl(e) = ¥ =— ¢ = =t

dt le!| \/(e‘>2 _1 Ver — 1

dy _ _et et

E S

36. y=cos"!(e") =

37. y=sv/1—s2+cos s =s(l —s)"* +cos s = $=(1-s )1/2+s(%)(1 §2) (= 2)—\/=S

2 2 22 2
— /1_52_ s _ 1 — /1_52_ s+19:17575;1: —2s

1—s? 1—s? 1—s? 1—s? 1—s?

/¥ Tosec s = (2 DY Cseels = & o (1) (2o 1) V2@e) - — L - s 1
3. y=vs2—1—sec!s=(s*—1) sec!s = g =(3) (s —1) (29 S| Vs2—1 V-1 Vs -1
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39.

40.

41.

42.

43.

44.

45.

46.

)}

47.

J

48.

(o]

49.

50.

51.

—tan—! /X2 — 1 1y — tan-! (x2 — )2 . o (3)e-1 e .
e Yoo e xmm (X - ) TeeTx = a 1+[(x2_l)12] \XI\/XZ—I
_ 1 1 .
= 7 |X‘\/xz,1*0’forx>1
y:cotfl(%)_tanflxzg_tanfl(xq)_tanqx:>%:O_ﬁ_&xz:xzil_lixzzo
y=xsin x4+ V/1T—x2 =xsin'x + (1= x3)"? = & =sin- x+X( 11,2)+(%)(1—
=sin‘1x+\/l"__x2_ _l"_xzzsin‘lx
1
= - 2 dy _ _2x - X (5) _ _2x — X 2%
y=In(x’+4)—xtan™" (3) = & = F7 —tan”' (5) —x lu(ﬁ)Z] =25 —tan ! (3) - 25
1 -1 (x
f\/ﬁ (5)+C
f 1 dx:lf 2 dx:lf U where u — 2x and du — 2 dx
Vi1-ax? 2J Vi—@xp 2J Ve
1 a1 R |
=gsinTu+C=3sin" (2x) +C
= | —1  dx=-L X
-,[‘1744(2 dx = f(\/ﬁ)2+x2d _\/ﬁtan erC
L L -1 _ V31
f9+3x2 3f +x2 mtan (%)+C77tan (%)—FC
fxx/ZSx——z fu\/z , where u = 5x and du = 5 dx
S T 1
_\/_ €C \/— +C= \/— eCc
dx _ du o .
fX\/5x2—4 - fu\/u2_4,whereu_ \/gxanddu_ ﬁdx
~dseet [t 0= heet 4] €
' 4 1 11 . _ \
j; 4_522[4511115] =4(Sln1§—sm10):4(g_0):%
3v2/4 3V2/4
ds _ 1 du ME _3—\/5
j; \/m—gj; 70—’ whereu =2sanddu=2ds;s=0 = u=0,s ==~ = u= =}
:[%Sin_l %]Zﬁ/zz%(Sin_sz—Sin_lo):%(%_ ):_
’ L[
f08+2[2:*2f0 8+u2,whereu—ftanddu—fdtt_Oéu—ot_zéu_z\/’
2v/2
_|a 1 -1 _1 _12V/2 1 o . 1y 1w e
_{—2- - ta %}0 —Z(tan & —tan O)-Z(tan l—tan'0)=1(5-0)=%

Section 7.6 Inverse Trigonometric Functions
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428  Chapter 7 Transcendental Functions

5. f24+3t2:\[fz\[4+u2,whereu:\/gtanddu:\/gdt;t:fZé - 2/3,t=2 = u=2\3

= [ b 3] = et V- (V)] = 25 5 - ()=

wIx

33
V2 V2
s3. [ M%:fz % whereu =2y and du = 2dy;y = ~1 = u=-2y=-L 5 u=—2

= [sec™! |u|]:£/5 =sec”! ‘—\/5‘ —sect|-2[=1-I=—1T
—V2/3 -2
o[ = L S e u =dyanddu=3dyy= —f S u=2y=— S u=-V2
= [sec™! |ul] 5/5 sec™! ‘—\/_‘ —secH|=2|=F-F=—-5
_ 3dr
35. l—4(r—l)2

—%sm u+C —sm‘12(r—1)+C

6 dr d

56. f\/ﬁ:6f \/i_uz,whereu:rJrlanddu:dr
=6sin"! § +C=6sin! () +C

57. fﬁ:f%,whereu:x—landdu:dx

1

- 1 -1 u - 1 -1 (x=1
_ﬁtan \/5+C—ﬁtan (ﬁ)—I—C

dx
58. fm— 1 fHuz,whereu—3x+1anddu—3dx

=ltantu+C=1tan ' Gx+1)+C

du

dx 1 _ _
fm_ifu\/m,whereu—b(—landdu_2dx

=4t 3l et B

59.

dx _ du _ _
60. f(x+3)\/(x+3).) 7fu\/u2 , where u = x + 3 and du = dx

f—sec’1 |5|—|—C —sec’1 |XH|+C

/2 1 .
6l. f—w/z lzf‘zzlzg‘?z =2 fil li”uz ,whereu =sinfanddu =cos 0dt0 = -5 =u=-1,0=5=u=1

=[2tan™! u]i1 =2(tan' 1 —tan ' (=) =2[F - (- F)] =~

/4 5 1
csefxdx du _ _ 2 ey T _ _ T —
62. L/ﬁm— fﬁ—Huz,whereu—cotxanddu— csc xdx,x—6:>u—\/§,x—4:>u—1

1

= [—tan~ u]i/g:—tan*l%—tan’l 3=—3+t3=1

V3 V3
63.]; edx:fl %,whereu:e"anddu:e‘dx;x:o:>u:l,x:1n\/§:>u:\/§

14ex

:[tan’lu]yg:tan’l\/gftan’ll:gfgz ]

|2

[}
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64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

Ul

76.

77.

\1

78.

Section 7.6 Inverse Trigonometric Functions

e/t /4
fl %:{f %,Whereu:lntanddu:%dt;t:1 =u=0t=e¢ = u=7%
= [4tan"'u], / =4(tan' T —tan"!10) =4tan! I
4 3
f ydy —lf du__ whereu = y? and du = 2y d
Ji-v 2J Sioe =Yy =<y dy

11 112
=g3sinTu+C=35sin"y*+C

sec’y dy
/1 —tany
=sin"'u4+ C =sin"! (tany) +C

= f \/fli — , where u = tan y and du = sec’y dy

dx _ ain—1
f\/—x2+4x 3 f\/l xz 4x+4) f\/l—(x—2)2_81n x-2)+C

dx -
f\/zx 2 f\/lf;@ iy J Voo S fx=1D+C

0 0 0 . 0
-1 \/3?;—9 =6J \/4—(t512t+1) =6 f—l \/22—dét+1)2 =6 [sin~! (4] —1
=6 [sin’1 (%) —sin~! 0] =6 (% — 0) =7

! ! ! 1 /2—1y11
fl/Z \/3+Gftl—4t2 - 3fl/z 47(42t?di4r+1) =3 ‘/‘1/2\/% =3 [sin™! (354)] 1/2
3 s (3) —sin'0] =3 (- 0) = §

_ _ dy _1 -1 (y=1
fy RS TR f4+y2—2y+l f22+<y—1>2 =gt (*57) +C

— dy — dy — tan—!
f 2+6y+10 1+ (y2+6y+9) _f1+(y+3)2 =tan" (y+3)+C

X 2 X — 2 - — s
St =8 ety = 8, i = Slan - D) =8 (an 1~ tan10) = 8 (5~ 0) =2
4
_2dx dx — 4_ — — _ s s
f Xooxt10  “J, TH—x+9) =2 ) 1+(x 3)z =2[tan"' (x = 3)], = 2[tan"" | —tan 1(_1)]—2[1_ (_ Z)]
f T4 fxz+4dx+f9+4dx fxziqu_ f%duwhereu:x2+4édu:2xdxé%du:xdx

f Ftdx = JIn(x? +4) +2tan" ' (§) + C

Jetatndt= [ iqdt[leaw =t-3 s w3 =t dv=d] - [athaw = [aw+ [Glqdw

f Y —dw = fduwhereu—w —|—1:>du—2wdw:>1du—wdw:>fw_+1dw+fwd+1w

w2 +1

= ln(w? + 1) + tan"(w) + C = IIn((t—3)* + 1) + tan"'(t — 3) + C = LIn( — 6t + 10) + tan~'(t — 3) +C

fx Hf_ldx—f(l xzjrlgo dx—fdx+f zzing—lofﬁdX;fﬂwdx_f du where u = x* + 9

= du=2xdx = [dx+ [Rgdx—10 [ Fsdx = x +In(x? +9) — Lean~! (3) + C

Jestasa= [ et [ 2o [ a2 e [ 2= [aes=e s

= du=2tdt= [(t-2)dt+ [2ydi—2 [ pldi= 12— 2t+In(@ + 1) — 2tan~'(t) + C

2+1
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79. f :f dx :f dx :f
(X+1)\/x2+2x x4+ DVx2+2x+1-1 (x+Dy/x+D2-1 u/u? —

80.

81.

82.

83.

8

85.

86.

87.

\J

88.

89.

90.

91.

>

Chapter 7 Transcendental Functions

du

=sec ! Jul +C=sec7! [x+1|+C

f dx
x—2)V/x*—

esin Ix

Ve

dx = f ¢" du, where u = sin"! x and du = T
—

1,Whereu:x—i—landdu:dx

_ dx _ dx _ 1 v —
yro t f(x—2)\/x2—4x+4—1 = f(x72)\/(x72)271 = fu\/utl du, where u = x — 2 and du = dx
=sec ! Jul +C=sec![x —2|+C

dx

—e'+C=e""r 4 C

ecos™ Ix

Vi

=—e"4+C=—

—dx

dx——fe du, where u = cos™! x and du = T

1
fm dy = f (l;ntyly) dy = f% du, where u = tan™! y and du = 1iyy2
=Inju/+C=

1
f (sin7ly) /1 +y2
=In|u/+C=

2
sec? (sec 'x

V2 oxyx2—1
/3

= [tanu] /),

2 /3
cos (sec™! x) f _ -1 —
fy{ P ons dx = L6 oS U du, where u = sec™ x and du = .

= [sinu]”

dx—fu du, where u = sin™! xanddu:m

1

/3

1

/3
) dx = j:/4 sec?u du, where u = sec™! x and du =

:tang—tangzﬁ—l

1

eC()S X + C

= ful/z du, where u = tan™! x and du = 1ixx2
= (tan™! )" +C= ¢/ (tan"1x)* +C

In|tan~ty| +C

()
dy:f STy dy —f du, where u = sin™ yanddu—\/dy—y2

In sin"ly| +C

T

3-1

— T _gqnf = M¥2"2
/().—Sll’l3 SlIlG— D)

J

\/;(x+ 1) [([anf'\/;)2+9]
2 — tanfl\/;
= Ztan 1( 3 ) +C
& S_m e‘; dx = fu du where u = sin"!e* = du = \/ﬁe"dx

= L(sin~ e")2 +C

lim
x—0

X

sin~! 5x

;
lim 7(@) =5
x—0
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1 1) (x2=1) "*2x)
. V-1 _ . (x2-1" _ . (2) _ . _
92. lim Y= = lim S ~—= lim ~7———= lim x[x[=1
X — 1 X — 1 X —1 1 X —1
x| x2—1
1 2 1 ( —2x—2 )
. _ . tan— - . -2 .
93. lim_xtan~' () = lim T (X7) iy MEsZ) iy 2
X — 00 X X — 00 X X —00 X X =00 l+4x
L ( 12x )
. 2tan"'3x* __ q; 1+9x4) _ 1; 6 _ 6
94. lim === = lim ~5pet = lim srism =3
72(3%‘71)
2 7 —20-1)
s otan'x® g 1axd _ T (1+4) iz 2 _
95. hn(l) xsin Tx — hH(l) (xiursmlx = 11rr(1) —2+2 = sz T3 T 1
X— X— /1_x2 X— (]7X2)3/2 (1-03/2
2x (2% 4 3
4 2 e"lan’le"+2§i 22 etan!e* 4 ° ( 2)
s eftan!eX . oettanT et 4 o . L (2x41)” . (2x+1)
96. lim S = lim T = lim 1 = lim —
X—00 X—00 X—00 X—00

— 1lim ltazeiex n (e2x+3)2‘| — lim ltazeiex + (1+362x)] —040=0

4(e> 4 1) X—00 4(eX e)?

2 -1

tan~! (1/x tan™! (\/x) =— an_ (V) an-! -1

o7, tim [ O] e W S gy (72“‘“ (V%) ) — lim [ 0
x—0+  XVx+1 x—0+ 2\/%Jr\/x+l x—0F 3 /iii x—0+ \ (3x+2) /xy/x+1 x—0+

= lim 21

2 _
X—0+ ((12x2+13x+2)\/x+1 ) 2

2x
. i ’l(xz) . . . 1
lim & t= lim [ —Y¥="+— | = lim (%) = lim - =
x—0+ (sin~!x) x—0t \ 20in7' %) = x—0+ \sin~!x /1+x2 X—0+ sm*lx-\/]:_—xz-&- llﬂ‘z\/l+x2
— lim ( V1+x2V/1-x2 ):lzl
x—0+ \1+x2+xy/1—x2sin~Tx 1

|

98.

X 1+x2 x2

X ) —tan~!x
99. Ify =Inx — L In(1+x2) — 9% 4 C, thendy = ll—L—M] dx

— (1 _ _x _ 1
— \x 1+x2 x(1+x2)

which verifies the formula

tan~! x _ x(14x%) = x® —x+ (tan~ ' x) (1 +x?) _ tan~!x
+ x2 ) dx = x2 (14 x2) dx = x2 dx,

100 1y = 3 cos™ 55+ 3 [ g anthendy =[x eos™ S+ () (775) + 3 ()| o

= (x® cos™! 5x) dx, which verifies the formula

101. Ify = x (sin"' x)* — 2x + 2¢/1 — x2 sin"! x + C, then

dy = [(sin’1 x)2 + % -2+ \/% sin~!x + 21 — x2 (ﬁ)] dx = (sin™! x)2 dx, which verifies

the formula

4  (
a

%
[CIe

102. Ify = xIn(a* + x?) — 2x + 2atan™! (%) + C, then dy = [ln(a2—|—x2)+ 2 24 2)] dx

= |In(a® + x?) + 2 (Z:i::) - 2} dx = In (a® + x?) dx, which verifies the formula

103. d—yzwl__xz = dy=—%_ = y=sin'x+C;x=0andy=0 = 0=sin"'0+C = C=0 = y=sin"'x

1 —x2
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104.

105.

106.

107.

108.

109.

110.

111.

112.

113. sin

Chapter 7 Transcendental Functions

Y=l —I=sdy= (- )d&x=>y=tan!®)-x+Cx=0andy=1=1=tan"'0-0+C

= C=1= y=tan" Tx)—x+1
dy _ 1 dx

= = dy= 73+ = y=sec!|x|+Ci;x=2andy=7 = m=sec!2+C = C=7—sec !2

dx xVx2 -1

=r—1=% > y=sec ')+ F,x>1

%:ﬁ_ﬁ = dy = (ﬁ—ﬁ) dx = y=tan"'x —2sin"'x4+C;x=0andy = 2
= 2=tan"'0—-2sin"!0+C = C=2 = y=tan"!x —2sin"'x+2

(a) The angle « is the large angle between the wall and the right end of the blackboard minus the small angle between
the left end of the blackboard and the wall = o = cot™! (%) —cot™ ().

da _ : i 15 3 540-12 do _ _ _
(b)E*_Hl(S]x_s)- H(%)*_225+x2+9+x2*(225+x2>(9x+x2)’3 0=540—12x*=0=x = i3\/§

Since x > 0, consider only x = 3[ 5= a<3f) = cot™! (3\[) —cot™! (3‘[> ~ 0.729728 ~ 41.8103°. Using

_ 13 da 132
> 0and 7085

= = < 0 = local maximum of 41.8103° when

the first derivative test, E

x = 3/5 ~ 6.7082 ft.

V:Wﬁ)ﬁ/3[22_(seCy)2] dy:f;-r[4y tany] /3 W(% . \/g)

V = (3) r’h = (3) m(3 sin 6)*(3 cos 0) = 9 (cos § — cos® §), where 0 < 6 < 5
= & = —97(sin0) (1 — 3 cos’) =0 =>sin = Oorcos § = + % = the critical points are: 0, cos™! (%) , and
-1

—1(_ 1. -1(_ 1 1
cos ( \/5) ; but cos ( \/5) is not in the domain. When 6 = 0, we have a minimum and when 6 = cos ( \/5)

~ 54.7°, we have a maximum volume.
65° 4 (90° — B) 4+ (90° — ) = 180° = o = 65° — 3 = 65° — tan™* (%) ~ 65° —22.78° ~ 42.22°

Take each square as a unit square. From the diagram we have the following: the smallest angle o has a
tangent of | = « = tan™! 1; the middle angle 3 has a tangent of 2 = 3 = tan~' 2; and the largest angle
has a tangent of 3 = ~ = tan!' 3. The sum of these three anglesism = a+ B8+ =7

= tan"!1+tan~!2 +tan"13 =T

1

(a) From the symmetry of the diagram, we see that 7 — sec™! x is the vertical distance from the graph of y = sec™! x to

1

the line y = 7 and this distance is the same as the height of y = sec™ x above the x-axis at —X;

ie,m—sec ! x =sec™! (—x).

(b) cos™' (—x) =m —cos™'x, where -1 < x <1 = cos™ (—1) =7 —cos™! (1), wherex lorx < -1

= sec ! (—x) =7 —sec”!x
M 4cosH () =F+0=7F;sin7'(0)+cos ' (0)=0+7F =Fsandsin ! (=) +cos (=) =—-F+7=7].
If x € (—1,0) and x = —a, then sin~! (x) + cos ! (x) = sin™! (—a) + cos™! (—a) = —sin"ta + (7 — cos™' a)

=7 — (sin"'a+cos™'a) =7 — § = J from Equations (3) and (4) in the text.
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114.

115.

116.

117.

118.

119.

120.

121.

122.

123.

= L1, as indicated by the triangle

Section 7.6 Inverse Trigonometric Functions

B
x > tana=xandtan =1 = Z=a+f=tan'x+tant 1,
a
1

1 1 d 1 d & &

— Y — — — s — —
csclu=7%—seclu = L(esctu)=2L (5 —sec™u) =0— = Iu\\/2 ,Jul >1
y=tan'x = tany=x = &L (tany) = L (x)
= (se’y) P=1= $=_1L- = L

dx sec?y m

1+x2°

-1
f(x) =secx = f'(x) =secxtanx = % 1 L L

= sec(sec~! b)tan(sec—! b) = b(i b2 — 1) :

o
x=b &

x=f=1(b)
. A1y — 1
Since the slope of sec™! x is always positive, we the right sign by writing 3 sec X T

du du
-1, _ 7 _ -1 d — _d (m _ -1 — () _d&x _ — _ _dx
cottu=7Z—tan'u = & (cotlu) =& (F—tantu) =0— &5 = — 14,

The functions f and g have the same derivative (for x  0), namely m . The functions therefore differ

by a constant. To identify the constant we can set x equal to O in the equation f(x) = g(x) + C, obtaining

n'(-)=2tan'(0)+C = —F=0+C = C=—7Z. Forx 0,wehavesin™' (*4) =2tan"!/x— 2

+1

The functions f and g have the same derivative for x > 0, namely 5 +X2 . The functions therefore differ by a

constant for x > 0. To identify the constant we can set x equal to 1 in the equation f(x) = g(x) + C, obtaining
=1 1 _ -1 T__ T _ ia—1 1 _ -11

sin (W) =tan"" 1+C = 7 =75+C = C=0. Forx > 0, we have sin Tt =tan" " <.

X

)

2 V3
dx =7 fiﬁﬂ Tz dx = m[tan "' x] {\3/;/2 =7 {tan‘1 3 —tan~! (—

I,

V3
V:ﬂ-f*\/i/3 1+x2
— (_

T 7

=T

aln N
—
N———

=
Il
N

)

w3

433

Considery = V12 — x2 = g—i = \/rz_iixz; Since j—i is undefined at x = r and x = —r, we will find the length from x = 0

S 1 : _ r/ﬁ —X 2 _ r/ﬁ x2
tox = 7 (in other words, the length of ¢ of a circle) = L = j; 1+ (ﬁ) dx = j; 1+ 25odx

N2 r/V2
= f ——dx = f
0 7% o Tie

=rsin! (T) —0=r(%) = Z'. The total circumference of the circle is C = 8L = 8(%f) = 2rr.

dx = [rsin™'(%)] (r)/\/E =rsin”! (@) —rsin~1(0)

(@) A(x) =T (diameter)? = I [ SE (— ¢11+—)r = Za = V= [ Awdc= [ £
=rltan'x]1, = (mMQ) (5) ==

(b) A) = (edge)® = [t — (- ¢11+x2)r = s v A= [ A
—4ftan x]' | = 4ftan ! (1) —tan~ (1)) =4 [ — (- )] =27
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124. (a)
(b)
125. (a)
(©)
126. (a)
©
127. (a)
(b)
128. (a)
(b)
129. (a)

Chapter 7 Transcendental Functions

A = § (iameter)? = § (72 *0)2 () = 7 = V=L amax

= [ i xR = st () st ()] =[5 - (- )] -
A = et = (o) = i = V= [lawax= [ i

= 2[sin‘1x]{\2//;/2 =2(5-2)=m

sec™! 1.5 = cos™! & ~ 0.84107
cot™'2 =7 —tan"! 2 ~ 0.46365
sec™ (—=3) = cos7! (— 1) ~ 1.91063

cot™! (=2) = T — tan~! (~2) ~ 2.67795

Domain: all real numbers except those having
the form 5 + km where k is an integer.

. m s
Range: — 5 <y <3

Domain: —oo < X < 00; Range: —oco <y < >
The graph of y = tan™! (tan x) is periodic, the
graph of y = tan (tan™! x) = x for —oco < x < 0.

Domain: —oo < x < oo; Range: — 2 <y <

rol

s
2

Domain: —1 <x < 1;Range: —1 <y <1
The graph of y = sin~! (sin x) is periodic; the
graph of y = sin (sin"! x) = x for =1 < x < 1.

Domain: —oco < x < oo; Range: 0 <y <7

(b) csc™(—1.5) =sin”! (— &) =~ —0.72973

(b) csc™! 1.7 =sin"! (&) ~ 0.62887

y= tan’l(tan Xx)
Jull
/ 2 /
] 1 1 1 X
_ 3:/ _m S / 3w
2 ol 2 2
2
y
y= tan(tanfl x)

37
P

I 1 1 1 X

-37 - ™ ki
o
3k
y
Sl
y=sin (sinx)
-z 3m
A 2 2
1 1 1 Ly x
=27 _ 37— a Mﬂ'
2 2

2k

y= sin(sin_l x)

y

‘/\RCOS ’
I 1

-2 -7 | T 2 .
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(b) Domain: —1 <x < 1;Range: —1 <y <1
The graph of y = cos™! (cos x) is periodic; the
graph of y = cos (cos™!x) = x for =1 < x < 1.

130. Since the domain of sec™! x is (—oo, —1] U [1, 00), we
1 1. The graph of

y = sec (sec™! x) is the line y = x with the open

line segment from (—1, —1) to (1, 1) removed.

have sec (sec™* x) = x for |x]

131. The graphs are identical for y = 2 sin (2 tan™! x)
= 4 [sin (tan"! x)] [cos (tan"! x)] = 4 ( 2

) ()
Vx2+1

from the triangle X

4x
x2+1

132. The graphs are identical for y = cos (2 sec™! x)

1x) — sin? (sec™ x) = & — X1

= cos? (sec™ e =

X
= 2 from the triangle xZ -1
X

133. The values of f increase over the interval [—1, 1] because
f’ > 0, and the graph of f steepens as the values of f’
increase towards the ends of the interval. The graph of f
is concave down to the left of the origin where f” < 0,
and concave up to the right of the origin where f” > 0.
There is an inflection point at x = 0 where f” = 0 and
f’ has a local minimum value.

Section 7.6 Inverse Trigonometric Functions

y= cos(ct)f] x)

y= sec(sec’I x) |

¥

-5 5 10
—1- _ &
y=
T2+
y
508
aoff
30|
20 o= 22
y= cos(2sec ' x) 1 2
1 1 1 1 x
-10 -5 5 10
y
1\ y=sinx
y=
1-22
X
y= S
P
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134.

Chapter 7 Transcendental Functions

The values of f increase throughout the interval (—oo, c0)
because f’ > 0, and they increase most rapidly near the

origin where the values of f’ are relatively large. The Tl
graph of f is concave up to the left of the origin where

f” > 0, and concave down to the right of the origin

where f” < 0. There is an inflection point at x = 0 y:(4_x]2
y= tan~'x 1+ x2

where " = 0 and f’ has a local maximum value.

7.7 HYPERBOLIC FUNCTIONS

10.

11.

12.

13.

14.

3
_3 \/ I — ./ _§ 1 / _5 _sinnx _ (=3 _ _ 3
sinh x = 1= cosh x = 4/1 + sinh 1—|— 4 =17, tanhx—coshx— 0 =5
cothx = —+— = —3 sechx = =% andcschx =
tanh x 3 cosh x 5 sin X
sinhx =3 = coshx =+/1+sinh?x=,/1+ L =,/2 =3 tanhx = smhx — () — 4 opyx— 1 s
-3 - 9 - 3 _coshx_(%)_S’ " tanhx ~ 4°
13 _ 1
sech x = coshx — 5° and csch X = sinhx 4
coshx =12 x>0 = sinhx = v/cosh?x — 17 28 _ 1=,/ ﬁ tanh x = Smhx — Gs)
- 5 - 15 225 225 15° coshx (%_7)
_ 8 _ 17 1 _ 15
17> coth x tdnhx - 8> sech x = coshx 17 ’ and csch x = smhx - 8

12
13 _ e 1 _ [169 _ 14 _ L _ simhx _ (8) _ 12
coshx = 2,x >0 = sinhx = +/cosh®x 2% =1/ 33 ,tanh x = S°- = ) =1

1 _ 13 1 _ 5 1

cothx = tanhx ~ 12° sech x = coshx — 13° and csch x = sinhx 12
lnx —lnx
2 cosh(Inx) =2 <f) =elx 4 elﬁx =x+ %
P 2 1
. _elx_e-2lx elnxz_elnx*2 _ (X 7}?2) _oxt

sinh (2 1Inx) = 5 = 3 = 5 =g

. 5X | a—5x 5x _ a—5x . 3x | a3 3x _ a-3x _
cosh 5x + sinh 5x = SEe— 4 &oe— — ¢ 8. cosh3x —sinh3x = &4~ — &=~ —e™*

(Sinhx+cosh X)4 _ (e —e* + et +e X)4 _ (ex)4 — e
In (cosh x + sinh x) + In (cosh x — sinh x) = In (cosh?x — sinh’x) =In1 =0

(a) sinh 2x = sinh (x + X) = sinh x cosh x + cosh x sinh x = 2 sinh x cosh x
(b) cosh 2x = cosh (x + x) = cosh x cosh x + sinh x sin x = cosh? x + sinh? x

cosh? x — sinh? x = (£5°)7 — (£557) = L(e* 4 e7) + (e —e )] [(€* +e7) — (€ —e )] = L (2¢¥) (2e7)
=) =;&=1

y=06sinh ¥ = % =6 (cosh?) (1) =2cosh

y=1sinh@x+1) = ¢ = lcosh(2x + DI(2) = cosh(2x + 1)

. y=2y/ttanh /t = 2t'/2 tanh t'/2 = & = [sech? (t'/?)] (3 t71/?) (2t'/?) + (tanh t'/?) (t71/2) = sech? \/t + “"h‘/
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17.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Section 7.7 Hyperbolic Functions 437

.y=ttanh ! =€ tanht™! = & = [sech? (t71)] (—t72) () + (20) (tanh t!) = — sech® 1 + 2t tanh 1
y=In(sinhz) = § = <0z = cothz 18. y =1In(coshz) = § = Sz — anh 7

y = (sech 6)(1 — In sech 6) = % = (— %ﬁ?“hg) (sech 6) 4 (— sech 6 tanh 8)(1 — In sech )

= sech 6 tanh 6 — (sech 0 tanh 6)(1 — In sech 8) = (sech 6 tanh 8)[1 — (1 — In sech #)] = (sech 6 tanh 8)(In sech 6)

y = (csch 0)(1 — In csch 6) = dy = (csch 0) (— %‘i?‘hg) 4+ (1 — In csch #)(— csch 8 coth 0)

= csch 0 coth @ — (1 — In csch 9)(csch 0 coth ) = (csch 0 coth 8)(1 — 1 + In csch 8) = (csch 8 coth 6)(In csch )

y =Incoshv — } tanh? v = fl—z = SmY¥ _ (1) (2 tanh v) (sech? v) = tanh v — (tanh v) (sech? v)

cosh v

= (tanh v) (1 — sech2 v) = (tanh v) (tanh? v) = tanh? v

y =Insinhv — 1 coth? v = % = v (1) (2 coth v) (— esch? v) = coth v + (coth v) (csch? v)

sinh v

= (coth v) (1 + csch? v) = (coth v) (coth? v) = coth® v

y=+1)sech(nx) = (x*+1) (i) = X+ 1) () =+ D) (FE) =2x = £ =

y = (4x? — 1) esch (In 2x) = (4x2 — 1) (g ) = (4x2 — 1) (#) (4x? = 1) (52) =4x = F =4

L o d (1) —1/2 B B
yfslnhl X = sinh 1(x1/2) = y \/1 xlzzfg\/;\l/m*m/x(lwx)

@ (3 )(x+1>”

= -1 = -1 1/2 dy = 1
y = cosh™! 24/x + 1 = cosh (2(x +1) ) = & \/[2(”1)1 s oo \/4X+3 VT
y=(0-0tanh 10 = $=1-0)(L5z) +(—Dtanh™10 = 2, — tanh 1 ¢

y = (6% +26) tanh~! (6 + 1) = & = (6% + 26) [
—(20+2)tanh ' (0 +1)— 1

1
T—(@+1)

1 1/2
y=(—-tcoth™'y/t= (1 —tycoth™! (t'/?) = ¥ =(1-1 ll(j>(;,2)2

+ (—=1)coth™! (¢/?) = QL\/E — coth™14/t

y=(1-t)coth't = & =(1-1) (2

@ =) + (=20 coth ™t t = 1 — 2t coth ™! t

-1

1y -1 dy _ -1 —1 “1¢| — _ 1y 1y
Xx—xsech™x = &= i {x(xm)+(1)sech x}—m—i—m sech™ —sech™

y = cos”

y:lnx—|—\/1—x?sech‘llenx—i—(l—)(2)1/zsech_1
12 ( _ ~1/2 _ X _ x _
:>g—§=%+(1—x2)/ (X — )+(%)(1—x2) /(—2x)sech1x:%—%—msech1x:msech1x

x2

[1“ 3 ]G)e _ _In()-In@ _ _ m2

Vr®" e’

y = csch™! (%)‘9 = T=—
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Moy=csch 2 = = alzj?;) v

35. y=sinh! (tanx) = & = 7 Sfc(ia);x)z = \;e:;—;‘x = ‘sq?zf‘ = ‘Sec‘:!clsflc X = |sec x|

36. y = cosh™! (sec x) = % = (:Ze?z(;aixl) = (Sef/’:‘%:x) = (Sec‘[’;iftf‘" Y —gecx,0 < x < z

37. (a) Ify = tan™!(sinh x) + C, then % = lizsi':lﬁ‘zx = chfl?z’; = sech x, which verifies the formula
(b) Ify =sin~" (tanh x) + C, then g = 22 = sdtx = sech x, which verifies the formula

38.

39.

40.

41.

42.

43

44

45

46.

)}

47.

J

Ify = "2—2 sech™ x — § /1 —x2 + C, then g—i =xsech ! x + "2—2 (X\/Il—ﬂ) + 4\/?"_)(2 = x sech™! x, which verifies the

formula

Ify = )‘2771 coth™! x + 5 + C, then g% = xcoth™'x + (")T’l> (#) + % = x coth™! x, which verifies the formula

1—x2

Ify =xtanh™ x + 3 In (1 — x?) 4+ C, then g—i =tanh ' x +x (12=) + 3 (112:2) = tanh~! x, which verifies the formula
f sinh 2x dx = %f sinh u du, where u = 2x and du = 2 dx
— cos2hu T C= 0051212)( T C

fsinh%dx:stinhudu,whereu:%anddu:%dx
=5coshu+C=5cosh 3 +C

. f6cosh(§—ln3) dx = 12fcoshudu,whereu:%—lnS’anddu:%dx
:12sinhu+C:125inh(§—ln3)+C

. f4cosh(3x—1n2)dx: %fcoshudu,whereu:3x—ln2anddu:3dx
= 3sinhu+C=%sinh(3x —In2)+C

X sinh u X 1
. ftanh 5 dx = 7f coshu du, where u = 3 and du = 7 dx
7 4e/7

=7In|coshu|+C; =7In|cosh 3|+ C; =7In |&E| +C; =TIn e/ +e 7| =72+ C

=T7Inle”" +e"|+C

fcoth % dg = \/gfi:’;}i‘l‘l‘ du, where u = % and du = dTGS

:\/gln\sinhul—FCl:\/gln‘sinh%‘+clz\/§1n e
= \/gln’ee/\/g—efe/\/g‘ — \/§1n2+C1 = \/gln‘e‘g/\/g—e*‘g/\/g‘ +C

Q0/V3 _ o=0/\/3
2

f sech? (x — 1) dx = fsech2udu, whereu = (x — 1) and du = dx
:tanhu+C:tanh(x7%)+C

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



48.

49.

50.

5

—

52.

53.

54.

55.

56.

57.

58.

Section 7.7 Hyperbolic Functions 439

fcsch2 5—-x)dx = — fcsch2udu, where u = (5 — x) and du = —dx
= —(—cothu)+ C=cothu+C=coth(5—x)+C

f sech 1/t tanh 1/t dt =2 f sech u tanh u du, where u = \/E = t1/2 and du = _dt_

Vi 2\

:2(—sechu)+C:—2seCh\/£+C
fwdt:fcschucothudu,whereu:lntanddu:%

= —cschu+C = —csch(Int)+C

In4 In4 15/8
_ h 1 _ 15/8 3| 15 _ 4| _1n 5
.flnzcothxdxfﬁnzij’;h;‘d j;/4 Hduf[ln|u|]3/4 =In|2|-In|3|=l|[Y -3 =In3,
2 _ o—hn 2— (3

where u = sinh x, du = cosh x dx, the lower limit is sinh (In 2) = elz’; = 2<2> :%and the upper

i _ o—ln a—(
limit is sinh (In 4) = €= = 2(4) —

[Mranh2xax = [ g = L7 Lau = Ln o) 75 = L [ (22) 1] = Lin 2, where

cosh 2x 2
u = cosh 2x, du = 2 sinh (2x) dx, the lower limit is cosh 0 = 1 and the upper limit is cosh (2 In 2) = cosh (In 4)

g4 e 4 4+<%) _ 17

2 2 - 8

[t coshoan = ["Toe (£ ) ap= [ 4 1) a0 =[5+ 0]
= (57 -m2) - (5 -m4) = (1 -n2) — (h-M4) =% -IN2+2I2= 3 +1In2

—In2
—In4

In2 In2 _ In2 o2 In2
[ 4csinh o dg = [ ae (%) =2 ["(1-e) 072[9+ 9}

0
—2[(m2+52) — (0+ %) =2(m2+ -} =2m2+L—1=In4-3

—2In2

/4 1 _ _
fmcosh (tan ) sec? 6 df = f 1coshu du = [sinh u] 171 =sinh (1) — sinh(=1) = (el =° ) — (%)

= # =e— ¢!, where u = tan 6, du = sec? § d6), the lower limit is tan (— ) = —1 and the upper

limit is tan (§) = 1

/2 1 _
j; 2 sinh (sin 0) cos 0 df = 2f sinhudu = 2[cosh u]1 = 2(cosh 1 — cosh 0) = 2 (ﬂ - l)

=e+e " — 2, where u = sin 4, du = cos 8 df, the lower limit is sin 0 = 0 and the upper limit is sin (%) =1

o2 2-1

2 In2
fl w dt = fo cosh u du = [sinh u], "% — ginh (In 2) — sinh (0) =

u=Int,du= % dt, the lower limit is In 1 = 0 and the upper limit is In 2

f. 8°°Shf dx = 16f cosh u du = 16 [sinh u]® = 16(sinh 2 — sinh 1) = 16 [(72) - (e*e’l)}
=8 (e —e?—e+el), whereu=/x =x"% du=L1x"12dx = m , the lower limit is \/1 = 1 and the upper

limit is /4 = 2
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0 0
59. fimcoshz (3) dx = fim% dx = f S(coshx+ 1) dx = J [sinhx +x]°,,

= L[(sinh 0+ 0) — (sinh (—In 2) — In 2)] = } [(0+0)— (%qnz)} =1 [ (5) +1n2

=l(1-14+m2)=3+1m2=3+m2

60. f) 4smh2( )dx—fln 4(°°5h2’"1) X—Zf (coshxfl)dx_Z[smhx ]1"10

= 2[(sinh (In 10) — In 10) — (sinh 0 — 0)] = " — ™™ — 21N 10=10— £ —2In 10=9.9 —21n 10
61. sinh™! (33) =In (= 5+ /& +1) =1 (3) 62. cosh™! (3) =1n (§+ ¥-1)=mn3
63 tanh ™! (— 1) = L In (|53 ) = - 12 64. coth ™ (§) = 11n () = 4109 =1n3
103\ _ 14+y/T= (9725 “1(_ 1) _ _ VZ N T O
65. sech™! (3) = In (MY ) = 1n3 66. csch™! ( 3)_111( V3+ (w§)> In(-/3+2)
67. (a) f 8 = [sinh ! 3] = sinh~! /3 — sinh 0 = sinh ! /3

(b) sinh~! 3=1n(\/§+ M) —In (\/§+2)

3
1 6 dx

. m f\/ﬁ,whereufSXdu—3dx a=1
= [2sinh ' u], = 2 (sinh~' 1 — sinh 1 0) = 2 sinh~ 1

(b) 2sinh—11=21n(1+ 12+1):21n(1+\/§)

68. (a)

2
69. (a) fm L dx = [coth ™' x] 3, = coth™' 2 — coth ™ 3

(b) coth~ 2—coth’1 >=3[m3-m(%F)] =43

12
0. @) fo 7o dx = [tanh™" ] (1J/2 =tanh™ § —tanh™'0 = tanh™' 1
(b) tanh™' 1 =11n (tam) — 13

(172)

3/13 12/13
7dx = f du = = =
71. (a) f]/s T v e whereu =4x,du =4dx,a=1

= —sech™! Q + sech™! 5

— _In (1+\/17(12/13)2> +1n <1+\/17(4/5)2>

-1 12 -1
(b) —sech 5+ sech ) s

4
5
= —ln (B9 gy (SVBSI0) g (353) —1n (B52) =In2—Tn § =1n (2

1 ]12/13

= [—sech a5

WIN
~—
I
—
=
[SSIE

- 2

2
2w [ = e 3= -

: —csch™ 1)
(b) 3 (csch™ 3 —csch™'1) =4 {l (2+ }{/527)) In (1 + \/5)} =1 ln(

)

T 0
3. @ R dx = J. = du = [sinh " u]{ = sinh~" 0 — sinh~' 0 = 0, where u = sin x, du = cos x dx
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(b) sinh~10 — sinh~10 = In (o +/0+ 1) —In (0 +/0+ 1) —0

1

e 1
dx _ du — = = =
(a) T fo oy ,whereu=1Inx,du= _dx,a=1

— [sinh ' u], = sinh ™' 1 — sinh~1 0 = sinh~! 1

(b) sinh~! 1 = sinh™ 0 = In (14 V/I2+1) ~In (04 /07 + 1) =In (1+/2)

Let E(x) = ™1 and O(x) = ™19 Then E(x) + O(x) = A0 4 M0=1E0 - 200 — fx) - Also,
E(—x) = 0400 0400 _ ) F(x) is even, and O(—x) = C0=ICE0 1010 _ gy
= O(x) is odd. Consequently, f(x) can be written as a sum of an even and an odd function.

f(x) = w because w = 0if fis even and f(x) = w because w = 0if fis odd.

Thus, if f is even f(x) = 2% 4 0 and if £ is odd, f(x) = 0 + 22

y=sinh™'x = x =sinhy = x:% = 2)(:6:3’75y = 2xe'=e¥—1 = e¥—-2xe' —1=0

= ¥ = XEVICH V24x2+4 = e =x+Vx2+1 = sinh’lx:yzln(x—l— x2—|—1). Since e¥ > 0, we cannot

choose ¢ = x — v/x2 + 1 because x — v/x2 + 1 < 0.

(a) v= \/mgtanh<\/g;kt> = &= ﬁ[secW(\/%t)] (\/g_;k) = gsech2<\/%kt).

Thus m% = mg sech? <\/ & t) = mg (1 - tanh2< gk t)) = mg — kv2. Also, since tanh x = 0 when x = 0, v =0

m

when t = 0.

i - 1 / mg [ke ) — /me g [ke ) —  /me - /me
(b) tlimOC v—tlimOO T tanh( - t> = T tgmm tanh( - t> = (D= T
© /asss = /9 = 4 =801/5 = 178.89 fusec

(@) s(t) =acoskt+bsinkt = & = —aksinkt+ bk coskt = % = —ak? cos kt — bk? sin kt
= —k?(acos kt + b sin kt) = —k? s(t) = acceleration is proportional to s. The negative constant —k?

implies that the acceleration is directed toward the origin.
(b) s(t) =acoshkt + bsinhkt = & = ak sinh kt + bk cosh kt = ﬂ—i? = ak? cosh kt + bk? sinh kt
= k2 (a cosh kt + b sinh kt) = k? s(t) = acceleration is proportional to s. The positive constant k? implies

that the acceleration is directed away from the origin.
2 2
V:ﬂ'j; (cosh? x — sinh? x) dX:’/TfO 1dx =27

ln\/§ \/5— (l/\/g)
_ 2 _ 3 __ _
V=2r fo sech”x dx = 27 [tanh X] )V~ = 27 l\ﬁ+ (A | = ™

]n\/g ]n\/g n
y=1cosh2x = y =sinh2x = L= j; 1 4 (sinh 2x)% dx = j; cosh 2x dx = [4 sinh 2x] :) v

2
1 2x —2x ll\/? 1 1 6
— | = (e © ) — = (5 — _) —

0
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x _ 1 x_ L 1 1—-L
. _ G e ek L ek kL X 1o
82. (a) Xleootanhx hrnOO T fxlgnOC Sy 7x1l>moc R flemoo e 5o =1
1 X 1
. _ . eX_e X . ex—e—x_ . (e_e_X)_e_"_ . ez"—l_O—l__
(b) xLlnlootanhX_xLlnloo et e _xllnfloc e+ _xllnfloc (e+%) e _xgmoo e*+1 7 04+1 1
(¢) _lim sinhx = lim 2= = lim & _ im (5 — 2x)=00—-0=00
X — 00 X = 00 2 X—o00 2 X —00 \2 2e*
(d)  lim_sinhx = lim === lim__ (§ —5)=0-00=-00
1 2
: _ : 2 _ : 2 X : X _ _0 _
© xlgmooseChxixlgnoc e*e* 7x1i>moo e+x X 7x1Lmoo 1+ 5 1+0 0
. . X | a—X . e+ L . X+ & L . 1+ %
() _lim cothx = _lim &£+ = lim < — lim M =< = lim X — 140 —
X = 00 X —00 e —e x—o00 ef—%  x—oo (e —%) X 00 1-x 1-
. X —X . ex+lx X . 2x
(@ hn%) cothx = hr%Jr st = hn})+ o w = hr%+ ng} =+
X — X — X — eX X —
. X —X . e+ L X . 2x
(h) lim cothx = lim £t = lim -5 &£ = lim S =-—o0
x — 0~ x— 0" ¢~¢ x—0 &—x ¢ x— 0" ¢~
. . _ T 2 & 28 _ 0 _
(l) xgmmCSChxixl}nfloo eX—e™¥ xllmoo ex— L e 7xl}nfloo ex—1 " 0-1 " 0

83. (@) y= E cosh (ﬂx) = tan ¢ = 9 = (ﬂ) [% sinh (ﬂx)] = sinh (E x)

w

(b) The tension at P is givenby Tcos p =H = T = Hsec ¢ = Hy/1 +tan? ¢ = Hy/ 1 s1nh & x

=Hcosh (3§ x) = w (&) cosh (§§ x) = wy

84. s = % sinhax = sinhax =as = ax =sinh~las = x =1 smh Las; y=7 L cosh ax = l\/cosh2 ax
=1 inh2 =1 242 - 24 1
—a\/smhax—i—l—a\/as +1=4/s"+ 5

b
85. To find the length of the curve: y = % coshax = y =sinhax = L= j; 1 + (sinh ax)? dx

b b
= L= fo cosh ax dx = [% sinh ax] Z = % sinh ab. The area under the curve is A = j; % cosh ax dx

= [ sinh ax] z = L sinhab = (1) (1 sinh ab) which is the area of the rectangle of height < and length L
as claimed, and which is illustrated below.

y
A

1
=—cosh
_y="coshax

/

TR

X
b s

86. (a) Let the point located at (cosh u, 0) be called T. Then A(u) = area of the triangle AOTP minus the area
coshu
under the curve y = v/x2 — [ fromAto T = A(u) = % cosh u sinhu — fl Vx2 — 1dx.

coshu
(b) A(u) = = cosh usinhu — f VxZ—1dx = Al(u) = % (cosh?u + sinh? u) — (\/ cosh?u — 1) (sinh u)
=3 cosh2 u+ & sinh*u — sinh*u = 1 (cosh?u — sinh?u) = (3) (1) = 3

©) A’(u):% = A(u) = 5 + C, and from part (a) we have A(0) =0 = C=0 = A(n) =35 = u=2A
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1. (@) slower, lim *3= Iim L1=0
X —=o00 ¢ X — 00 ©
. 3 qin2 . 2 : . . 4
(b) SlOWGI‘, « ILEHOO X +ei1n X _ « l_ll)noo 3x +2561ancosx _ < liEnoo 6x+2€xcos 2x « 1_1{“00 6 4e§1n 2x _ Oby the
Sandwich Theorem because 2 < &=4sin2x « 10 foraf realsand _ lim 2 =0=_lim 1
e e e X — 00 © X — 00 ©
1 —1/2
. X . 1/2 . 2)X .
(c) slower, lim ix = lim %= 1lim % = lim L_—9
X —o00 ¢ X —00 ¢© X = 00 e X — 00 2y/xe*
. X . X .
(d) faster, lim % = lim (é) = oo since ¥ > 1
X — 00 © X — 00 \e e
(e) slower, _ lim (3) =_lim_ (£)" =0since & < 1
X —o00 © X — 00 \2¢ 2e
. x/2 .
(f) slower, lim - = lim_ - =
X —00 ¢ X — 00 e
(L
i 2) - lim =1
(®) same,xgnoo e _Xgnoo 272
1
. logio X . In x _ : X — 1 1
(h) slower, lim ~ === lim  gige = Im o aege = im0 gy =0
. 4 . 3 . . .
2. (a) slower, lim 10430+l 5y 800430 —  pyy 1200 oy 2480 oy 240
X — 00 e X — 00 e X—o00 ¢ X —00 ¢ X — 00 ¢
Inx—1+x(1
. xInx—x __ : x(nx-1) _ (X) _ Inx—1+1 . In x
(b) slower,xgnoo e _xgnoo e _xmnoo e _xlgnoo e _xgnoo e
1
= _lim (g) = lim =0
X — 00 X — 00 Xe
. 4 . 4 . 3 . 2 . .
(c) slower, lim M = lim 15X — lim X = lim 122 — lim 2% = lim -2
X—o00 ¢ X —00 ¢ X — 00 2¢ X — 00 4e X — 00 8 X — oo lée

=/0=0

(d) slower, lim
X =00

&

) = lim_ (i)X:Osince%<1

ex 2e
(e) slower, lim & = lim L =0
X — 00 ¢ X — 00 ¢©
(f) faster, lim % = Iim x=o00
X — 00 ¢ X — 00
. _ -1 cosx 1
(g) slower, since for all reals we have —1 < cosx <1 = e L <eoosx <l = ee— < eex < 2— and also
. -1 . 1 . . COS X
lim_ & =0=_lim__ %, soby the Sandwich Theorem we conclude that _ lim_ £~ =0
X — 00 ¢© X — 00 © X —o00 ¢©
. ex—1 _ . 1 _ . l _ l
(h) Same’xgnoo e—x_xll{noo e(X*XJf])_XgnOO e e
. 2 . .
3. () same, lim % — |jm 4 — |im 2 =]
X —00 X X —o00 2 X — 00 2

. 5 _ 2 .
(b) faster, lim_ *3* = lim_ (x*-1)=o0
X >0 X X = 00
. VxiExd . x4 x3 . 1\ _ _
(c) same, lim 57 =/ lim =825 =,/ lim (1+;)_\/I_1
. 3)2 . .
(d) same, lim @53 — im 2D - jipm 2=
X —00 X X —o00 X — 00 2
: X In x : Inx . (%)
(e) slower, lim 2= _ lim_ 2* = lim =0
X — 00 X X —00 X X —o00 |
. x . In 2) 2* . In 2)% 2%
(f) faster, lim 2 = lim @2 — [jyp 0272 _
X — 00 X X —o00 X X — 00 2
. 3a—X . .
(g) slower, lim X" = lim_ X = lim_ 1 =0
X —o00 X X—>o00 & X—00 ¢
. 2 .
(h) same, lim % = 1lim 8=38
X =00 X X = 00
. x2+\/; . 1
4. (a) same, lim =37~ = lim__ (14+47) =1
. 2 .
(b) same, lim 1% = 1lim_ 10=10
X > 00 X X — 00
. 2a—X .
(c) slower, lim X~ = lim L1 =0
X =S o0 X X — 00 ©
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In x2 1
; logx> _ (lnw) _ 1 2lnx _ 2 (‘) _ 1 1 _
(d) SlOWer, X g)moo x2 X 1_1>moo x2 T Inl0 x hmoo x2 7 Inl0 x lim 2x — Inl10 x 1_1>moo x2 T 0
. 3_x2 .
(e) faster, lim *=2* = 1lim (x—1)=o00
X =00 X X = 00
(f) slower, _ lim GO) = lim ;=0
X — o0 X X — o0 100%
(¢) faster, lim ALD* gy OnLDADt o (e LD
X — 00 X X = 00 2x X = 00 2
. 2 .
(h) same, lim = *50% — lim (14 1%) =1
X—o00 X X = 00 X
1 (&)
i 083X _ i n3) i 1 1
5. (a) same, X 1i>moo Inx — x 1_1>moo Inx ~— x ll>moo In3 = In3
2
(b) same, lim 12 — |im (2;) =1
X =00 Ihx T x =00 (§)
1
. In \/x . 3)Inx .
(c) same, _ lim VX _ lim ) = lim_ i=1
X =00 Inx X = 00 In x X =00 2 2
1Y -1/2
. X . 1/2 . 7 )X . . X
(d) faster, lim VX gim 22 fim L — lim == lim Y-
X — 00 Inx T x =00 Inx T X S0 (l> X—00 2V/x  X>So00 2
X
(e) faster, lim X = lim A< lim  x =00
X — 00 Inx 7 x =00 l) X — 00
X
() same, lim 21X = lim 5=35
X —=o00 Ihx 7 x =00
() slower, _ lim @ = _lim L
g X — oo Inx X — 00 XInx
(h) faster, lim £ = lim ~=_lim xe*=o0
X —o00 Inx T x =00 (1) X — 00
1 (lnxz) R
. log, x* 2 ) _ Inx? _ 1 2Inx _ _1 — 2
6' (a) same’xll)moo In x xlmoo In x In 2 XI—)OO Inx =~ In2 xll>moo In x In 2 Xli>moo 2_1n2
logio 10 (W) 1 In 10 1 (i 1 1
: logjo 10x : n _ : n 10x __ : X) 1 —
(b) same, lim = === = lim = 557 = 55 | im0 = g lim (1) =mo 1M 1= 5
X
(c) slower, lim (%> = lim ——~——=0
X S o0 Inx X — 00 (vX)(nx)
(d) slower, lim (X%) = _lim 0
’X = oo Inx X — oo x2Inx
(e) faster, lim *22Ix— jim (X -2)=(_ lim 2 )-2=|_lim A |-2=( lim_x)—-2=00
X — 00 Inx X — 00 \Inx X — 00 Inx x—>oo(l) X — 00
X
. —X
(f) slower, lim = lim 1 _—9
X =00 Inx  x =S pp e'lnx
ug (&)
(2) slower, _ lim "f"x) lim " = lim = =0
X —o00 Inx X = 00 (l) X = 00 Inx
X
: In@2x+5) _ (ins) . 2x . 2 .
(h) same, _ lim lim = _lim = _Ilim == _lm 1=1
X—o0 hx T xSoo (l) X=00 25T X500 2 X— 00
X
. X . . X
7. lim ¢ = lim_ e?=0c0 = & grows faster than e*/2; since for x > e we have In x > eand _ lim__ I1%°
X =00 2 X =00 X 00  ©

_ : Inx\X* _ X X. of . _ : X
= lim (%) =00 = (Inx)* grows faster than e*; since x > In x for all x > Oand  lim W = lim__ ()

= 00 = x* grows faster than (In x)*. Therefore, slowest to fastest are: ex/2 ex (In x)*, x* so the orderis d, a, c, b

X X 2 X
8. lim  ©P = |im @D fjy  Ge(e2rder _ (el 27 im (2 =
X — 00 X X — 00 2x X — 00 2
X 2 x2 _ 22X _ X.
= (In 2)* grows slower than x hmOO X = 11) o o — x 1—>moo 0 2)22X =0 = x? grows slower than 2%;
lim Z = lim (2)X =0 = 2% grows slower than e*. Therefore, the slowest to the fastest is: (In 2)¥, x2, 2*
X =00 & X-—00 \e

and e* so the orderisc, b, a, d
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(a) false; lim %2 =1
X = 00

(b) false; lim =1

00 Xx+5 1
(¢) true;x <x+5 = J5 < 1lifx > 1 (orsufficiently large)
(d) true;x <2x = 5 < 1 if x > 1 (or sufficiently large)
(e) true; X imoo :T = hm0 =0

(f) true; w:l+h‘?"<l+‘/——1+\[<21fx>l(orsufflclentlylarge)

1
(g) false; X lmoo ll;‘z"x = imoo ((;x)) = li>moo 1=1

(h) true; —VXi” < —V(x:S)Q < 3 =142 <6ifx > 1 (or sufficiently large)

(a) true (1 =5 +3 < 1if x > 1 (or sufficiently large)
(i+3) Ly -
(b) true; ( T ) =1+ ; <2ifx > 1 (or sufficiently large)
(-3
(c) false; lim =34 = lim_(1-1)=1
X — 00 (i) X — 00 X

(d) true;24cosx <3 = 2+C°” <3 5 if X is sufficiently large

(e) true; & 2 =1+%and L — Oasx — oo = 1+ & < 2ifxis sufficiently large
L
(f) true; _ lim_ XX — Jj;m X — iy Q =0
X =00 X X—00 X  X— 00
(g) true; lnl(inxx) < X — 1 if x is sufficiently large
1
In x _ (Z) _ x2+1 : 1 1 _ 1
(h) false;  lim iy = | lim ) ~x lim 55t = lim G+L)=1
Xx=+

If f(x) and g(x) grow at the same rate, then imoo o #£0 = _lim_ &% — % # 0. Then

g(x) X — o0
% - L’ < lif x is sufficiently large = L —1 < é((’:()) <L+1 = gf((’;)) < |L| + 1if x is sufficiently large

= f=0(g). Similarly, %((;‘)) <|i+1 = g=0().

When the degree of f is less than the degree of g since in that case _ lim o — o,
X — 00 £gx)

When the degree of f is less than or equal to the degree of g since E}m f)

o = 0 when the degree of f is smaller

than the degree of g, and X im 0 — b 2 (the ratio of the leading coefficients) when the degrees are the same.

0o g0

Polynomials of a greater degree grow at a greater rate than polynomials of a lesser degree. Polynomials of the
same degree grow at the same rate.

<‘il>— lim =X = lim

. 1 . . 1 .

lim_ 20D = im l=1and lim_ 20220 = im
X =00 Inx X — 00 (%) X =00 T xS0 | X — 00 nx X — 00 (%)
= lm s =1

g 5 - o i .

lim = lim = _ lim -2 = _Ilim = 1. Therefore, the relative rates are the same.
X > oo Inx X — 00 (i) X —o00 *ta X —o00 |
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446  Chapter 7 Transcendental Functions

. 10x +1 . . . .
17.  lim_ VT” =/y im 2 =/10and  lim =/ im = /1 = 1. Since the growth rate

is transitive, we conclude that 1/10x + 1 and /X + 1 have the same growth rate (that of \/§) .

1 A
18. 11m Vx YXAX lim
o0 X X — 00

transitive, we conclude that v/x* + x and v/x* — x3 have the same growth rate (that of x2) .

X —1and X E}m \/X =X = \/ hm = 1. Since the growth rate is

X

. n . n—1 . . .
19. X 11}11100 = X li>moo == X 1—l>moo 27 =0 = x" = o(e") for any non-negative integer n

_ n n—1 : px) _ : x" : x"!
20. If p(x) = anx" + ap1 X" + ... + ay1x + ay, thenX gmm e = Mnoo & tan- X lgnOO ~— t..

+a; _lim_ X +4a; _ lim 4 where each limit is zero (from Exercise 19). Therefore, lim X —
X — 00 ¢© X — 00 ¢© X — 00

= ¢* grows faster than any polynomial.

21. (a) X imoo ﬁi—: =4 imoo ":(;) = (%) X imoo xXM=00 = Inx=o0 (xl/n) for any positive integer n

1/10°
(b) In (e!7:000000) — 17,000,000 < (e”mﬁ) — el ~ 24,154,952.75
(©) x ~ 3430631121 x 1015

(d) Inthe interval [3.41 x 10%°,3.45 x 10'%] we have 0.00
y = In x = 10 In(In x)
Inx = 10 In(In x). The graphs cross at about otk /
ll'
3.4306311 x 10™. o 00a]3-01 o 3.45 107>
~0.004
-0.006
lim (]"—“) lim [ ]
In x _ x—00 \ X! _ x=>oo |mn—T| H 1 —
22. 1—1>mOO anxM+ap x4 faixtag Ty ( ﬂ_g) - a, 'Y 1_l>moo (a) (nx) — 0
X—00 X
= In x grows slower than any non-constant polynomial (n 1)
nlogopn _
23. (@  lim GO logn? = p LI lim__ log - =0 = nlog, n growd) y
(IHJ) y=n(log, 71)2
slower than n (log> n)%; _ lim_ ™€ — |jm = 2500
n—oo n n—oo n 2000
1
_ 1 . (H) _ 2 . 1 1500 |- =2
LR ll>mOO (z)n71? 7 2 li>m00 e =0 1000 | ’
= nlog, n grows slower than n*2. Therefore, nlog, n 500 3= nlogy n
grows at the slowest rate = the algorithm that takes % 40 60 80 10 "
O(n log, n) steps is the most efficient in the long run.
_ > , ng)? > (b)
24. (a) _ lim e — [y (&) = lim_ y
n—oo n—oo n — oo ndn2) y=n
. 2(In n)(%) ) . Inn 100
~n li)moo 22— n2¢ p li)moo “n ol v=nlogyn
s i O :
=@ g li>mOO = 0 = (logy n)~ grows slower ok T aon,
thann; _ lim —( ogany _ iy  logn r
n— oo nlogy n n— oo \/ﬁ 1 ! 1 1 1 n
(ln“) 20 40 60 80 100
_ : m2) _ 1 Inn
" n i)moo nl/2 7T In2 p E)moo ni/2
1
=L _lim B _ >

me x M Mn? — Mo oq E}moo nl s =0 = (log, n)? grows slower than \/_ n log, n. Therefore (log, n)? grows

at the slowest rate = the algorithm that takes O ((log, n)?) steps is the most efficient in the long run.
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Chapter 7 Practice Exercises

25. Tt could take one million steps for a sequential search, but at most 20 steps for a binary search because
19 = 524,288 < 1,000,000 < 1,048,576 = 2%,

26. It could take 450,000 steps for a sequential search, but at most 19 steps for a binary search because
218 = 262,144 < 450,000 < 524,288 = 219,

CHAPTER 7 PRACTICE EXERCISES
1y =10e = & = (10) (= L) e = —2e/ 2. y=1\2eV = & - (ﬁ) (ﬁ) V2 = 2eV

3. y=gixeh —Le = &y — T [x (4e™) + e (D] —

4x 1 aax 1 ax 4x
o (4e™) =xe™ + ;e e" =xe

L
16

4. y=x2e =x% " = ¥ _x2[2x e+ 2" 2x) = 2+ 2x)e > =2e X1 +x)

- . 9 dy __ 2(sin 6)(cos 9) 2 cos 0
5. y=In(sin®0) = J = "5my o = 2cotf

6. y=In(sec?f) = % = Asechechmb) _ 5y ¢

dg — sec2 )
In 2
_ Y _"() w1 [ x ) 2
7. y=log, (7)— ma = d_x_m<(x7_2)> = mox
o In(3x-7) dy 1 3 _ 3
8. y=logs Ox=7)= =5~ = & (E) (3x—7) = 56—

9. y=8" = ¥ =8 (In8)(—1)=—8"(In8) 10. y=9" = ¥ = 9%(In9)(2) = 9*(21n 9)
dt

1l y=5x* = ¥ =5@3.6)x*" = 18x*¢
12, y=v2x " = & = (V2) (-v2) <) = k()

3. y=4+2)? = Iny=Inx+2)?=x+2)In(x+2) = y?/ x+2) (X+2)+(1)ln(x+2)
= @ =x+2"[In(x+2)+1]

14,y =2(nx)" = Iny =200} =@+ (§) In(nx) = ¥ =0+ (3) [f)] +(In(in x) (2)

= y' =[5>+ (3)Indnx)] 2(In x)** = (In x)** [In (In x) + ]

il /T 2 w1y _ 2\l/2 dy _ 30-w)wm) I
15. y =sm 1 u® =sim (1 Ll) = u \/17[(17 ] \/1—u2\/1 (1—u?) o \U‘\/l—u2

1 _-3/2
—ain=1 (LY = cin-1y-1/2 dy _ _—ov? -1 e VAl -1
16. y =sin ( v) sin”' v = & \/1_(\,71,,2)2 292 /1 -y 1 ngz\/? N1 2wV 1
17 =1 ( -1 ) = y/ = (\/111)(2) _ —1
. y=1In(cos™" x Y = ety = e

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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448  Chapter 7 Transcendental Functions

18, y=reos VT B=reos o (1= 5 % meosto i (10 -2 2)
-1 z yA _ —1

= COS Z—ﬁ+ﬁ—008 Z

)lnt:>cé—{ tan™ 1t+t(1+to)—(%)() tan™ 1t+]+[2—2lt

19. y=ttan"'t— (%

20. y=(1+)cot™ 2t = & =2tcot™ 2t + (1 + ) (525)

(22 — 1)"?2)

DO

21.y:zsec’lz—\/ZQ—1:zsec’1z—(22—1)1/2:> %:z( 17)+(sec z)(1)—

-1

_ z z S
T AVEo1 Veoi TS 2= pTy hsec

-1

z,z > 1

22, y=2y/x—lsec™! {/x =2(x — DY/Z sec™t (x1/?)

1 —-1/2
d 1 -1/2 -1 2 2 (§)x _ sec™ /x 1) osec7ty/x 1
= dizl(a)@—l) see™ (x!12) + (x = DY (ﬁ)] =255+ ) = ST
23 — cse ! (sec ) = dy _ _ —secftanf _ _ tanf __ —1.0<f<C
Y= df T Jsec 6] v/sec26—1 [tan 6] ’ 2
etan —1x -1

X

+x2

24 y=(1+ x2)em“71" = y/ =2xe™ X 4 (14 x2) ( ) = 2xelan X 4 glan

_2(x*+1) _ 22+ 1)\ _ o (=2 sin 2x)
25y =20 oy = (2E0) =@ +In (¢ + 1) - LIn(os 20 = ¥ = (4)

cos 2x

= y/ = (X2+1 +tan2x)yf (—%;x) (X2+1 —l—tan2x)

26 y=1/2 = Iny=In {2 = LInGx+4)-m@ex-4)] = L =5 (25— 222)

= y' = % (3Xi4 - 5)y=%{ ;ifi (1) (3x14 =)

27, y = [%} = Iny=5@+D+Int—1)—Int—2)—Int+3)] = (;) (%)

— 1 1 1 1 dy _ t+D—1 1 1
=S(+di— o) < @ 5{072)0%)} G+~ =)

28 y=F2 S my=In2+hutuln2-3m@+1) = (1) (§)=L+m2-5 (R

= Q=22 (lipo—

RV

1)
w?+1

29. y = (sin 9)\/5 = Iny= \/éln(sin 0) = (%) (%) = \/5(2?;3) + 3 L 9=1/2 1n (sin 0)
d—y (sin 0)\/_ (\/5 cot 0 + '"(5\7—6))

30. y=(nx)"/" = Iny= () In(nx) = y;/ = (%) () () + In(Inx) [(IHX)Z} (L)
=y’ =(In x)!/inx |:1—1n(lnx):|

x(In x)2

31. fe" sin (e*) dx = fsinudu, where u = e* and du = e* dx
=—cosu+C=—cos(e*)+C
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32.

33.

34.

35.

36.

37.

38.

39.

4

41.

42.

43.

44.

=

f e' cos (3e' —2) dt =

Chapter 7 Practice Exercises

% f cos u du, where u = 3e' — 2 and du = 3e' dt

=1lsinu+C=jsin(3e'—2)+C

[e* sec? (e¥ —7) dx = [ sec?u du, where u = e* — 7 and du = e* dx
=tanu+C=tan(e*—7)+C

fey csc(e¥ + 1) cot(e? +1)dy = fcscucotudu, where u = e¥ + 1 and du = ¥ dy

—cscu+C=—csc(e¥+1)+C

f (sec? x) e X dx = f e" du, where u = tan x and du = sec? x dx

:eu+C:elanX+C

[ (esc?x) e dx = — [ e du, where u = cot x and du = — csc?x dx
= "4+ C = —eotx 4 C
1 —1
f 3 4dx——f Ldu, whereu=3x—4,du=3dx;x=-1 => u=-7,x=1 = u= -1
1 3x— 7 u

:%[ln|u|]_7— Ln|-1]—In|-7]=3[0-In7]= -1~

-3

1
vl“"dx:f0 u1/2du,whereu:lnx,du:%dx;x:l =>u=0x=e =u=1

o], =312 - 307 =3

foﬁtan(g) dx:fﬁsm(%) dx:f3fll/2% du, whereu =cos (), du=—1sin(3)dx;x=0 = u=1L,x=n

[

I

_1
= u=1

=-3[nu)],/"=-3[In|}| —In|l]] =-3In3=In2"=1In8

2C0t7TXdX—2

1/6 sinmx ™

2
1

ju:ﬁ

12

= 2l ful]}y* = 2 [in| 5[ ~m |3 = 2[m1-4m2—m1+m2 =2 [J 2] =

2 —

-9
< di= f2ldu,whereu:t2725,du:2tdt;t:0éu:725,t24:>u:f9
[ln lu] 55 =In|-9| — In|[—25| =1In9 —In25 =In 5

1/2
]C"S.‘ dt:ff ldu,whereu:1fsint,du:fcostdt;t:fﬂéu:Z,t:ﬂéu:
/21 —sint 2 2 6

—[In |u\]l/2 —[M|i-m2[]=-In1+I2+In2=2In2=1In4

fwdv:ftanudu:f Sint gy, where u = In v and du = 1 dv

J =

vinv

cosu

—1In|cosu| +C = —In|cos(Inv)| + C

dv—f du, where u = In v and du = —dV

=lhnfu+C=h|nv|+C

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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450  Chapter 7 Transcendental Functions

45 f@dx:fu’s’du where u = In x and du = £ dx
= +C=—3nx)?2+C
46. fln(x 3) dxffudu,whereuzln(fo)anddu:%dx
—“—+C— [1n(x—5)]2+c
— 2 = 2
47 f cch(1+1nr)dr:fcsc2udu,whereu:1+1nranddu——d
—cotu+C=—cot(l+Inr)+C

48 fMdV:—fcosudu,whereu:l—lnvanddu——;dv
= —sinu +C=—sin(l —Inv)+C

49 fx3"2 dx = lf?}“ du, where u = x% and du = 2x dx
= 73 3) +C =533 (3x)+c

50 f 2tanx gac2 ¥ dx = f 2" du, where u = tan x and du = sec” x dx

u zlunx
ln2(2)+C 1n2+C

=3(In7—In1)=3In7

7 7
s J tax=3f Ldx=30nx]]
L(n32-1n1) =132 =1n(V/32) =In2

s2. [Thax=1 ["Lax=Ln x|}
P L[S 4 md)—(L+m1)] =54 14

Shax— e ]| -

$lnfx |+12X—1]1—3
7=In(8/3)—7=m4-7

$[(n8+ %) —(n1+12)]

[ (= 1x2) ax =
1 \X
) =3(n8) —

e" du, whereu =2w,du =2dw;w=—In2 > u=Ins,w=0 = u=0

3

0 L
56.f eZWdW:§f
In2 In(1/4)

0 _ aln(1/4)] 1 1y 3

€ /]—2(1 4)_8

= % [eu]?n(l/zt) = % e
3/2 du, whereu = 3e" + 1, du=3e'dr;r=0 = u=4,r=In5 = u=16

) -4

9DGE-2) =031

s7. [Me@e 1) ra=1
_ 16 _ —_
Pl =5 (6T —at) =

I,du=¢€’d0;0 =0 = u=0,0=1n9 = u=28

58 f el — I/Qdo—f u'/? du, whereu = ¢’ — 1,
T oy 3o
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Chapter 7 Practice Exercises

59. fle%(1+7lnx)’1/3dx:—fl u’1/3du,whereu:1+7lnx,du:%dx,x:1 > u=1,x=e => u=238

=3} = 3 60— 1) = () - =

e? e? 2
60. j; x\/lln—xdx:f (lnx)’l/Q%dx:flu’l/Qdu,whereuzlnx,du:%dx;x:e su=1lx=¢ =>u=2

=2 [u?)? 2(&—1):2&—2

3 In4
61. .de*f, (v + D A5 dv= [ u?du, where u = In(v + 1), du = ;7 dv;
v=1=u=In2,v=3 = u=In4;
n 3
=1 =1[n4® —(n2)?* =1 [2I2)7° - (n2)?* = 2 Q- 1)=1(n2)?
4 4 4In4
62 [ (+lotnydi= [ ¢hod+hyd= |

. du, whereu =tlnt, du = ((t) (%) + (In t)(l)) dt

=l+4+ht)d;t=2 = u=2mn2,t=4
= u=41In4

2122 = 1 [(81n2)> — 21n2)?] = 212" (16 — 1) = 30(In 2)°

41n4

= % [u2]21n2 = % [(4 In4)> —

¥ Jog,
63. [ lmlag= 1 [

In8
4 ()d9_1n4f udu, whereu=Inf,du=3df, =1 = u=0,0=8 = u=1In38
n2)? n
g W] Lé[lng)2 0] = G2 _ om2

.p

e 1
64. [ Snond) gg — [TSUI0D g9 — g [*(1ng) (1) db =8 [ udu, whereu=1n 0, du= 1 do;

f=1=u=00=¢e = u=1
— 4w, =4(12-02) =4

65. fz/; =3 f3/4

(ZX)Q dx = 3f}/2\/= du, where u = 2x, du = 2 dx;

[V][S8)

x:—% = u=—
- 1 (u)]3/2 - -
=3[sin ($)] %5, =3 [sin~! (

66. [ o _ax=0[" 5 _ax=¢f 1 duwh 5x,du = 5d
s T =5 ) ey X = u, where u = 5x, du X;

x:—é S u=-1,x=1 = u=1
= §fsin (3)]1, = St () s (- D] =§ 5~ (-] =5(9) =%

67.

~J
I
i
%&

Il
g
H
gx

S
!
| |
e
i
[\
v
(=1
Il
[\
<

= V3T ()]0 = [ (V3) - (-V3)]

68. ff e dt= f/

_t

+:2 [%tanil(\ﬁ)r I%(tanlx/i tan™ ):L(g_%): 3n

1 — 2 — 1 — —
69. fy\/mdyff(2y)\/(2y).Tldyffumdu,whereuf2yandduf2dy
=sec! |u] +C =sec™! [2y| +C
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452  Chapter 7 Transcendental Functions

70. fﬁ% dy:24fy4ﬁdy:24(% sec™! [4]) +C=6sec! [¥| +C

2/3 23 2
1 - 3 - 1 — _ .
s v Y = Jsnmiver & = fﬁ\uwuz_—n du, where u = 3y, du = 3 dy;
yzg = u:\/iy:% = u=2
= [sec™tu] 5 = {se:c‘1 2 —sec™! \/ﬂ =I-z==
~V6/+/5 ~V6/V/5 —V6
72. 1 dy= V5 dy=["— 1 qu
Jo == L V) (va) - (va)' . “wfe (V)
whereu:\/gy,du:\/gdy;y:—% = u:—2,y:—£ = u:—\/g
-V6
_ — u _ = - -1 2 _ = s T\ _ — 3T 27r_77r_7\/§7T
S ] R B
1 _ 1 _ 1 _ 1 _
73. f V—2x — x2 dx = f\/lf(x2+2x+1) dx = f\/l—(x+1)2 dx = f\/l—u2 du, where u = x + 1 and
du =dx
=sintu4+C=sin"'(x+1)+C
74. dx =

fﬁdx:fﬁdxz»{m f,/(ﬁl)zuzdu

where u = x — 2 and du = dx

[

=sin~! (L> +C =sin! ("’

- )+C

S

1 1 1 1
2 _ 1 _ 1 _ 1
75. f,z vrns dv=2 f,z sy vV =2 f,z rrarae V= 2f0 rTa du,
whereu=v+2,du=dv;v=-2 =2 u=0,v=—-1 = u=1

= Z[tan‘lu](l) =2(tan"'1—tan"'0)=2(5-0) =73

1 1 1 3/2
76. flmdv—%f]mdv—%flm(w_%medu
whereu=v+ 1, du=dviv=—1 = u=—3,v=1 = u=
3/2
=i [Hat ()], =8 e Vi (- R) = R B Ol =F D) =
_ V3

1 :f 1 :f 1 :f 1
7. f (t+ DV +2t—8 dt t+D/(E+2t+1)-9 dt (t+Dy/(t+1)2 =32 dt uy/u? — 32 du

where u =t + 1 and du = dt
=1lsec! [+ C=1sec”! [H]+C

1 1 du

1 dt= — 1 gqt=1
f (Bt+ 1)/9¢2 + 6t dt = f(3l+l)\/(9t2+6t+l)—l dt = f (Bt+1)/3t+1)2 — 12 dt = 3 f uu? —1
where u = 3t + 1 and du = 3 dt

78.

=1sec! ul +C=Lsec™ Bt+1|+C

[

79. 3 =2 = ¥ =m2" = yn3) =@+ D2 = (In3-2y=I2 = (In})y=h2 = y=-201

in

rolw

)
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81.

82.

83.

84.

85.

87.

89.

90.

91.

92.

93.

94.

95.

96.

97.

98.

99.

Chapter 7 Practice Exercises

47V =32 =2In4Y=mn3"?= —ylnd=(y+2)In3=-2In3=(In3+In4)y= (In12)y=-21n3

_ _ 1In9
=YY= "hiz

2

9 =x2 = ¥ =% = lnezyzln(";) = 2y(lne):1n(%> = yz%ln(";) zln\/g:1n|§| =In|x| —In3

In(3Inx) _ In3+In(lnx)
In3 - In3

3¥=3Inx = In3¥=InBIlnx) = yln3=In@Blnx) = y=

In(y— D) =x+Iny =0l =ekthy) —exey oy | =ye* = y—yeF=1l=y(l-e)=1=y=

In(10lny) =In5x = 0y — e — J0lny =5x = Iny=35 = ey =2 = y=¢'?

2 a —
lim %4 — i 243 =5 86. lim X—1 = lim & =2
x—1 x—1 x—1 Xx—1 X1 7 x5 bt b
- tanx __ tanw __ . tanx __ 13 sec?x 1 _ 1
Xlgnw x T or 0 88. xlﬂno X +sin x _xlgn() l4+cosx — 141~ 2
. sinfx _ 1: 2sin X-cosX __ 13 sin(2x) s 2c0s(2x) 2
XIE,nO tan(x?) — Xlgno 2x sec?(x?) Xlgno 2x sec?(x?) Xlgno 2x (2sec?(x?)tan(x2)-2x) + 2sec?(x?) — 0+2-1 — 1
. sin(mx) __ 1. mcos(mx) _ m
Xhino sin(nx) Xlgno ncos(nx) ~ n
lim sec(7x)cos(3x) = lim Cos(ix) = lim fs?“(i") =3
X2 dm e ot = M i)
lim /xsecx= lim ﬁ:%:o
X — 0t X —s O+ COsX
lim (cscx —cotx) = lim 1=¢%X — Jjm six -0
X — 0 X — 0 sin x X — (0 COsX 1

; 1 _ 1Yy _ 1 1-x2\ _ ; —x2y. 1 _ 13 %2 = 1im L —=1.00 =
xh—r>n0 (X4 XZ)_xlgno ( xt )_xlgno (1-x7) x4_xh—l>no (1 X)_xlgno i = 1ro0=00

lim (\/x2+x+1—\/x2—x):xllmm (\/x2+x+1—\/x2—x)~ VXX T LV X

VX x+1+Vx2—x

= lim i+l
X—=00 /xX24+x+1+Vx2—x

Notice that x = v/x2 for x > 0 so this is equivalent to

2x+1 o4 L
= lim ————F— = lim > =2 _—1

X 00 fagaly Eox X200 \/14_%4_%24_\/1_% Vi/1
lim (=X— — % )= Jjm CEHD-CE-D o 2 i 6 = fim A2
Xx—=o00 \x*-1 x2+1) 7 x5 00 x2-1(x*+1) Tx—=oo x-17T x=500 &7 x=o00 12¢2
— 1 12 _ 3 1 _
7x1l>moc 24X7x1l>moo 2)(70
The limit leads to the indeterminate form g: lim 1=l — |im w =In10

x—0 X X —

.. . . . 0_ . 0

The limit leads to the indeterminate form 2: lim =1 = Jim 33 — 3

g0 7 0 —0 !

The limit leads to the indeterminate form 9: lim 21— im

280%(In 2)(cos X) __
Jim S x—>07_1n2

ex
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101.

102.

103.

104.

105.

106.

107.

108.

109.

Chapter 7 Transcendental Functions

The limit leads to the indeterminate form 2: lim 2-——1 = |jm 2 —dn2Ccosn 19
0" x5 -1 X — 0 e
The limit leads to the indeterminate form g: lim 5’5% = lim Sfini‘ = lim 232X _—35
x—0 ¢7X— x—0 ¢~ x—0 ¢
i : : 0. 13 xsinx?> __ 1; 2x2cosx>+sinx> __ 1; 2x% cos x* + sin x>
. an3 > N > an2
The limit leads to the indeterminate form 5: lim = lim TP = lim =25 5
X — 0 tan’x X — 0 tanZx sec2x X — 0 tanx + 3tan’x
I 6x cos x2 — 4x° sin x> I 6x cos x2 — 4x% sin x> 1 (6 - 8X4)C°5 x? — 24x% sin x? _ 6 __
- Xll_I)l’lO 12tan3x sec?x + 6tan x sec2x Xll_l’)IlO 12tanSx + 18tan3x + 6tanx Xlgno 60tan®x sec?x + 54tan’x sec2x + 6sec’x 6 1
2
.. . . . — . =1
The limit leads to the indeterminate form 2: lim =BU+20 —  jip (217”‘) = —00
O ot ‘ t— 0" !
2 . < «
The limit leads to the indeterminate form g: lim4 % = 11m4 w
X — - X —
T msin(Qx) _ q: 272 cos (2mX) 2
= Xlgn4 o1 = Xlgn4 e = 2
The limit leads to the indeterminate form g: lim ( "f — %) = lim (el[’l) = lim %‘ =1
t— 0" t— 0T t— 0"
. . . . . . . -1
The limit leads to the indeterminate form 2: lim e~!/Y In y= lim ln—,yl = lim —
00 + ey + ey i)
y—0 y—0 y—0
— lim (—%) =0
y — O+ ey
_ eX+l IHX _ eX+1 . _ . ex+1 . . . . . .
Let f(x) = (e"fl) = Inf(x) =InxIn (ex = 1) = XleOO In f(x) = XleOO InxIn (ex* 1), this is limit is currently of
. . . Lex /2 4 ox/2 C
the form 0 - co. Before we put in one of the indeterminate forms, we rewrite 1 = €+~ — ¢oth(2); the limit is
p e*—1 eX/2 —ex 2
. . In coth (% .. . . . In coth (%
lim  InxIn coth(%) = lim M the limit leads to the indeterminate form %: lim M
X — 00 X — 0 Tnx X — 0 Tnx
c\LhZ((%)) (71) ,
T coth(§ 2 . x(Inx)> BT x(nx)?\ . 2x(Inx) (1) + (Inx)
X 1l>moc — (lnlx)z B X 1l>moo (2 sinh(3) cosh(3) / — x 1l>moo sinhx | = x ll>moo coshx
Lo (Aneemnx? _ne (2052000 | p ey 2
- x1l>moc ( coshx X ll>moo sinh x X ll>mo<; ( X sinh x ) - xllymoo x cosh X + sinh x
o 2 _ . g4 \Inx . nf(x) _ A0 _
7x1l>moo (choshx+xsinhx) =0 = xll>moc (e"—l) 7x1i>moo € =e =1
X . . 1 . .
Let f(x) = (l + 3) = Inf(x) =x1In (1 + 3) = lim Inf(x)= lim M; the limit leads to the
X X x — 0F x — 0F X
()
indeterminate form £: lim -~4¥* 7 — ]im 3"3 =0= lim (1+2) = lim e =¢'=1
© x —0F * x — 0t X+ x — 0F X X —0
cotems _ o (B) o ms s
(a) XlgmOQ Togs x lemoo (}n_x) = X1er1OO s = 5 = same rate
. X _ . x2 . 2_X — 1 J—
(b) XlgmOQ x+(l) = xlgnoo o xILmOC = xlgnOO 1 =1 = same rate
: (ﬁ) _ xe* : e*
(C) xll>moo xe ™ T x —>o0o0 100x lemoo 100 — 0o = faster
(d) xliﬁmOO ooy = 00 = faster
(=)
2
. o1 . i1 (-1 . - (x-1)" .
(e) lim C5(1>x = lim qu# = Jim_ T’) = Jim_ 1 — = 1 = same rate
X 1- (&
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() _lim

(e) _lim

) _lim

(a)

(b)

Chapter 7 Practice Exercises

sihx _  1; (e=e™) _  1; 1—e* _ 1
o Ty li)mOo S Ty lgnoo 5s— = 3 = samerate
3% . 2\% _
== XlgnOC (3) =0 = slower
ln2x_ . 1n2+lnx_ In2 1y 1
x? = M TS Jim (21nx + 2) =3 = samerate
3 2 .
100428 _ Jiy  30C4dx — giyy 60— iy 90— = slower
€ X — 00 € X — 00 € X — 00 €
-2
tan~! (1 . —1 (-1 . == .
1(") = lim @ &) — iy @ = lim —+ =1 = same rate
(,> X — 00 X X—=00 —X X =00 1+
L 3
x—2
sin~! l) 1 (y—1 1— (x—1)2
1(X = lim "0 — iy % = _lim X __ — oo = faster
(_?> X = 00 X X = 00 —2x Xx=00 2,14
=
2
sehx — im () _ lim —~*— = lim_(;=2%) =2 = samerate
e X T X =00 e * T XxX—=o00 eX (e“re*’() T X =00 14+e2x) —

=14 4 <2 for x sufficiently large = true

X2 =

= x2 + 1 > M for any positive integer M whenever x > /M = false

3 X — —
(©) XlgmOo X = xlgmOo 1+§ =1 = the same growth rate = false
1
. In(In x) . {g“‘)}
(d) XlgmDo . = xlgnOo o= leOO m =0 = grows slower = true
e) WX < T forallx = true
I 2

cosh x
®H ==

(a)

=i(l4+e®)<3(0+D=1ifx>0 = true

(1+1): 2+1<11fx>0;>true
)
(b) lim <= lim () =0 = true

= lim @:O = true

: In x
© x1i>moo xrjrl X —o00 1
() M= =24 )<]4+1=2ifx 2 = true
©) lew_(%_ Tifx > 1 = true
63) —Si‘g}x :%(1—6’2") < %1fx>0 = true
df i _ 1 - 11 _1
dx ¢ +1 = ( dx )x:f(an) o (%)lenxz = ( dx )x:f(an) B (ex+1>X:In2 T2+1 3
y=fx) = y=1+1=1=y-1= x:yT11 = f—l(x)zﬁ;f—l(f(x))zﬁl)q:é:xand
fE X)) =14+t~ =14x—1)=x; 4’ = -1 = L = x%
(F00) () ( ) [ P G P [(1+§)71]2

__ 1 dft _ 1
f/(x)———2 = e f(x)—m
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456  Chapter 7 Transcendental Functions

115. y—xln2x—x:>y—x( )+ln(2x)—1—ln2x y
solvingy’ =0 = x = §;y > 0 for x > 1 3 andy’ < 0 for 0'102 04 06 08 1 12
x < 1 = relative minimum of — Jatx = 1;f(%) = -1 _0.:’ (1e" 0)
andf ($) =0 = absolute minimum is — § atx = 1 and
0.2
the absolute maximum is 0 at x =
0.3
04 y=xln2x-x
05
(0.5, -0.5)
_ _ r_ _ _ 1 y
116. y=10x2 —Inx) = vy 102 — In x) IOX(X) (e, 106)
=20—10Inx — 10 = 10(1 — In x); solvingy’ =0 25
= x=¢;y' <0forx >eandy’ >0forx <e 20 y=10x(2-Inx)
= relative maximum at x = e of 10e; y 0 on (0, €?] and 15
y (e )* 10e’(2 —21lne) = 0 = absolute minimum is 0 10
at x = e? and the absolute maximum is 10e at x = e 3
0 2 .} 13 X
-5 (e » 0)
117. A= f 2hnx dx—f 2udu=[u ]0—1 whereu =Inxanddu=ldx;x=1 = u=0,x=¢ = u=1

20 2
18. @) A= [ ldx=[nlx \]fS:InZO—lnIO:ln@:mZ andAy = [ ldx=[n[x]?=I2~In1=1n2

0 X
kb
) Ar= [ Ldx=[n[x|] =Inkb—Inka=In2 =In®=Inb—Inaand A, = [ Ldx=[in[x]’ =Inb—Ina
_ dy _ 1.dy _ dyd dy _ (1 _ 1 d 1
9. y=hnx = g=09=ag% = a=0G)Vx=7 = &, =cmbsec
—x/3 dy _ —x/3. dx (dy/dt) dx (7 %)ngy -3
120}’:98 é& —3e ’dt_(dy/dx):a:T;X29:>y:96

ngf( %( ';) e_3:%\/gx/ei"—left/sec
3

121, A=xy=xe™ = L =™ 4 x)(-2x) e =e (1 -2x%). Solving 2 =0 = 1 -2x>=0

dt

= X = \}—, & < 0forx > \/—and%>0f0r0<x< 5= absolutemaximumofﬁe‘l/2 \/—_
:%umts longbyy =e” 1/2:$umts high.
122.A—xy—x(l )z%i‘é—?z%—%:ll” Solvmg =0=1-Inx=0= x=¢

a < Oforx > eand % > (0 for x < e = absolute maximum of “‘Te = % atx = e units longand y = 5 units high.

123, @) y="2 = y'= gy = A0 o
=y =-3x22-Inx) - 1x??=x%2(3nx-2); I A
0.5
solvingy’ =0 =Inx=2=x=¢?y’ <0forx > e?and Fg o

andy’ > 0forx < e? = amaximumof 2;y” =0

8/3. the curve is concave down on -15

8/3
)

=Inx = % =Xx=e
(0,€%?) and concave up on (e®/3, 00); so there is an
inflection point at (%%, =57).
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Chapter 7 Practice Exercises

b) y=e™ = y/ =2 ¥ =y’ =2 +4x2
= (4x2 —2)e;s0lvingy’ =0 = x = 0; y’ < 0 for
x> 0andy’ > 0forx <0 = amaximum atx = 0 of
e’ = 1; there are points of inflection at x = + \}— the

curve is concave down for — \[ <X < f and concave

up otherwise.

© y=(0+xe*=>y =e*—(1+x)e*=—xe*
=y ' =—e*+xe*=x—1)e*;solvingy’ =0
= —xe*=0=x=0;y <0forx >0andy’ >0 e
for x < 0 = amaximumatx = 0 of (1 + 0)e’ = I; ’
there is a point of inflection at x = 1 and the curve is

concave up for x > 1 and concave down for x < 1.

y=xlnx = y'=Inx+x (%) =Inx+ I;solvingy’ =0 Y
=Inx+1=0 = Inx=-1=x=e¢t;y' >0for

-1 / 1 .. 1 1 8 fx)=xlnx
x>e andy’ < Oforx <e ™ = aminimumofe " Ine

= — % at x = e~!. This minimum is an absolute minimum 6
since y” = 1 is positive for all x > 0. 4
2

&= yeostfy = ol —dx = 2tany/y =x + C =y = (tan! (*59))°

2

y' =20l o bollgy = 3(x+ 1)%dx =y —Iny = (x + 1)’ +C

yy’ = sec(y?)sec’x = L = sec’x dx = * () = tan x + C = sin(y?) = 2tan x + C;

sec( 2y —

NI‘%
|

ycos?(x)dy +sinxdx =0 = ydy = — ““’;dx +Cy

cos?

_cosl(x) +C:>y: +

cos(x)

dx
e = —e (D 422 = y = In(—e~ 2 4 2¢72)

tan~! (0)+C

dy _ ylny dy _ _dx — an—1 _ et e _ 2 2 _ ¢
=T = yhy = Toa = In(lny) =tan"'(x)+ C=y=¢ . We have y(0) = e* = e* = ¢

tan~! (x)+In 2

= € =2 = tan ' (0) +C=2=0+C=In2=C=In2=y=c¢"

457

& — e V2 5 e¥dy = e Hdx = ¥ = —e ("2 4 C. We have y(0) = —2,s0e 2 = —¢ 2+ C = C = 2¢ 2 and

xdy — (y+,/y)dx=0= y+f) :>21n(\/_+1):1nx+C.Wehavey(1):l:>21n(\/I+l):1n1+C

=2In2=C=1In2>=1n4.S02In(\/y +1) =Inx+In4 =In(4x) = In(\/y + 1) = }In(4x) = In(4x)"?

= en(V¥H) = (@)™ Vyt1= 2(/x=>y=(2/x— 1)2

—2dx _ _e Xyl d P - _ W _ 0 .0 _ 1
y ﬁ_ezle:}eex dx—y—,y2=>y7—ex—eX+C.Wehavey(0)_1:>T—e —e+C=C=3

So}g:e"fe’x+%$y3:3(exfe”‘)+1éy:[3(e"7e”‘)+1]1/3
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458  Chapter 7 Transcendental Functions

133. Since the half life is 5700 years and A(t) = Age* we have % = Age”"* = % =e’% = In(0.5) = 5700k

= k= 12(7%3) With 10% of the original carbon-14 remaining we have 0.1A = Age’smt = 0.1 = e ¢

= In(0.1) = l‘;g%g)t = t= (57?:)(% ~ 18,935 years (rounded to the nearest year).

134, T—T, = (T, - T)e™ = 180 — 40 = (220 — 40) e™*/*, time in hours, = k = —41n (}) =41In (3) = 70 — 40

= (220 — 40) e *nOMNt = = 411;‘(6 7~ 1.78 hr =~ 107 min, the total time => the time it took to cool from 180° F to

70° F was 107 — 15 = 92 min

|

135. § =71 —cot™ (&) —cot 1 (3 - %), 0<x<50 = ¥ = &0 + G%)z

=30 [602”2 — 302+é0_x)2} solving 9 — 0 = x2—-200x +3200=0 = x = 100 & 20+/17, but
100 + 20+/17 is not in the domain; ¥ x>0 for x < 20 (5 — 4/ 17) and g—g < 0 for 20 (5 — 4/ 17) <x <50

= x=20 (5 — 4/ 17) ~ 17.54 m maximizes 0

136. v=x*In({)=x>(nl1-Inx)=—x*Inx = §=-2xInx—x* (1) = —x2Inx+ 1); solving § =0
= 2hx+1=0 = lnx——% = x=e ' g d" <0f0rx>e"/2and ¥ >0forx <e'” = arelative
max1mumatx:eVz;%zxandr:l = h=¢e!? f\/_~1.650m

CHAPTER 7 ADDITIONAL AND ADVANCED EXERCISES

1. lim f dx = hm sin~!'x]°= lim (sin"!b—sin"'0)= lim (sin"!b—0)= lim sin"'b=171
b—1- m [ Jo = tim_ ( )=, tim o )=, lim 2
. “tan~ltdt
2. lim f tan~ltdt = lim f‘)L (2 form)
X — 00 X X — 00 X [o.¢]
— an'x _ 7
= im 5= =3

3. y= (Cos \/;)l/x = Iny = 1 In (cos \/;) and lim Incos %) _ lim _sinVX_ 1 lim tan y/x

x — 0* X x o 0F 2V/xeosx T2 Thge VX
1 1 2
— 1 gy pselVx g VS i L
—od i By (o e
_ X\ 2/x _ 2In(x+eY) . T 2(1+¢€*) _ Qe 2e*
4 y=@x+e)" = hhy="—— = lim hy= lim ="+ = lim 5= lm =2

= Jdim (x+e)” = lim e =

+...+ ()

S lemoo (ﬁ+ n41r2 +.. Jr%) :Xllmoo ((111) [1+1(i)‘| + (%) [1+;(i)

which can be interpreted as a Riemann sum with partitioning Ax = % = lim ( L+ L+ + 2—111)

1
= dx = [In(1 +x)]; =In2

01+

6. lim Ll +e+. .. +el= lim_ [(;)e"” + (5) e +... + (3)e" /] which can be interpreted as a

X — 00

1
. . oy . _ 1 . 1 1/n 2/n _ f X _ x11 _
Riemann sum with partitioning Ax = - = lim_ ;[e""+e/"+... +ef= | e*dx=[e"];=e—1
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12.
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14.

15.

1

st () 5y = o 2
+
:ﬁ_ﬁzo = tan™ X+tan (l)lsa

Chapter 7 Additional and Advanced Exercises 459

AW = [erdx=[- e*]g—l—e*‘ VO =7 e do=[-Te>] =T (1-e?)
@ fim A®= lm (1-e")=

VO _ iy 2= g
(b) lim zg = lim S =3
VO _ 1 T(l—e?) T(l—eY)(I4e") T L
© i, 3= tim, 055 iy SSRGS - iy 20 =
: . : In2 __ n.
(a) al_l)rr(l)+ logu2_all>r%+ 2 =0 (b) ;
al—l{r%’ 10g327a11>n}’ na — %% or y=log,2
. . 20
hm1+ log, 2 = lm}+ % = 00; oL
a— a—
lim log,2 = lim 12— ' .
Jam log, 2 = hm == INERY 2 3 4
_20_
=30+

e e 27 e e e
A = f 2logx g — 2 Inx gy — [(nx) — LA = f 2logix g _ 2 Inx gy
1 X In2 J; x In2 1 1 1

_ [anx?]® _ 1 AL
- {21n2:|l_21n2 = A1iAy =211

R

constant and the constant is Z for x > 0; itis — Z for

2
x < O since tan~' x + tan~! (1) is odd. Next the

lim [tan'x +tan”! (})] =0+5 =73

X —

and iy (tan ) x+an! (1) =0+ () =~ §

2

Inx®) =x*InxandIn(x*)* =xInx* = x> Inx; then, x** Inx = x>*Inx = (x** =x*)lInx=0= x* =x? orlnx = 0.

Inx=0=x=1; x*=x>= xIlnx=2Inx= x = 2. Therefore, xX*") = (x*)" whenx =2 or x = 1.

In the interval m < x < 27 the function sin x < 0

= (sin x)*"* is not defined for all values in that - sinx
()= (sin x)

interval or its translation by 2.

0.6 L

f(x) = e2® = f'(x) = et® g'(x), where g'(x) = o = Q)= e’ ( 2 ) = %

1+ 1416
df _ 2Ine* | .x "2t
(@) & = 2Ine' . ox — oy (b) f0)= [ 2Mtdat=0
(©) g—i =2x = fxX)=x>+C;f(0) =0 = C=0 = f(x) = x> = the graph of f(x) is a parabola

(@) g(x)+hx)=0 = g(x) =—hx);also g(x) +h(x) =0 = g(—x)+h(—x) =0 = gx) —hx)=0
= g(x) = h(x); therefore —h(x) =h(x) = h(x) =0 = g(x) =0
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Chapter 7 Transcendental Functions

(b) f(x) + f(—=x) — [fe(X) 4+ fox)] + [fe(=X) 4 fo(=x)] _ fe(x) + fo(x) + fe(x) — fo(x) — fE(X);

2 2 2
f(x) = f(=x) _ [f:() +f6o(0] = [fo(=%) +fo(=x)] _ &)+ fo(x) = fr(x) + fo(x) __ f (X)
2 - 2 - 2 -0

(c) Partb = such a decomposition is unique.

(@) g0+ 0) =20 — 1 — g%(0)] g(0) = 2g(0) = g(0) — g*(0) = 2g(0) = g*(0) + g(0) =0

2(0)g(0)
= g0 [0 +1]=0 = g0)=0
(x) + g(h)
(b) ¢'(x) = lim gr+ —e® _ jim [lgfg:—x)gg(h)] —&x) — lim g9+el) —e() + ) eh)
& h—0 h h—0 h h—0 h 1 —g(x) g®)]

. 2(x
= fim [e0] [P0 — 114 20] = 1+ 2500 = 1+ [20

© F=1+y* = 1iyyqzdx = tanly=x+C = tan"!(gx)) =x+C;g0)=0 = tan ' 0=0+C

= C=0 = tan~ 1(g(x)):x = g(x) =tanx

1
M= O%dx:Z[tan’lx];:ﬂandMY: 01+X2dx—[ln(l )](1)=1n2:>i:%
In 2 ln4

; ¥ = 0 by symmetry

4 2 4
(a V= ]/4(2\1/;) dx:ﬂfwl(dx—4[ln|x|]11/4:%(1n4—ln%):§ln16:§1n(24):7r1n2
¢ 1 ¢ 8§ _ 1 64-1 _ 63 .
(b) My:f1/4X (2\/1) dxzifl/ x'2dx = [_ 3/2] 1/4 = (§_ﬁ) =" T 24>
4 4
szfl/é@k) )dx_-fl/4idx_[1n||]1/4 lin16=1m2;
Y N _ _ 3. S My _ 63y (2) _ 21 _7
M= [ slrdx= [ Ix V2 dx= )], =2 - § = 35 therefore, X = i = () (3) = 3 = J and

(a) L:k(a—}bﬁote + bc;c@) = ((1]]5 —k (bc};ﬁzé’ _ bcscﬁcot@) solvmg dL __ =0
= 1lbesc?0 — bR escfcot § =0 = (besc ) (r! csc § — R* cot §) = 0; but b csc § # 0 since

0#% = rfescd —Ricot§ =0 = cosf = ];—44 = 0 =cos™? (%),thecriticalvalueof&

(b) §=cos™ (2)" ~ cos™! (0.48225) ~ 61°

In order to maximize the amount of sunlight, we need to maximize the angle 6 formed by extending the two red line
segments to their vertex. The angle between the two lines is given by § = 7 — (6 + (7 — 62)). From trig we have

tanf; = ;222 = 6; = tan" ' (;22% ) and tan (1 — 65) = 22 = (7 — 65) = tan~' (22)
= 0=7m— (0 + (7 —0)) =7 —tan~' (2>) — tan~ (2%0)
_ 1 S350 1 (_ 200\ _ —350 200

& 1+ (22)7 (450—x)7 14 (2 ( X2 ) T (450 — x) + 122500 + = 20000

_ —350 200 _ 2 _ 2
Y= 0= o e = 0= 200( (450 — x)? + 122500) = 350(x* + 40000)
= 3x? + 3600x — 1020000 = 0 = x = —600 % 100+/70. Since x > 0, consider only x = —600 + 100+/70.
Using the first derivative test, dx 100 3500 >0 and d9 00 = % < 0 = local max when

x = —600 4 1001/70 ~ 236.67 ft.
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