CHAPTER 14 PARTIAL DERIVATIVES

14.1 FUNCTIONS OF SEVERAL VARIABLES

1. (@) £(0,0)=0 ) f(—1,1)=0 ©) f(2,3)=58
@ f(—3,-2) =33

\ _ V3 _ 1 1y _ 1
2 (@ f(2.8) =% ) £(=3,5) = -2 © f(m.§) =7
@ f(-3,-7) =—-1
3. (a f(3,-1,2)=1 () f(1,4, -1 =% () £(0,—1,0) =
@ f(2,2,100) =0
4. (a) £(0,0,0) =7 (b) (2, -3,6) =0 © f(-1,2,3)=+/35
4 5 6\_ /u
@ f(J5 5 5) = V3
5. Domain: all points (x,y) on or above the line 6. Domain: all points (x,y) outside the circle
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7. Domain: all points (x,y) not liying on the graph 8. Domain: all points (x,y) not liying on the graph
ofy=xory=x3 of x> +y* =25
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796  Chapter 14 Partial Derivatives

9. Domain: all points (x,y) satisfying 10. Domain: all points (X, y) satisfying
X2 —-1<y<x*+1 x=1(y+1)>0
vy oy=xi+l Y ox=1
3t
1
21 1
1
1
o
L X
3 -2 -1 P 2 3
------- = m e oy =l
2t |
1
-3
11. Domain: all points (X, y) satisfying 12. Domain: all points (X, y) inside the circle
(x=2)(x+2)(y—-3)(y+3) 0 x? +y? = 4 such that x> + y? # 3
x=-2 y x=2 y
3 _al_ x2+y2=4
y=3 ,///, _‘\\\\\\
. ) N
2 ’ ‘ i Ay =3
1 1
1 x
y=-3 -2y -1 1 12
3 A 11
A o -1 ////
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13. 14.

17. (a) Domain: all points in the xy-plane
(b) Range: all real numbers
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Section 14.1 Functions of Several Variables

level curves are straight lines y — x = c parallel to the line y = x
no boundary points

both open and closed

unbounded

Domain: setof all (x,y)sothaty —x 0 =y x

Range: z O

level curves are straight lines of the formy — x = ¢ wherec 0
boundary is ,/y —x =0 = y = X, a straight line

closed

unbounded

Domain: all points in the xy-plane

Range: z O

level curves: for f(x,y) = 0, the origin; for f(x,y) = ¢ > 0, ellipses with center (0, 0) and major and minor
axes along the x- and y-axes, respectively

no boundary points

both open and closed

unbounded

Domain: all points in the xy-plane

Range: all real numbers

level curves: for f(x,y) = 0, the union of the lines y = =+ x; for f(x,y) = ¢ # 0, hyperbolas centered at
(0,0) with foci on the x-axis if ¢ > 0 and on the y-axis if ¢ < 0

no boundary points

both open and closed

unbounded

Domain: all points in the xy-plane

Range: all real numbers

level curves are hyperbolas with the x- and y-axes as asymptotes when f(x, y) # 0, and the x- and y-axes
when f(x,y) =0

no boundary points

both open and closed

unbounded

Domain: all (x,y) # (0,y)

Range: all real numbers

level curves: for f(x,y) = 0, the x-axis minus the origin; for f(x,y) = ¢ # 0, the parabolas y = ¢ x? minus the
origin

boundary is the line x = 0

open

unbounded

Domain: all (x,y) satisfying x2 + y? < 16
Range: z %
level curves are circles centered at the origin with radii r < 4

boundary is the circle x> + y*> = 16

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.

797



798

24.

25.

26.

27.

28.

29.

30.

(e)
6]

(@)
(b)
(©
(d)
(e)
()

(@)
(b)
(©
(d)
(e)
()

(@)
(b)
(©
(d)
(e)
()

(@)
(b)
(©)
(d)
(e
()

()
(b)
()
(d)
(e)
®

(@)
(b)
()
(d)
(e)
()

(@)
(b)
()
(d)

Chapter 14 Partial Derivatives

open
bounded

Domain: all (x,y) satisfying x? + y> < 9

Range: 0 <z <3

level curves are circles centered at the origin with radii r < 3
boundary is the circle x> + y?> = 9

closed

bounded

Domain: (x,y) # (0,0)

Range: all real numbers

level curves are circles with center (0,0) and radii r > 0
boundary is the single point (0, 0)

open

unbounded

Domain: all points in the xy-plane

Range: 0 <z <1

level curves are the origin itself and the circles with center (0,0) and radii r > 0
no boundary points

both open and closed

unbounded

Domain: all (x,y) satisfying —1 <y —x <1

Range: —ggzgg

level curves are straight lines of the formy — x = ¢ where —1 <c < 1
boundary is the two straight linesy = 1 +xandy = —1 +x

closed

unbounded

Domain: all (x,y),x # 0

Range: —§ <z < 3

level curves are the straight lines of the form y = c x, ¢ any real number and x # 0
boundary is the line x = 0

open

unbounded

Domain: all points (x,y) outside the circle x> + y* = 1
Range: all reals

Circles centered ar the origin with radiir > 1
Boundary: the cricle x? + y* = 1

open

unbounded

Domain: all points (x,y) inside the circle x> + y? = 9
Range: z < 1n9
Circles centered ar the origin with radiir < 9
Boundary: the cricle x> + y*> = 9
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Section 14.1 Functions of Several Variables

(e) open

(f) bounded
31. f 32. ¢ 33. a
34. ¢ 35.d 36. b
37. (a) . (b)
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s nn
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38. (a) ] ®
LI' v-lg@t\l o
y R
z=+x 3
2
1
%é} -1 3
X y s
-3
39. (a) (b) )
2= +y? y
z=4
/ z=1
AN
-2 -1 1 2
T
40. (a) . (b) y

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.

799



800  Chapter 14 Partial Derivatives

41. (a) (b) s
=2
¥y =-1
z=0
3 z=1
2 z=2
! z=3
0 X
-1
2
-3
42. (a) (b) y
| z2=0
2=3
/AN X
x y
43. (a) ) (b) i
Z=4)52+_,\*2 y
4. () ) (b) .
z=2 _z=0
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45. (a)
46. (a)
1=[x|~[y]
47. (a)
l
2
y
48. (a)
z=\x*+y*—4

—>Y

Section 14.1 Functions of Several Variables

(b)

(b)

(b)

=

(b)

801

49. f(x,y) = 16 — x> — y? and (2ﬁﬁ) :»z:16—(2\/§)2—(ﬁ)2:6 = 6=16-x—y2 = x> +y> =10

50. f(x,y) = vx2—1land (1,0)=>z=V12-1=0 = x>*-1=0=>x=lorx=—1
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802  Chapter 14 Partial Derivatives
51 f(x,y) = v/x+y2=3and (3, -1) = 2=1/3+ (-1) > -3 =1=x+y’ - 3=1=>x+y* =4

52. f(x,y) = ij'y_fl and (—1,1) = Z:%:S = 3= xiyy_jl = y=—4x—-3

53. 54.

xwy

foryd=2+y+2=1

56.
Z
f(xy2)=2=1
fO,y,2)=x+z=1
57. 58.
¢ 2 2
Sy, =x"+y =1
ﬂ |
59. 60.
z F4

¥ L

5 o —

fixyz2) =35 +7g+5 =1

2 3
/

oy, 0)=z=x*-y*=1

{)A}yhl
y

LA
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Section 14.1 Functions of Several Variables 803

61. f(x,y,z) = /x—y—Inzat(3,-1,1) = w=,/x—y—Inz;at(3,-1,1) = w=,/3—-(-1)—Inl1=2

= Jx—y—Ilnz=2

62. f(x,y,z) =In(x*+y+2z*) at(—1,2,1) = w=In(x>*+y+z?);at(-1,2,1) = w=In(1+2+1)=1In4
= Ind=Inx2+y+72%) = x2+y+22=4

2
63. g(x,y,z) = /x> +y*+ 2% at (L*l,ﬁ) =w=/x2+y2+22at (1,71,\5) = w= \/12+(1)2+ (ﬁ)
=2=2=/xX2+y?+22 =>x>+y* +22=4

X — z X — z 1-0+ (-2 X — z
64. g(X,y,Z) = Wyytz at(l,O,—Z) => W= 2x+yytz;at(l,0,—2) = W= 2(1)+0—+7((7)2) = —% = —% = ﬁyy-tz

=2x—-y+z=0

o0 n
_ X _ 1 _ Yy
65. f(X,y) = 2 (y) = m = yTx for < y ):/E
n=0 N ,
\\ /,
. . C s . ~ P
X < 1 = Domain: all points (x, y) satisfying |x| < |y|; \\ pr
~ | 7
at(l,2);>since‘%‘<léz:zf—1:2 —k x
2 .
y _ _ 4 N
y—Xx 72:>y72X //// \\\~V’7X
/// ) i,

66. g(x,y,z) = E GEW _ e(x+3)/2 = Domain: all points (x, y, z) satisfying z # 0; at (In 4,1n 9, 2)

n!z"

= w = e(1n4+1n9)/2 — e(In36)/2 _ oln6 _ 6 = 6= elxty)/z = Xzﬂ —In6

67. f(x,y) = fxy\/% = sin~!'y — sin~!x = Domain: all points y
x,y) satisfying —1 < x < land -1 <y < I; 1
y ymg y

at (0,1) = sin™'1 —sin™'0 = = sin~'y —sin"'x

T G _z in—1 T _x in—1
= Z.Since —5 <sin"'y < 7 and —5 < sin x< T in

2 9
order for sin'y — sin~'x to equal 7,0 < sin"'y < 7 and T e

—Z2 <sin"'x < 0;thatis 0 <y < land —1 < x < 0. Thus

y =sin(3 +sin7'x) =1 -x%,x <0

68. g(x,y,z) = f:ut” + f 4 == =tan"'y — tan"'x + sin~! (%) = Domain: all points (x, y, z) satisfying —2 < z < 2;
at (O, 1, \/3) = tan"!1 — tan='0 + sin~! (%) =7 = tan'y —tan"'x +sin”! (£) = 7Z. Since —% <sin"!(%) < 2,
5 <tan”'y —tan~'x < 13—” =z =2sin(f —tan"'y 4+ tan~'x), 5 < tan"'y — tan"'x < 113—2”

69-72. Example CAS commands:

Maple:
with( plots );
f = (x,y) -> x*sin(y/2) + y*sin(2*x);
xdomain := x=0..5*Pi;
ydomain := y=0..5*Pi;
x0,y0 := 3*P1,3*P4j;
plot3d( f(x,y), xdomain, ydomain, axes=boxed, style=patch, shading=zhue, title="#69(a) (Section 14.1)" );
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804  Chapter 14 Partial Derivatives

plot3d( f(x,y), xdomain, ydomain, grid=[50,50], axes=boxed, shading=zhue, style=patchcontour, orientation=[-90,0],
title="#69(b) (Section 14.1)" ); # (b)

L :=evalf( f(x0,y0) ); # (c)

plot3d( f(x,y), xdomain, ydomain, grid=[50,50], axes=boxed, shading=zhue, style=patchcontour, contours=[L],
orientation=[-90,0], title="#45(c) (Section 13.1)" );

73-76. Example CAS commands:
Maple:
eq = 4*¥In(x"2+y"24+z"2)=1;
implicitplot3d( eq, x=-2..2, y=-2..2, z=-2..2, grid=[30,30,30], axes=boxed, title="#73 (Section 14.1)" );

77-80. Example CAS commands:
Maple:
X = (u,v) -> u*cos(v);
y := (u,v) ->u*sin(v);
z:=(uv) ->u;
plot3d( [x(u,v),y(u,v),z(u,v)], u=0..2, v=0..2*Pi, axes=boxed, style=patchcontour, contours=[($0..4)/2], shading=zhue,
title="#77 (Section 14.1)" );

69-60. Example CAS commands:
Mathematica: (assigned functions and bounds will vary)
For 69 - 72, the command ContourPlot draws 2-dimensional contours that are z-level curves of surfaces z = f(x,y).
Clear[x, y, f]
f[x_, y_]:= x Sin[y/2] + y Sin[2x]
xmin= 0; xmax= 57; ymin= 0; ymax= 57; {x0, y0}={3m7, 37};
cp= ContourPlot[f[x,y], {X, xmin, xmax}, {y, ymin, ymax}, ContourShading — False];
cpO= ContourPlot[[{[x,y], {X, xmin, xmax}, {y, ymin, ymax}, Contours — {f[x0,y0]}, ContourShading — False,
PlotStyle — {RGBColor[1,0,0]}];
Show/[cp, cp0]
For 73 - 76, the command ContourPlot3D will be used. Write the function f[x, y, z] so that when it is equated to zero, it
represents the level surface given.
For 73, the problem associated with Log[0] can be avoided by rewriting the function as x2 + y2 +z2 - el1/4
Clear[x, y, z, f]
flx_,y_,z_]:= x% + y2 + 72— Exp[1/4]
ContourPlot3D[f[x, y, z], {x, =5, 5}, {y, =5, 5}, {z, —5, 5}, PlotPoints — {7, 7}];
For 77 - 80, the command ParametricPlot3D will be used. To get the z-level curves here, we solve x and y in terms of z
and either u or v (v here), create a table of level curves, then plot that table.
Clear(x, y, z, u, V]
ParametricPlot3D[{u Cos[v], u Sin[v], u}, {u, 0, 2}, {v, 0, 2p}1;
zlevel= Table[{z Cos[V], z sin[V]}, {z, 0, 2, .1}];
ParametricPlot[Evaluate[zlevel],{v, 0, 27}];

14.2 LIMITS AND CONTINUITY IN HIGHER DIMENSIONS

3x2—y2+5 _ 302-02+5 _ 5

Yy Moo T T e <o
2. li X =0 —9
(xy) 20,4) VI VA
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10.

11.

13.

14.

15.

16.

17.

18.

Section 14.2 Limits and Continuity in Higher Dimensions

hm \/X2 Y —1=3+4-1=124=2/6

. 1 lz— 1 1 2_ lg_i
(xy)11 (2,-3) (X+Y) 7[2—'—(—3)] *(6) — 36

lim _,secxtany = (sec 0) (tan %) =) =1

(xy)— (0,%

: X4y ) 024+0% \ _ _
(X7y)h_r>n(0,0) cos (x+y+l> = cos (0+0+1) =cos0=1

lim P e()—1112 — eln (%) 1
(x,y) — (0,In2) 2

lim  In|l+x%y? =1n|1+1)*1)* =2

lim gsinx lim V) (802) = 0. |im (82X) =1-1=1
(x,y) = (0,0) % (x,y) — (0,0) ( )( x ) X—0 ( X )

lim cos /Xy = cos y/ (5)m =cos (3) =3
(x,y) — (/27,7 y = cos /(3 )

lim xsiny _ I-sin(¥) 12 1
(X y) (] Tr/ﬁ) x2+1 — 1241 — 2 T 4
. cosy+1 _ (cosO)+1 _ 141 —
(X7Y) ll’m(gvo) y=sinx = O_Sin(%) ! ?
. x2—2xy+y? . x—y)? .
1 oty Vg VM (1—1) =
) oy Ty Y Ty iy 7Y = D=0
x#y
2 2
li -y ; G+yE-y) _ : _ —
(%) ?(u) T T My Y oy My GV =AFD=2
X#y
lim Xy—y=2x+2 __ lim x=Dy=2) _ lim ) =(1-2)= —
)y L S () v-2=0-2
X X
lim y+4 —_ lim y+4 lim 1 — 1 _ 1
(X y) (2 4) x2y — xy + 4x2 — 4x (X y) (2 4) x(xfl)(y+4) (X y) (2 4) x(x—1) 22-1) — 2
y# —4,x #x2 y#—4,x #x* X #x2
. XDy +2/x-2y . (VX3 (Vx+y+2)
o) 0.0 VT () 0,0 A e (VD)
X#y X7y

= (Vo+Vo+2) =2

Note: (x,y) must approach (0, 0) through the first quadrant only with x = y.

: xiyo4 _ o Sy (fy-2) _
()2, VT T () S2.2) T My VXFYEDY
X+y#4 X+y#4 Xx+y#4
:( 2+2+2)=242=4
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806  Chapter 14 Partial Derivatives

. V2X—y—-2 . V2x—y—2 o . 1
19 (xz,y)ll_lfl;z,“()) x-—y-—4 _(x27y)11—1>n;2,40) (V2x—y+2) (V2x-y-2) _(x,y)h—r>n(2,0) Vax—y+2
X—y X—y

1

-1 1
J@2)—0+2  2+2 4

. X—+/y+1 . \[‘\/ﬁ — 1 -1
20 (x y)h—I>n(4,3) x—y-1 ™ (x.,y)lgn(4,3) (Vx+/y+1) (Vx=+/y+1) (x7y)1£n(4.,3) VXt /y+l
x—y#1 x—y#1

3 sin(x* +y*) _ s sin(t?) s 2rcos(r’) _ q: 2N

21 ()@y)h_r}n(o 0) Xyl rlgn() = rlgrlo TR rlgn0 cos(r’) =1
22. lim 1 —cos(xy) = lim 1—cosu __ lim sinu __ 0

(X-Y)H(Ovo) xy u—0 u u—0 1

3,3 2 2

23. li Y li Gy —xy+y?) li 2 _ 2 ::(p<_ (-1 _12>::

(X7Y) _1{1’(11_1) Xty (X7y) —1>H(11,—1) X+y (X7y) _1>H(11_1) (X Xy+y ) ( )( )+( ) 3
24. lim = lim —_— = lim ! = 1 =4

(x,y) = (2,2) X7 (xy) = (2,2) CEIEEIETE) T yy S (2,2) GRS T AR T

U R ) R R R s et

P —(1,3,4)
i xyt+yz _ 2DED+HEDED =241
26. PH(llmjl -1) x2+z22 T 124 (—1)2 =111 T T3

27. 1i(13n3 0 (sin?x + cos?y + sec? z) = (sin?3 + cos?3) +sec?0 =14 12 =2

28. P %1_11:1 1) tan~! (xyz) = tan"! (=1 -7.2) =tan~! (- 1)

29. lim ze™% cos 2x = 3e 72 cos 2 = (3)(1)(1) =3

P — (m,0,3)
30. P—»%izl,n—3.,6) In \/mzln \/mzln \/479:1n7
31. (a) All(x,y) (b) All (x,y) except (0,0)
32. (a) All(x,y)sothatx #y (b) All (x,y)
33. (a) All (x,y) except where x =0ory =0 (b) All (x,y)

34. (a) All (x,y)sothatx? —3x+2#0= (x—2)(x—1)#0=x#2andx # 1
(b) All (x,y) so thaty # x?

35. (a) All (x,y,z) (b) All (x,y,z) except the interior of the cylinder x> + y? = 1
36. (a) All (x,y,z) so that xyz > 0 (b) All (x,y,2)
37. (a) All(x,y,z) withz # 0 (b) All (x,y,z) with x? +z2 # 1
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39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

(a) All (x,y,z) except (x,0,0)

(a) All (x,y,z)suchthatz > x> 4+ y> + 1

Section 14.2 Limits and Continuity in Higher Dimensions

(b) All (x,y,z) except (0,y,0) or (x,0,0)

(b) All (x,y,z) such that z # 1/x2 + y2

(a) All (x,y,z) such that x> + y? + z> < 4

(b) All (x,y,z) such that x> + y? + z?

9 except when x> + y? + z? = 25

lim - ——2—=1lm ——2%—=Ilim ——F2—= lim —-% = lim L= 1.

(x,y) — (0,0)  V¥H¥Y T xS0t VRHC T xS0t V2R xS0t V2x o x o0t V2 V2
alongy = x

x>0

lim - =2 = lim —-—2*-= lim —-—/2—= lim -2-=-1
(x,y) — (0,0)  V¥H¥y T x—=0" V2T x—=0 V20 x—=00 V2 V2

alongy = x
x <0
4 4 4 4 4
lim X = lim X5 =1; lim X = lim —* . = lim X =1
(x,y) = (0,0) XH¥ =0 XEC T oy S 0,00 MY xS0 x0T xm0 22
alongy =0 along y = x?
. xtoy? . 4—(kx2)2 T Xk 1—K2 . .. .
(X,y)lgn(om Ty = x11LnO T ) xhin0 T — 13 — different limits for different values of k
along y = kx?

lim X — lim x(kx):. k_XZZ. k . . ST
T T T L N ] xlgn0 o] Xlin Ok if k > 0, the limit is 1; but if k < 0, the limit is —1
along y = kx

K#0

. X=y _ 1: x—kx _ 1—k . .. . _
(x7y)11_1>n(070) Xy = xlgn0 & = 13 = different limits for different values of k, k # —1
along y = kx

k# —

. 2 . - . — — . . . .

lim X=Y = lim X=K = Jim =k = =K = different limits for different values of k, k # 1
(x,y) — (0,0) *~¥Y  x—0 X~k T x
along y = kx

K% 1

. 2 . 2 . .. .

lim XY — |jm X = kx % = different limits for different values of k, k # 0
(x,y) = (0,0) ¥ x—0 ¥
along y = kx?

K#0

. X2y 1 kx* Kk . .. .

(X?y)lgn(a 0 FA¥ T Xlgllo T1oe — 1oe — different limits for different values of k
along y = kx?
2 2 2 3

lim Wl — Jim ¥ lim (y +1)=2; lim Wl — Jim Y= = lim (y*+y+1)=3
(xy)— (L, 1) Y= y—1 vyl im, (v + 1) (xy) — (1,1 Y= y—1 ¥yl im (" +y+1)
along x =1 alongy = x

lim AL — lim 24 = lim =L =1 lim WL — lim 2l = gim il
(y) = (1,-1) XY T x—=1 Xo o xd 2 (x,y) = (1,—1) =¥ T xo1 ©oxt T G DEEHD
alongy = —1 alongy = —x

3
2
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51.

52.

53.

54.

55.

56.

57.

58.

59.

Chapter 14 Partial Derivatives

1 ify x4
f(x,y) =<1 ify<0
0 otherwise
(a) ( )lim(0 1)f(x, y) = 1 since any path through (0, 1) that is close to (0, 1) satisfiesy =~ x*
X7 y - b
(b) )lim(2 3)f(x, y) = 0 since any path through (2, 3) that is close to (2, 3) does not satisfiy eithery ~ x* ory <0
X?y - 2
(c) lim  f(x,y)=1and lim f(x,y) =0= lim  f(x, y) does not exist
(x,y) = (0,0) &) (x,¥) = (0,0) &) (x,¥) = (0,0) .5)
alongx =0 along y = x?
x> ifx 0
f 9 = .
() {x3 ifx <0
(a) xy) linz3 2)f(x, y) = 3% = 9 since any path through (3, —2) that is close to (3, —2) satisfies x 0
X,y) — s T
(b) (y) 1iII(1 5 1)f(x, y) = (—=2)* = —8 since any path through (—2, 1) that is close to (—2, 1) satisfies x < 0
X,y) = (=24
(©) ( )li o O)f(x, y) = 0 since the limit is 0 along any path through (0, 0) with x < 0 and the limit is also zero along
X,y
any path through (0, 0) withx 0
First consider the vertical line x = 0 = lim 42X Y = lim 2<? )zyz = lim_ 0 = 0. Now consider any nonvertical
(x,y) — (0,0) XY Ty =0 O +y T y—=0
alongx =0
through (0, 0). Th tion of any line through (0, 0) is of the f = mx = lim f(x, y) = li 2y
rough (0, 0). The equation of any line through (0, 0) is of the form y = mx . im 0,0) (x,y) - m(0 o) TEY
along y = mx along y = mX
— 1; 2x%(mx) : 2mx® I SR T 2— _ : 2x? 22Xy
= xlgno X+ (mx)? h_‘?() x*+m2x2 T l]mo x2(x2+m?) xlgno (x2+m?) — 0. Thus (x, y)lin(().o) X +y? =0.
any line though (0, 0)
If f is continuous at (Xg, yo), then lim f(x, y) must equal f(xg, yo) = 3. If f is not continuous at

(x,y) = (0, Y0)
(X0, ¥0), the limit could have any value different from 3, and need not even exist.

i (1-5) =1 and lim =1 lim L 1XY — 1, by the Sandwich Theorem
Xy) — ) X,y) = ? Xy

22
6 p—

2y - (

Ifxy >0, li L S N ¢ S N A F 2— %) =2and
>0 e T T e e Dy e GTF) =2
2 |xy| — 2y —2xy — w2y
lim Z = gim o 2=2;ifxy <0, lim #ﬁf’) — i M
(x,y) = (0,0) ¥ (x,y) = (0,0) (x,y) = (0,0) Y (x,y) = (0,0) Y
o Xy _ - 2yl _ : 4= deos /] _ -
= (ny)lgn(()vo) (2+%)=2and (X7y)1£n(070) =2 = (X7y>11_r)n(070) o] = 2, by the Sandwich Theorem

The limit is O since [sin (})| <1 = —1<sin({) <1 = —y<ysin({) <yfory 0,and—y ysin(l) yfor
y <0. Thus as (x,y) — (0,0), both —y and y approach 0 = ysin (1) — 0, by the Sandwich Theorem.

ThehmltlsOSlnce‘cos (y)‘ <1 = —1<cos (y) <1 = —x<xcos (%) <xforx O0,and —x X cos (%) X

for x < 0. Thusas (x,y) — (0,0), both —x and x approach 0 = x cos (%) — 0, by the Sandwich Theorem.

@ GV = Ty = 2l = sin 20. The value of f(x,y) = sin 26 varies with 6, which is the line's

angle of inclination.
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72.

Section 14.2 Limits and Continuity in Higher Dimensions

(b) Since f(x, y)|

y=mx

= sin 26 and since —1 < sin 26 < 1 for every 0, lim(o 0 f(x, y) varies from —1 to 1
x7 y - bl

along y = mx.

xy (x2 = y2)| = [xy| [x* = y*| < x| |y X2+ ¥?| = VX2 /Y2 X2 4+ y2 < /X2 +y2 /x2 +y2 2+ y?

— (42 212 xy ( —y? X4y 2 2 2 2 xy (% —y? 2 2

=X +y) = [T ’_X2+y =xX+y = —(x*+y’) < X(z+yz)§(X+y)

= lim (xy 2oy ) — 0 by the Sandwich Theorem, since  lim =+ (x? + y?) = 0; thus, define £(0, 0)
(x,y) = (0,0) \"7 X +Y* x,y) = (0,0)
. X —xy _ ’ cos® 0 — (rcos §) (1® sin0) _ . r(cos® § —cos fsin®f)

(x7y)1£n(070) x2+y? rh_{no 12 cos? 6 + 12 sin? 0 - rlgno 1 =0
i x5 —y? Peos?f—r’sin®0 ) _ 1 r(cos’d —sin®g) | _ o

x y)lgn 0.0 cos (m) = hmO cos (m) = rlgno cos { —1 | =cos0=1

( )l'm(O 0 wryr = i X eer'd — lim (sin? §) = sin® ; the limit does not exist since sin” § is between

X,y r— r—

0 and 1 depending on 6

111’11 2r cos 6 = lim 2cosf __ 2cosf .

M 2 rcoss — A0 tcosd = cosh the limit does not exist for cos 6 =

lim S S—_
(x.y) — (0,0) X +x+¥*

1] (|cos 6] + [sin 6]) | .
72 b

lim tan™! {M} = limO tan™ 4

(x,y) = (0,0) Xty r—

ifr — 07, then lim tan~

Ir —

lim tan~! |[LUcosOl+lsindD) | qipy a1 (losftsindl) 71 the fimit is T
r— 0~ r— 0~ 2 2

T —TI

1 [|rcosé’\:2r|rsm6\] _ limO tan—L [

r—

lim tan~

= %;ifr — 07, then
r— 0F

[\r| (\cos€\+|sin6\)] _ 1 |i\c039|+\sin0|}
12 - r

2 _y2 . — 2 4in2 . . . .
lim > = lim feos’d—r’sin?0 _ Jim (cos?f — sin2@) = lim (cos 20) which ranges between
g
(x,y) = (0,0) ¥ T¥"  r—0 r r—0 r—0

—1 and 1 depending on § = the limit does not exist

A 3x2 — x2y2 2 . 2 002 0 — 14 coc2 § <in? 2 o2
lim ln( X ;(y 2Jr3y ) — lim In (3r cos” f —r* cos 2ﬁsm 0 + 3r° sin 9)
(x,y) = (0,0) Y r—0 '

= limo In(3 —r2cos?@sin’f) =1In3 = define f(0,0) = In 3

r —

lim Y i CresOEsin0) _ iy 3pcos @sinf =0 = define £(0,0) = 0
(x,y) = (0,0) ¥ r=0 ' r—0

Let§ =0.1. Then /x2+y? < § = /x2+y2<0.1 = x*>+y?<0.01=|x*+y>—0] <0.01
= [f(x,y) — £(0,0)] < 0.01 = e.

Let 6 = 0.05. Then |x| < 6and |y| <6 = [f(x,y) —£(0,0)| = |25 — 0| = |25 | < Iyl < 0.05 =€

Let § = 0.005. Then [x| < §and [y| <6 = |f(x,y) —£(0,0)] = |37 — 0] = |24 | < [x+y| < x| + ly]
< 0.005 + 0.005 = 0.01 = €.

Let § = 0.01. Since —1 <cosx <1 = 1<2+4cosx <3 = 1< 2+COSX§1 = ‘x <|21§0ysx|_|x+y|
< |x|+ly|. Then x| < dand|y| <& = [f(x,y) —£(0,0)| = |7 — 0 ’—|2fg03;x| < |x| + |y| < 0.01 +0.01

=0.02 =e.
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810  Chapter 14 Partial Derivatives

73. Let 6 = 0.04. Since y? < x* +y? :>X2+y <l= Xlxjry; <Xl =vVxE < Vx2P+y2 <= [f(x,y) —£(0,0)]
~0| <004 =e.

= x2+y

74. Let§ = 0.01.If |y| < 1, then y? < |y| = /¥2 < \/x2+y2 o |x| = Vx2 < /x2+y2 = x| +y? < 24/x2 + y2. Since

X2 <24y = <landy?> < x> +y? = < 1. Then ‘x +y| SXz’_‘:yz|x|—|—X2{:y2y2§|X|+y2<26

2+2 2+2

= |f(X7Y) - f(07 O)| =

LS o‘ < 2(0.01) = 0.002 = e.

X2 +y

75. Let § = \/0.015. Then \/x2 +y2 +22 < 6§ = [f(x,y,z) — £(0,0,0)| = [x* +y?> + 22 — 0] = |x® +y? + 7°|
2 2
- (\/x2 T x?) < (\/0.015) —0.015 = c.

76. Let § = 0.2. Then |x| < 4, |y| < é,and |z| <6 = [f(x,y,z) — (0,0,0)| = |xyz — 0| = |xyz| = |x] |y| |z| < (0.2)}
=0.008 =e.

77. Let § = 0.005. Then [x| < 8, |y| < §,and |z| < 6 = [f(x,y,z) —£(0,0,0)] = | =2~ —0

x2+y2+z22+1

- %‘ < |x+y+z| < |x|+ |y + |z < 0.005+0.005 + 0.005 = 0.015 = e.
78. Let 6 = tan' (0.1). Then |x| < é, |y| < 8, and |z| < § = |f(x,y,z) — f(0,0,0)| = |tan? x + tan® y + tan? z|
< |tan® x| + |tan? y| + |tan® z| = tan? x + tan® y + tan? z < tan”? § + tan® § + tan® § = 0.01 + 0.01 + 0.01 = 0.03 = e.

79. lim f(x,y,z) = lim x+y—12z)=%x9+Yyo—zo = (X0, y0,29) = fis continuous at
(x,¥,2) — (X0, ¥0,20) (x,¥,2) — (X0,Y¥0,20)

every (Xo, Yo, Zo)

80. lim f(x,y,z) = lim (x2 +y2 +22) = x3 +y2 + 22 = f(x0,Y0,20) = fis continuous at
(X7Y7Z) - (x07y07Z0) (X7Y7Z) - (X07y0720)

every point (Xo, Yo, Zo)

14.3 PARTIAL DERIVATIVES

L G=4x g =-3 2. S =2y, §=—x+2y
3. R =x(y+2), 5 =x"~1 4. G =5y —14x+3, 5 =5x—2y — 6
5. % =2y(y— 1), L =2x(xy — ) 6. 2= 6(2x — 3y, o = —9(2x — 3y)?
7. & of — ¥ g o _ _ 2 o _ _ 1

_ _x of _ _
W YR T RS T e )

o _ of 1 J _ 1
O BT mw Y= e = e HY =~y
10. 2 — (x% +y%) (1)— x(2x) I et SHN] (X+yH) O — X(Zy) 2xy
" ox (2 +y2)° (2 +y?)* Oy (2 +y?)° ety
11, 9 — — Gy-DDO-&+y)y _ -y’ =1 of _ xy=DM-G+y®) _ —x*-1
Toox (xy—1)? T (y—1?%> 9y (xy — 1)? (xy — 1)?
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Section 14.3 Partial Derivatives

12, 9L — 1 .Q(z):, y - __ o _ 1 .@(Z): 1 S
T T () ox \x < 1+ ()] EEO T ()T N TSN Y
13. % — elxty+1) | % (x+y+1)=eltyth, g_§ — elxty+1) | (% (xX+y+1)=eltyth
14. % =—e *sin(x+y)+e *cos(x+Yy), % =e *cos(x+Yy)
o _ 1 .9 _ 1 a9t _ _1 .3 _ 1
15. ox T X+y o (XY = X+y’dy — x+y .3_y(x+y)7 Xty
16. % :exy-%(xy)-lny:ye"ylny,% :e"y-a%(xy)-lny—l—e"y-%:xe"”ny—l—%y
17. &£ = 25sin(x — 3y) - £ sin(x — 3y) = 2 sin(x — 3y) cos (x — 3y) - & (x — 3y) = 2 sin (x — 3y) cos (x — 3y),
g—§ = 2sin(x — 3y) - 8% sin (x — 3y) = 2 sin (x — 3y) cos (x — 3y) - g( — 3y) = —6 sin(x — 3y) cos (x — 3y)
18. & =2cos(3x —y?) - Z cos (3x — y?) = —2 cos (3x — y?) sin 3x — y?) - & (3x — y?)
= —6cos (3x — y?) sin (3x — y?),
g—§ =2cos (3x — y?) - a% cos (3x — y?) = —2 cos (3x — y?) sin (3x — y?) - a% (3x —y?)
= 4y cos (3x — y?) sin (3x — y?)
19. 98 = yx!, g—; =x'Inx 20. f(x,y) = {‘;—; = o= x&ly and g—; = y?];ny’)(z
21 5 = ek, § = g(y)
22 £05,9) = 3 (9, =1y 7 6=~ aowr o () = o and
of _ 1 9
oy = i oy T =g
23. fx:yZ,fy:2xy,fZ:—4z 24 fy=y+z,fy=x+zf,=y+x
_ - _ -z
25 fi=1,f, = \/W’fz_ TR
26. f=—x(C+y +22) " =y (R 4y +2) g = (2 y? 4 22)
_ Xy
27. 1, \/1 xyz” y \/1 xyz”fzi\/lf)@yzz2
_ 1 _ z — y
28. fx - [x +yz| \/(x+yz)2—l ’fy - |x + yz| \/(x+yz)2—l ’fz - [x +yz| \/(x+yz)2—l
_ 1 _ 2 _ 3
29. £, = x+2y+3z ’fY T OXx+2y+3z A, = x+2y+3z
30. fy=yz- - HOy) =92 =¥ f —zIn(xy) +yz- & In(xy) = zIn(xy) + ¥ - & (xy) = zIn(xy) + 2,
f,=yln(xy)+yz-Z In (Xy) =y In(xy)
31, f, = —2xe” (YD) £ — _gye (CHYHT) f, — _Dgzem (Hy’H7)
32. fx = —yze ™%, f; = —xze V%, f, = —xye
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812  Chapter 14 Partial Derivatives

33. fy = sech? (x + 2y + 3z), fy = 2 sech? (x + 2y + 3z), f, = 3 sech® (x + 2y + 32)
34. f, =y cosh(xy — z%), fy = x cosh (xy — 2%), f, = —2z cosh (xy — z%)

35. & = 2w sin2nt — a), &£ = sin (27t — )

36. 2 = yZel/Y) . & () Z 2yel) 28 = 2yelu/Y) 126U L 2 (2) — 2yeluY) — 2yeu/Y)

ou v
37. g—};—smqﬁcosﬂ, 56 = pcos ¢ cos 6, %5 = —p sin ¢ sin 0
38. %—1—0059,%—rsm0 8—5:—1
39 Wy =V, Wy =P 55 W,y = Y2 W, = 2P0 = Vv yy, = o2
O N T SN TITOS S

Al L =14y L =1+x 20 =020 =0 2L = 2L =

Ay dy? > 9yOx — Oxdy
r F 2 . 2¢ . 2 2 .

42. % =y COS XY, g—; = X COS XY, % = —y? sin xy, g—yg = —x? sin xy, 8@5}( = aiafy = COS Xy — Xy sin Xy

dg _ Jg _ (2 ag . g %
43. 52 =2xy +ycosx, 5y — X sin 'y + sin x, ax2 =2y —ysinX, By cos 'y, 8an axay = 2x 4 cos X

oh _ oy oh y Ph _ ) 8°h _ oy 8% _ 9%h _ .y
44. 6x_e’8y_xe+1 sz_o’é)yz_xe’ay(?x_(’)xay_e
45 o 1 o 1 9 -1 Pr 1 Fr . 9 -1

©OX T xty’ 9y xty’ Ox? x+y)? > 9y? — (x+y)?’ 9ydx  9xdy  (x+y)?

e IR AGR G e e S e B A

% y2x)  _ _ 2xy % _ _—xQ2y)

5 = =

Gyl @y ¥ T ()

= &) | 5| = =i

- X 1+(%)2 - XZ +y2 ’

Xy s 9% _ (PHy)(= D+y@y) _ y2 -
(x+y?)" 7 Oyox — Oxdy (2 +y)° T4y’

Q)

47. 2% = 2xtan(xy) + x’sec?(xy) - y = 2xtan(xy) + x%y sec?(xy), ‘?)— = x?sec?(xy) - x = x3sec?(xy),
2

9% = 2tan(xy) + 2xsec?(xy) - y + 2xy sec*(xy) + x7y (2sec(xy)sec(xy) tan(xy) - y)

= 2tan(xy) + 4xy sec?(xy) + 2x2y* sec?(xy) tan(xy), 2 3¢ = X (2sec(xy)sec(xy) tan(xy) - x) = 2x"*sec®(xy) tan(xy)

gjgx = gfgy = 3x%sec?(xy) + x3(2sec(xy)sec(xy) tan(xy) - y) = 3x? sec?(xy) + x’y sec?(xy) tan(xy)

48. 2 = = ye¥ 7Y .2x = 2xyeX Y, ‘g"yv = (e Y 4yeX Y. (1) =e" V(1 —y),
8_ =2yeX Y —|—2xy<ex"y : 2x> = 2yeX ~Y¥(1 4 2x%), %27? = (exz’y . (—1))(1 —y) +e¥ Y(=1)

= ey =2 g = B = (0 ) -y = ke (1 )

49. 2 = sin(x%y) + x cos(x%y) - 2xy = sin(x?y) + 2x*ycos(x?y), %—‘;’ = xcos(x%y) - x* = x>cos(x?y),

627‘2” = cos(x?y) - 2xy + 4xy cos(x?y) — 2x2y sin(x%y) - 2xy = 6xy cos(x%y) — 4x>y? sin(x%y),
gZTVZ = —x?sin(x%y) - x? = —x sin(x%y), gyzg; = 86;5‘; = 3x%cos(x%y) — x3sin(x%y) - 2xy = 3x%cos(x%y) — 2x*y sin(x%y)
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60.

61.

Section 14.3 Partial Derivatives

dw _ ¥4y —(x-y@) _ —P42y+y ogw _ (KHY)ED-G-y) L —x2—x
ox (2 +y)° (C+y)* 7 Oy (2 +y)° (+y)”’
Pw (x2+y)2(72x+2y)7(7x2+2xy+y)2(x2+y)(2x) o 2(x373x2y73xy+y2)
7 = 7 = 3 >
o [ +y)7] (¢ +)
Pw _ (x2+y) —(=x=x)2(x>+y)-1 _ 2242 8w _ O’w _ (x2+y)2(2x+1)7(7x2+2xy+y)2(x2+y)-l
7 = 2 = 3 = = 12
g e S B = 7]
2x +3x% —2xy y
(¢ +y)’
ow _ _ 2 ow __ 3 Pw -6 and IPw -6
Ox — 2x+3y’ dy ~ 2x+3y’ 9ydx — (2x+3y)?°’ dxdy — (2x+ 3y)?
ow W o X _ 1 1 Pw 1 1
6x_e+lny+x’6y_ +lnx’ayax__y+x’and@x6y_y+x

ox > Jyox

oW _ o ow _ ; Pw _ w
ox — SNy +ycosxX+y, 5o =Xcosy+sinx+X, 550 =cosy+cosx+ 1, and BxDy cosy+cosx+ 1

(a) x first (b) y first (c) xfirst (d) x first (e) vy first () 'y first
(a) Yy first three times (b) Yy first three times (c) y first twice (d) x first twice

. _h— 2
lim h—6(1+2h+h*)+6

fo(1,2) = lim [A+h2)—f12) _ o [I=0h+2-60 407 -2-6) _

h—0 h h—0 h h—0 h
= lim “1=60 — iy (13— 6h) = —
h—0 h—0
f,(1,2) = lim [L2EW=f2) iy [Z1FCED SCINIZEZ0 _ iy @=6-20-0-0)
h h—0 h—0

= jlim, (-2) =2

fo(~2,1) = lim (24h D= f(=2.1) _ i A42(=24h) -3 (-24h)] - (=3+2)

— h h—0 h

= lim Z=LWEL— gig =,
h—0 h—0
f,(~2,1) = lim 2,040 = F(=21) _ 50 [4—4—3(1+h)+2(1+h)*] - (=3+2)
v h—0 h h—0 h
1 (=3-3h+2+4h+20")+1 _ . h+2h _ 7 _
N hlgno h *hh—ano h hh—r>no (1+2h) =1
f(~2,3) = lim f(72+h.,3})]7f(72,3) — lim \/2(—2+h)+9—hl—\/—4+9—l
’ h=0 h=0
_ V2h+4 -2 (\/2h+4—2\/2h+4+2> T 2 1
7hh—l>n0 h 7h1—I>n() h V2h+4 42 *hlino Va2h+da+2 2
f,(—2,3) = lim f(=23+0)-f(=2.3) _ 1y V430G +h) —1—y/-4+9-1
- =0 h _h~>0 h

. \/W 2 (\/W 2\/W+2) 1 3 _3
—hlgno —hlgn V3h+4 +2 —hlino Vh+4a+2 4

sin (3 +0)
fx(O O) = lim f(0+h,0) - f(0,0) _ lim 2io 0 — lim sinh® _ 1
’ h =0

h h—0 h h—o N
sin(0-+14) 0
. — . Yooz . inh* . 4
£,(0,0) = lim (OOHZMO0 _ fym 0 = gim 2 = fim (b 92E) =0-1=0
h—0 h—0 h—0 h—0

(a) Intheplanex =2 = fy(x,y) =3=£(2,-1)=3=>m=3
(b) Intheplaney = —1 = f,(x,y) =2=1£,(2,-1)=2=m=2

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

(a) Inthe plane x = —1 = fy(x,y) = 3y* = f,(— 1,1): 3(
(b) Intheplaney = 1 = fy(x,y) = 2x = fy(—1 -1

fz(XO;YO;ZO) — lim f(Xo-,)'O,Zo+h})l*f(xos)’0,lo) :
h—0

£,(1,2,3) = lim 2340 -0129) _ iy 2040°220) _ iy Db lim (12 +2h) = 12
h—0 h—0 h—0 h—0
fy (X0, Y0, 20) = hhin() fxg:yo £ b, Zog_f(xo’yo’m) ;
. T f(=1,h,3) —f(=1,0,3) _ 1. (20’ +9n) -0 _
f,(—1,0,3) _hh—I>nO T hh_I)n0 _— hm (2h+9)=9
y+ (32 %)X—I—ZS—Z)/% =0= (3x22—2y)% = —y—Z3:>at(1,l,1)wehave(3—2) =—1—-1lor?2 S = —2
(B)z+x+ (32 -2x2=0= (z+¥-2x) 2 = —=x=at(l,-1,-3)wehave (-3 - 1-2)Z = —Jor 2 =1
a?=b>+c?—2bccos A = 2a= (2bcsinA) % = 2 = L _:als00=2b—2ccos A+ (2bcsin A) 2
= 2ccos A—2b= (2bcsin A) % = A — ccosAh
i o _ S . ; S
o= b o MR RO g o (5inA) 2 —acosA=0 = & = aA g
(%) g—g =b(—cscBcotB) = g—g = —bcscBcotBsin A
Differentiating each equation implicitly gives I = vy Inu+ (¥) uy and 0 = us In v + (%) vy or
1 v
(Inu) vy +(§)ux:1} Ly ’o vl oy
u _ X7 /lnu ;| 7 (Inu)(lnv)—1
(Y)vx+ (Inv)u =0 A
Differentiating each equation implicitly gives 1 = (2x)x, — (2y)y, and 0 = (2x)x, — y, or
1 72y
oon-w=11 b
(ZX)XU — Vu =0 = Xu = 2x  =2y| Z2x+4xy | 2x—4xy and
2x —1’
2x 1
2x 0 —2x X s ax
Yo = —2x 4+ 4xy = 72x~2F4xy = 2xz4xy = 1J2 s nexts = X +y = du =2x +2y
1 1 1 2 142
= 2x (2x74xy) +2y (172y) =1y T 1—y2y = 1725
fy) =40 BY 0 (xy) = 0forall points (x, y); aty = 0, f,(x,0) = lim 0t =fx0) _ jip, fixh)=0
AN 0 1fy<O ’ ’ h—0 h h—o N
—hm foeh) — 0 because hm M) — fim & = 0 and hm b — Jim P = 0= fy(x,y) = 3 ify 0,
-0 0 h h—0- D —0+ b h—0+ D A =2y ify<0’

fyx(x,y) = fxy(x,y) = 0 for all points (x, y)

Atx = 0, f,(0,y) = lim 0+ yli—f(O, Y = {jm b ?_0 = lim (th) which does not exist because ~ lim (th)
h—0

h—0 h—0 h—0—
1 .
) — ifx>0
= Jim® =0and lim ™Y = Jim ¥" = Jim L = 4 o0 = fi(x,y) = { VX ;
o= b ané - hgv B hoor Vb oo (x.3) 2x  ifx <0

f,(x,y) = { 8 K _ 8 = f,(x,y) = 0 for all points (x, y); fyy(x,y) = 0 for all points (x, y), while fy,(x, y) = 0 for all

points (X, y) such that x # 0.
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73.

74.

75.

76.

7.

78.

79.

80.

81.

82.

83.

84.

85.

Section 14.3 Partial Derivatives
of _ of _ of _ _ Pt _y P _ 5 Pf _ _ Pt 9 9 _ _4) —
E‘zx’ Ay _Zy’ oz 4z = ox? =2, dy? =2, 022 4 = 6x2+8y2+822 =2+24+(4H=0
of af af ’f ’f 9’ o | 9 | O
Ix :_6XZ’3_y :—6yZ,§:6Z2—3(X2+y2),W :_62’8_)/2 :—6Z,ﬁ: 12z = W—Fa_yl—"ﬁ
=—6z—6z+12z=0
o _ _na-2y o of _ _na-2y Pt _ _gady Pt _ a2y Pt 9
N = 2e % sin 2X, oy = 2e™ cos 2X, = 4e ™ cos 2Xx, o2 = 4e % cos 2x = Frelun ay?
= —4e ¥ cos2x +4e ¥ cos 2x =0
o _ _x of _ _y P _ y-xr Pr_ -y ik G G et oy
Ix X2+y2° Oy xTy? ? Ox2 (x2+y2)2 > 9y2 (x2+y2)2 Ix2 dy? (x2+y2)2 (x2+y2)2
of _q 9f _ 5 I _ g f _ P 9 _ —
5_3’8y _z’ﬁxz _0’3y2 =0 = 0x2+8y2 =0+0=0
of _ Uy _ _y of _ =x/y* _ _—x 9 _ (PHxD)0-y2x =2y 9 _ (P+x)0-(=x)2y _ _ 2xy
- 2 — 2 2 - 2 — 2 2 2 — 2 - 2 2 2 - 2
9x 1+(§) y x5 9y 1+(3) yihx 2 ox (2 +x%) (y?+x2)* 7 Oy (y? +x2) (y?+x2)
P 9 _ =2y 2xy
= e T W T (2 +x2) + (2 +x2)> 0
of _ 1.2 2 2\—3/2 _ 2 2 N3/2 9f _ 1 (2 2 2\—3/2
o= — L4y +22) (20 = —x (P4 y2 4 22) S = L2y 22) T (2y)

=—-y(xX*+y’ + 22)_3/2, % - _ % (x2+y2+ ZQ)_3/2(2Z) =—z(xX>+y*+2%)

2=~ (CHy? +2) P (R Y+ 2) T S = - (R ) ey (P )
)73/2

-3/2,
s

—5/2 2 2 2
= (Y +2) P32 (P ey 42T = 2 O

= [y ) a4 ) [y 4 ) 3 (0 4y 4 )

81

5

Floee ) P2 Ry 4 2) ] = 3y ) P (3 3 432 (B y 428 P =0
% = 3e3+% cos 5z, g—; = 4e3*H% ¢os 5z, % = —5e3*+% gin 5z; g—ig = 9e3*+% cos 5z, g—;g = 16e>**% cos 5z,

g—ig = —25e¥+% cos 5z = g—iﬁ + g—;ﬁ + g—iﬁ = 9e3**% cos 5z + 16e¥*+4 cos 5z — 25>+ cos 52 = 0

g—‘: = cos (x + ct), %—‘f = c cos (x + ct); %i‘;’ = —sin(x + ct), %2—;; =—c?sin(x+ct) = %Z—t‘z" = c?[—sin(x + ct)] = ¢? %ZTva
O — _2sin(2x + 2ct), P = —2c sin (2x + 2ct); T¥ = —4 cos (2x + 2ct), T¥ = —4c? cos (2x + 2ct)

= 862—[‘2” = c2[—4 cos (2x + 2¢ct)] = ¢ L

Ox2

%—Y = cos (X 4 ct) — 2 sin (2x + 2ct), %—‘f = c cos (X + ct) — 2¢ sin (2x + 2ct);

‘?91‘;“ = —sin(x + ct) — 4 cos (2x + 2ct), %2—2; = —c? sin (x + ct) — 4c? cos (2x + 2ct)

= %ZTZ“ = c?[—sin(x + ct) — 4 cos (2x + 2ct)] = ¢? %iv.}
ow _ 1w _ _c . Pw_ -1 Pw_ ¢ Pw_ 2| -1 |_ .28
Ox — x+ct? Ot T x+ct? Ix2 T (x+ct)2’ 92 T (x+ct)? o (x+ct)? | Ox?
ow __ 2 ow __ 2 L OPw 2
S = 2sec” (2x — 2ct), Gt = —2c sec” (2x — 2ct); G7 = 8 sec” (2x — 2ct) tan (2x — 2ct),

éf;—[‘zv = 8c? sec? (2x — 2ct) tan (2x — 2ct) = ux%z—tgV = c?[8 sec? (2x — 2ct) tan (2x — 2ct)] = c? ‘327‘2”
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86. g—‘)‘(’ = —15 sin (3x + 3ct) + ¥, %—”lv = —15c¢ sin (3x + 3ct) + ce**; ?;T‘?N = —45 cos (3x + 3ct) + ¥,

%Z—I‘z’“ = —45¢? cos (3x + 3ct) + c?ert = %Z—t‘z” = ¢?[—45 cos (3x + 3ct) + e+*¢] = ¢? %27‘2”

dw _ of du _ Of Pw _ 2 — 2202 . 9w _ Of Qu _ Of | Pw _ (L) .
87. _3u(ac) = o _(ac)(au2>(ac)_ac o> Oox  ouox  ou 4 = ox2 _(aauz) a

Bt~ du Bt
_ 2 9 FPw _ 2.2 9 _ 2 (.2 8 _ .2 0w
=Gz ™ g TAC gz =¢ (a auZ)— x2

88. If the first partial derivatives are continuous throughout an open region R, then by Theorem 3 in this section of the text,
f(x,y) = f(x0,y0) + fu(X0, yo) AX + £,(X0, yo) Ay + e1Ax + e2 Ay, where €7, e — 0 as Ax, Ay — 0. Then as

(X,y) — (X0,¥0), AXx — 0and Ay — 0 = lim ) f(x,y) = f(xo, yo) = fis continuous at every point (X, yo) in R.
X,¥) — (Xo; Yo

89. Yes, since fyy, fyy, fyy, and fy, are all continuous on R, use the same reasoning as in Exercise 76 with
£ (x,y) = i (X0, ¥0) + fxx(X0, yo) Ax + fxy(X07 yo) Ay + €;Ax + €Ay and
fy(x,y) = £,(X0, Y0) + fyx(Xo, yo) Ax + fyy(Xo, yo) Ay +€1Ax +€Ay. Then lim f(x,y) = fx(X0, Y0)

(x,y) = (x0,¥0)
and lim fy(x,y) = fy(Xo, yo)
(x,y) = (X0, 0)

2

90. To find o and 3 so that u; = U, = u; = —3sin(ax)e P and u, = acos(ax)e ™! = uy, = —a?sin(ax)e™?"; then

U = Uy = —Osin(ax)e Pt = —a?sin(ax)e P!, thus u, = uy only if 3 = a?

h02

2
e f04+h,0)—£(0,0) 1o i@ =0 10 o L H0,040)—£0,0) 1 @0 . 0 _ q.
91 (0.0 =y OB = iy = 0:1(0,0 = 0400 — T — gl

( )hm(o 0) f(X’ y) = hmO (k(y]:);)iz)ﬂ = hmo Wiy“ = hmo eri — kzkﬁ = different limits for different

Xy) =L, y— B y— y—

along x = ky?

values of k = lim f(x, y) does not exist = f(x, y) is not continuous at (0,0) = by Theorem 4, f(x, y) is not

(x,y) = (0,0)
differentiable at (0,0).

92. £:(0,0) = lim RO =00 _ pipy MO _ pipy 11 — 0; £,(0,0) = 1im "EOHH KO0 — i FOM L _ i 11 —

h—0 h—0 h—0 h h—0 h h—0 h—0 P
lim f(x,y) = lim 0 =0but lim f(x,y)= lim 1=1= lim f(x, y) does not exist
(x,y) = (0,0) y—0 (x,y) = (0,0) y—0 (x,y) = (0,0)
along y = x> along y = 1.5x%
= f(x, y) is not continuous at (0,0) = by Theorem 4, f(x, y) is not differentiable at (0, 0).
14.4 THE CHAIN RULE
1. (a) %—‘Z = 2Xx, %—"yv =2y, % = —sint, i—f =cost = ‘3—‘;’ = —2xsint+2ycost=—2costsint+2sintcost
=0 w=x>+y’=cos’t+sin*t=1 = ¥ =0
(b) $(m) =0
2. (a) %—‘: = 2Xx, %—‘; =2y, % = —sint—+ cost, % = —sint—cost = C}T‘:“

= (2x)(—sin t + cos t) + (2y)(—sin t — cos t)
= 2(cos t + sin t)(cos t — sin t) — 2(cos t — sin t)(sin t + cos t) = (2 cos’t — 2 sin?t) — (2 cos®> t — 2 sin?t)
=0; w=x>+y® = (cos t +sin )’ + (cos t — sin ) = 2 cos’ t+ 2 sint =2 = & =0

b O =0
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(a)

(b)

(a)

(b)

()

(b) S

(a)

(b)

()

(b)

(a)

(b)

Section 14.4 The Chain Rule

ow _ 1 9w _ 1 ow _ —(x+y) dx _ _
ox 28y e Z& 2 cos tsint, 4

Y — 2 gintcost, 4 2= —1

> dt > dt

dw _ 2 . 2 o x+y _ cos’t+sin®t _ 1., x Y _ cos’t sin”t __ dw _
= g — —jcostsint+ Zsimtcost+ zp = (1)([2> *I’W*z+z*(;)+_(L)*t:> & =1
l‘ t t

d —
G =1

ow _ 2x ow _ 2y ow _ 2z dx — dz _ ~5¢—1/2
0x — XT4yZ+Z2° 9y X4yl 0z T x4yt dt ’ dt =cost =2t

dw __ —2xsint + 2y cos t + 47712 —2costsint+2sintcost+4 (41/2) /2
= &= iyt 2 X +y2 122 2ry’+22 cos? t+ sin? t+ 16t

= —sint

= %= w=In(x*+y? 4+ 2%) = In(cos® t+ sin* t 4+ 16t) = In (1 4 161) = 4 = =

=1

dyte* x .
y + 2e c

241 -

ow X (’)W — DeX ow 1 dx 2t dy 1 dz
- 241 z

[eA ow _ 1 dx _ dw __
ox 2ye > 0z z’dt*12+1’d*t2+l’dt*e:>dt*

(41)(lari21+)](l2+1) 25;2:11) - Z_: — Attan— 't +1w= 2yex —lnz= (2 tan—! t) (t2 + 1) —t

= M= (Z7) E+1)+2tan')(2) — 1 = 4ttan 't + 1
Sy = @) () +1=m+1

ow __ ow _ 8w_ dx _ dy _
= —YCOS Xy, 5 X COS XY, 5 1, 5 1, i =

dz __ -1 dw __ __ Xcosxy -1
,dt—e = a Yy Cos Xy — +e

1
t
—(In t)[cos (tIn t)] — %[“m) +e"'=—(nt)fcos(tlnt)] —cos(tint) +e"'; w =2z — sin xy
=e"!'—sin(tlnt) = %_vlv =e"! — [cos(tIn t)] [ln t+t (%)] =e"'— (1 +1Int)cos(tint)

TMH=1-1+01)=0

0z __ 0z @ 9z 9y __ cos v 4eX . _ 4etIny 4eX sin v
du — Ox + dy du (46 In Y) ( ) + ( y )(Sln V) = u +

ucos v y

_ 4(ucosv)In(usinv) + 4(ucos v)(sinv) __
- u usin v

= (@ cosv)In(usinv)+ 4 cosv;

gi % o 4 g; gz = (4e*Iny) (7’” Si"V) + (%) (ucosv) = — (4e* Iny) (tan v) + L“y“’”

ucosv

4u cos?

4(u cos v)(u cos V) V.
sinv

usinv
z=4e"Iny=4(ucosv)In(usinv) = % = (4 cos v) In(usin v) + 4(u cos v) (Znv)

ou usin v

= (4 cos v) In(u sin v) + 4 cos v; also % = (—4u sin v) In (u sin v) + 4(u cos v) (w)

usinv

= [—4(u cos v) In (u sin v)](tan v) + = (—4usinv)In(usinv) +

4u cos’v
sin v

At(2,2): 2 =4cos Z1In(2sin ] T) 4 dcos T =2/21In/242y/2=/2(n2+2);
% = (~H@sin §In (25in §) + VD — 4224402 = 202124412

-

= (—4usinv)In(usinv) +

)
O

] (—usinv) +

sinv = yr)coq vV _ xsinv _ (u sin v)(cos v) — (u cos v)(sin v) — O;

( x2 4+ y? x24y? u?
) )
y y2

()~ (3) =

— T2 2y — S -1 (x) — -1 Jz __ 0z __ 1 2
= —sin°v—cos’v= —1;z = tan (;)—tan (cotv)éﬁ—Oanda—(m)(fcsc V)

—_

X
y

yusinv — xucosv __ —(usinv)(usinv)— (ucos v)(ucos v)
x2+y? x2+y? T u?

]UCOSV—

— —1 =1
sin? v + cos? v

At(1.3,2): 2 =0and 2 = —1

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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818  Chapter 14 Partial Derivatives

9 @ S=G o+ % §i+%—”§%:(y+z)(1)+(x+z)(1)+(y+x)(v):x+y+2z+v(y+x)
= @U+V)+ u—v)+2uv+ v(Qu) = 2u + 4uy; ¥ = ™ 6x+aw 9y | ow 9z

> v ox dy Ov 0z Ov
=@+ +E+2)(=D+F+x)W =y —x+(y+x)u=—2v+ Quu = —2v + 2u*;
w=xy+yz+xz=(u?—v?) + (u¥v —uv?) + (u?v + uv?) = u? — v2 + 2u’v = 2 =2u+ 4uvand

d
m:—2v+2u

(b) At(1,1): g—g:2(%)+4(%)(1)=3andg—vvv:—2(1)+2(%)2=—g

2 . 2 : 2
10. (a) g—‘a’ = (m) (e¥ sin u + ue¥ cos u) + (m) (e¥ cos u — ue’ sinu) + <m> (e%)

_ ( 2ue’ sinu

v M A%
uZe?” sin? u + u2e?¥ cos?u + u2e2") (e sin u + ue’ cos Ll)

2ue’ cos u v _ eV o
+ (uze2V sin u + uZe?Y cos? u + u2e2") (e cosu —ue sin U’)

2ue" vy __ 2.
+ (uze2v sinZu + uZe?’ cos? u + uZe?" ) (e ) T
ow — (2% ) (ue'sinu) + S — (ue' cosu) + ( o—2%— ) (ue")
v~ \xiyiz e iy iz
_ ( 2ue’ sinu
u2e? sin? u + u2e?¥ cos? u + u2e?’

2ue’ cos u ) v
+ ( uZe?" sin? u + uZe? cos? u + uZe?v (ue Cos u)

2ue vy _ n. _ 2.2V 32 2,2v 2 2,2vy 2,2v
+ (u?ez\'sin2u+u2e2vCos2u+u2eZV) (ue¥) = 2; w = In (u”e”" sin® u + u?e*’ cos® u + ue*’) = In (2u®e”)

=In24+ 2hu+2v = %—K:%andg_\:zz
(b) At(=2,0): o = % = —1 and%—‘jzz

) (ueY sin u)

ou -2
Qu _ 9udp 4 Oudq  ouor _ 1 , r—p P=q _ q-r+r—p+p-gq _ .
11. (a) ox ~ Jp Ox + dq Ox + or 9x ~ q-r + (q—r1)? + q-1? (q—r1)? =0;
Qu _ Qudp y Oudqg ouodr _ 1 t-p 4 p-dq _ q-r-ripihp-q_ 2p-2r
dy ~ dp 9y ' Oq ar 9y — q-r (@@-1* ' (q-1? (q—n? GRS
_ (2x+2y+22)—(2x+2y—22) _ 7z . Q0u _ Ou BP + du 9q + oJu Or
- (2z — 2y)? ~ @z—y?’dz  9p oz 8q 0z or 0z
=1 4 r-p _ p-9q _g-rdrop-ptq _29-2%p _ 4y _ _ _y .
q-r ' (q-1* (qg-1)? (q—1? (q—n? (22—2y)2 (z—y)?*>
—_pP-q_ 2y _ ¥y du u _ z—y) -yl _ 8u — 2=y -y
U= 0o T %2y — 71—y = & =0, oy — (z—y)? Tz y)2 ’and (z—y)?
_ y
T @yr?
. Ou __ 1 _ ou _ -2 __
) AU(V3.2,1): 2=0,% = Ly = Land 3 = ;=35 = 2
r zIn . .
12. (a) % = \/— (cos x) + (re¥" sin~! p) (0) + (qe¥ sin~! p) (0) = °q SSX — \e/liZ‘i’;;‘X =y if -5 <x< g3
ou P P _Z req‘sm’lp 2 (%) yxX _
5 = ﬂ (0) + (re% sin~! p) (7) + (qe¥ sin~! p) (0) = S = L =xzy
r . . . 1
= \/fq,—pz (0) + (re sin~' p) 2z Iny) + (qe% sin~! p) (— %) = (2zre¥ sin"! p) (In y) — L2
2 z . . .
=22 (1) (y'x Iny) — CRIOI — xyr jny;u= e sin ! (sinx) = xy“if — T <x < T = W=y
g—; = xzy”~!, and % = =xy”Iny from direct calculations

® A3 52 2= = VAR =) DA =2 e = () () () = - e
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15.

16.

17.

— Oz dx 4 0z dy dz _
ox dt + dy dt 14. dt
92
du
u
du
dt
ow ow 9x ow 0Oy ow 9z _
Gu_8x8u+8y8u+8zau (’)v_
ow __ Ow ar ow 8s ot ow
9x — Or o + Bs + B By
m M
a or
t 4
a a
ox u
ow __ Ow Bx + ow OJy ow __
Bu — 9x By Ou ov

Section 14.4 The Chain Rule

9z du dz dv Ix dw
T tovatow a
Z
92
92 oW
ov
v w
v
ot /w
ct
t
ow 9x ow Oy ow 0z
X 8v+é9y é9v+8z v
_ 0w Or ow Os ow Ot
or 8y+ Ds 8y+ Bt dy
w
.
3 at
as
3 I¢
5
a
oy
y
ow 8x ow 0Jy
ox + By Ov
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820  Chapter 14 Partial Derivatives

ow ow Jdu ow Iv ow __ 9w Ju ow Iv
18. Qx_8u8x+8vé9x By_8u8y+8v8y
w
aw. oW
ou av
u v
u oy
% Y
y
dz __ 0z Ox 9z 9y 9z __ 0z Ox 9z 9y
19. 3t78x8t+6y6t 8578x3€+6y8<
9y _ dy du Ow _ dw du Ow _ dw du
20. or — du Or 21. Os ~ du Os ot~ du Ot
y w w
dw dw
m— du du
du
u u
u du du
E ds at
ar s t
r
ow ow 9x ow 0y ow 0z ow Ov
22. 8p_8x8p+8y8p+8z6p+6v6p
ow __ 9w dx ow dy __ Ow dx dy _ ow __ 9w dx ow dy __ 9w dy dx _
23 or — 9x dr + Py dr — x dr since dr Bds T 9x ds + Py ds — By ds since ds — 0
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Section 14.4 The Chain Rule 821

ME=REAGE 25. LetF(x,y) =x* =2y’ +xy =0 = Fu(x,y) =3x" +y
: S -
X and Fy(x,y) = =4y +x = %:_%:_(34;1)
g:} . = 21,1)=1?
X y
. 9
as as
8
26. LetF(x,y) =xy+y?—3x—3=0 = F(x,y) =y —3and Fy(x,y) = x + 2y = %:—&Z—xyjfy
y

d
= ¥e1Ln=2

27. LetF(x,y) =x* +xy +y* = 7=0 = F(x,y) =2x+yand Fy(x,y) = x +2y = o _E_ =iy
d _ _ 4
D1,2)= -

28. LetF(x,y) = xe¥ +sinxy +y —In2 =0 = Fy(x,y) =¢€¥ +ycos xy and Fy(x,y) = xe¥ +x sinxy + 1

dy _ B _ _ _edyeosxy _ dy _
¥ &R T xotxsnnytl o (0,In2)=—-2+1n2)

29. Let F(x, y,z):z3—xy+yz+y3—2:0 = F(x, y,z):—y,Fy(x,y,z):—x+z+3y2,FZ(x,y,z):3z2+y

oz _ _ K _ -y y Z _ __5__7x+z+3y2 _ x—z-3y?
= & F, ~ ~ 32+y  32+y (171’1) 4 ’ 6y F, — 322+y T 3224y

Z _ 3
= Z(1,1,1)=-3

30. LetF(x,y,2) = ¢+ +, - 1=0 = Ex,y,20 = - 3. KXy, =5 KXy =—3
9z _ _ Fx _ (_x%) __ 2 9z 3 6 9- 9z — E _ (_y%) __z 92 (7 3 6) =
:>m _F_77_(_%>*_ﬁ:>5(77) _’8y _F_,i_(_%)i_?ia_y(j’)i_

31. LetF(x,y,z) =sin(x+y)+sin(y+z)+sin(x+z) =0 = F(X,y,z) = cos(x+Yy) + cos (X + z),

Fy(x,y,z) = cos(x+y)+cos(y+z) F.(x,y,z) =cos(y+2z)+cos(x+2z) = % = — I;—Z
__ cos(x+y)+cos(x+2) oz _ By cos(x+y)+cos(y+2z) Jz
- cos (y +z) +cos (x +z) = 8x (ﬂ— 7T 7T) 1’ 6y FZ - cos (y +2z) + cos (x + z) = 8 (7T T, 7T) -1

32. LetF(x,y,z) =xe"+ye*+2Inx—2-3In2=0 = Fx(x,y,z):ey—i—%,Fy(x,y,z):xey—i—eZ,FZ(x,y,Z):yeZ

&__5__(ey+§) 0z _ 4 .9z _ B xevte? 0z _ 5
= ox L, ye? = m(171n2’1n3)__31n2’8_y__F_Z__ ye* = 8_y(1’]n2’]n3)__31n2

33. Qv = Qu O g Bn B O 0 0(x 4y +2)(1) + 2(x +y + 2)[—sin(r + )] + 2(x + y + )[cos (r + 5)]

=2(x+y+2z)[1 —sin(r+s) +cos(r+s)] =2[r —s + cos(r +s) + sin(r + )][1 — sin (r + s) + cos (r + s)]
= 5l =200 = 12

MR =R AR RS R =y O+ O=w+(E) +¥ = 3 =M (F) + () = -8

u=—1,v=2

SRR R R @D+ O - u-2ven - B )+ i

ow - _
= ov lu=0,y=0 ~ 7
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36.

37.

38.

39.

40.

41.

42.

43.

44.

Chapter 14 Partial Derivatives

% = gi ox 4 g; glyl = (y cos xy + sin y)(2u) + (x cos xy + x cos y)(v)

= [uv cos (u¥v + uv?) + sin uv] 2u) + [(u® + v?) cos (udv + uv?) + (u? + v2) cos uv] (v)

0z _ —
= m|u:0w:] =0+ (cos 0+ cos 0)(1) =2
Oz __ dz 9x __ 5 u __ 5 u oz _ 5 _n.
Ou T dx Ou (1+x2) ¢ = {1+(e”+lnv)2:| e = 8u|u=1n2,v=1 - [1+(2)2} @) =2
92 _ dz 9 _ (_5 1y _ 5 1 9z _[_s _
v — dx v (1+x2) (v) - |:1+(e“+1nv)2] (v) = 3\,‘“:1“27‘,:1 - |:1+(2)2] (1) =1
Oz __dz 0q _ (1 VV+3Y) 1 VV+3) 1 = Q| _ 1 _ 2.
Ou ~ dq du ~ \q 1+u? )] 7 \ /v+3tanlu I14+u2 ) 7 (tan~lu)(1+u?) Oulu=ly=—2 " (tan~11)(1+1%) = =’
9z _ dz 99 _ (1 tan'u \ _ 1 tan'u | _ 1 = Q| _1
ov dq Ov q 2y/v+3 Vv+3tan~lu 24/v+3 2(v+3) ovlu=ly=—2 " 2

Letx:s3+t2§w:f(s3+t2):f(x):>%—f:‘é—i’%:f() 352 = 3s2es T, %‘:’:‘é—i’%:f’(x)dt:ZteSS“z

Letx =ts?andy = = w = f(ts?, &) =f(x, y) = %“: = 6‘)’: ax—i—%‘y" gf fi(x,y) - 2ts + fy(x,y) - 1

2\2
= (ts)(3) -2t + B L= ogte g st sy Gu—Gw o B f(xy) S+ h(xY) T

v av dv _ 9V dl |, 9V dR dI
V=IR = % = = Rand =L g =%Tat+t® &« =R +I dl = —0.01 volts/sec

= (600 ohms) + (0.04 amps)(O 5 ohms/sec) = % = —0.00005 amps/sec

_ dV __ 9V da , 9V db |, 9V d
V=abc = T =g 4+t m a5 &« = (bc) +(ac) +(ab)

= & = (2 m)(3 m)(1 m/sec) + (1 m)(3 rn)(l m/sec) + (1 m)(2 m)(—3 m/sec) = 3 m®/sec

dt la=1,b=2,c=3

and the volume is increasing; S = 2ab + 2ac + 2bc = % = % % + gts) ‘ét[’ + % %

=20+0) §+2@+0) gH2a@+b§ = Rl

=25 m)(1 m/sec) + 24 m)(l m/sec) 4+ 2(3 m)(—3 m/sec) = 0 m?/sec and the surface area is not changing;
_ dD _ 9D d D db |, oD de _ 1 d db d

D=Va+b’+c = @=3 G+ % a1 % @ = \/m(ad_?+ba+cd_f) = Tliibes

= (ﬁ) [(1 m)(1 m/sec) + (2 m)(1 m/sec) + (3 m)(—3 m/sec)] = — ﬁ m/sec < 0 = the diagonals are
decreasing in length

A H R A+ L O+ &L= f’—{;—%,

TR T Lt =R D+ ] (1)+af(0) o+ and
Genn T n Tt —aO+EED+EO=-F+5 > F+5+5=0

(a) &=t ax—I—fy%:fxcos9+fysin9and%—‘g:fx(—rsinﬁ)—I—fy(rcosﬁ) = la—"V:—fxsine—i—fycosﬁ

or X or r 06
(b) %—‘:’sianfxsiHQCOSG—i—f sin? § and (@) g—z:—f sin90059+fy00520
= fy = (sin @) Z¥ + (2) 2 then 2 = f, cos 0 + [(sin 0) 2* + (<2£) M] (sin§) = fy cos f
_ %_\: _ (Sil‘l2 9) 8_w _ (sinf)rcoqé)) %_\g — (1 — sin2 9) %_\;»/ _ (sin0rcos9) %_\g = f, = (cos 0) %_\: _ (#) g_\g

© (£ = (cos0) (a—Wf — (engesst) (G Zu) o (50 (50 and

: w2 sin @ cos w Ow cos’ w2 w2 w2
()0 = sint ) (3 + (5ot (32 2) ¢ (220) (B)7 = (607 + 6" = ()" + 2 ()
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46.

47.

48.

49.

50.

Section 14.4 The Chain Rule 823
_ 0w __ 0w Qu ow 9v __ , Ow ow _ ow J (ow J (ow
W= = R T o =X e TY = Wa =g x5 (F) Y 5 (FY)
W 2W u 2W v 2W u 2W v W 2W 2W 2W 2W
= g_u—’—x(g? %+ gvau %) +y(5)au6v %_ng %) = g_u+x(xgu2 +y68v8u> —|—y(X guf)v +y(?9v2)
2 2 2
SRRy B R = R R B R -y Rk
_ _ ow 3’w Ou Pw Ov 9’w  Ou 3w Ov
= Wyy——m—Y(Wa—nyavau 0_y>+x(8u8v a—y+Wa—y)
==y (v G dn) e (v B D) = - Byt B -2y B B
Wix + Wyy = (x> +y?) %QT‘;’ + (x2 +y?) gZTVZV = (x2 + y?) (Wau + Wyy) = 0, since Wy, + Wy, = 0
= f')(1) + g ()1 = ') + g(V) = we = @)+ ") = ") + g"(v);
%—Vyv = f'(w)@) + gW)(—i) = wy,, =1"() (i?) + g"(v) (i) = —f"() — g"(v) = Wy +w, =0
fu(x,y,z) = cos t, fy(x,y,z) = sint, and f,(x,y,z) = t* + t — 2 = % = % % + 8—§ i—}t' + % ‘é—f
= (cos )(—sin t) + (sin)(cos ) + (P +t—2)(D =+t -2, $ =0 = ?+t—-2=0 = t=-2
ort=1;t=—-2 = x =cos(—2),y = sin(—2), z = —2 for the point (cos (—2),sin(—2), —2);t=1 = x =cos 1,
y =sin 1, z = 1 for the point (cos 1,sin 1, 1)
dw — ow & g—‘;’ % Gu 4z — (2xe® cos 3z) (—sin 1) + (2x%e* cos 3z) (d5) + (—3x%¥ sin 3z) (1)
= —2xe¥ cos 3zsint + % — 3x2e? sin 3z; at the pointonthecurvez=0 = t=z=10
d _ 22 (M) _
:>d_‘:/ (1,1n2,0)70+ 2 —0=4
(@) GF =8x—4yand If =8y —dx = G = F0 & 4 TL L — (8x — 4y)(—sin t) + (8y — 4x)(cos 1)
= (8 cost — 4 sin t)(—sint) + (8 sint — 4 cos t)(cos t) = 4 sin’>t — 4 cos’t = ‘g—g = 16sintcost;
' —0 = 4sin’t—4cos’t=0 = sin’t=cos’t = sint=costorsint=—cost = t=72,3 3 It
the interval 0 < t < 2m;
szT = 16 sin § cos 7 > 0 = T has a minimum at (x,y) = (‘/75 , ?) ;
‘j;TZT = 16sin%”cos %T < 0 = T has a maximum at (x,y) = (—@,?);
&1 = 16 sin 2F cos & > 0 = T has a minimum at (x, y) = (— \/TE,— 72) ;
“(‘;TQT L 16 sin %T cos % < 0 = T has a maximum at (x,y) = (Tz ,— 72>
(b) T =4x2 —4dxy +4y> = %I = 8x — 4y, and g—; = 8y — 4x so the extreme values occur at the four points
found in part (a): T (— % , g) =T (@ ,— %) =4 (%) —4 (— %) +4 (%) = 6, the maximum and
T(@%) :T(_é,_% —4(1) —4(L) +4 (1) = 2. the minimum
(a) % :yandg—; =X = %—T = % %4—‘3—}; % :y(—2 2sint) —|—X(\/§COSt)
= (\/Esint) (72 ZSint) + (2 2 cos t) (\/Ecos t) = —4sint+4cos’t = —4sin®t+ 4 (1 — sin?t)
_ .2 &eT _ : . dT _ S 21 s 1 _m
=4 —8sin“t = d—tz——16s1ntcostt,a =0 = 4—8sin°t=0 = sin“t= 3 = sint= i% = t=7,
3, 3% I% on the interval 0 < t < 2m;
f;zT L= —8 sin 2 (g) = —8 = T has a maximum at (x,y) = (2, 1);
d’T

e —8sin 2 (%) =8 = T has a minimum at (x,y) = (=2, 1);

=7

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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d’T

de

= —8sin2 (%ﬂ) = —8 = T has a maximum at (x,y) = (-2, —1);
=

d’T
de

= —8sin2 (%’r) =8 = T has a minimum at (x,y) = (2,—1)

—1In
=7

b)) T=xy-2 = g—f =y and % = x so the extreme values occur at the four points found in part (a):

T(2,1) = T(-2,—1) = 0, the maximum and T(—-2, 1) = T(2, —1) = —4, the minimum

51 G(u,x) = [ g(t,x) dt where u = f(x) = 99 =26 &u 4 96 & _ oy x)f'(x) + [ g,(t,x) dt; thus

F(x) = fo Vit+x3dt = Fx) = \/(x2)4 + x3 (2x) + fo % Vit x3dt = 2x/x8 +x3 + OX Zﬁ;‘:—ﬁ dt

1 x2
52. Using the result in Exercise 51, F(x) = fo B +x2dt=— fl Vi +x2dt = F(x)

x2 1
= [—\/(x2)3+x2 z—fl %\/t?urxzdt] :fXQ\/XGer?JrLﬁ dt

14.5 DIRECTIONAL DERIVATIVES AND GRADIENT VECTORS

L= %=1 vi=—itjifQ D=1 ,
= —1 =y — xis the level curve -
2|
1_
ot
> %: Xzzfyz - %(1’1):1;(3—;: x224¥y2 _y
= Gh=1= vf=it+j;fl,)=mn2 = In2 1 o

V2
/j\{.ﬂ

+ + x
&jg’q’),mz

2 ?
orx +y =2

=In(x2 +y?) = 2=x?+y?is the level curve

N

3. F=y = EQ-)=1LE=2xy= F(2,-1)=—4
= ve=i—4j;g2,-1)=2= x= jisthelevel

curve
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11.

12.

13.

14.

Section 14.5 Directional Derivatives and Gradient Vectors

of _ 1 of 3
ox \/2x + 3y = ax( 1’2)_ 2./2x + 3y y

1oof _
22 Oy
= L-1,29)=3= vi=Lti+3jf(-1,2=2

= 4 = 2x + 3y is the level curve

4
3
4=2x+3y
X
DN
of . y .
ax_2y2\/_+2x3,2 = a (4 2) 16’
o _ VX of 1 N T T
= s @2 =3 = vi=—gi-:

f(4,-2) = -7 = y = —/x is thelevel curve

F=Xx+:=> T, L, D=3%%=2y > $1,1,)=25=-4z+hx = F1,1,1)=-
thus 7 f = 3i +2j — 4k

= oxzt oty = G(LLD=—5 % =—6yz = F(1,1,1) =67 =623 +y)+ g7

= X@1,1,)=13sthus vf=—-Yi-6j+1k
of __ of _ 26. of __ 6f
5—*m+ = X(*lyzzfz)—*ﬁ,afy—*er = (12 2)—5j,
of __ z 1 of 26 =
&—*m‘i’; = E(*l,Z,*Z)—*g,ﬂ’lus Vf—**l+54.]*54k
%:ex”cosz—i—\}% = 5(00 I) = \[—1—1 ——e”ycosz—l—sin Ix = %(0,0,%):4;
%:fe”ysinz = %(0,0,g):f%;thus vi= (@)i+§jf%k
u=f4 = % =i+ 3jfx,y) =2y = (5,5 = 10; fy(x,y) = 2x — 6y = £,(5,5) =
= vf=10i—20j = (Dubp, = vf-u=10(%)-20(3) = -4
u:@—‘:\/%_% i y) =4x = fi(-1,1) = 4 fy(x,y) =2y = f(—1,1)=2
= vi=—-4i+2j = Dup, = vi-u=-2-38=-4

12i+5j 2 . _ 24+ —

u:‘:_‘: \/JTJSQ: gl—i_ 13.] gX(X Y) <X};12) égx(la_l)ZS’gy(X’Y)* (xxy+2)2 :>gy(1 1)7_3
:>Vg:3i—3j:>(Dug)p0 ve- “_% %:%

_ _ (2 () V3 Y
Al T VT2 1317f*' P, y) = (§)+1+\/17(ﬁ) = b D=y

4

hy(x,y) = +w(2)ﬁ.) S (D=3 = Yh=1it3j= Ouip = vhou=Sn— 5

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.

825



826  Chapter 14 Partial Derivatives

15, u=} = mrats =it Si-ikihxy D =y+z = (1, -1, =Lfxy)=x+z

= f,(1,-1,2) =3 f,(x,y,20) =y+x = £,(1,-1,2)=0 = Yf=i+3j = Dup, = vf-u=34+2=3

16. _ A i+j+k

Al = \/ﬁ = L\/*l‘f' %j"‘%k;fx(xa)ﬂz):zx = fx(lvlvl)zz;fy(X7Y7Z):4y
1,1)=4;f,(x,y,2) = -6z = f,(1,1,1)= -6 = syf=2i+4j— 6k = Duf)p, = vi-u

fE ) ea(5) e ()

17. u= 4 J%:§i+§j—%k;gx(x,y72)=3excosyz = 2(0,0,0) = 3; gy(x,y,2) = —3ze* sinyz
= £,(0,0,0) = 0; g,(x,y,2z) = —3ye*sinyz = £,(0,0,0)=0 = yg=3i = Dygp, = Vg-u=2

18 w= = A2 = L 3+ ik h(xy, ) = —ysinxy + 1 = by (1,0,3) = I
hy(x,y,2) = —xsinxy + ze"” = hy (1,0, 3) = 3;h,(x,y,2) =ye" + ; = h,(1,0,5) =2 = wh=i+3j +2k

= (D“h)P(J: Vhll:%-l-%—f—%:Z

_ . . _ —i+j _ 1 s 1 s.¢:
19. yf=2x+y)i+Ex+2y)j = wvi-1,)=—i+j = u= \vfl m——ﬁH—ﬁJ,ﬁncreases
. . . . _ . . . . . I B R
most rapidly in the direction u = —\/E 1+ —ﬁ J and decreases most rapidly in the direction —u = ik

(Duf)p, = V-u=|vf| = /2and (D_yfp, = —/2

20. 7 f= (2xy +ye¥siny)i+ (x> +xe¥siny+eYcosy)j = wf(1,00=2j = u= g—? = j; f increases most
= viu=|vf|

rapidly in the direction u = j and decreases most rapidly in the direction —u = —j; (Dyf)p,
=2and (D_,f)p, = —

—1;_ (x i —i_ ~t i—5j—k D N
2 wi=ti-(F42)i-vk= VLD =i-Si-k=su= gy = koo o o

. . . . . _ L s i s _ L . .
f increases most rapidly in the direction of u = il sad T3 k and decreases most rapidly in the direction

—u=— it it ki D, = V-u=| v f| =33 and (D, = -3V/3

22, veg=ei+xej+2zk = vg(l,In2,1)=2i+2j+k = u= ‘gi‘ = 72%2122;"]2 =2i+%j+1k;
g increases most rapidly in the direction u = % +3 Zj +3 1k and decreases most rapidly in the direction

—u=—3i-3j- 31k Dulp, = Vg-u—lvg|—3and(D-ug)Po——

_ (1 1) s 1 1)+ 1 1 9% s [ v/
23. Vf—(;+;)l+(§+§)J+(z+;)k:> Vil,1,1)=2i+2j+2k = u=Jp = \[l—}-\[_]-l-\[k

. . . . . _ L . L . L
f increases most rapidly in the direction u = 71 + VL. + 7 k and decreases most rapidly in the direction

—u= i - Sk Dufy, = Viu=| Vi =2+/3 and (D_yNp, = —21/3

2%. wh= (ijyzfl)w (Xz+y -+ )j+6k = Wh(1,1,0)=2i+3j+ 6k = u= T = Zoiid
= 2i+ 2 j+ %Kk; hincreases most rapidly in the direction u = 2i + 2 j + $ k and decreases most rapidly in the

direction —u = —2i—3j— Sk; (Dyh)p, = wh-u= |7 h| =7and (D_yh)p, = —

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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25, wf=2xi+2yj = vf(ﬁ,ﬁ) —2/2i+2V2j X wre2ie 20
= Tangent line: 2+/2 (x - \/5) +2¢/2 (y - \/5) =0 /%)

= \/§x+\/§y:4 KJZ u

2
Pryi=a L y=—=x+2V2

2. wf=2xi—j = vf(ﬁ,1):2ﬁi—j
= Tangent line: 2\/5 (x—ﬁ)—(y—l):o
= y=2y2x-3

27, wi=yitxj = Ti2,-2) = —2i+2j y
= Tangent line: —2(x —2)+2(y+2)=0
= y=x—4

Vf=-2i+2j

P

28. vif=02x—y)i+Qy —x)j = wf(—1,2) = —4i+5j
= Tangent line: —4(x+1)+5(y—-2)=0
= —4x+5y—-14=0

,“/—Ax.5yo!4-

X »xyoy -7

Vie=d 145

29. vf=02x—y)i+ (—x+2y—1)j
@ wi(l,—1)=3i—4j = | {(l, —1)| =5 = Duf(1, —1) = 5 in the direction of u = 2i — %]
b)) —vIi(l,—-1)=-3i+4j = | vl -1)| =5=Duf(l, - ):—51nthed1rect1onofu:—gl—f—%j
(¢) Dyf(1, —1) = 0 in the direction of u = %i+ joru = —2i — Ij
d Letu=wi+uj=|u=yul+ui=1=u}4+ud=1D,f(l,—1)= (1, —1)-u= (3i—4j) - (ui+ uj)

3 3
:3u174uz:4$u221u171:>u%+(1u171) =1=2 ulf%ul—Oéul—Oorulz%;

u1:Oéuzz—lﬁu:—j,orulz%ﬁuz: :>u—§—£511—25_]

(e) Letu:u1i+uzj:>|u|:\/u%+u§:1:>u%+u2f1 Dauf(1, ) v (1, —1) -u = (3i — 4j) - (wi+ wpj)
:3u]—4u2:—3:>u1:4u2—1=>(uz—l) +tu=1=2u8-$u,=0=>uwu=00ru =2
112:():>ll]:71:>ll:71,0rll2—§:>u2—32>11251+g.]

_ 2y s 2X s
30. vf_(X+y>21 Gy

@ wf(-132)=3i+j =|vf(-13)=V10=Duf(~1,3) = /10 in the direction of u = \/%H— ﬁj
b —wf(-13)=-3i—j = |vf(-1 )| =V10= Duf(1, —1) = —/10 in the direction of u = fﬁi - ﬁj
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Chapter 14 Partial Derivatives

1 s 3 s

1 3Y —0; - _ 1 3 s _
© Duf(—i, 5) = 0 in the direction of u = Tl Jpdoru= —ﬁl—l— o)
@ Letu=uwitwj=|ul=yul+u=1=u}+u}=1D,(-13)= vi(-132) u=(0Gi+})) (wi+uwj)

=3u +uw
—6+\f -

u; =

——2:>uz——3u1—2:>u%+(—3u1—2)2—1:>10u%+12u1+3:0:>ul:#0\/6

u = 2= 3\[$u—_6+\[1—|—_2 3\[J,oru ——_61_0\/6:>u2:7‘2ﬂ;03ﬁ

—~u= b= \/’+72+3\/'

10

(e) Letu= u11+u2J =u=yu+tu=1=u}+u}=1D(-132)= vi(-132) u=(Gi+})) (wi+uwj)

:3u1+u2:1:>u2:1—3u1:>u%+(l—3u1)2:1:>10u%—6u1:0:>u1:OOru1:§;

5

uy=0=>w=1=u=jory :%:>ll2:—%:>ll:%i—%j
— — v _ 72
vi=yi+x+2y)j = wv{3,2) =2i+7j;avector orthogonalto 7y fisv=7i—2j = u= M = VEr R
= \/% i— \/% jand —u = — \/75 i+ ﬁ j are the directions where the derivative is zero
vi= (xfiy;)z - (Xffyyz)gj = 7 f(1,1) =i— j;avector orthogonal to 7 fisv =1+ j
= u= ‘V7| = \/:ZZ—JIZ = ﬁ i+ ﬁ jand —u = — ﬁ i— ﬁ J are the directions where the derivative is zero

vIi=02x=3y)i+(-3x+8y)j = wil,2)=—-4i+13j = |v(1,2)] =+/(—4)2+ (13)2 = 1/185; no, the
maximum rate of change is /185 < 14

vT=2i+02x—2)j—yk= v T(,-1,1)=-2i+j+k = |vT(1,—1,1)|:\/(—2)24—12—1—12:\/g;no,the
minimum rate of change is — \/6 > -3

V= (1,2 + (0, 2f andwy = D = i L = (D,001,2) = (1, 2)(\/—)—|—f(1 2)(f)

=22 = £(1,2) +£,(1,2) =4 uy = —j = (D,H(1,2) = £,(1,2)(0) + £,(1,2)(—1) = =3 = —f,(1,2) = —
= f,(1,2) = 3;thenf,(1,2) +3 =4 = f(1,2) = I;thus v f(1,2) =i+ 3jandu= Y = ——3

1

:7ﬁl*\ﬁ.] = (Db, = vf.uzfﬁf%:f\ﬁ

VT V(=D (-2

7

(a) (Duf)P:2\/§ = ‘Vf|:2\/§;u:ﬁ:\/%—\[l+ \[_] ﬁk;thusu:%
= vi=|vilu= Vf:2\/§<%i+%j—%k):21+2j—2k

b) v=i+j = u=

it+j

H= s =L g o Od = viu=2(L)+2 (L) -20 =212

The directional derivative is the scalar component. With 7 f evaluated at Py, the scalar component of <7 f in the

direction of uis 7 f-u = (D,)y,.

Dif = v f-i={i+fj+ k) -i=1;similarly, Dif = yf-j=f,and Dif = -k =T,

If (x,y) is a point on the line, then T(x,y) = (x — X()i + (y — yo)j is a vector parallel to the line = T-N =10
= AX —xg) + B(y — yo) =0, as claimed.

(@ vk&h=7

O(kf) »
X

O(kf) » ok v, of of _
W+ 20k =k () i+ (9)i+k (L) k=k(Zi+ Li+ LK) =kf
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(b)

©
(d)

(e)
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vd+g = 6(f+g)l+6(f+g)J+8(f+g)k_ (%+%)i+ <%+ )J+ ( +§§)k

=i+ i+ L+ i+ LR+ Ek= (3X1+8yj+8fk)+( i+ %8 _]-i-agk):vf—l-vg
Vv f—g) = v - g (Substitute —g for g in part (b) above)

V)= A0i A 4 Mk = (Xt 2r )it (Le+20)i+ (Let 2r)k

:(%g)w(%f)i+(%g)1+(agf)1+(a k+(Z1)k
:f(a J+8z’k>+g<axl+ayJ+afk):ng+gi

ot a(f o _ g0 of _ o2 of _g0g
> (;)J‘F g;%) Kk = (goigzt()f)i_,’_ (gd> Zfay)J_i_ (goingoz)k

dx.+gdyj+gd i 1f %K g(g— +(,)J+(,,k) f(3—§i+§—§j+%k)
- & - & &

A%

f _fve _ gvf-fyue
g g

14.6 TANGENT PLANES AND DIFFERENTIALS

1.

(a)

(b)

(a)

(b)

(a)

(b)

(a)

(b)

()

(b)

(a)

(b)

(a)

(b)

(a)

(b)

v f=2xi+2yj+2zk = <7f(1,1,1) =2i+2j+ 2k = Tangentplane: 2(x — 1) +2(y— 1) +2(z—1)=0
= X+y+z=3;
Normal line: x =1+2t,y=1+4+2t,z=1+42t

v f=2xi+2yj —2zk = <7 {(3,5,—4) = 6i + 10j + 8k = Tangent plane: 6(x —3)+ 10(y —5)+8(z+4) =0
= 3x+5y+4z=18;
Normal line: x =3 +6t,y =5+ 10t,z = —4 + 8t

vi=-2xi+2k = 1(2,0,2) = —4i+ 2k = Tangent plane: —4(x—2)+2(z—2)=0
= —4x+4+2z244=0= -2x+z+2=0;
Normal line: x =2 —4t,y=0,z=2+4 2t

Vv Ii=02x+2y)i+ 2x —2y)j+2zk = v {(1,—1,3) =4j+ 6k = Tangent plane: 4(y+1)+6(z—3)=0
= 2y+3z2=7;
Normal line: x =1,y = —1+4+4t,z=3+ 6t

V= (—msin7x — 2xy + ze*)i+ (—x* + z)j + (xe* + y) k = ¥ f(0,1,2) = 2i+ 2j + k = Tangent plane:
2x—0)+2y - D+ 1(z—2)=0=2x+2y +z— 4 =0;
Normal line: x =2t,y =1+2t,z=2+t

vi=2x—-yi—-x+2y)j—-k= wvifl,1,—1)=1i-3j— k = Tangent plane:
Ix—D-3y-D—-1z+1)=0=>x—-3y—z=—1,;
Normal line: x =1+t y=1-3t,z=—-1—-t

v f=i+j+ kforall points = 7f(0,1,0) =i+ j+k = Tangentplane: I(x—0)+1(y—1)+1(z—0)=0
= xX+y+z—-1=0;
Normal line: x =t,y=14tz=t

vVi=2x-2y-Di+Qy—2x+3)j—k = v {(2,-3,18) =9i — 7j — k = Tangent plane:
Ix—-2)—T7y+3)—1z—-18)=0 = 9x—-Ty—z=21;
Normal line: x =2+9t,y=-3—-7t,z=18 —t

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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9. z=1fx,y)=In(x®2+y?) = fix,y) = x2+y2 and f,(x,y) = xfjw = £i(1,0) =2 and f;(1,0) = 0 = from

Eq. (4) the tangent plane at (1,0,0)is2(x — 1) —z=0o0r2x —z—2=0

10. z=f(x,y) = e ®") = fi(x,y) = —2xe” ® ") and f,(x,y) = —2ye~ ®*") = £,(0,0) = 0 and £,(0,0) = 0
= from Eq. (4) the tangent plane at (0,0,1)isz—1=0o0rz=1

1L z=1(z,y) = /y—x = fx,y)=—3(y—x"and fy(x,y) = L (y —07? = £(1,2) = — L and fy(1,2) = }
= fromEq.(4)thetangentplaneat(l,Z,1)1s——(x—l)+ y-2)—-z-1)=0=x—-y+2z-1=0

12. z=f(z,y) = 4x> + y?> = fi(x,y) = 8x and fy(x,y) =2y = f(1,1) =8and fy(1,1) = 2 = from Eq. (4) the
tangent plane at (1,1,5)is8x—1)+2(y—1)—(z—5) =0o0r8x+2y—z—-5=0

13, vf=i+2yj+2k = wvf(l,1,1)=i+2j+2kand syg=iforallpoints;v= yfx g

= V= =2j—2k = Tangentline: x=1,y=14+2t,z=1-2t

= e
O N
SN

4. yf=yzi+xzj+xyk = v f(l,1,)=i+j+k wg=2xi+4yj+6zk = v g(l,1,1) =2i+4j+ 6k;
i j k

=>v=vixyg=1|1 1 1|=2i—4j+2k = Tangentline: x=1+2t,y=1—-4t,z=1+2t

2 4 6

15. vf—2x1+23+2k: v i(1,1,3) =2i+2j+2kand 7 g = jforall points; v= v fx Vg

= v= 772i+2k$Tangentline:x:172t,y:1,z:%+2t

[l (SR
— N G
(=R S -y

16. vf—1+2yj+k:> vi(3,1,4) =i+2j+kand 7 g=jforall points;v= v fx Vg

_ ey — 1 _ _ 1
= —i+k = Tangentline: x=35 —t,y=1,z=35+t

= v= !

O = e
— N e
oS -

17. 7= (3x% + 6xy? +4y)i+ (6x%y + 3y? +4x)j— 2zk = 7 {(1,1,3) = 13i+ 13j — 6k; 7 g = 2xi + 2yj + 2zk

i j k
= wvegld,1,3)=2i+2j+6k;v= yifx yg = v=|13 13 —6|=90i —90j = Tangent line:
2 2 6

x=1490t,y=1-90t,z=3

18. < f=2xi+2yj = vf(ﬁ,ﬁ,4):2ﬁi+2ﬁj; ve=2xi+2yj—k = vg(ﬁ,ﬁ,4)

i J k
:2\/5i—|—2\/§j—k;V:vf>< vVeg=>V= 2\/5 Zﬁ 0|=-2 2i+2\/§j:>Tangentline:
22 2v/2

=V2-2/2ty=V2+2\/2tz=4

19. vf= (Xgﬂxﬁ)H-(m)j*'(m)ké V1iG3,4,12) = it 15+ g ks

3i+46j — 2k
u:%‘:\/ﬁﬁ 2i48j-2k = yi-u= gz anddf = (v f-u)ds= (55) (0.1) ~ 0.0008
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Section 14.6 Tangent Planes and Differentials 831

vf—(e COS}’Z)]*(ZC smyz)Jf(ye sinyz)k = v £(0,0,0)=i;u= M *\/%

anddf—(vf u)ds = \[(01)~00577

S\

veg=(0+cosz)i+ (1l —sinz)j+ (—xsinz—ycosz)k = v g2,—-1,0)=2i+j +k;A=P0_P>1:—2i—|—2j+2k

—2i+2j+2k =(0)(0.2)=0

— S - T G T U ‘u= = .
= u= M Ty ﬁl+\ﬁj+\/§k:> veg-u=0anddg=(7 g-u)ds

WV h = [—7y sin(7xy) + z°]i — [rx sin (7xy)] j + 2xzk = 7 h(—1,—1,—1) = (7 sin 7 + 1)i + (7 sin m)j + 2k
. —2 . . ititk . .

=i+2k;v=PPy =i+j+kwhereP; = (0,0,0) = u= 3 = s = it Joj+ kK

= vh-u:%:\/ganddh:(vh-u)ds:\/g(O.l)N 1732

i

T2

)

(a) The unit tangent vector at (%, 4 i—

v T = (sin 2y)i + (2x cos 2y)j = vT(%,\/TT)—(sin ) cos\/g)j éDJ(%,?)sz-u

= é sin \/5 — % cos f ~ 0.935° C/ft

(b) r(t) = (sin 20i + (cos 20 = V(1) = (2 cos 20)i — (2 sin 20)j and |v| = 2; 4T = ST d&x 4 gj &

i

B[
ot o

) in the direction of motion is u =

:vT-v:(vT >|V| (D“T)|V\,whereu:ﬁ;at(%,?)wehaveu fl——_]frompart(a)
é%f(\[sm 3——cosf) \/gsin\/g—cos 3 ~ 1.87° C/sec

(@ wT=@x—y2i—xzj—xyk = 7T(8,6,—4) = 56i + 32j — 48k ; r(t) = 2t%i + 3tj — t?k = the particle is
at the point P(8,6, —4) whent = 2; v(t) = 4ti+ 3j — 2tk = v(2) =8i+3j—4k = u= \TV|

_ 8 g3 & 4 4y — w— L AV 136 o
= Loit Lj- bk = DTGE,6,—4) = T u=—[56-8+32:3 48 (—4)] = Z&°C/m
(b) 9T — 9T dx 4 oT &y _ v(2):(736)\/ — 736° C/sec

dt T 9x dt dy dt

VT-v=(vT-w| = att=294 =

(@) (0,0) = 1, fu(x,y) = 2x = £,(0,0) = 0, f,(x,y) =2y = £,(0,0)=0 = L(x,y) = 1 + 0(x — 0) + Oy — 0) = 1
(b) f(1,1) =3,f,(1,1) =2,£,(1,1) =2 = Lx,y) =3 +2(x — 1) +2(y — 1) = 2x + 2y — 1

(@) f(0,0) =4, fu(x,y) =2(x +y +2) = £x(0,0) =4, fy(x,y) =2(x +y +2) = £,(0,0) =4
= Lx,y) =44+4x—-0)+4(y —-0)=4x+4y+4

(a) f(0,0) =5, fi(x,y) = 3 forall (x,y), fy(x,y) = —4 forall (X,y) = L(X,y) =5+3(x—0) —4(y —0) =3x —4y +5

(b) f(1,1) =4, f,(1,1) =3, f,(1,1) = =4 = L(x,y) =4+3(x— 1) —4(y — 1) =3x —4y +5

(@ f(1,) =1,1fkx,y) = 3)&2y4 = i(1,1) =3,f;(x,y) = 4)&3y3 =fy(1,1) =4
=Lx,y)=14+3x—D+4y—1)=3x+4y—-6
(b) 1(0,0) =0,1(0,0)=0,1,(0,00=0 = Lx,y)=0

(a) 1(0,0) = 1,fi(x,y) = e* cosy = £,(0,0) = 1, fy(x,y) = —e* siny = £,(0,0) =0

=Lx,y)=1+1x-0)+0y—0)=x+1
(b) £(0,3) =0,£(0,5) =0,f, (0,5) =1 = Lx,y) =0+0x—-0)—1(y—3)=-y+1
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30. (@) f(0,0) =1, fx(x,y) = —e¥™* = £,(0,0) = —1, fy(x,y) = 2e¥* = £,(0,0) =2

31.

32.

33.

34.

35.

36.

37.

= Lx,y)=1—-1x-0+2(y—0) = —x+2y+1
(b) f(1,2) = €3, fx(1,2) = —€3, f;,(1,2) = 263 = L(x,y) =3 —e3(x — 1) + 2e3(y — 2) = —e3x + 2e%y — 2¢3

(@) W(20 )_ 11°F; W(30, —10) = —39°F; W(15, 15) = O°F
(b) W(10, —40) = —65.5°F; W(50, —40) = —88°F; W(6O 30) = 10.2°F;
() (25 5) = —17.4088°F; 3% = — 372 4 00684 — 9W (25, 5) = —0.36; I¥ = 0.6215 + 0.4275v"1°
= OW(25,5) = 1.3370 = L(V, T) = —17.4088 — 0.36(V — 25) + 1.337(T — 5) = 1.337T — 0.36V — 15.0938
) i) W(24,6) ~L(24,6) = —15.7118 ~ —15.7°F
i) W(27,2) ~ L(27,2) = —22.1398 ~ —22.1°F
ii) W(5, —10) ~ L(5, —10) = —30.2638 ~ —30.2°F This value is very different because the point (5, —10) is not
close to the point (25, 5).

(50 —20) = —59.5298°F; 2% = — 3722 4 00084 — 9W (50, —20) = —0.2651; Z¥ = 0.6215 + 0.4275v"1°
= 2¥(50, —20) = 1.4209 = L(V, T) = —59.5298 — 0.2651(V — 50) + 1.4209(T + 20)
= 1.4209T — 0.2651V — 17.8568
(a) W(49, —22) ~ L(49, —22) = —62.1065 ~ —62.1°F
(b) W(53, —19) ~ L(53, —19) = —58.9042 ~ —58.9°F
(c) W(60, —30) ~ L(60, —30) = —76.3898 ~ —76.4°F

f2,1) =3, fu(x,y) =2x = 3y = £:2, ) =1, fy(x,y) = —3x = £(2,1)= -6 = Lx,y) =3+ 1(x—2)—6(y — 1)
=7+ x = 6y; fux(x,¥) = 2. y(x,y) = 0, fiy (x,y) = =3 = M = 3; thus [E(x, )| < (5) 3) ()x =2/ + |y — 1])”
< (3) 0.1+ 0.1)* = 0.06

f2,2) =1L fi(x,y) =x+y+3 = (2,2 =7.f,(x,y) =x+ -3 = f(2 2)=0
= Lx,y) = 1 +7(x = 2) + 0(y — 2) = 7x = 3; fiu(x,y) = 1, fy(x,y) = 3, fiy (x,y) = 1
= M= I;thus [E(x,y)| < (3) (D (|x = 2] + ]y —2])* < (§) (0.1 + 0.1)? = 0.02

f(0,0) = 1, fy(x,y) = cosy = £(0,0) =1,fy(x,y) =1 —xsiny = £,(0,0) =1
= Lx,y)=14+1x-0+ 1y -0 =x+y+ L fxx,y) =0, fyy(x,y) = —xcosy, fy(X,y) = —siny = M =1,
thus [E(x,y)| < (3) (D) (]x] +|y])* < (1) (0.2 +0.2)> = 0.08

f(1,2) =6, fi(x,y) = y2 —ysin(x — 1) = fi(1,2) =4, fy(x,y) = 2xy + cos(x — 1) = f,(1,2) =5
= LX,y) =6+4(x — 1)+ 5(y — 2) = 4x + 5y — 8; fix(X,y) = —y cos (x — 1), fyy(X,y) = 2x,
fry(x,y) =2y
Ifux(x,y)| on R is 2.1, the max of |fyy(x, y)| on R is 2.2, and the max of |fxy(x,y)| on R is 2(2.1) — sin (0.9 — 1)
<43 = M = 4.3; thus |E(x,y)| < (%) @3)(x=1]+1y— 2|)2 < (2.15)(0.1 +0.1)2 = 0.086

f(0,0) = 1, fy(x,y) = e* cosy = £,(0,0) = 1, fy(x,y) = —e*siny = f,(0,0) =0

= LXx,y) =1+ 1x—=0)+0(y —0) =1 +x; fxx(x,y) = e* cos y, fyy(X,y) = —e* cos y, fxy(X,y) = —€* sin y;
x| <0.1 = —0.1 <x<0.landl|y|<0.1 = —0.1 <y <0.1; thus the max of |[fix(x,y)| on R is e*! cos (0.1)
< 1.11, the max of [fyy(x,y)| on R is €*! cos (0.1) < 1.11, and the max of [fx,(x, y)| on R is €*! sin (0.1)

<0.12 = M= L11; thus [E(x,y)| < (3) (1.1D) (|x] + ly])? < (0.555)(0.1 +0.1)2 = 0.0222
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39.

40.

41.

42.

43.

44.
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f(1,1) =0, fx(x,y)Z% = fx(1,1)= l,fy(x,y):§ = L(I,D)=1= Lx,yy=0+1x-D+1y—1
:x+y72;fxx(x,y):fé,fyy(x,y):f%,fxy(x,y):O; [x — 1] < 0.2 = 0.98 < x < 1.2 so the max of

[fix(X,y)| on R is

(0.9;3)2 <1.04; ]y — 1/ <02 = 0.98 <y < 1.2 so the max of |fyy(x,y)| on R is

Gor < 1.04 = M = 1.04; thus [E(x, y)| < (3) (1.04) (]x — 1] + |y — 1])* < (0.52)(0.2 + 0.2)* = 0.0832

(a)

(b)
(©)

(a)

(b)

(©)

()

(b)

©

(a)

(b)

(a)

(b)

©)

(a)

(b)
()

f(1,1, D=3, &1, L, D =y+z[;,;, =21, 11 =x —|—Z|(17111) =2, 6L, LD =y+x| ;=2

= LKXx,y,2)=34+2x—D4+2y—-1)+2z—-1)=2x+2y+2z-3
f(1,0,0) = 0, £x(1,0,0) = 0, £,(1,0,0) = 1, £,(1,0,0) = 1 = LX,y,z) =0+0x—-D+y-0O+z—-0=y+z
£(0,0,0) = 0, £,(0,0,0) = 0, £,(0,0,0) = 0, ,(0,0,0) = 0 = L(x,y,z) =0

f(1,1,1) =3, fx(1,1,1) = 2x|(17171) =2,1,(1,1,1) = 2y|(171?1) =2,f,(1,1,1) = 22\(17171) =2

= L&Xx,y,2)=34+2x—-1)+2(y—-1)+2(z—1)=2x+2y+2z—-3
f(0,1,0) = 1, £(0,1,0) = 0, £,(0,1,0) = 2,£,(0,1,0) = 0 = L(X,y,2) = 1 + 0(x = 0) + 2(y — 1) + 0(z — 0)
=2y—1
f(1,0,0) = 1, £x(1,0,0) = 2,1,(1,0,0) = 0, £,(1,0,0) = 0 = L(x,y,z) = 1 + 2(x — 1) + O(y — 0) + 0(z — 0)
=2x—1

f(1,0,0) = 1, £x(1,0,0) = =1,£(1,0,0) = 45— =0

7)( =
VXY 2 100) VY2 00

£,(1,0,0) = =0 = L(x,y,2) = 1 + 1(x — 1)+ 0(y — 0) + 0(z — 0) = x

Vx2+yi+22 (1,0,0)

f(1,1,0) = /2, £(1,1,0) = ﬁ,fy(l, 1,0) = %,fz(l, 1,0)=0

= LY, = V24 - D+ - D+0z-0 = Zx+ Ly

f(1,2,2) =3,£(1,2,2) = 1, £,(1,2,2) = 2, £,(1,2,2) = 2 = Lx,y,2) =34+ 1Gx-D+3@y-2+3@z-2)

~dxrdyr i

F(3,11) =16(51,1) :y‘(g,l,l) = 0.1y (5,1,1) = 3% (3,1,1) =0,
fz(g,1,1):$ (ﬁ“):—l = Lx,y,2)=140(x—-5)+0y—-D—-1z—-1)=2—-z
PERS)

f(2,0,1) = 0, £,(2,0,1) = 0, £,(2,0,1) = 2, £,(2,0,1) = 0 = L(x,y,2) = 0+ 0(x —2) + 2(y — 0) + 0(z — 1) = 2y

£(0,0,0) = 2, £4(0,0,0) = | ©0,0,0) = 1, £(0,0,0) = —sin(y + z)| 000 =0,
£,(0,0,0) = —sin(y—i—z)\(O,O’O) =0 = LKXyz2)=2+1x-0+0y—-0+0z—-0)=2+x

£(0,%,0) = 1,£(0,%,0) =1,£,(0,5,0) = —1,£,(0,5,0) = =1 = L(x,y,2)

=1+1x-0—-1(y—3)-1z-0)=x—-y—z+7+1
10,55 =L6(0,53) =L (0,55 =-1L£(0,5,7) = -1 = Lkxy,2)
=1+1x-0—-1(y—2)-1(z—-23)=x—-y—z+Z+1

f(1,0,0) =0, £x(1,0,0) = ):O,fy(1707()): =0,

_yz Xz
(xyz)?+1 (1,0,0 (xyz)? +1 (1,0,0)

_ Xy
f,(1,0,0) = m‘ (1,0,0)

f(1,1,0) = 0, fx(1,1,0) = 0, fy(1,1,0) = 0, £,(1,1,0) = 1 = L(x,y,2) =0+0x—1)+0y — )+ 1(z—0) =z
f(1,1,H)=2,f(1,1, D=5 £, L, D=3 60, 1,D)=1 = Lx,y,20=7+ix-D+i@Gy-D+3iz-1
=xtdyietiog

=0 = LKXx,y,2)=0
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45.

46.

47.

48.

49.

50.

51.

52.

53.

54.
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f(x,y,z) =xz - 3yz+2atPy(1,1,2) = 1(1,1,2) = -2;fy = z,fy = —3z,f, =x -3y = LX,y,2)
=-242x-1)—-6(y—1)—2z—-2)=2x -6y —22+6;f =0,f,, =0,f, =0,f;, =0,f, = -3
= M = 3; thus, [E(x,y,2)| < (1) (3)(0.01 + 0.01 + 0.02)> = 0.0024

fix,y,2) = x>+ xy+yz+ 322 atPy(1,1,2) = f(1,1,2) =5 f, =2x+y, fy=x+zf,=y+ 1z
= L(x,y,2) =5+3x— D+3(y— D+2z—-2)=3x+3y+2z—5fx =2,f,, =0,f, = L, i, = 1. f, =0,
fy, =1 = M =2;thus [E(x,y,2)| < (3) (2)(0.01 +0.01 + 0.08)* = 0.01

f(x,y,z) = xy + 2yz — 3xz at Ps(1,1,0) = f(1,1,0) = 1;fx =y — 3z, fy = x + 2z, f, = 2y — 3x
= L(X7y7Z):1+(X71)+(y71)7(270):X+y7Z71;fxx:O,fyy:(),fzz:o’fxy: L, fy, = =3,
fy, =2 = M = 3; thus |E(x,y,2)| < (%) (3)(0.01 + 0.01 4+ 0.01)> = 0.00135

f(x,y,z) = \/Ecos x sin(y + z) at Py (0,0, %) = f(0,0, %) =1;f; = —\/E sin X sin (y + z),

f, = V2 cos x cos(y +2), f, = /2 cos x cos(y +2z) = L(x,y,z) = 1 —0(x — 0) + (y — 0) + (z—1%)
=y+z-— % +1;fx = —\/Ecos x sin(y + z), fyy = —\/Ecos xsin(y + z), f,, = —\/Ecos x sin(y + z),

fyy = — \/E sin X cos (y + 2), fx, = ,\/E sin x cos (y + z), fy, = ,\/E cos x sin (y + z). The absolute value of
each of these second partial derivatives is bounded above by \/5 = M= \/5; thus |E(x,y, z)|

< (3) (V2) ©01 + 001 + 001 = 0.000636.

Ti(x,y) =¢" +e ¥ and Ty(x,y) = x (e¥ —e™¥) = dT = Ty(x,y) dx + Ty(x,y) dy

= (¥ te?)dx+x (e’ —e¥)dy = dT|y,,) = 2.5dx+3.0dy. If [dx| < 0.1 and |[dy| < 0.02, then the
maximum possible error in the computed value of T is (2.5)(0.1) + (3.0)(0.02) = 0.31 in magnitude.

V,=2mthand Vy = 1> = dV =V, dr+ Vy dh = &Y = 2mhdramcdh — 2 gy L gh; now |9 - 100 < 1 and

|9 -100] <1 = |§F-100] < [(2 %) (100) + (§) (100)] <2[%-100[ + | -100] <2(1)+1 =3 = 3%

& <002, <0.03

(@) S =2x%+4xy = dS = (4x + 4y)dx + 4xdy = (4x* + 4xy) L + 4xy % < (4x% + 4xy)(0.02) + (4xy)(0.03)
= 0.04(2x%) + 0.05(4xy) < 0.05(2x%) + 0.05(4xy) = (0.05)(2x> + 4xy) = 0.05S

(b) V =x%y = dV = 2xydx +x*dy = 2x%y & + x?y ¥ < (2x%)(0.02) + (x?y)(0.03) = 0.07(x?y)=0.07V

V=% +rr*h=dV = (4nr? + 2rth)dr + nr’dh;r = 10,h = 15,dr =  and dh = 0 =
dv = (47T(10)2 +27r(10)(15)) (1) + 7 (10)%(0) = 3507 cm?

V. =2rthand V, = 12 = dV =V, dr+ V,dh = dV =2arhdr+ nr* dh = dV|5.12) = 1207 dr 4 257 dh;
|dr] < 0.1 cmand |dh| < 0.1 cm = dV < (1207)(0.1) + (257)(0.1) = 14.57 cm?®; V(5, 12) = 3007 cm?®

. : 14.57 _
= maximum percentage error is & 355" x 100 = £ 4.83%

2 2
@ f=p+dt = —FdR=—LdR — LR, = dR:(R%) dR1+(%) dR,

2

(b) dR =R [() dRy + () dRa| = AR (00 = R* [tz IRy + g dRs| = R will be more

1

o, . . . . 1
sensitive to a variation in Ry since {1002 > @00z
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Section 14.6 Tangent Planes and Differentials

2 2
(¢) From part (a), dR = (%) dR; + (5) dR; so that Ry changing from 20 to 20.1 ohms = dR; = 0.1 ohm

and Ry changing from 25 to 24.9 ohms = dRy = —0.1 ohms; é = RLI + RLZ = R= 100 ohms

100 100
= dR| ws) = ((290))2 0.1) + ((295))2 (=0.1) ~ 0.011 ohms = percentage change is 4 | (1025) X 100

x 100 =~ 0.1%

- (%)

835

A =xy = dA =xdy+ ydx;if x > ythen a 1-unit change in y gives a greater change in dA than a 1-unit change in x.

Thus, pay more attention to y which is the smaller of the two dimensions.

(a Kkx,y)=2x(y+1) = fx(l,O):2andfy(x,y):x2 = fy(1,00=1 = df =2dx+ 1dy = dfismore
sensitive to changes in x
(b) df =0 = 2dx+dy=0 =25 +1=0= §=—3

(@ rP=x"+y? = 2rdr=2xdx+2ydy = dr=2dx+¥dy = drgs = () (£0.01)+ () (£0.01)
L

3
5
oo T @
i dy = gy = (57) (£0.01) + (55) (£0.01) = %"‘%%
= maximum change in df occurs when dx and dy have opposite signs (dx = 0.01 and dy = —0.01 or vice
007 —1(4) ~ 9 _ 0.0028
versa) = df = 27 ~ +0.0028; 6 = tan~! (3) ~ 0.927255218 = |% x 100| = | ;52228 x 100]
~ 0.30%

(b) the radius r is more sensitive to changes in y, and the angle 6 is more sensitive to changes in x

=+ 27 = +0.014 = |¥x 100 = |+ 2% x 100| = 0.28%; df =

= dx +

y +x2

(a) V=ar’h = dV =2nthdr+7r’dh = atr=1andh =5 we have dV = 107 dr + 7 dh = the volume is
about 10 times more sensitive to a change in r
(b) dV=0 = 0=2nthdr+ar?dh=2hdr+rdh=10dr+dh = dr= — % dh; choose dh = 1.5
= dr=—0.15 = h =6.5in. and r = 0.85 in. is one solution for AV ~ dV =0

a b
d

|a| is much greater than |b|, |c|, and |d|, the function f is most sensitive to a change in d.

f(a,b,c,d) =

‘—adbc = f,=d,fy=—c,f.=—-b,fy=a = df =dda— cdb— bdc+ add; since

u, =e,uy =xe’ +sinz,u, =ycosz = du=e’ dx+ (xe’ +sinz) dy + (y cos z) dz
= du] (m33) = 3dx+7dy+0dz=3dx+ 7dy = magnitude of the maximum possible error
< 3(0.2) + 7(0.6) =

Qo= (307 (2).0u = § (59) (3) . ana 0, = § (49 (5)

h
— dQ = 1(ZIEM) 1/2( )dK—|— (ZKM) 1/2( )dM—l— 1 (ZKM) 1/2( 2KM) dh

1/2
= % (%) / [% dK + % dM — 2];;\/1 dh] = dQ‘ (2,20,0.0.05)

—1/2
=1 [@)3%3(520)} {(20),%250) dK + 3 dM — G2 dh] (0.0125)(800 dK -+ 80 dM — 32,000 dh)

= Q is most sensitive to changes in h

A=1absinC = A, =3bsinC,A, =1asinC, A, = 1abcosC

= dA = (1bsinC) da+ ($asinC) db+ (1 abcos C) dC; dC = [2°| = |0.0349) radians, da = [0.5] ft,
db = |0.5] ft; at a = 150 ft, b = 200 ft, and C = 60°, we see that the change is approximately

A = £ (200)(sin 60°) [0.5] + 3 (150)(sin 60°) [0.5] + 3 (200)(150)(cos 60°) [0.0349| = -+ 338 ft*
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63. z=1(x,y) = g(x,y,2) =1f(x,y) —z2=0 = g(x,y,2) = fx(X,y), gy(X,y,2) = fy(x,y) and g,(x,y,2) = —
= gx(X0, Yo, (X0, ¥0)) = 1x(X0, Yo), gy(X0, Yo, I(Xo, o)) = fy(X0, Yo) and g,(Xo, Yo, (X0, yo)) = —1 = the tangent
plane at the point Py is fx(Xo, yo)(x — Xo) + fy (X0, Yo)(y — yo) — [z — f(X0, yo)] = 0 or
z = fx (X0, Yo)(X — Xo) + fy(X0, Yo)(y — yo) + (X0, y0)

64. 7 f=2xi+2yj=2(cost+tsint)i+ 2(sint—tcost)jandv = (tcost)i+ (tsint)j = u= ﬁ

(t cos )i + (t sin t)j

= e P (cos t)i+ (sint)jsincet > 0 = (Dyf)p, = v f-u
= 2(cost+ tsint)(cost) + 2(sint — tcos t)(sint) =2

65. v f=2xi+2yj+2zk=(2cost)i+ (2sint)j+2tkandv = (—sint)i+ (cost)j+k = u= 1‘

(— sin i + (cos )j + k

T Ve st 2 (_\%[) i+ (&\/S—t)j‘i' 7k = (Dub)p, = v f-u
= @eos ) (=) + @siny (<) + @0 (L) = % = ©ub(F) = 575 DuO) = 0 and
O () = 572

66. r=/ti+ V/ti—-1t+3k = v=1t2i+ 12— lkit=1 = x=1,y=1Lz=-1 = Py=(1,1,-1)
andv(l):%i—l—%j—%k;f(x,y,z):x +y?—z-3=0= wif=2xi+2yj—k
= v {(l,1,—1)=2i+ 2j — k; therefore v = %(vf) = the curve is normal to the surface

67. r=/ti+ i+ Q2t—Dk = v=1t12i+ 1t 2j+2k;t=1 = x=1Ly=1Lz=1 = Py=(1,1,1)and
v =1i+3j+2k;f(x,y,2) =x*+y’ —z—1=0 = yfi=2i+2yj—k = VI(l,1,1)=2i+2j—Kk;
now v(1) - sz f(1,1, 1) = 0, thus the curve is tangent to the surface when t = 1

14.7 EXTREME VALUES AND SADDLE POINTS

. Lix,y)=2x+y+3=0andfy(x,y)=x+2y—-3=0 = x=-3andy =3 = critical point is (-3, 3);
fx(=3,3) = 2,1,4(-3,3) = 2, £4,(=3,3) = 1 = f,fyy — ffy =3 > 0andfyx >0 = local minimum of
f(—3,3) = —

2. fy(x,y) =2y — 10x+4 =0and fy(x,y) =2x —4y+4=0 = x=32andy = 3 = critical pointis (3,%);

fuo (3,%) = —10, £y (3,3) = 4.5y (5.3) =2 = fufyy — 2 =36 > 0and f, <0 = local maximum of

3. fix,y)=2x+y+3=0andfy(x,y)=x+2=0 = x=-2andy =1 = critical point is (=2, 1);
fix(—=2,1) =2, fy(=2,1) = 0, £y (=2, 1) = 1 = ffyy — ffy = —1 < 0 = saddle point

4. fi(x,y) =5y — 14x+3 =0and fy(x,y) =5x —6 =0 = x = Sandy = £ = critical pointis (¢, ¥);

fo (3, 8) = —14.6,y (§,8) = 0.1y (£, R) =5 = fufyy — 2 = —25 <0 = saddle point

5. f(x y) =2y —2x+3=0andfy(x,y) =2x —4y=0 = x=3andy = 3 = critical pointis (3,3);
fix (3,2) = fiy (3,3) = —4.1y (3,3) =2 = fufyy — f2, =4 >0andf, <0 = local maximum of
h-f
6. Lix,y)=2x—4y=0andfy(x,y) = —4x+2y+6=0 = x=2andy =1 = critical pointis (2, 1);
fx(2,1) =2, £,y(2,1) =2, £,(2,1) = —4 = ffyy — ffy —12 < 0 = saddle point

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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fx(x,y) =4x+3y —5=0and fy(x,y) =3x+8y+2=0 = x=2andy = —1 = critical pointis (2, —1);
fx(2, =) =4,1,(2,-1) =8, fy(2,—1) =3 = fifyy, — ffy =23 > 0and fyx > 0 = local minimum of f(2, —1) = —6
fx(x,y) =2x -2y —2 =0and fy(x,y) = —2x+4y+2=0 = x=1andy = 0 = critical point is (1, 0);

fx(1,0) = 2, £y, (1,0) = 4, £, (1,0) = =2 = fyfyy — ffy =4 > (0and fyx >0 = local minimum of f(1,0) =

fx(x,y) =2x -2 =0and fy(x,y) = -2y +4 =0 = x=1landy = 2 = critical point is (1, 2); fxx(1,2) = 2,

fyy(1,2) = =2,£,(1,2) =0 = fifyy — 3 = —4 <0 = saddle point

fx(x,y) =2x+2y =0and fy(x,y) =2x =0 = x=0andy = 0 = critical point is (0, 0); £4x(0,0) = 2,

f,(0,0) = 0, £y (0,0) =2 = fyefyy — 2, = —4 <0 = saddle point

- -8 . o
fi(x,y) = \/% —8=0andfy(x,y) = \/W# = 0 = critical point is (1—6 0)~

fxx(g,O) = 185"f (16’0) 15’f (16 O) =0 = fufyy — fa =

bt 225 > Oand f,, < 0 = local maximum of

fx(x,y) = W =0andf,(x,y) = ﬁ = 0 = there are no solutions to the system fx(x,y) = 0 and

fy(x, y) = 0, however, we must also consider where the partials are undefined, and this occurs when x =0 and y = 0

= critical point is (0,0). Note that the partial derivatives are defined at every other point other than (0, 0). We cannot use
the second derivative test, but this is the only possible local maximum, local minimum, or saddle point. f(x, y) has a local
maximum of £(0,0) = 1 at (0,0) since f(x,y) = 1 — /x> + y2 < 1 for all (x, y) other than (0, 0).

fo(x, y)—3x2—2y:0andf(x y)=-3y’-2x=0 = x:Oandy:O,orx:—éandy:% = critical points

are (0,0) and (— 2, 2) :for (0,0): £x(0,0) = 6x] (o) = 0, fy(0,0) = —6y| 5oy = 0. fxy(0,0) = —

= fufyy —f2 = —4 <0 = saddle point; for (—$,3): fu (—3,35) = —4.fy (-5, %) = —4. fxy( 3 ==-2
= fuxfyy — ffy 12 > 0 and f,;, < 0 = local maximum off(—% %) = %

fu(x,y) = 3x* + 3y = O and fy(x,y) =3x+3y? =0 = x=0andy = 0,orx = —landy = —1 = critical points
are (0,0) and (—1, —1); for (0, 0): fx«(0,0) = 6x] ©0,0) = 0, fyy(0,0) = 6y| 00) =0 fxy(0,0) =3 = fifyy — ffy
= —9 < 0 = saddle point; for (—1, —1): fix(—1,—1) = =6, (=1, —-1) = =6, f,(=1,—-1) = 3 = ffy, — ffy
=27 > 0and fx < 0 = local maximum of f(—1,—1) =1

fu(x,y) = 12x — 6x? + 6y = O and fy(x,y) =6y + 6x =0 = x =0andy = 0,orx = landy = —1 = critical
points are (0, 0) and (1, —1); for (0, 0): fxx(0,0) = 12 — 12x]| 0,0) = 12, £3y(0,0) = 6, £;y(0,0) = 6 = fifyy — ffy
=36 > 0 and fyx > 0 = local minimum of f(0,0) = 0; for (1, —1): fx(1,—1) =0, f,(1,—-1) =6,
fiy(1,—=1) =6 = fifyy — ffy = —36 < 0 = saddle point
fu(x,y) =3x>+6x=0 = x=00rx = —2;f,(x,y) =3y? —6y =0 = y=0o0ry =2 = the critical points are
(0,0), (0,2), (—2,0), and (—2 2); for (0, 0): £xx(0,0) = 6x + 6| (0,0) = 6, fyy(0,0) = 6y — 6| 00) = —6,
£y(0,0) =0 = ffy — Xy = —36 < 0 = saddle point; for (0, 2): £(0,2) = 6, £,,(0,2) = 6, £,,(0, 2) =0

= fxxfyy — f2 =36 > 0and fyx > 0 = local minimum of f(0,2) = —12; for (—2,0): fix(—=2,0) = —

Xy
fyy(=2,0) = =6, fxy(—=2,0) = 0 = fxfyy — ffy =36 > 0and fx < 0 = local maximum of f(—2,0) = —4;
for (=2,2): fx(=2,2) = =6, fy(=2,2) = 6, f;y(—2,2) = 0 = fxfyy — ffy = —36 < 0 = saddle point
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17. fx(x,y) = 3x> + 3y> — 15 = 0 and f,(x,y) = 6xy + 3y> — 15 = 0 = critical points are (2, 1), (—2,—1), (O, \/g), and

(o, —\/g);for (2,11 fua(2,1) = 6x] () = 12, £y (2,1) = (6x + 6y)] () = 18, fyy(2,1) = 6y] () = 6
= fifyy — £4 = 180 > 0and fx > 0 = local minimum of f(2, 1) = —30; for (=2, —1): fix(—2,—1) = 6x| (—2,-1)

Xy
= 12, £y (=2, 1) = (6x +6y)[ _y ;) = —18. iy (~2, 1) = 6y] L, ) = 6= fefyy — 2 = 180 > Oand
fox < 0 = local maximum of f(—2, —1) = 30; for (o, ﬁ): fo (0, \/5) - 6x‘ 00) 0, fyy (0, ﬁ)

= (Ox+6)l (5 = 61/5. fiy (o, ﬁ) = 6y‘ 00 = 6v/5 = fufyy — 2 = —180 < 0 = saddle point;
for (0, —ﬁ): foe (o, —ﬁ) - 6x’ 0-v5)

fiy (0, _ \/5) - 6y‘ 0v5) —61/5 = fufyy — 2, = —180 < 0 = saddle point.

=0.65(0.-V/5) = (@x + 69, _5) = ~6V5.

18. fi(x,y) =6x>—18x =0 = 6x(x —3) =0 = x:Oorx=3;fy(x,y):6y2—|—6y— 12=0= 6(y+2)(y—1)=0
= y=—2ory =1 = the critical points are (0, —2), (0, 1), (3, —2), and (3, 1); fxx(X,y) = 12x — 18,
fyy(x,y) = 12y + 6, and fyy(x,y) = 0; for (0, —2): f;x(0,—2) = —18, f,,(0, =2) = —18, £, (0, -2) =0
= fufy — ffy =324 > 0 and f;x < 0 = local maximum of (0, —2) = 20; for (0, 1): fxx(0,1) = —18,
fyy(0,1) = 18, £,y(0,1) = 0 = fifyy — 2 —324 < 0 = saddle point; for (3, —2): £xx(3,—2) = 18,
fyy(3,—2) = —18,f,y(3,=2) = 0 = fifyy — f2 = —324 <0 = saddle point; for (3, 1): f,(3,1) = 18,

Xy:
Xy:

fyy(3,1) =18, f,y(3,1) = 0 = fifyy — ffy =324 > 0 and fyx > 0 = local minimum of f(3,1) = —34

19. fx(x,y) =4y —4x* = 0and fy(x,y) =4x -4y’ =0 = x=y = x(1 —x?) =0 = x=0,1,—1 = the critical
points are (0, 0), (1, 1), and (—1, —1); for (0,0): fx(0,0) = —12x?| 0,0) = 0, fyy(0,0) = —12y?| 00) = 0,
fy(0,0) =4 = fufyy — f2, = —16 < 0 = saddle point; for (1, 1): fy(1,1) = —12, fyy(1, 1) = —12, f,(1, 1) = 4

Xy
= fixfyy — ffy =128 > 0 and fyx < 0 = local maximum of f(1, 1) = 2; for (—1, —1): fix(—1,—1) = —12,
fyy(—=1,—1) = =12, fiy(—=1,-1) =4 = ffyy — fXQy =128 > 0 and fyx < 0 = local maximum of f(—1,—1) =2

20. fu(x,y) =4x3 +4y =0and fy(x,y) =4y’ +4x =0 = x=-y = —x*+x=0= x(1-x})=0 = x=0,1, -1
= the critical points are (0,0), (1, —1), and (—1, 1); fx(x,y) = 12x?, fyy(x,y) = 12y?, and fiy(X,y) = 4;
for (0, 0): £x(0,0) =0, fy(0,0) = 0, £y(0,0) = 4 = ffyy — f2 = —16 <0 = saddle point; for (1, —1):

xy —

fix(1,—1) = 12, fyy (1, =1) = 12, £, (1, 1) = 4 = ffyy — ffy =128 > 0 and fx > 0 = local minimum of
f(1,—1) = —=2;for (=1, 1): f5,(—1,1) = 12, f,,(—1,1) = 12, £, (—=1,1) = 4 = f,f, — ffy =128 > 0 and

fyx > 0 = local minimum of f(—1,1) = —2

21. fi(x,y) = m = 0and fy(x,y) = m =0 = x=0andy =0 = the critical point is (0, 0);
4% —2y* 42 —2x> +4y* 42 8x
fx = (x2+y2y:;)‘3 Sy = x2 ++y2y, 1+)3’ ey = (x2+y2y, nE £x(0,0) = =2, £,4(0,0) = -2, £(0,0) =0
= frxfyy — ffy =4 > 0and fyx <0 = local maximum of f(0,0) = —1

22. fx(x,y):—éer:Oandfy(x,y):xf%:0 = x=1landy =1 = the critical pointis (1, 1); fx = 3, fyy = %

fy = L1, D) =2,£,(1,1) =2,f,(1,1) = 1 = ffy, — fxzy =3 > 0andf, >2 = local minimum of f(1,1) =3
23. fx(x,y) =ycosx = 0and fy(x,y) =sinx =0 = x =nm, naninteger,andy = 0 = the critical points are
(nm, 0), n an integer (Note: cos x and sin X cannot both be 0 for the same X, so sin x must be 0 and y = 0);
fxx = —ysinx, fyy = 0, fy = cos x; fix(nm,0) = 0, fyy(nm,0) = 0, fyy(nm,0) = 1 if nis even and fyy(n7,0) = —1
ifnisodd = fify, — ffy = —1< 0 = saddle point.
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f(x,y) = 2e** cos y = 0 and fy(x,y) = —e** siny = 0 = no solution since e** # 0 for any x and the functions

cos y and sin y cannot equal O for the same y = no critical points = no extrema and no saddle points

fie(x,y) = (2x — 4)eX’ +¥' =% = 0 and fy(x,y) = 2ye¥ *¥' = = 0 = critical point is (2,0); fxx(2,0) = 2, fxy(2,0) =0,

fiy(2,0) = & = fifyy — 2

o5 = % > Oand fy, > 0 = local mimimum of f(2,0) = %

fu(x,y) = —ye* = 0 and fy(x,y) = e — e* = 0 = critical point is (0,0); fx(2,0) = 0, fy(2,0) = —1, f,y(2,0) =1
= fxfyy — f4 = —1 < 0 = saddle point

fu(x,y) = 2xe™ = 0 and fy(x,y) = 2ye ™ — e ¥(x*> + y?) = 0 = critical points are (0, 0) and (0, 2); for (0,0):
fc(0,0) = 267 g.0) = 2. fy(0,0) = (267 — dye™ + e (x* +¥2))| 0) = 2. Fy(0,0) = —2xe™¥| 5y = 0

= fufyy — £, =4 > 0and fy, > 0 = local mimimum of £(0,0) = 0; for (0,2): fx(0,2) = 2e7Y| 02) = Z,
fy(0,2) = (27 —dye™ + eV +y2))| ) = — 3+ Fy(0,2) = ~2xe Y| g = 0= fefyy — £2, = —% <0

= saddle point

fi(x,y) = e*(x*> — 2x +y*) = 0 and fy(x,y) = —2ye* = 0 = critical points are (0,0) and (—2, 0); for (0, 0):

fx (0,0) = e*(x% + 4x + 2 — y?)| 00) =2 fyy(0,0) = —2¢*| 00) = -2, fy(0,0) = —2ye*| 00) = 0

= fufy — £ = —4 < 0and f, > 0 = saddle point; for (—2,0): fix(=2,0) = e*(x* + 4x +2 = y*)[ _,) = — &
fyy(=2,0) = =2e*| _, ) = —2, fiy(—2,0) = —2ye¥| (—20 = 0= fadyy — 3 = 4 > 0and fyx < 0 = local maximum
of f(—2,0) = %

fi(x,y) = -4+ 2 =0and fy(x,y) = -1 + 5 = 0 = critical pointis (3, 1) ; fux (3, 1) = =8, fyy (3, 1) = —1,
fxy(%, 1) =0 = fify — f2 =8 > 0and f,, < 0 = local maximum off(%, 1) =—-3—-2In2

Xy
fx(x,y) =2x + Hl_y =0andfy(x,y) = -1+ H'_y = 0 = critical point is (—%, %) ;fxx(—%, %) = l,fyy(—%, %) =-1,
fiy (=1, 3) = =1 = fiufyy — £3 = —2 < 0 = saddle point
(i) OnOA, f(x,y) =f(0,y) =y* —4y+1on0 <y < 2;

f'(0,y) =2y —4=0 = y=2;
f(0,0) = 1 and f(0,2) = -3
(i) OnAB, f(x,y) =f(x,2) =2x> —4x —-30n0<x < I;
f'(x,2) =4x—4=0 = x=1;
f(0,2) = —3 and f(1,2) = —5 £
(iii) On OB, f(x,y) = f(x,2x) = 6x> — 12x + 1 on r
0 < x < 1; endpoint values have been found above;
f'(x,2x) = 12x — 12 =0 = x = 1 and y = 2, but(1, 2) is not an interior point of OB
(iv) For interior points of the triangular region, fx(x,y) = 4x —4 =0 and fy(x,y) =2y -4 =0

= x = landy = 2, but (1, 2) is not an interior point of the region. Therefore, the absolute maximum is
1 at (0, 0) and the absolute minimum is —5 at (1, 2).
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Chapter 14 Partial Derivatives

OnOA,D(x,y) =D(0,y) =y?*+1on0 <y <4
D'(0,y) =2y =0 = y =0;D(0,0) =1 and

D(0,4) =17
On AB, D(x,y) = D(x,4) = x> —4x + 17 on
0<x<4D(x,4)=2x—4=0 = x=2and (2,4) R R x

is an interior point of AB; D(2,4) = 13 and
D(4,4) = D(0,4) = 17

OnOB,D(,y) =D(x,x) =x>+10on0 < x < 4;
D'(x,x) =2x =0 = x = 0andy = 0, which is not an interior point of OB; endpoint values have been found

above

For interior points of the triangular region, fx(x,y) = 2x —y =0 and fy(x,y) = —x+2y =0 = x=0andy =0,
which is not an interior point of the region. Therefore, the absolute maximum is 17 at (0, 4) and (4, 4), and the
absolute minimum is 1 at (0, 0).

On OA, f(x,y) = f(0,y) = y2 on0<y<2;

f'(0,y) =2y =0 = y = 0and x = 0; f(0,0) = 0 and
f(0,2) =4

On OB, f(x,y) = f(x,0) = 2on0<x<1;
f'(x,00=2x=0 = x=0andy = 0; f(0,0) = 0 and J
f(1,0) =1 .
On AB, f(x,y) = f(x, —2x +2) = 5x> — 8x + 4 on i
0<x< ;) f'(x,-2x+2) = IOX—8=O:>X:%

andy = 2;f(%,%) = £; endpoint values have been found above.
For interior points of the triangular region, fx(x,y) = 2x = 0 and fy(x,y) =2y =0 = x = 0andy = 0, but (0,0) is

not an interior point of the region. Therefore the absolute maximum is 4 at (0, 2) and the absolute minimum is O at
(0,0).

On AB, T(x,y) = T(0,y) = y?>on -3 <y < 3; y
T0,y) =2y =0 = y=0and x = 0; T(0,0) =0,
T(0,—-3) =9, and T(0,3) =9

OnBC, T(x,y) = T(x,3) =x> = 3x+90n0 < x < 5;
T'(x,3)=2x—3=0 = x=3andy=3;

T (3,3) = Zand T(5,3) = 19

On CD, T(x,y) = T(5,y) = y*> + 5y — 5 on
—3<y<3TG,y)=2y+5=0= y=—3and
x=5T(5,-3)=-%,T(5,-3) = —11and T(5,3) = 19
OnAD, T(x,y) =T(x,-3) =x> - 9x4+90n0 < x < 5;T'(x,-3)=2x—9=0 = x=2andy = —3;
T(3,-3)=—%,T0,-3)=9and T(5,-3) = —11

For interior points of the rectangular region, Tx(x,y) =2x +y -6 =0and Ty(x,y) =x+2y =0 = x =4

andy = —2 = (4,—2) is an interior critical point with T(4, —2) = —12. Therefore the absolute maximum
is 19 at (5, 3) and the absolute minimum is —12 at (4, —2).
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On OC, T(x,y) = T(x,0) = x? — 6x + 2 on y
0<x<5T(x0=2x—6=0 = x=23and
y =0;T(3,0) = —7,T(0,0) =2, and T(5,0) = -3 !
On CB, T(x,y) = T(5,y) = y?> + 5y — 3 on
—3<y<0;T(GS,y)=2y+5=0 = y=—3and
x=5T(5-3)=-3andT(5,-3) = -9
On AB, T(x,y) = T(x,—3) = x> —9x + 11 on
0<x<5Tx-3)=2x-9=0 = x—iand
=-3;T(3,-3) =—-3 and T(0,-3) = 11
On AO, T(x,y) = T(0,y) = y* +20on -3 <y < 0; T'(0,y) =2y = 0 = y = 0 and x = 0, but (0,0) is
not an interior point of AO

For interior points of the rectangular region, Tx(x,y) =2x+y -6 =0and Ty(x,y) =x+2y =0 = x =4
and y = —2, an interior critical point with T(4, —2) = —10. Therefore the absolute maximum is 11 at
(0, —3) and the absolute minimum is —10 at (4, —2).

On OA, f(x,y) = f(0,y) = —24y’on 0 < y < 1; y
f'(0,y) = —48y =0 = y =0and x = 0, but (0,0) is 1
not an interior point of OA; f(0,0) = 0 and Ji
£(0,1) = —24
X

On AB, f(x,y) = f(x, 1) = 48x — 32x3 — 24 on
0<x<1;f'(x,1) =48 —96x2 =0 = x:%and

yzl,orx:—\/—andy—lbut< \/—, )isnotin
the interior of AB; f(\/—, ) = 16\/_— 24 and f(1,1) = —8
On BC, f(x,y) = f(1,y) =48y —32 — 24y’ on0 <y < 1;f'(1,y) =48 —48y =0 = y=landx = 1, but
(1, 1) is not an interior point of BC; f(1,0) = —32 and f(1,1) = —8
On OC, f(x,y) = f(x,0) = —32x30on 0 < x < 1; f'(x,0) = —96x> = 0 = x = 0and y = 0, but (0, 0) is not an
interior point of OC; f(0,0) = 0 and f(1,0) = —
For interior points of the rectangular region £ (x,y) = 48y — 96x? = 0 and f, y(X,y) =48x — 48y =0
= x=0andy =0,0orx = 5 andy = %, but (0,0) is not an interior point of the region; f (3, 3) = 2.
Therefore the absolute maximum is 2 at (%, %) and the absolute minimum is —32 at (1, 0).
On AB, f(x,y) =f(1,y) =3cosyon — 7 <y
f'(l,y)=—-3siny=0 = y=0andx = [;
£(1,0)=3,£(1,— ) = 22 and £ (1,%) = 3
On CD, f(x,y) = (3, y)—3cosy0n—% <y
f'3,y) = —3siny=0 = y=0and x = 3;

™ 32 s 3y/2
£3,00=3,£(3,— %) = 22 and f (3,7) = 32
OnBC, f(x,y) =f(x,%) = ? (4x — x%) on
1<x<3f(x,1) =v22-x0=0 = x=2andy = 7;f(2,7) =2/2,f(1,7) = 22 and
13,5 =29

14

IN

INE

I
E

A ]

s
4

On AD, f(x,y) = f (x,— £) = L2 (4x = x®)on 1 <x < 3; ' (x,— %) = /22— x) =0 = x =2andy = — T ;
F2,- 1) =22, f(1,- 1) = 32 and (3, 7) = 32
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(v)  For interior points of the region, fx(x,y) = (4 — 2x)cos y = 0 and fy(x,y) = — (4x — x*)siny =0 = x =2
and y = 0, which is an interior critical point with f(2,0) = 4. Therefore the absolute maximum is 4 at

(2,0) and the absolute minimum is Lf at (3, — %) , (3, %) , (l, — %) , and (1, }) .

(i OnOA, f(x,y)=f0,y) =2y +1on0<y<1; 24
f'(0,y) = 2 = no interior critical points; f(0,0) = 1 1
and £(0, 1) = 3

(i) OnOB, f(x,y) =f(x,0) =4x+1on0 <x < 1;
f'(x,0) =4 = no interior critical points; f(1,0) = 5

(iii) On AB, f(x,y) = f(x, —x + 1) = 8x> — 6x + 3 on -
0<x<Lf(x,—x+1)=16x—6=0 = x=13 ]
andy = 3;f(3,3) =% .f(0,1)=3,and f(1,0) = 5

(iv) For interior points of the triangular region, f,(x,y) =4 —8y =0and f;(x,y) = -8x+2=0

11

= y= % and x = % which is an interior critical point with f (Z’ 3

(1, 0) and the absolute minimum is 1 at (0, 0).

) = 2. Therefore the absolute maximum is 5 at

Let F(a,b) = fa b(6 — x — x?) dx where a < b. The boundary of the domain of F is the line a = b in the ab-plane, and
F(a,a) = 0, so F is identically O on the boundary of its domain. For interior critical points we have:

X ——(6—a—a’)=0=>a=-32and % =(6-b—b*)=0 = b=—3,2. Sincea < b, there is only one
interior critical point (—3,2) and F(—3,2) = f 723(6 — x — x?) dx gives the area under the parabolay = 6 — x — x that is
above the x-axis. Therefore,a = —3 and b = 2.

Let F(a,b) = j;b(24 —2x — x2)1/3 dx where a < b. The boundary of the domain of F is the line a = b and on this line F is
1/3

identically 0. For interior critical points we have: % =—(24 —2a—a?)

OF _ (24 —2b —b2)"/*?

=0 = a=4,—6and
=0 = b =4, —6. Since a < b, there is only one critical point (—6,4) and
4
6

Therefore,a = —6 and b = 4.

F(—6,4) = f, (24 — 2x — x?) dx gives the area under the curve y = (24 — 2x — x2)1/3 that is above the x-axis.

Tu(x,y) =2x — 1 =0and Ty(x,y) =4y =0 = x = andy = O with T (},0) = — § ; on the boundary
Xy =1: T(x,y) = x> —x+2for =1 <x <1 = T(x,y)=-2x—1=0 = x=—fandy = :I:?;
T(—1 ﬁ) :%,T(—l —ﬁ) =9, T(~1,0)=2,and T(1,0) = 0 = the hottestis 21 ° at (—%,ﬁ) and

2772 27 2 2

[5

3. : o
(—%,— g ),thecoldestls—}—‘ at (1,0).

fx(X,y)=y+2—%:0andfy(x,y)zx—§20 = X:%andy:2;fxx(%,2) :)‘2—2

(o) =8

fyy (%,2) = % (12 = 7.1y (%,2) =1 = fidy fffy =1>0andf >0 = alocal minimum off(%,Z)

=2-Ini=2+MI2

(@) fx(x,y)=2x—4y=0andfy(x,y) =2y —4x=0 = x=0andy = 0; £x(0,0) = 2, £,,y(0,0) = 2,
fxy(0,0) = —4 = fifyy — ff = —12 < 0 = saddle point at (0, 0)

(b) fu(x,y) =2x —2=0and f,(x,y) =2y —4 =0 = x = landy = 2; fi(1,2) = 2, f,(1,2) = 2,

fxy(1,2) = 0 = fxyfyy — ffy =4 > 0and fy, >0 = local minimum at (1, 2)

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



44.

45.

46.

47.

48.

49.

50.

51.

52.

Section 14.7 Extreme Values and Saddle Points 843

(©) fx(x,y) =9x> -9 =0and i(x,y) =2y +4=0 = x= £landy = -2; f;,(1,-2) = 18x|<],_2> =18,
fyy(1,-2) = 2,1,(1,-2) = 0 = f,fy,, — ffy =36 > 0 and fyx > 0 = local minimum at (1, —2);
fix(—1,=2) = =18, £y (=1, -2) = 2, fxy(—1,-2) = 0 = ffyy — Xy = —36 < 0 = saddle point at (—1, —2)

(a) Minimum at (0, 0) since f(x,y) > 0 for all other (x, y)

(b) Maximum of 1 at (0, 0) since f(x,y) < 1 for all other (x, y)

(c) Neither since f(x,y) < 0 for x < 0 and f(x,y) > O forx > 0

(d) Neither since f(x,y) < 0 for x < 0 and f(x,y) > 0 forx > 0

(e) Neither since f(x,y) < Oforx < Oandy > 0, but f(x,y) >0forx > 0andy > 0
(f) Minimum at (0, 0) since f(x,y) > 0 for all other (x,y)

Ifk = 0, then f(x,y) = x* + y* = fx(x,y) = 2x = 0 and fy(x,y) =2y = 0 = x = O and y = 0 = (0, 0) is the only
critical point. Ifk # 0, f(x,y) =2x+ky =0=y=—Zx;f(x,y) = kx +2y =0 => kx + 2 (— 2x) =0
ks —2=0=(k—2)x=0 = x=00rk= +2 = y=(—2)(0)=0o0ry = +x;inany case (0,0)isa

critical point.

(See Exercise 45 above): fi(x,y) = 2, fyy(x,y) = 2, and fyy(x,y) = k = fiifyy — ffy = 4 — k2; f will have a saddle point
at (0,0)if4 — k2 < 0 = k >2ork < —2; f will have a local minimum at (0,0) if 4 — k% > 0 = —2 < k < 2; the test is

inconclusive if 4 — k2 =0 = k= +2.
No; for example f(x, y) = xy has a saddle point at (a, b) = (0,0) where f, =, = 0.

If fx«(a, b) and fyy(a, b) differ in sign, then fx(a, b) fyy(a,b) < 050 ficfyy — ffy < 0. The surface must therefore have a
saddle point at (a, b) by the second derivative test.

We want the point on z = 10 — x2 — y? where the tangent plane is parallel to the plane x + 2y + 3z = 0. To find a normal
vectortoz = 10 — x> — y?let w = z + x?> + y?> — 10. Then 7 w = 2xi + 2yj + k is normal to z = 10 — x> — y? at
(x,y). The vector 7 w is parallel to i 4 2j + 3k which is normal to the plane x+2y+3z=0if

6xi+6yj+3k:i+2j—|—3k0rx:%andy: % Thusthepointis( 10———%) or (%,%,%)

6° 3’
We want the point on z = x% + y? + 10 where the tangent plane is parallel to the plane x + 2y — z = 0. Let
w=2z—x>—y>—10,then 7 W = —2xi — 2yj + k is normal to z = x> + y® + 10 at (x, y). The vector $7 w is parallel
to i + 2j — k which is normal to the plane if x = % and y = 1. Thus the point (%, 1, }1 + 1+ 10) or (%, 1, %) is the point
on the surface z = x> + y? + 10 nearest the plane x + 2y —z = 0.

d(x,y, z) = \/(x —0)* 4 (y — 0)* + (z — 0)> = we can minimize d(x, y, z) by minimizing D(x, y, z) = x2 + y2 + z%;
3Xx+2y+z2=6=2=6-3x—2y=>D(x,y) =x2+y>+ (6 — 3x — 2y)> = Dy(x, y) = 2x — 6(6 — 3x — 2y) = 0
and Dy(x, y) =2y — 4(6 — 3x — 2y) = 0 = critical pointis (2, $) = z = 2; D (3, &) =20, Dyy (3, 1) = 10,

Dy (4, 1) = 12 = DuDyy — D2, = 56 > Oand Dy, > 0 = local minimum of d(2, §, 3) = /14

d(x,y, z) = \/(X —2)+ (y+1)* 4 (z—1)* = we can minimize d(x, y, z) by minimizing

D(x,y,2) = (x =2+ (y+ 1) °+@z-1ix+y—z=2=z=x+y—-2

=D, y)=x=2 +F+1) +x+y—3) =Dy(x,y) =2(x—2)+2(x+y—3)=0

and Dy(x, y) =2(y + 1) + 2(x + y — 3) = 0 = critical pointis (3, —1) = z = 1; D«(3, —1) =4, Dy (8, —1) =4,
Dyy (3. —3) =2 = DyDyy — D% =12 > 0and Dy, > 0 = local minimum of d(%, -3, §) = %
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s(x, 9,2) =xX24+y2 + 22 x4+y+2=9=2z2=9—x—y=s(x, y) = x>+ + (9 —x —y)’

= 5¢(X,y) =2x—2(9—x—y) =0and sy(x, y) =2y — 2(9 — x —y) = 0 = critical point is (3, 3) = z = 3;
sxx(3,3) = 4,5,y(3,3) = 4,5,(3,3) =2 = s58yy — 55, = 12> 0and s, > 0 = local minimum of s(3, 3, 3) = 27
p(X,y,2) =xyz;x+y+z=3=z=3—-x—-y=pXx y) =xy3—x—y) =3xy — x’y — xy*

= px(X, y) = 3y — 2xy — y? = O and py(x, y) = 3x — x> — 2xy = 0 = critical points are (0, 0), (0, 3), (3, 0), and
(1, 1); for (0,0) = z = 3; py(0,0) = 0, pyy (0, 0) = 0, pyy (0, 0) =3 = PuPyy — P2y = —9 < 0 = saddle point;
for (0,3) = z = 0; pxu(0,3) = —6,pyy(0,3) = 0, pxy(0,3) = =3 = puPyy — Piy = —9 < 0 = saddle point;

for (3,0) = z = 0; px(3,0) =0, pyy(3,0) = =6, pxy(3,0) = =3 = puPyy — piy = —9 < 0 = saddle point;

for (I,1) = z=1; pw(l, 1) = =2, pyy(1, 1) = =2, pxy(1, 1) = =1 = puPpyy — pzy =3 > 0and pyx < 0= local

maximum of p(1, 1, 1) =1

s(X,¥,2) =xy+yz+xz;x+y+z=6=>z2=6—-x—y=>5s8(Xx,y) =xy+y6—x—y) +x(6 —x —y)

=6x + 6y —xy — x> —y?> = s,(x, y) =6 —2x —y = 0 and s,(x, y) = 6 — x — 2y = 0 = critical point is (2, 2)
=2=2;5x(2,2) = =2,50y(2,2) = —2,5¢(2,2) = =1 = s5Syy — 8
5(2,2,2) = 12

iy =3 > 0and sy, < 0 = local maximum of

d(x,y, z) = \/(X +6)> 4 (y — 4)* + (z— 0)> = we can minimize d(x, y, z) by minimizing

D(x, y. 2) = (x+ 6+ (y 41 + 22 2= /KT ¥ = Dlx,y) = (x + 6 + (y — 4> 42+ y°

=2x> + 2y + 12x — 8y + 52 = Dy(x, y) = 4x + 12 = 0 and Dy(x, y) = 4y — 8 = 0 = critical point is (—3, 2)
= 2= /13: Dy (=3, 2) = 4, Dyy(—3,2) =4, Dy (—3,2) =0 = Dy Dy, — D

minimum 0fd<—3, 2, \/B) = \/%

=16 > 0and Dy, > 0 = local

2
Xy

V(x,y,2) = (2x)(2y)(2z) = 8xyz; x> + y? + 22 =4 = 2= /4 — x2 — y2 = V(x, y) = 8xy /4 — x2 — y2,

x Oandy 0= Vi(x,y)= % = 0and Vy(x, y) = 210 =8¢ _  — critical points are

Ty
0, 0), (f f) (%—%) (—7,7) and( Z, f) Only (0, 0) and(\/— f) satisfy x Oandy 0
V(0, O)anndV(%, 23 33 Onx =0, 0<y<2=V(0,y)=8(0)y\/4 — 02 —y? = 0, no critical points,

V(0,0)=0,V(0,2)=0;0ny = 0 0<x<2=V(x, 0) =8x(0)v/4 — x> — 0> = 0, no critical points, V(0, 0) = 0,

2
V(0, 2):O;Ony:\/4—x2,0§x§2:>V(x, \/4—x2) —8X\/4—x2\/4—x2— \/4—x2) =0

no critical points, V(0, 2) = 0, V(2, 0) = 0. Thus, there is a maximum volume of f4[ if the box is \[ 7 X %

S(x, y, z):2xy+2yz+2xzxyz:27éz:géS(x Y, z):2xy+2y(g)+2x<ﬂ) :2xy+$+$ x>0,
y > 0; Sx(x, y) =2y — 23 = O and Sy(x, )—2x———0:>Cr1tlcalp01ntls(3 3)=z=3; Sx(3,.3) =4,

Syy(3,3) =4, Dxy(3,3) =2 = DyDyy — D;, = 12 > 0and Dy, > 0 = local minimum of S(3, 3, 3) = 54
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59. Let x = height of the box, y = width, and z = length, cut out
squares of length x from corner of the material See diagram

at right. Fold along the dashed lines to form the box. From
the diagram we see that the length of the material is 2x 4y z

and the width is 2x + z. Thus (2x + y)(2x +z) = 12

2(6 —2x2+xy)
2x+y

2xy(6 =22 +xy) X X
iy where x > 0,y > 0.

= V(x,y) =
4(3y? — 4x3y — 4x2y? — xy?
Valn,y) = AR

Vy(x,y) = 2126 72:;;‘;?7)‘2%) = 0 = critical points are <\/§, 0), ( V3, O) (\[ \[)

and (_%’ _%) Only (\/5, 0) and (ﬁ, \%) satisfy x > 0 and y > 0. For (\/_, O): z = 0; Vi (\/5 O) 0,
Vyy(\/g, 0) = -2\/3, ny( ) = —4/3=> VixVyy — Vi, = —48 < 0 = saddle point. For (L\[ %) =

=z= .Since V(x,y,z) =xyz d

= 0and

() =
v

Vi < 0 = local maximum of ( 4 4

) = s v ) = o Ve -V =
L — _16_
V3B ﬁ) YA

60. (a) (i) Onx=0,1fx,y)=f0,y)=y> —y+1for0<y < 1;f(0,y) =2y —1=0 = y:%andx:O;

£(0,1) =2,£(0,0)=1,and f(0,1) = 1

(i) Ony:I fx,y) =fx, ) =x>+x+1for0 <x < I; f'(x,) =2x+ 1 =0 = x:—%andyzl,but
(= 3,1) is outside the domain; f(0,1) = 1 and f(1,1) =3

(i) Onx=1,f(x,y)=f(l,y)=y*’+y+1for0<y < 1;f'(1,y) =2y +1=0 = y:—%andx:l,but
(1,— 3) is outside the domain; f(1,0) = 1 and f(1,1) =3

(iv) Ony=0,fxy) =f(x,00=x>—x+1for0 <x < 1;f'(x,00 =2x -1 =0 = x:%andy:O;
f(1,0) = 2;1(0,0) =1, and f(1,0) = 1

(v)  On the interior of the square, fy(x,y) =2x+2y — 1 =0and fy(x,y) =2y +2x -1 =0 = 2x+2y =1
= (x+y) =3. Thenf(x,y) = x> +y>+2xy —x—y+ 1 = (x +y)> = (x + y) + 1 = 3 is the absolute
minimum value when 2x 4+ 2y = 1.

(b) The absolute maximum is f(1,1) = 3.

61. (a) ‘é{ %‘;—’:4—2; g—‘é’t‘+dy——251nt+2003t—0 = cost=sint = x=y

(i)  On the semicircle x*> +y> =4,y 0, we have t = jandx =y = \/5 = f(\/i \/E) = 2\/5. At the
endpoints, f(—2,0) = —2 and f(2, 0) = 2. Therefore the absolute minimum is f(—2,0) = —2 when t = T;
the absolute maximum is f (\/5, \/5) =2v/2whent= 7.

(ii)) On the quartercircle x> +y> =4,x Oandy 0, the endpoints give f(0,2) = 2 and f(2,0) = 2.
Therefore the absolute minimum is f(2,0) = 2 and f(0,2) = 2 when t = 0, Z respectively; the absolute

maximumisf(\/i \/5) =2v/2whent= 7.
(b) % gf ‘é’;-i—gi ‘3’: y & —|—xdy = —4sin’t+4cos’t=0 = cost= £sint = x= +y.

(i) On the semicircle x> +y?> =4,y 0, we obtainx =y = ﬁatt: 7and x = —ﬁ,y = \/Eat
=37 Theng (ﬁ ﬁ) —2andg (f\/i, ﬁ) — 2. At the endpoints, g(—2,0) = g(2,0) = 0

o . . _ _ 37T . . .
Therefore the absolute minimum is g (—\/5, \/5) = —2 when t = 77 ; the absolute maximum is

g(ﬁ,ﬁ) =2whent= 7.
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(i)  On the quartercircle x> +y> =4,x Oandy 0, the endpoints give g(0,2) = 0 and g(2,0) = 0
Therefore the absolute minimum is g(2,0) = 0 and g(0,2) = 0 when t = 0, T respectively; the absolute

maximum is g (\/5, \/5) =2whent= 7.

(© % = % ‘é—’t‘ + g'y‘ i{ 4x & dX +2y 5 dy — = (8cost)(—2sint) + (4sint)(2cost) = —8costsint =10
= t=0, 7, m yielding the points (2,0), (0,2) for 0 <t < 7.

(i)  On the semicircle x> +y?> =4,y 0 we have h(2,0) = 8, h(0,2) = 4, and h(—2, 0) = 8. Therefore,
the absolute minimum is h(0,2) = 4 when t = g ; the absolute maximum is h(2,0) = 8 and h(—2,0) = 8
when t = 0, 7 respectively.

(ii)) On the quartercircle x> +y> =4,x Oandy O the absolute minimum is h(0,2) = 4 when t = g ; the

absolute maximum is h(2,0) = 8 when t = 0.

62. () $=S G+ L X-2%43F = —6sint+6cost=0 = sint=cost = t=Ffor0<t<m
(1)  On the semi-ellipse, %2 + y; =1,y 0,f(x,y)=2x+3y=6cost+6sint=206 (@) +6 (%) = 6ﬁ
att = % . At the endpoints, f(—3,0) = —6 and {(3,0) = 6. The absolute minimum is f(—3,0) = —6 when
t = 7; the absolute maximum is f (%ﬁ, \/5) = 6\/5 whent = 7.
(i)  On the quarter ellipse, at the endpoints f(0,2) = 6 and f(3,0) = 6. The absolute minimum is f(3,0) = 6
and f(0,2) = 6 when t = 0, J respectively; the absolute maximum is f ( f ) = 6ﬁ whent = 7
(b) d—% = % ‘é—’t‘ + g—i % —ydx +xdy = (2 sint)(—3 sin t) + (3 cos t)(2 cos t) = 6 (cos’t — sin’t) = 6 cos 2t = 0

= tz% ﬁforO<t<7r.

(i)  On the semi-ellipse, g(x,y) = xy = 6sintcost. Then g ( \/_) =3 whent= 7, and

g (— %, \/5) = —3whent= % . At the endpoints, g(—3,0) = g(3,0) = 0. The absolute minimum is

g (7 #, \/5) = —3whent = %‘7 ; the absolute maximum is g (#, \/5) =3 whent= 7.
(i)  On the quarter ellipse, at the endpoints g(0,2) = 0 and g(3,0) = 0. The absolute minimum is g(3 0)=0
and g(0,2) = 0 at t = 0, 7 respectively; the absolute maximum is g ( \/_ ) =3 whent =

() b —dhdej g‘; & —2x & 4 6y D = (6cos t)(—3sint) + (12sint)(2 cost) = 6sintcost =0
=1t=02= 5, mfor 0 <t <, yielding the points (3, 0), (0, 2), and (-3, 0).
(1)  On the semi-ellipse, y 0 so that h(3,0) = 9, h(0,2) = 12, and h(—3,0) = 9. The absolute minimum is
h(3,0) = 9 and h(—3,0) = 9 when t = 0, 7 respectively; the absolute maximum is h(0,2) = 12 whent = 7.
(i)  On the quarter ellipse, the absolute minimum is h(3,0) = 9 when t = 0; the absolute maximum is
h(0,2) = 12 whent = 7.

63 =G S +Ha=yq+xq
(i) x=2tandy=t+1 = % =(t+ D)+ 2)1)=4t4+2=0 = t= —% = x=—1 andy:%with
f (—1, %) =— % . The absolute minimum is f (—l, %) =— % whent = — % ; there is no absolute maximum.
(i) Forthe endpoints: t = -1 = x=—-2andy =0 withf(—2,0) =0;t=0 = x=0andy = | with
f(0,1) = 0. The absolute minimum is f (—1,1) = — § when t = — ; ; the absolute maximum is f(0, 1) = 0

and f(—2,0) = 0 when t = —1, O respectively.

(iii) There are no interior critical points. For the endpoints: t =0 = x =0andy = 1 with f(0, 1) = 0;
t=1 = x =2andy = 2 with f(2,2) = 4. The absolute minimum is (0, 1) = 0 when t = 0; the absolute
maximum is f(2,2) = 4 whent = 1.
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df _ 9f dx , Of d
64. (a) T a—;dt—i—a—yd—%—Zx —|—2y
(i) x=tandy=2-2t = 4 =Q01)+22-20(-2) =
f(2,2) =284 L =1 Theabsolute minimum s f (£,2) = £ when t = £; there is no absolute
maximum along the line.

(i) For the endpoints: t=0 = x =0andy =2 withf(0,2) =4;t=1 = x=1andy = 0 with f(1,0) = 1.

The absolute minimum is f ( 2, 5) = % at the interior critical point when t = % ; the absolute maximum is
f(O 2) = 4 at the endpoint when t = 0.

g dx Jg dy __ —2x dx —2 d
® G=F%+58= oy ot iy ¥

() x=tandy=2-2t = x> +y? =5 —8t+4 = & = _(5¢ — 8t +4) 2[(—20(1) + (—2)(2 — 20(—2)]
— (52— 8t+4) (10t +8) =0 = t= I = x=1%andy=Zwithg (%, 2) = (i = 2. The absolute

5)
maximum is g (%, %) = % when t = ‘5—‘ ; there is no absolute minimum along the line since x and y can be

as large as we please.

(i) For the endpoints: t =0 = x =0andy = 2 with g(0,2) = %;tzl = x=landy = 0 with g(1,0) = 1.

The absolute minimum is g(0,2) = 1 when t = 0; the absolute maximum is g (2,2) = 2 whent = %.

65. w=(mx;+b—y)’ + (mx+b—yy)’+ -+ (mx, + b—y,)
= §—X =2(mx; +b—y;)(x1) +2(mxy +b—y2)(x2) + -+ +2(mx, + b — yu)(xn)
= %—‘g =2(mx; +b—y)(1)+2(mxy +b—y2)(1) + -+ + 2(mx, + b — y,)(1)
g—r‘g =0= 2[(mx1 +b—y)(x)+ (mx; +b—y2)(x2) + - + (mxn—l—b—yn)(xn)] =

:>mx%+bx1 —X1y1+mx3+bxa—xaya+ - +mx2+bx, — Xy, =0
=m(x]+x3+ - +x2)+bxi + X2+ +Xa) — (X1y1 +Xay2+ -+ Xpyn) =0

= mY_ (x7) +bXx — X (xyk) =0

k=1 k=1 k=1
‘Z—‘g :OéZ[(mxl +b7y1)+(mX2+b7y2)+~~+(mxn+b7yn)] =0
=>mx;+b—y+mx+b—-y,+---+mx, +b—-y, =0

= mx; +x2+ -+ X))+ (b+b+--+b)—(yi+y2+-+yn)=0
émZxk—i—bZl—Zyk—0:>m2xk+bn—2yk—0:>b— —<Zyk—m2xk).

k=1 k=1 k=1 k=1 k=1

n n n n
Substituting for b in the equation obtained for 2% we get mz () +1 <Zyk —my, Xk> > oxk— . (xkyk) = 0.
k=1

Xk — 1N Z(Xk)’k) =0

Multiply both sides by n to obtain mn Y (x7) + <Zyk — mZx
k=1

k=1 k= k=1

e

st + () (B -m(En) nFown =

1

() (E)
= mlni (xp) — <Zn:Xk> 2] =n Zn:l(kak — (an:le> (an:I >
o S (En) (5n)  (En)(En) e

03 (x2)— (Zu)z (z)—z<>

k=1

To show that these values for m and b minimize the sum of the squares of the distances, use second derivative test.

k=1

= mn3 () - (ZXk)ZZHZ(XkYk)—
)

a—w—Zx +2x3 4+ +2x3 —22( 2 amab_le+2x2+ +2xn—22xk, abz =2424---4+2=2n
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n

@w_<%%y_Pé&ﬂ@m_PZMF_ﬂQ;@_<émy]

k=1

n n 2
Now, n3Y- (xg) — (Zxk> =n(xf + x5+ x7) = (X1 + X2+ o+ X)) (X1 + X2+ 0+ X)
2

k=1 k=1
— nx2 2 2 g2 _ _ _ _ )
=nXjy+nx;+---+nx; — X7 — XX — -0 — XXy — XX — X5 — o — XXy — XpX| — XpXp — - X
=n-D)x2+m-1)x3+-+(n—1)x2—2x1% — 2XX3 — -+ — 2X1 Xy — 2XX3 — -+ — 2 XXy — =+ — 2 Xp_ Xy

= (x3 —2x1% +x3) + (x3 —2xyx3 + X%)-ﬁ-'--—l—(x%—2X|Xn+X121)+(X%—2X2X3—|- x%)—i—-n—l—(x%—szxn—i—xg)
ot (X2 — 2Xpo1Xn + X2)
=(x1—x2) 4+ (X1 —x3) 4+ (X —Xn) A (Ko —X3)TH o (K= Xn) T F o+ (Kot — Xn)® O

2 n n 2
Thus we have : (g;"g)(%ﬁ) — (a?j‘gb) =4[nd>(x}) — (Zxk) ] 4(0) =0.If x; = x5 = --- = X, then
k=1 k=1

2 5 n
(WW)(yW)-(@“’) =0.Also, 2% =25 (x2)  0.Ifx; =X = -+ = X, = 0, then Z% = 0.
k=1

om? ‘b2 Om b > dm? om?

Pw Pw Pw

2
Provided that at least one x; is nonzero and different from the rest of xj, j # i, then (W) ( o2 ) — ( 3 ab) > 0 and

2 . e .
% > 0 => the values given above for m and b minimize w.

66. m — Q®-36) _ 3

= 73 = 3 and k Xk Vi x2 XYk
1 -2 0 4 0
b=5[—30]=3 2 0 2 0 0
=y=3x+3;y|_, =4
Y=13 35 Y] xes 3 3 2 3 4 6
% 0 5 8 6
67. m= 7(2)8)?_}3(55)14) = — % and k X Vi x2 XYk
_ 1 20 _ 9 1 —1 2 1 -2
b=3[-1-(-R) @] =% 5 0 © 0 5
= y=_20y4 9. | —_71
Yy=-5 3°Y=a =713 3 3 4 9 12
b 2 -1 10 —14
68. m= % =3 and k X, Vi x2 Xi Vi
1 0 0 0 0
b=3[5-303]=5% > 2 I 2
=y=3x+1iy| _,=%Z
y=3 6°Y =4 = % 3 2 3 4 6
b 3 5 5 8

69-74. Example CAS commands:

Maple:
f:=(xy) > x2+y"3-3*x*y;
x0,x1 :=-5,5;
y0,yl :=-5,5;

plot3d( f(x,y), x=x0..x1, y=y0..y1, axes=boxed, shading=zhue, title="#69(a) (Section 14.7)" );
plot3d( f(x,y), x=x0..x1, y=y0..y1, grid=[40,40], axes=boxed, shading=zhue, style=patchcontour, title="#69(b)
(Section 14.7)" );

fx := D[1](f); #(c)
ty := D[2](f);

crit_pts := solve( {fx(x,y)=0,fy(x,y)=0}, {x,y} );

fxx := D[1](fx); #(d)

fxy := D[2](fx);
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fyy := D[2](fy);
discr := unapply( fxx(x,y)*fyy(x,y)-fxy(x,y)"2, (x,y) );
for CP in {crit_pts} do #(e)
eval( [x,y,fxx(x,y),discr(x,y)], CP );
end do;
# (0,0) is a saddle point
#(9/4, 3/2) is a local minimum
Mathematica: (assigned functions and bounds will vary)
Clear[x,y,f]
flx_y_l=x*>+y> —3xy
Xxmin= —5; xmax=J5; ymin= —5; ymax=5;
Plot3D[f[x,y], {x, xmin, xmax}, {y, ymin, ymax}, AxesLabel — {x,y, z}]
ContourPlot[f[x,y], {X, xmin, xmax}, {y, ymin, ymax}, ContourShading — False, Contours — 40]
fx=D[f[x,y], x];
fy=DIf[x,y], yI;
critical=Solve[ {fx==0, fy==0},{x, y}]
fxx= D[fx, x];
fxy= D[fx, y];
fyy=Dlfy, yI;
discriminant= fxx fyy — fxy?
{{x, y}, f[x, y], discriminant, fxx} /.critical

14.8 LAGRANGE MULTIPLIERS

1.

vi=yi+xjand yg=2xi+4yjsothat Y f=Ayg = yi+xj=A2xi+4yj) = y=2x\and x = 4y
= x=8x\ = \= :l:#orx:O.
CASE 1: If x = 0, then y = 0. But (0, 0) is not on the ellipse so x # 0.
2
CASE2: x#0 = A= i# = X = i\/Ey = (iﬁy) +2y2 =1 = y= i%.

Therefore f takes on its extreme values at ( + \/75, %) and ( + #, — %) . The extreme values of f on the ellipse

are :tg.

vi=yi+xjand v g=2xi+2yjsothat yf=Awg = yi+xj=A2xi+2yj) = y=2x)and x =2y

= x=4x\ = x=0o0rA= +1.

CASE 1: Ifx = 0, then y = 0. But (0, 0) is not on the circle x> +y> — 10 = 0 so x # 0.

CASE2: x#0 = A= £} = y=2x(£1)=tx = 2+ (£x)°-10=0 = x=£/5 = y= £./5.
Therefore f takes on its extreme values at (i \/5, \/§> and (i \/_ ,—\/5). The extreme values of f on the

circle are 5 and —5.

Vi=-2xi—2yjand \yg=1i+3jsothat Yf=A Ay g = —2xi—2yj=Ai+3j) = x:—%andy:—%

= (— %) +3 (— %) =10 = A=-2 = x=1landy =3 = ftakes on its extreme value at (1, 3) on the line.
The extreme value is f(1,3) =49 — 1 — 9 = 39.

vi=2xyi+x’jand \yg=i+jsothat yf=Ayg = 2xyi+x%j=Ai+j) = 2xy=Aand x> =\

= 2xy=x> = x=0o0r2y = x.
CASE1l: Ifx=0,thenx+y =3 = y=3.
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CASE2: Ifx #0,then2y =xsothatx+y=3 = 2y4+y=3 = y=1 = x=2.
Therefore f takes on its extreme values at (0, 3) and (2, 1). The extreme values of f are f(0,3) = 0 and f(2,1) = 4.

5. We optimize f(x, y) = x> + y?, the square of the distance to the origin, subject to the constraint
g(x,y) =xy? —54 =0. Thus 7 f=2xi+2yjand v g = y%i + 2xyjsothat 7 f= A7 g = 2xi+ 2yj
= A (y%i +2xyj) = 2x = Ay? and 2y = 2)\xy.
CASE 1: Ify = 0, then x = 0. But (0, 0) does not satisfy the constraint xy?> = 54 so 'y # 0.
CASE2: Ify #0,then2 =2Xx = x=1 = 2(5) =Ay? = y? =% . Thenxy’ =54 = (}) (%) =54
= M=% =2 A=1=x=3andy’=18= x=3andy = +3v/2.

Therefore (3, + 3\/5) are the points on the curve xy? = 54 nearest the origin (since xy? = 54 has points increasingly

far away as y gets close to 0, no points are farthest away).

6. We optimize f(x, y) = x? + y?, the square of the distance to the origin subject to the constraint g(x,y) = x?y — 2 = 0.
Thus w7 f = 2xi +2yjand v g = 2xyi + x*jsothat 7 f= A g = 2x = 2xy\ and 2y = x?\ = A = 2, since
x =0 = y=0(but g(0,0) # 0). Thus x # 0 and 2x = 2xy (i—X) =x2=2y’ = (2y’)y—-2=0 = y=1(since
y>0) = x= =+ \/5 . Therefore ( + \/5, 1) are the points on the curve x?y = 2 nearest the origin (since x2y = 2 has

points increasingly far away as x gets close to 0, no points are farthest away).

7. () yf=i+jand yg=yi+xjsothat yf=Ayg=i+j=Ayi+xj)=1 :/\yandlz)\x:>y:§and
X=1= 5 =16=>X = %1 Usel=1sincex >0andy > 0. Thenx =4 and y = 4 = the minimum value is 8
at the point (4,4). Now, xy = 16, x > 0, y > 0 is a branch of a hyperbola in the first quadrant with the x-and y-axes
as asymptotes. The equations x + y = c give a family of parallel lines with m = —1. As these lines move away from
the origin, the number c increases. Thus the minimum value of ¢ occurs where x + y = c is tangent to the hyperbola's
branch.

by vif=yi+xjand yg=i+jsothat yf=Ayg=yi+xj=AMi+j)l=y=A=xy+y=16=>y=28
= x =8 = f(§,8) = 64 is the maximum value. The equations xy =c(x >0andy >0orx <Oandy <0
to get a maximum value) give a family of hyperbolas in the first and third quadrants with the x- and y-axes as
asymptotes. The maximum value of ¢ occurs where the hyperbola xy = c is tangent to the line x +y = 16.

8. Letf(x,y) = x? + y? be the square of the distance from the origin. Then 7 f = 2xi + 2yj and

vVeg=02x+yi+QRy+x)jsothat yf=Avy g = 2x=A2x+y)and 2y = A2y +x) = Z;ix =

= 2x = (2;1X>(2x+y) = xQy+x)=y2x+y) = xX>=y? = y= £x.

CASEl: y=x = X4+ xx)+x>-1=0 = x= :I:%andyzx.

CASE2: y=—Xx = X>+x(—x)+(—x)?—-1=0 = x= +landy = —x. Thusf( ,%) =2

S

:f(_%7—%) and f(1, —1) = 2 = f(—1, 1).
1 1

Therefore the points (1, —1) and (—1, 1) are the farthest away; (W’ —3) and (— %, —

L ) are the closest

S

points to the origin.

9. V=nmr’h = 16 = ar’h = 16 =r’h = g(r,h) =r’h — 16; S = 27th + 271> = <7 S = (27h + 4mr)i + 271j and
v g = 2rhi +r’jso that 7 S = A\ 7 g = (27th + 47r)i + 271 = A (2rhi + r?j) = 27rh + 47t = 2rh\ and 27t = Ar?
= r=0o0r\= 27” But r = 0 gives no physical can,sor #0 = A\ = 27" = 27h + 4nr :2rh(%) =2r=h
= 16 =r?*(2r) = r =2 = h = 4; thusr = 2 cm and h = 4 cm give the only extreme surface area of 247 cm?. Since
r=4cmandh=1cm = V = 167 cm® and S = 407 cm?, which is a larger surface area, then 247 cm? must be the

minimum surface area.
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For a cylinder of radius r and height h we want to maximize the surface area S = 27rh subject to the constraint
g(r,h) =12 + (g)2 —a?=0. Thus 7S =2rhi+27mjand 7 g =2ri+ jsothat S =A<y g = 27h=2\rand

27rr:% = ”Th:)\and27rr:(”7h) (%) = 42=h? = h=2r = r2+47‘2:a2 =2t=a = r=

= h=ay2 = S=2r (%) (aﬁ) = 2ma?,

Nig

:(2)()(2y):4xysubjecttog(x,y):%4—y 1=0; VA=4dyi+4xjand v g=gi+ 9‘]sothath
=Ave = dyitdxj=A(3i+2j) = dy= () Nanddx= (¥)X = A= and4x = (¥) (&)

2 E=BN 2 . .
:>y::|:§X:> %—}-(;) =1 $x2—8z>x—:|:2\/7 We use x = 2+/2 since x represents distance.
Theny = 3 (2\/_> 3\[ , so the length is 2x = 4+/2 and the width is 2y = 3/2.

P:4x+4ysubjectt0g(x,y):z—j—f— —1=0; yP=4i+4jand Vg—i’z‘l—f—bz_]sothat vP=\Avg

S 4= () randd=(F)A = A= anda=(3) (¥) = y=(%)x = —+<b> —1 = 54

X

— 2 1 h2) 2 — gt _ b? b? b 0y — 20
=1= (a*+b)x*=a :x—m,smcex>0:>y—( )X_Jm—m:>W1dth_2x_¢m—m

and height = 2y = \/% = perimeter is P = 4x + 4y = % =4y/a% + b2

vi=2xi+2yjand v g=(2x—2)i+ 2y —4)jsothat 7 f =\ g =2xi + 2yj = A\[(2x —2)i+ 2y — 4)j]

= 2x=A2x—2)and2y = A2y —4) = x = andy= 2 A#1 = y=2x = x> —2x+(2x)? —4(2x) = 0
=x=0andy =0, or x =2 and y = 4. Therefore f(0,0) = 0 is the minimum value and f(2,4) = 20 is the maximum
value. (Note that A\ = 1 gives 2x = 2x — 2 or 0 = —2, which is impossible.)

vi=3i—jand v g=2xi+2yjsothat Yf=Ayg=3=2 xand—1=2 \y=> A= and-1=2(3)y

=y=—-3 =>x +(—§) =4 = 10x>=36=x= i\/—l—o = x:Tandy:—ﬁ,orx:—L and

é

y = \/LTO Therefore f (ﬁ, — \/2—) \F +6 =24/10 + 6 ~ 12.325 is the maximum value, and f (— ﬁ, LIO)

= —2+/10 4+ 6 ~ —0.325 is the minimum value.

T =(8x —4y)i+ (—4x +2y)jand g(x,y) = x> +y?—25=0 = yg=2xi+2yjsothat yT=Ayg
= (8X—4y)l+( 4x +2y)j = A2xi +2yj) = 8x —4y =2Axand —4x +2y =2y = y= 2 A #1
= 8x—4(:2) =2\ = x=0,or A=0,0r A =5.
CASE1: x =0 = y = 0;but (0,0) is not on x> + y? = 25 so x # 0.
CASE2: A=0 = y=2x = x>+ (2x)? =25 = x= ++/5andy = 2x.
CASE3: A=5 = y==2 = 324 (=5’ =255x= +2/5=x=2/5andy = —/5,orx = —2/5
andy:\ﬁ.
Therefore T (\/g, 2\/5) =0°=T (—\/5, —2\/5) is the minimum value and T (2\/3, —\/5) = 125°

=T (—2\/5, \/§> is the maximum value. (Note: A =1 = x = 0 from the equation —4x + 2y = 2\y; but we

found x # 0 in CASE 1.)

The surface area is given by S = 4rr? + 27rh subject to the constraint V(r, h) = 3 4 713 4 7r*h = 8000. Thus
v S = (8nr + 2rh)i + 27rj and 7 V = (4nr? + 27rh) i + 7r?j so that 57 S = A 7 V = (871 + 27h)i + 271j
= A[(4nr® 4 2nrh) i + 7r%j] = 8mr+ 2wh = A (471 + 27rh) and 27 = A = r=0o0r2 =r\. Butr #0
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S02=1\ = A= % = 4r+h= % (2r2 +rth) = h=0 = the tank is a sphere (there is no cylindrical part) and

475 = 8000 = r=10(2)"",

Let f(x,y,z) = (x — )2 + (y — 1)?> + (z — 1)? be the square of the distance from (1, 1, 1). Then
vi=2x—-1Di+2(y—1Dj+2(z— Dkand syg=i+2j+3ksothat yf=Avyg

= 2(x— Di4+2(y — Dj+2z— Dk =i +2j+3K) = 2(x—1) =\ 20y — 1) =2),2(z — 1) = 3\

= 2y - D=22(x—Dland2(z— D) =32(x - D] = x =2 = z+2=3 (1) orz= 2! thus
42y +3(2) —13=0 = y=2 = x=3andz= 3. Therefore the point (3,2, 3) is closest (since no
point on the plane is farthest from the point (1, 1, 1)).

Let f(x,y,z) = (x — 1)2 + (y + 1)®> + (z — 1)? be the square of the distance from (1, —1, 1). Then
vi=2x—-1Di+2(y+1Dj+2(z— Dkand sy g =2xi+2yj+2zksothat Yf= Ay g=x—1=Ax,y+ 1=y
ndz— 1=z x= .y =~ phyandz— e £ 1 () (=) + () 4

= 5= j:% = x:%,y:—%,z:%orx:—%,y:%,z:—%. The largest value of f

occurs where x < 0,y > 0, and z < 0 or at the point (— % , % , — %) on the sphere.

Let f(x,y,z) = x> + y? + 22 be the square of the distance from the origin. Then <7 f = 2xi + 2yj + 2zk and

V g =2xi —2yj—2zksothat Y f= Ay g = 2xi+ 2yj+ 2zk = A(2xi — 2yj — 2zk) = 2x = 2x\, 2y = 2y,
and2z = —2z\ = x=0o0r A =1.

CASEl: A =1=2y=2y=y=0;2z2=-22 = z=0=x>-1=0= x>-1=0=x= £ landy=z=0.
CASE2: x =0 = y? —z? = 1, which has no solution.

Therefore the points on the unit circle x? 4 y? = 1, are the points on the surface x? + y? — z? = 1 closest to the origin.
The minimum distance is 1.

Let f(x,y,z) = x> + y? + 22 be the square of the distance to the origin. Then 7 f = 2xi + 2yj + 2zk and
veg=yi+xj—ksothat yf=Ayg = 2xi+2yj+2zk=Ayi+xj—Kk) = 2x = Ay,2y = Ax,and 2z = —\

= x=% = 2y:/\(%) = y=0o0rA= +2.

CASEl: y=0=x=0= —z4+1=0= z=1.

CASE2: A=2 = x=yandz= -1 = x> —(=1)+1=0 = x?+2 =0, s0 no solution.

CASE3: A =-2 = x=-yandz=1 = (—-y)y—14+1=0 = y =0, again.

Therefore (0, 0, 1) is the point on the surface closest to the origin since this point gives the only extreme value
and there is no maximum distance from the surface to the origin.

Let f(x,y,z) = x> + y? + z2 be the square of the distance to the origin. Then 7 f = 2xi + 2yj + 2zk and

VvV eg=-yi—xj+2zksothat yf=Ay g = 2xi+ 2yj+ 2zk = A\(—yi — xj + 2zk) = 2x = —y\, 2y = —x\, and
22z=2z\ = A=1lorz=0.

CASE1l: A=1 = 2x=-yand2y=-—x = y=0andx=0 = z2—-4=0 = z= +2andx =y =0.

2

CASE2: 2=0 = —xy—4=0 = y=—2% Then2x =%\ = A= and— & = —x\ = —gz—x(%‘)

= xt=16 = x= +2. Thus,x =2andy = —2,orx=—2andy = 2.
Therefore we get four points: (2, —2,0), (—2,2,0), (0,0,2) and (0,0, —2). But the points (0, 0, 2) and (0, 0, —2)

are closest to the origin since they are 2 units away and the others are 2\/5 units away.

Let f(x,y,z) = x? + y? + z2 be the square of the distance to the origin. Then 7 f = 2xi + 2yj + 2zk and
vV g =yzi+xzj+xyksothat 7 f= A g = 2x = \yz, 2y = Axz, and 2z = Axy = 2x% = Axyz and 2y? = \yxz
= x*=y’ > y=+x = z=+x = x(£x)(£x)=1 = x= £ 1 = thepoints are (1, 1, 1), (1,—1,—1),
(-1,-1,1),and (-1, 1, —1).
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vi=i—2j+5kand sy g =2xi+2yj+2zksothat sy f =A<y g =i—2j+ 5k = A(2xi + 2yj + 2zk) = 1 = 2x),
—2 =2y and 5 =2z\ = x:%,y:—%:—Zx,andz:%sz = X2+ (—2x)2+5x)?=30 = x= £ 1.
Thus,x =1,y=—-2,z=50rx = —1,y = 2,z = —5. Therefore f(1, —2,5) = 30 is the maximum value and

f(—1,2,—5) = —30 is the minimum value.

vf=i+2j+3kand 7 g = 2xi+2yj+2zksothat 7 f= A7 g = i+ 2j + 3k = A2xi + 2yj + 22k) = 1 = 2x\,

2 =2yA,and 3 = 2z\ = x:%,y:%:2x,and22%:3x = xX2+2x)2+03x)P2>=25 = x= :t\/iﬁ.

Thus, x = 15 — 10z — 13 Therefore f (L

S T B s - E &L)
V14’ V14’ V14 V14’ V14 V14" V14’ V147 /14
— ; - _ .5 _ 10 _ 15 ) _ _ ; ni

= 54/ 14 is the maximum value andf( moRimv R \/ﬁ) = —5+/14 is the minimum value.

f(x,y,z) =x>+y?’+z%and g(x,y,2) =x+y+2z—9=0 = <7f=2xi+2yj+2zkand 7 g =i+ j+kso that
vi=Aveg = 2xi+2yj+2zk=Ai+j+k) = 2x=A\2y=Nand2z=A=x=y=z=>x+x+x—-9=0
= x=3,y=3,and z = 3.

f(x,y,z) =xyzand g(x,y,z2) =x+y+2>—16=0 = <y f=yzi+xzj+ xykand 7 g =i + j + 2zK so that
vi=Aveg = yzi+xzj+xyk=ANi+j+22k) = yz=Axz= )\ andxy=2zZA\=>yz=xz=z=0o0ry =x.
Butz > 0sothaty = x = x? =2z)and xz = \. Then x®> = 2z(xz) = x = 0 or x = 2z%. Butx > 0 so that

x=27 = y=27 = 222422 +722=16 = z= i%. Weusez:%sincez>0. Thenx = £ andy = £

P 32032 4 ) _ 409
which yields £ (2,3, &) = 4%
V=xyzand g(x,y,z) = x> +y?+2> — 1 =0 = ¢V = yzi + xzj + xyk and 7 g = 2xi + 2yj + 27k so that
VV=Aveg = yz=A,xz=JAy,andxy = Az = xyz=Ax’andxyz=)\y? = y= £x = z= £x
= xX2+x2+x2=1= x= % since x > 0 = the dimensions of the box are %by ﬁ by ﬁ for maximum

volume. (Note that there is no minimum volume since the box could be made arbitrarily thin.)

V = xyz with x,y, z all positive and 2 + ¥ + 2 = I; thus V = xyz and g(x, y, z) = bcx + acy + abz — abc = 0

= v V=yzi+xzj+xykand 7 g =bci+acj+abksothat 7 V=X g = yz= Abc, xz = )ac, and xy = Aab
= Xyz = Abcx, Xyz = Aacy, and xyz = Aabz = A # 0. Also, Abcx = Aacy = Aabz = bx = ay, cy = bz, and
cx=az = y="2xandz=¢x. Then2 +{4+¢=1= 241 (0x)+1(¢x)=1= =1 = x=1

= y= (g) (%) :%andz: (g) (%) =3 = V=xyz= (%) (g) (%) = a%is the maximum volume. (Note that

there is no minimum volume since the box could be made arbitrarily thin.)

v T =16xi+4zj+ (4y — 16)k and 7 g = 8xi + 2yj + 8zk sothat ¢y T =A<y g = 16xi+ 4zj + (4y — 16)k
= A(8xi + 2yj + 8zk) = 16x = 8x\,4z =2y\, and4y — 16 =82\ = A =2o0rx=0.
CASEl: A=2 = 4z2=2y(2) = z=y. Thendz— 16 =16z = z=—3% = y=—73. Then
424 (-4 +4(-4)° =16 = x= +¢.
CASE2: x=0 = A=2 = 4y—16:82<%) = Y24y =422 = 4002 +y> + (y> —4y)—16=0
= y2-2y—-8=0= (y—-4dHy+2)=0 = y=4ory=—-2. Nowy =4 = 472 =42 — 4(4)
= z=0andy=—2 = 422 = (=2)> —4(=2) = z= +./3.

The temperatures are T (= %, — 4 —4) = 6422", T(0,4,0) = 600°, T (o, 2, \@) - (600 _ 24\/§) , and

T (0, -2, —\/§> = (600 + 24\/5) = 641.6°. Therefore ( + % ,— ;—‘ ,— ‘3—‘) are the hottest points on the space probe.
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v T = 400yz%i + 400xzj + 800xyzk and <7 g = 2xi + 2yj +2zk sothat v T= Ay g
= 400yz%i + 400xz%j + 800xyzk = A(2xi + 2yj + 2zk) = 400yz> = 2x), 400xz? = 2y, and 800xyz = 2z)\.

Solving this system yields the points (0, £+ 1,0), (£ 1,0,0), and ( + %, + %, + @) . The corresponding
temperatures are T (0, +£1,0) =0, T (4 1,0,0) =0,and T ( +3,+4, £ 4) = +50. Therefore 50 is the

maximum temperature at (% 5, £ #) and (— 1—%, =+ ?) ; —50 is the minimum temperature at

1 1 V2 11 V2
(ifiv iT) and (*575’ iT)~
vU=(@F+2i+xjand yg=2i+jsothat yU=Ayg = (y+2i+xj=A2i+j) = y+2=2\and
X=A=>y+2=2x => y=2x—2 = 2x+(2x —2) =30 = x =8 and y = 14. Therefore U(8, 14) = $128
is the maximum value of U under the constraint.

VM= (6+2)i-2yj+xkand g =2xi+2yj+2zksothat Yy M=\ g = (6+2)i—2yj+xk
= A2xi+2yj+2zk) = 64+z=2x\, -2y =2yA\,x=2zA = A=—-lory=0.
CASEl: A\=—-1 = 6+z=-2xandx= -2z = 6+z=—-2(—2z) = z=2andx = —4. Then
(=42 +y2+22-36=0 = y= +4.
CASE2: y=0,6+z=2x\andx =22\ = A=% = 6+z=2x(%) = 6z+2> =x*
= (62z+2%)+0*°+22=36 = z=—60orz=3. Nowz= -6 = x> =0 = x=0;z=3
= x2=27 = x= +3/3.
Therefore we have the points ( +3/3,0, 3) , (0,0, —6), and (—4, +4,2). Then M (3 V3,0, 3) —27/3 460

~ 106.8, M (—3\/5, 0, 3) — 60 — 27v/3 ~ 13.2, M(0,0, —6) = 60, and M(—4,4,2) = 12 = M(—4, —4, 2). Therefore,
the weakest field is at (—4, +4,2).

Letgi(X,y,z) =2x—y=0and g2(x,y,2) =y+z=0 = g =2i—j, v =j+k,and v f=2xi+2j— 2zk
sothat Vf= A g +p7 g = 2xi+2j — 27k = AQ2i — ) + p( + k) = 2xi+ 2j — 22k = 2X\i + (u — \)j + pk
= 2x=2\2=p— AN and—2z=p = x=A Then2=-2z—x = x=-2z—2sothat2x —y =0

= 2(—2z-2)—y=0 = —4z—4 —y = 0. This equation coupled with y + z = 0 implies z= — 3 and y = § . Then
x = 2 sothat (3,3, — %) is the point that gives the maximum value f (3 ,%,—3) = (%)2 +2(%) - (- %)2 =3
Letgi(X,y,2) =x+2y+3z—6=0and g2(x,y,2) =x+3y+92-9=0 = g =i+2j+3k,

Ve =i+3j+9k,and 7 f=2xi+2yj+2zksothat =\ g + 1 g = 2xi+2yj+ 27k
=AMi+2j+3K) +pui+3j+9k) = 2x = A+ pu,2y =2\ +3p,and 2z = 3\ + 9. Then0=x+2y+3z—6
=10 +w+A+3w+ GA+Zp) -6 = TA+17p=6,0=x+3y+9z2—9

= %(A+u)+ (3/\+ %u) + (277/\+871u) —9 = 34X\ +91u = 18. Solving these two equations for A and pu gives

__ 240 _ 18 _ A+p 81 _ 22 +3p 123 _3+% 9 st :
A= 9 and pu = 5 > X="5r=5,y="F5C =% ,and z = == =35 The minimum value is
f (g—é , % , 59—9) = 215;27 L = % . (Note that there is no maximum value of f subject to the constraints because

at least one of the variables X, y, or z can be made arbitrary and assume a value as large as we please.)

Let f(x,y,z) = x? + y? + 22 be the square of the distance from the origin. We want to minimize f(x, y, z) subject to the
constraints g;(X,y,z) =y +2z — 12 = 0 and g2(X,y,z) =x+y — 6 = 0. Thus v f = 2xi + 2yj + 2zk, v g1 = j + 2k,
and g =i+jsothat Yf=Avg+pvg=2x=u2y=A+pand2z=2A. Then0=y+ 2z — 12
=G+ 420 -2 +iu=102=520+p=240=x+y-6=L4+(3+4) 6= A+pu=6

= A+ 2u = 12. Solving these two equations for A and y gives A =4andp=4 = x =5 =2,y = MT“ =4, and

z = A = 4. The point (2,4, 4) on the line of intersection is closest to the origin. (There is no maximum distance from the
origin since points on the line can be arbitrarily far away.)
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36. The maximum value is f (% , % ,— %) = ;—‘ from Exercise 33 above.

37. Letgi(x,y,z) =z—1=0and g2(x,y,z2) = x> +y?+2? - 10=0 = g =k, W g = 2xi + 2yj + 27k, and

v = 2xyzi + x?zj + x’yksothat Y f= Ay g1 + ¢V & = 2xyz + x%zj + x2yk = A\(K) + p(2xi + 2yj + 2zk)
= 2Xyz = 2Xj1, X’z = 2yp, and X’y = 2z + A = xyz=xpu = x=0o0ryz=p = pu=ysincez = 1.

CASEl: x=0andz=1 = y>—9=0(fromgy) = y = = 3 yielding the points (0, £ 3, 1).
CASE2: =y = x’z=2y> = x> =2y?(sincez=1) = 2y’ +y>+1—-10=0(fromgy) = 3y?—-9=0

= y= :l:\/g = x2:2(:|:\/§)2 = X = :I:\/gyieldingthepoints(j:\/g, :l:\/g,l).
Now f (0, £3,1) zlandf(i\/g, i\/g,l) :6(i\/§) +lzli6\/§. Therefore the maximum of f is

14 6y/3at (i V6,13, 1),andtheminimumoffis 1 —6y/3at (i \/8,—\/5,1).

38.

(a) Letgi(x,y,2) =x+y+z—40=0and g2(X,y,2) =x+y—2z=0= yg=i+j+k, yg=i+j—k,and
VW=yzi+xzj+xyksothat yw=Avyg+pveg = yzi+xzj+xyk=Ai+j+Kk) +pui+j—k)
= vyz=A4+u,xz2=A+p,andxy=A—pu = yz=xz = z=0o0ry =Xx.

CASE1l: z=0 = x+y=40and x+y =0 = no solution.

CASE2: x=y = 2x+z—-40=0and2x—z=0 = z=20 = x=10andy = 10 = w = (10)(10)(20)
= 2000
i j k
) n=1 1 1]|=-
1 1 -1

2i + 2j is parallel to the line of intersection = the line is x = —2t + 10,

y =2t + 10, z = 20. Since z = 20, we see that w = xyz = (—2t + 10)(2t 4+ 10)(20) = (—4t2 + 100) (20)
which has its maximum whent =0 = x = 10,y = 10, and z = 20.
39.

Let gi(x,y,z) =y —x = 0 and go(x,y,z) = x>+ y? + 22 —4 =0. Then sy f = yi +xj+2zk, v g = —i+j, and

V g =2xi+2yj+2zksothat Yf=Ay g1 +puv g = yi+xj+2zk = A(—i+j) + p2xi + 2yj + 2zk)
= y=—A+2xpu, x=A+2yu,and2z=2zy = z=0o0rp = 1.

CASEl: z=0 = x>+y?—4=0 = 2x> —4=0(sincex=y) = x = :tﬁandy: :I:\/Eyieldingthepoints
(iﬁ, iﬁ,o).

CASE2: p=1=y=-2A4+2xandx=A4+2y = x+y=2x+y) = 2x=22x)sincex=y=x=0=y=0
= 72 —4=0 = z= =+ 2 yielding the points (0,0, +2).

Now, £(0,0, £2) =4 and f ( + \/5, + \/E, 0) = 2. Therefore the maximum value of f is 4 at (0,0, & 2) and the
minimum value of fis 2 at ( + \/E, + \/5, O) .

40.

Let f(x,y,z) = x> + y? + z2 be the square of the distance from the origin. We want to minimize f(x, y, z) subject

to the constraints g;(x,y,z) = 2y + 4z — 5 = 0 and g5(X,y, z) = 4x?> + 4y? — z> = 0. Thus vy f = 2xi + 2yj + 2zk,
Ve =2j+4k,and 7 go =8xi+ 8yj—2zk sothat Y f= Ay g1 +p v g = 2xi+2yj+2zk
= A(2j + 4k) + p(8xi + 8yj — 2zk) = 2x = 8xu, 2y = 2\ + 8yp, and 2z = 4\ — 2z = x:Ooru:i.

— 2 yielding the points (0, 1,1) and (0,—2,3).
CASE2: j=1

= y=A+y = A=0=22=4(0)-22(}) = 2=0 = 2y+40) =5 = y=3and
2

CASE1l: x=0 = 402 +4y? -2 =0 = z= +2y = 2y+4Q2y)—5=0 = y:%,or2y+4(72y)7520
5
= y=

4

(0> =4x*+4(3)" = no solution.
Then f (0,3,1) =3 andf(0,—2,3) =25(% + 3) = 22 = the point (0, 3, 1) is closest to the origin.
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41. wyf=i+jand yg=yi+xjsothat Yyf=Avyvg =i+j=Ayi+xj) = l=ylandl =x\ = y=x
= y2=16 = y= +4 = (4,4) and (—4, —4) are candidates for the location of extreme values. Butasx — oo,
y — ooand f(x,y) — oojasx — —oo,y — 0andf(x,y) — —oo. Therefore no maximum or minimum value
exists subject to the constraint.

4
42. Letf(A,B,C) =5 (Ax, +By, +C—-2)>=C’+B+C—- 1>+ (A+B+C—1)>+(A+C+1)>. We want
k=1

to minimize f. Then f,(A,B,C) =4A 4 2B 4 4C, f3(A,B,C) = 2A + 4B + 4C — 4, and
fc(A,B,C) = 4A + 4B + 8C — 2. Set each partial derivative equal to O and solve the system to get A = — % ,

B = %,andC = — L or the critical point of f is (—%,%,—%).

43. (a) Maximize f(a, b, c) = a?b%c? subject to a> + b% + ¢? = 12. Thus 7 f = 2ab?c?i + 2a’bc?j + 2a’b%ck and
W g = 2ai+2bj+2cksothat 7 f = A7 g = 2ab’c? = 2a), 2a’bc? = 2b), and 2a’b’c = 2cA
= 2a’b%c? =2a°A =2b2A =2c¢2\ = A=0ora’=b>=c2
CASE1l: A =0 = a’b*c?=0.

2\ 3
CASE2: a? =b? =c¢? = f(a,b,c) = a’a%a’? and 32> = 1> = f(a,b,c) = (%) is the maximum value.

(b) The point (\/E, \/l_), \/E) is on the sphere if a + b + ¢ = r2. Moreover, by part (a), abc = f (\/5, \/E, \/E)

2

3
< <%) = (abc)'/3 < % = % , as claimed.

44. Let f(x1,Xg, ... ,X,) = > aX; = ajX] + asXg + ... + a,X, and g(X1,Xg, ... ,X,) = x> + x> +... + x> — 1. Then we

i=1

want VF=Awg = a = A2x1), a0 = AQXa)s o3, = A A A0 = xx = & = A4 Ay s

n n 1/2 n n n n 1/2
= 42 =3 a = 2)‘_(251?) = f(x1,X2,... ,X) =D aX = > & (;—‘A)—Z—KZa?—(Za?) is
i=1 i i

i=1 i=1 i=1 i=1

the maximum value.

45-50. Example CAS commands:
Maple:

f:=(x,y,z) > x*y+y*z;
gl = (x,y,z) -> x"2+y"2-2;
g2 = (X,y,z) -> x"24772-2;
h := unapply( f(x,y,z)-lambda[1]*g1(x,y,z)-lambda[2]*g2(X,y,z), (X,y,z,Jambda[1],]lambda[2]) ); # (a)
hx := diff( h(x,y,z,lambda[1],lambda[2]), x ); #(b)
hy := diff( h(x,y,z,lambda[1],lambda[2]), v );
hz := diff( h(x,y,z,Jambda[1],lambda[2]), z );
hll := diff( h(x,y,z,lambda[1],Jambda[2]), lambda[1] );
hl2 := diff( h(x,y,z,lambda[1],lambda[2]), lambda[2] );
sys := { hx=0, hy=0, hz=0, h11=0, h12=0 };

ql := solve( sys, {X,y,z,Jambda[1],Jambda[2]} ); #(c)
q2 = map(allvalues,{ql })7
for pin q2 do "o

eval( [x,y,z,f(x,y,2)], p );
“=evalf(eval( [x,y,z,f(x,y,2)], p ));
end do;
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Mathematica: (assigned functions will vary)
Clear[x, y, z, lambdal, lambda2]
flx_y_,z]li=xy+yz
gllx_y_z J=x>4+y> -2
e2[x_y_z_l=x>+2722 -2
h =f[x, y, z] — lambdal gl[x, y, z] — lambda2 g2[x, y, z];
hx= DIh, x]; hy= D[h, y]; hz= D[h,z]; hL1=D[h, lambdal]; hL.2= D[h, lambdaZ2];
critical=Solve[ {hx==0, hy==0, hz==0, hL1==0, hL.2==0, g1[x,y,z]==0, g2[x,y,z]==0},
{x,y, z, lambdal, lambda2 }]//N
{{x,y, z}, f[x, y, z] }/.critical

14.9 TAYLOR'S FORMULA FOR TWO VARIABLES

1. fx,y)=x&¥ = £y =¢&,1f;, =x&, fxx =0, fxy = &, £y = x&’
= f(x,y) = f(0,0) + x£;(0,0) + y£;(0,0) + 5 [x*fxx(0, 0) + 2xyfyy (0, 0) + y*fyy (0, 0)]
=0+x-14+y-0+ % (x2-0+2xy -1 +y?-0) =x + Xy quadratic approximation;
fxxx = O’ fxxy - 0’ fxyy = ey’ fyyy = xe’
= f(x,y) & quadratic + § [x*fxx(0,0) + 3x%yfyyy (0, 0) + 3xy?fryy (0, 0) + y>fyyy (0, 0)]
=x+xy+ é (x3-04+3x%y -0+ 3xy?- 1 +y*-0) = x +xy + %ny, cubic approximation

2. f(x,y) =e*cosy = fy =e*cosy, f, = —€e*siny, f,x =e*cosy, fyy = —€*siny, f;, = —e* cosy
= f(x,y) = (0, 0) + x£(0, 0) + y£,(0,0) + % [x*£xx(0, 0) + 2xyfyy (0, 0) + y*fyy (0, 0)]
=1+x-14y-0+3[x*-1+2xy-0+y?-(—=1)] =1+x+ 1 (x* —y?), quadratic approximation;
fux = €* cosy, fixy = —€* siny, fiyy = —€* cos y, fyyy = €* siny

= f(x,y) ~ quadratic + ¢ [X*fxx(0, 0) + 3x2yfyxy (0, 0) + 3xy*fyyy (0, 0) + y3fyyy(0, 0)]
=14+x+ix2—y)+2i[x3-143x%-0+3xy?- (=) +y>- 0]
=1+4+x+3(x*—y?) + ¢ (x* = 3xy?), cubic approximation

3. fx,y) =ysinx = fy =ycosx,fy =sinx, fiy = —ysinx, fyy = cos x,fyy =0
= f(x,y) = (0, 0) + x£(0, 0) + yf,(0,0) + % [x2£4x (0, 0) + 2xyfyy (0, 0) + y*fyy (0, 0)]
=0+x-0+y-0+1(x*-0+2xy-1+y?-0) = xy, quadratic approximation;
fxxx = —y cos X, fxyy = —sin x, fyyy = 0, fyyy =0
= f(x,y) & quadratic + § [x*fxx(0,0) 4 3x%yfyyy (0, 0) + 3xy?fryy (0, 0) + yfyyy (0, 0)]
=Xy + % (x? - 0+ 3x%y - 0 + 3xy? - 0 + y3 - 0) = xy, cubic approximation

4. f(x,y) =sinxcosy = fy =cosxcosy,fy = —sinxsiny, fyx = —sinx cosy, fyy = —cos x sinYy,

fyy = —sinxcosy = f(x,y) = f(0, 0) + x£,(0, 0) + yf,(0, 0) + % [x2fxx (0, 0) + 2xyfyy (0, 0) + y*fyy (0, 0)]

=0+x-14+y-0+1(x*-0+2xy-0+y?-0) = x, quadratic approximation;

fuxx = —cos X cos y, fixy = sinx siny, fiyy = —cosx cosy, f,yy = sinxsiny

= f(x,y) ~ quadratic + é [x3fxxx (0, 0) + 3x2yfyxy (0, 0) + 3xy>fxyy (0, 0) + y>fyy (0, 0)]

=x+ ¢ [x*- (=) +3x%y - 0+ 3xy? - (= 1) + y* - 0] = x — { (x* 4 3xy?), cubic approximation
5. fyy=eln(+y) = h=e"In(+y).fy =55 ="l +y).fy = 155 . by = — 753
= f(x,y) = £(0,0) + xfx(0, 0) + yf,(0,0) + % [x2fxx (0, 0) + 2xyfyy (0, 0) + y*fyy (0, 0)]
=0+x-04+y-1+1[x*-0+2xy-1+y*- (=] =y+ 1 (2xy — y?), quadratic approximation;

_ _ X _ X _ 2X
foo = €I +¥). foy = 155 fy = — i - Ty = @9
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= f(x,y) ~ quadratic + é [x3fxxx (0, 0) + 3x%yfyxy (0, 0) + 3xy>fxyy (0, 0) + y>fyyy (0, 0)]
=y+52xy—y) 4+ [x*-043x%y - 1 +3xy* - (=) + y* - 2]
=y+ 1 (2xy — y%) + & (3x%y — 3xy® + 2y?),, cubic approximation

— _ 2 _ 1 _ -4 _ )
6. f(X,y)—ln(2X+y+1) = fX = W,fy = m,fxx = m,fxy = m,
fiy = aery e = [y = £0,0) + x£x(0,0) + y£,(0,0) + 3 [x* (0, 0) + 2xyfyy (0, 0) + y*fyy (0, 0)]
=0+x-24y-1+3[x*- (=4 +2xy-(=2)+y*- (D] =2x +y + 5 (—4x* — 4xy — y?)

=2x+y)— % (2x + y)?, quadratic approximation;

4 2

fox = A, fay = oo s Ty = oo » fyyy = e
XXX Q@x+y+1)3 2 XXy Qx+y+ 132 7XyY Qx+y+ 1% yyy @x+y+ 1)

= f(x,y) ~ quadratic + § [x*fxx(0, 0) + 3x%yfyyy (0, 0) + 3xy?fxyy (0, 0) + y>fyyy (0, 0)]
=Q2x+y)—2@x+y?+:(x*-16+3x% -8+ 3xy? - 4+y*-2)

=(@2x+y) — 5 2x+y)*+ 1 (8x3 + 12x%y + 6xy? + y?)

=02x+y)— % 2x +y)? + % (2x 4 y)3, cubic approximation

f(x,y) = sin (x* + y?) = fx = 2x cos (x> +y?), fy = 2y cos (x* + y?), fxx = 2 cos (x> + y?) — 4x? sin (x* + y?),
foy = —4xy sin (x> + y?), fyy = 2 cos (x? + y?) — 4y? sin (x* + y?)

= (x,y) & £(0,0) + X£;(0, 0) + yEy (0, 0) + L [x2£,(0, 0) + 2xyfyy (0, 0) + y*f, (0, 0)]

=0+x-0+y-0+ % (x2-242xy -0+ y?-2) = x? + y?, quadratic approximation;
fox = —12x sin (x* + y2) — 8x? cos (x? + y?), fxy = —4y sin (x? + y?) — 8x%y cos (x> + y?),

fyy = —4x sin (x? + y?) — 8xy? cos (x* + y?), fyyy = —12y sin (x* + y*) — 8y cos (x* + y?)

= f(x,y) & quadratic + § [x*fyxx(0,0) 4 3x%yfyyy (0, 0) + 3xy?fryy (0, 0) + y>fyyy (0, 0)]

=x?+y? + ¢ (x*- 0+ 3x%y - 0+ 3xy? - 0+ y* - 0) = x* + y?, cubic approximation

8. f(x,y) =cos(x*+y?) = fx = —2xsin(x* +y?), fy, = —2y sin (x* +y?),

fox = —2sin (x* 4+ y?) — 4x2 cos (x> + y?), fry = —4xy cos (x> + y?), f,y = —2 sin (x? + y2) — 4y? cos (x> + y?)
= f(x,y) & f(0,0) + X£;(0,0) + yEy(0,0) + L [x2£,,(0, 0) + 2xyfyy (0, 0) + y2fy (0, 0)]
=1+x-04y-0+1[x*-0+2xy-0+y?-0] = I, quadratic approximation;

fox = —12x cos (x? + y?) + 8x3 sin (x? + y2), fxxy = —4y cos (x* + y?) + 8x%y sin (x> + y?)
fryy = —4x cos (x* + y2) 4 8xy? sin (x? + y?), fyyy = —12y cos (x? + y?) + 8y? sin (x> + y?
= f(x,y) ~ quadratic + % [x3fxxx (0, 0) + 3x%yfyxy (0, 0) + 3xy>fxyy (0, 0) + y>fyyy (0, 0)]
=1+ ¢ (x*-0+3x% -0+ 3xy*-0+y*-0) = 1, cubic approximation

)

~—

9. fx,Y) = 1=y = &k =gy = b fx = gy
= f(x,y) = (0, 0) + x£(0, 0) + yf,(0,0) + % [x2f4x (0, 0) + 2xyfyy (0, 0) + y*fyy (0, 0)]
=1+x-14+y-1+1(x>-242xy-2+y*-2) =14+ x+y + (x> +2xy +y?)

=14+Ex+y)+Ex+ y)Q, quadratic approximation; fyxx = ﬁ = fixy = fayy = fyyy

= f(x,y) ~ quadratic + § [X*fxxx(0, 0) + 3x%yfyxy (0, 0) + 3xy*fyyy (0, 0) + y3fyyy (0, 0)]

=1+ &+y+E+y>+ 1 (x*-643x%-6+3xy*-6+y*-6)
=14+ x+y)+&+y)?+ 3 +3x2y +3xy? +y3) = 1 + (x+y) + (x +y)? + (x + y)?, cubic approximation

=ty =fyy

_ 1 _ -y _ 1—x _ 21 —y)®
10. f(X7y)_lfxfy+xy = fx_(lfxfywtxy)z’f}’_(17);7y+xy)2’fx"_(17)(7y+)(y)3’
f _ 1 f _ 2(17)()2
7T A-x—y+xy?? W T (I-x—y+xy’

= f(x,y) = 1(0,0) + x£x(0, 0) + yf,(0,0) + % [x?fxx(0,0) + 2xyfyy(0,0) + nyyy(O, 0)]
=1+x-14+y-1+3(x*-2+2xy-1+y*-2) =1+x+y+x*+xy+ y?, quadratic approximation;
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T — 6(1 —y)° [4(1—X—Y+XY)+6(1—Y)(1—X)](1—y)
XXX T T x—y +xyp)t 2 Xy = 1—x—y+xy!

f _ [-4d —x—y+xy)+6(0 —x)(1 =yl = x) f 6(1 —x)*
Xy — (1—x—y+xy) WY T U—x—y+xyt

= f(x,y) ~ quadratic + ¢ L Ix3fxx (0, 0) + 3x2 Ylxxy (0, 0) + 3xy?fxyy (0, 0) + y>fyyy (0, 0)]
=14+x+y+x2+xy+y*+L(x*-643x%y-2+3xy*-2+y>-6)
=14+x+y+x>+xy+y>+x3+x%y + xy? + y?, cubic approximation

f(x,y) =cosxcosy = fy = —sinxcosy,fy = —cosxsiny, f; = —cosxcosy, f;, =sinxsiny,
fyy = —cosxcosy = f(x,y) ~ £(0,0) + x£(0,0) + yfy (0, 0) + 3 [x 2fxx(O 0) + 2xyfyy (0, 0) + y*fyy(0, 0)]

=1+x-04+y-0+1[x*-(=D+2xy-0+y>-(=D]=1- —q — ¥, quadratic approximation. Since all partial

derivatives of f are products of sines and cosines, the absolute Value of these derivatives is less than or equal
ol = E(x,y) < §[(0.1)* +3(0.1)* + 3(0.1)* + 0.1)%] < 0.00134.

f(x,y) =e*siny = f, =e*siny,fy =e*cosy,fix =¢e*siny, f;y =e*cosy,f;, = —e*siny

= f(x,y) ~ f(0,0) + X, (0, 0) + y£,(0,0) + 1 [x2x(0, 0) + 2xyfiy (0, 0) + y2£, (0, 0)]
=0+x-0+y-1+1(x*-0+2xy-1+y?-0)=y+ xy, quadratic approximation. Now, fyx = €* sinyy,
fuy = €* cosy, fyyy = —e* siny, and fyy, = —e* cos y. Since [x| < 0.1, [e* siny| < |e%! sin 0.1] ~ 0.11 and
le* cos y| < [e”! cos 0.1] ~ 1.11. Therefore,
E(x,y) < £ [(0.11)(0.1)* 4 3(1.11)(0.1)* + 3(0.11)(0.1)3 + (1.11)(0.1)*] < 0.000814.

14.10 PARTIAL DERIVATIVES WITH CONSTRAINED VARIABLES

1.

2.

w=x>+y?+z%andz = x> +y%:

y X = Xx(y,z)

w Ox 0, z z z X

(a) <Z)—> y=y _’WZ><?9_‘;)Z*%X gy—i—g‘;’az—i—%—‘:g—y;a—y Oanda —2xa —|—2y
z=1

X

=% 42y = 0=y = B=—t = (g—y)zz(zx)(—%)+(2y)(1)+(2z)(0):—2y+2y:o

X=X
o (3) = (yven | cws G =R R moma g =g g
7Z=17

1=y % o B L () (2x)(0)+(2y)< )+(22)(1)—1+22
, X = X(y, 2)
_ 0 ow 8x ow 0 ow 0z. O 8z Ox
© <Z> - y= - v = (a_‘:)y— X 0T oy o T 9 05 —Oand G =2x 42y
= 1=2x5 = F =53 = (3), =20 (5) + O +Q)(1) = 1 +2z

w=x>+y—z+sintandx+y=t

X=X
X
@ (y] = 32) | =wv=(5) = r et e R e et o s =0%=0um
VA
t=x+y
f=1 = (3) = @00+ 1)1+ (DO + (cos (1) = T +cos t = 1 +cos (x +3)
Y X;:t;y ow ow 9x ow Oy ow 0z ow Ot. 9z ot
(b) f - 7 — 7 _’W:><W> =ox oy Tayay T o ay T B oy oy —0and 5 =0
t=t

dy dy

> B B o (g—y) = 2)(=1) + (D)(1) + (—1)0) + (cos )(0) = 1 — 2(t —y) = 1 + 2y — 2t
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X=X
' y=Yy
= ow ow 9x ow 9y ow 0Oz 6w ot. 9x dy _
(c) y — 7 =7 _)Wé(az)x,y_ax z+8y 3z+8z 8z+ 525 aZ_Oand =0
z
t=x+y

= (3),, = @0)0) + (1)(O) + (~1)(1) + (cos (0) =

N

Z=17
t=t

= (32),, = @00) + (1)) + (=1)(1) + (cos H(0) = —

y X=t—y
y=y dw Ow 9x | Ow 9y | Ow 9z | Ow Ot. Oy _ o
@) ()—’ —w= (), =aat Nt ato 59 =0adg =0

-

Z=17
t=t

= (5),, = @00) + (1) + (=1)(0) + (cos )(1) = 1 +cos t

(f) ot ox ot ot’ ot

Z=17
t=t

3—“’)%‘ = (2x)(1) + (DO) + (—1(O0) + (cos t)(1) =cost+2x =cost+ 2(t — y)

-

X X=X
y=t—x dw Ow 9x , Ow Oy | Ow 9z | Ow Ot. Ox _ 9z _
(e) (Z) - - W= (W) =% aTaata at e asa —0andg =0

X=t—y
y _
z)_> YTV s ws (), =l Qe Oy O Gy O L g and & =0
= (

t

3. U=f(P,V,T)and PV = nRT

P=P
P
@ ()~ (Y= ) v B RN R E - DO )
~ R

P =15t
Vv v
® (1) = [ VeV | U= B B E R R IR WO+
T=T
- (%) (%) +

4, w=x>+y*+7z*andysinz+zsinx =0

X =X
X _ ow ow 6x ow dy | Ow dz. dy
(a) (}’)_) y=y HW:(E)y_ ox +8y 8x+_zm 6x_oand
z = 7(X,y)
(ycosz) +(s1nx) ct+zcosx =0 = %:ﬁ. At(O,l,w),%::—T:ﬂ

= (%?Z)ﬂ o = @O+ 2O + D] g, =27

X = x(y,2)
(b) (Z) = y=y | ows (), =RE R RS =205 @O+
7 =127

(2x) >+ 2z. Now (sin z) 5 Y 4y cosz+ sinx + (z cos X) 5 ax =0 and =0

ox _ Ox __ —ycosz—sinx 1.0 1
:>yCOSZ+8mX+(ZC°“)%—O:> &= At(O = o
ow _ 1 .
= (E)y\ o1,m =20) (1) +2r =27
5. W=X2y2+yz—z3andx2+y?+z?:6
X X=X
w OX 0 7
(@) <y>—> y=y —>w:>(g—vyv)x:g_xg_y+g\;a§+%\:g_y

z=1z(X,y)
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= (2xy*) (0) + (2% +2) (D) + (y = 32%) 52 = 2%y + 2+ (y — 32%) §%. Now (2x) 35 +2y + (22) 52 = O and
B=0=2+Q2) % =0= Z=-t Atw,xy,)=421,-1),%=-L =1 = (g_vyv)

=[Q@*M) + (D] +[1 =3(=D} 1) =5

421,-1)

y x=10,2) 3 w 9 ow 9 ow Oz
o ()= 5= ) v () -naensens
7Z=17

= (2xy?) B+ 2%y +2) () + (y — 32%) (0) = (2x%y) 3 + 2x%y + 2. Now (2x) 3 +2y + (22) £ = O and

0= @) P42y=0= 2 =-L Atw,xy,)=@,21,-1,2=-1 = (3—W)

dy dy — 9 /.21,
=QQM* (- 3) + Q@M+ (- =5
6. y=uv = I:Vg—;—i—ug—;;x:uQ—f—VQandg—;:O = 0:2ug—;+2vg—; = g—;:(—%)g—; =1
_ Ou udu) _ [ vi—u? ou ou __ v _ ou __ 1 _
—va+e(-rR) = (%)% - a—y——wuz-At(”)—(ﬁ")’fﬂ_y‘12_(@“_1

du _
= (&) =1

" (g) - (;:iﬁg) = (5)y=cos i’ +y?=r = X2y F=uFadF=0= n=2f

or __ Jr X

= ﬁ_f = (m)y: /X2 +y2

8. Ifx,y, and z are independent, then (‘9—‘”)yZ — Ow Ox 4 Ow Oy %_\;/ % 4 ow 2t

0x Iox Ox By Ox ot 0x
= 2x)(D) + (=2)0) + @O0 + (1) (&) =2x + &. Thusx +2z+t=25 = 140+ 2L =0 = & =1
= (%—W) = 2x — 1. On the other hand, if x, y, and t are independent, then (%—W)
X /yz X /y,t

=+ Oy ow Bz g Ow Ot — (9x)(1) + (—2y)(0) + 4 22 + (1)(0) = 2x + 4 2. Thus, x + 2z + t = 25

=S 14+2F4+0=0= F=—7 = (§), =2x+4(-3) =2x-2

9. If x is a differentiable function of y and z, then f(x,y,z) =0 = 9L 0% 1 o0 Oy 4 ot 0z _ ¢ _ Of 4 o0 Oy _

0x dy Ox ox dy Ox
ax\ _ _ oMy i ey : : : dy\ _ _ ooz e

= (6y)Z = — 35, Similarly, if y is a differentiable function of x and z, (az ) = oo andifzisa

: : : oz _ of/ox ox dy oz
differentiable function of x and y, (ﬁ)y = = 5ty Then (8_y)z <E)x (&)y

_ (__ ofigy (_ 8f/8z) _oflox ) _ -1

- ofl0z of/ox oflgy | — .

— = 9z _ df du _ dt. 9z _ df Qu _ 4 df 9z _ \, 0z

10. z=z+f(wandu=xy = =1+ 50 =1+y g,;also By =0+ g oy = X d sothatx g7 —y B

=x(I+y§) —y(x§) =x

11. If x and y are independent, then g(x,y,z) =0 = 9¢ 0x 4 Og Oy 4 08 @zoand%:O = 984 080 _

ox dy dy Jy Jz dy y dz dy =
9z \ _ _ 0gldy :
= (ay)x =~ B, * 3 claimed.

12. Let x and y be independent. Then f(x,y,z,w) = 0, g(x,y,z,w) = 0 and % =0

of 9x 4 of Oy | Of 9z 4 Of ow _ Of | Of 9z 4 Of dw _
:>8x6x+6y6x+6z6x+8w6x_6x+626x+8w8x_0and
Og 9x 4 Og 9y | Og 9z  Og Ow _ Og 4 Og 9z 4 Og 0w

+ + + =24 +

Ox Ox dy Ox 9z Ox w x 9z Ox ow ox Olmply
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of Oz 4 Of ow _ _ of e o ) )
92 0x T ow ox —  ox = (%) "o ov| _ R ER R E-RE . laimed
92 0z 4 02 ow _ g ox)y = T oL os O o0 . oros_orop @S ClAIMEd.
972 Ox ow Ox x Zz %\: dz Iw 9z Iw Jz Iw ow 0z
% o
ikewi — — ox _ Of 9x 4 Of Oy , 0Of 9z 4 Of Ow
Likewise, f(x,y,z,w) = 0, g(x,y,z,w) = 0 and oy = 0= 35 oy T oy oy v 9, 9y T ow ay
— of | of 9z 4 Of Ow _ imi Og | 08 0z 4 98 dw _ (y
=T ooy toway = 0 and (similarly) o T o, oy T ow oy — 0 imply
o _ ot
0z dy
of 0z 4 of ow _ _ of dg o) : o : o
628y+é9w8y_ dy ow _‘i}z _ﬁ _‘%%‘Fg—gg_‘y__%%_g_‘y% laimed
9 07 L Oz ow _ g = \ay) T Jor o[ T mm_ma — — o a_ara > as claimed.
o ay + Tw ay = 3y X gg %\g dz Ow dz Ow dz Ow w 0z
3 ow
CHAPTER 14 PRACTICE EXERCISES
1. Domain: All points in the xy-plane
Range: z O
Level curves are ellipses with major axis along the y-axis
and minor axis along the x-axis.
2. Domain: All points in the xy-plane
Range: 0 <z < o0
Level curves are the straight lines x + y = In z with
slope —1, and z > 0.
3. Domain: All (x,y) suchthatx #Qandy # 0 2
Range: z # 0
z=1
Level curves are hyperbolas with the x- and y-axes *
as asymptotes.
4. Domain: All (x,y)sothatx?> —y 0

Range: z O

Level curves are the parabolasy = x> —c,c 0.

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



10.

11.

12.

13.

14.

Domain: All points (X, y, z) in space
Range: All real numbers

Level surfaces are paraboloids of revolution with
the z-axis as axis.

Domain: All points (X, y, z) in space
Range: Nonnegative real numbers

Level surfaces are ellipsoids with center (0, 0, 0).

Domain: All (x,y,z) such that (x,y,z) # (0,0, 0)
Range: Positive real numbers

Level surfaces are spheres with center (0, 0, 0) and
radius r > 0.

Domain: All points (X, y, z) in space
Range: (0, 1]

Level surfaces are spheres with center (0, 0, 0) and
radius r > 0.

lim e'cosx =e" cosm = (2)(—1) = -2

(x,y) = (m,In2)

; 24y 240
(x y)lE»n(O.O) x+cosy ~ O+cosO

lim oY = lim _X=y li
("’Y)Jf’” -y (x,y);iu,l) ®=NEEY T (xy) - (1,1) XY
X y X y
lim x*y? —1 _ lim (xy =D (% +xy+1) _
(xy) = (L1 =1 (y) = (1,1) xy—1

lim
P— (1,—1,e)

Injx+y+zl=In|l+(-1)+e/=Ilne=1

Chapter 14 Practice Exercises

2z

R

SRR

S &1@%‘&&;\
SR ER R

1

1+1

1
2

fay,=xt+y*—z=-1
or
z=x+y*+1

- rr
X +yY +2 +1

2 2 2
or X +Y +2 =1

LM B

Xy 4+xy+ 1) =12-1241-1+1=3

lim tan'(x+y+z)=tan ' (1 + (=D + (=) =tan~ ' (=1) = — 7

P—(1,—1,-1)

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.
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15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Lety = kx?, k # 1. Then( )lim(0 0 T = K %im 0,0) sz,xf(xz = % which gives different limits for
x,y) — (0, x,kx?) — (0,
y#x

different values of k = the limit does not exist.

4 kx)? 14K

Lety = kx, k # 0. Then lim XAy - which gives different limits for

= lim o
(xy) = (0,0) ¥  (x,kx) — (0,00 *%
xy # 0

different values of k = the limit does not exist.

_ . x2—y o 2_k’)2_ 1 —k2 . . . .. .
Lety = kx. Then (x7y)lgll(0,0) Ty T Tk T I which gives different limits for different values

of k = the limit does not exist so f(0, 0) cannot be defined in a way that makes f continuous at the origin.

. . in (x — . : 1, x>0 e .
Along the x-axis, y = 0 and lim SNX=y) _ iy Sinx — , so the limit fails to exist
g y
(x,y) — (0,0)  [xI+Iyl x—0 MK -1, x<0
= fis not continuous at (0, 0).
9% — cos®+sinf, 2 = —rsinf+rcosd
or > 00

R 1
of _ 1 (_2x Jr(x? =Xy o X=y ot _1(_2y ) (x =Y 4 — Xty
ox — 2 \ xX2+y? 1+ (1) 7 4y 4y T XAy 9y T 2 (Pt 1+ (5 7 Xy x’+y T x24y?

of _ 1 of _ _ 1 of 1

OR; R,Q’E)Rg__R_E’E)_Rg_ R%

h,(X,y,2z) = 27 cos 2mx +y — 3z), hy(X,y,z) = cos 2mx +y — 3z), h,(X,y,z) = =3 cos 2mx + y — 3z)

oP RT OP _ nT 0P _ nR QP __ nRT

on ~ V*®OR V9T _ V°>oV V2

£, 6, T, W) = — 57\ 7> B LT, W) = — 5/ 25 (0, 6T, w) = (5) (\/ﬁ) (ﬁ)

= i = e A AT W = () T (- hw ) = - g /X

Pg_ g P _2x g g 1
2

> Jy?2 ¥y dydx — 9xdy y

U
< lo3
Il
<=
ST
g
Il
—
|
|
Q‘>
><N)

g(x,y) =€ +ycosx, g(x,y) =sinXx = gu(X,y) =€ —ysinx, g,(X,y) =0, g,(X,y) = gx(X,y) = cos X

2 of _ o _ 2-2x* 9% o _ 0% _
1°dy — X = a2z 30x + 2+1)2° ay? =0, dyox — Oxdy 1

fix,y) = -3y, fi(x,y) =2y = 3x —siny + 7¢ = f(X,y) =0, f,(X,y) =2 —cosy+ 7e", f,(x,y) = fx(X,y) =

g—‘::yCOS(Xy‘i‘ﬂ') ow _XCOS(Xy+7T), dt:et’d_: !
= [YCOS(Xy+7r)]e +[xcos(xy+7r)]( ) t=0 = x=1landy =0

= ‘1]—“; o =0-1+[-(=D](5) =1

%—;V—eY,%—‘;—xeY—f—smz, ¥ =ycosz+sinz, ——t 1/2, i{flﬂ-;,%zw
= ‘fj—‘:“:eyt—lm-i-(xe%l—smz) (1+;)—|—(ycosz—|—smz)w;t:1 = x=2,y=0,andz=r
= W =1 142 1-0Q) +0+0r =5
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Chapter 14 Practice Exercises

a—‘: =2cos(2x —y), ‘g—‘;’ = —cos (2x —y), % =1% 8" = COs S, ‘3{ =s, gZ =r

= %—W [2 cos (2x — y)I(1) + [—cos (2x — y)](s);r =7mands=0 = x=mandy =0

= %—Vg o = (2cos 2m) — (cos 2m)(0) = 2; T = [2 cos (2x — y)](cos 5) + [— cos (2x — y)](r)
= v ‘ = (2 cos 2m)(cos 0) — (cos 2m) (M) =2 — 7

ow __ dw 9x (x

du dx ou  \T+x2

g—yzi—y%z(ﬁ—ﬁ)(—ze“sinv) = av!(,or(g—g)w):o

%:y+z,g—§:x+z,%:y+x, i _fsmt, T —cost,%:fZSinZt
- %:—(y—|—z)(sint)+(x—|—Z)(COSt)—2(y+X)(Sin2t);t:1 = x=cos 1,y =sin1,and z = cos 2
= % —; = —(sin 1 + cos 2)(sin 1) + (cos 1 + cos 2)(cos 1) — 2(sin 1 + cos 1)(sin 2)
ow __ dw 35 dw 0w __dw 9s __ dw __ dw ow ow __ dw dw __
F(x,y)=1—-x—y?—sinxy = F,=—1—ycosxyandF, = —2y — x cos xy = %:—ﬁz—%
= e = at(x,y) = (0,1) we have § o= o |

_ X _ X _ X dy _ F _ 2y +e*tY
F(x,y) =2xy+e*Y —2 = Fy=2y+e*YandFy = 2x + 'Y = d_i—_F_y—_by(Jr—Zw

_ dy 2In2+2 _
= at (x,y) = (0,In 2) we have 3 omy  0%2 T —(n2+1)
V= (=sinxcosy)i—(cosxsiny)j = Vvf|:. :——l——J = |wvfl= (—%)2-1-(—%)2:%:72;

u= % = \[ \[ j = fincreases most rapidly in the direction u = — @1— i_] and decreases most
rapidly in the direction —u = ‘[H- \[ ; Duhp, = | | = and (D_,f)p, = —

| w|§

b
A

W= = e it Dubi - vi-w=(=3) (%)+(—%) (3)=-1

Vi=2xe i) 5 il =20-2 = | Vil= V2P =2vZu= g = i

= fincreases most rapidly in the direction u = L\/— i— L\/— j and decreases most rapidly in the direction

_u:—\%i+%j;(Duf)P[|:|vf|:2 2and (D_,Dp, = —2v/2: 0 H:J%_T \%j
= Doy, = v -u = (L) + 2 (L) =0
vi= (2X+32Y+6Z>1+<m)j+<m)k:> Vf\u 1,1) = 2i + 3j + 6k;

_ vf _ 2it3j+ek _ 2 3 6 _ 25, 35,6
U= = Vrreare — 1+7 Jj+ 7k = fincreases most rapidly in the directionu = £i+ 2 j+ 5Kk and

decreases most rapidly in the direction —u = — = 1 - —j -2 k s (DUDp, = |7 f| =7, (D_uD)p, = =7,
w=p=7i+3i+3k = Dubp :<Duf)pu =7

vi=2x+3y)i+Gx+2)j+ (1 —-22k = Vf|(000)—2j+k u= ‘g;‘ = \/gj—l—%k = fincreases most

rapidly in the direction u = % i+ 7 k and decreases most rapidly in the direction —u = — % i— ﬁ k;
i+j+k . .
(Dufe, = | 7 1] = VS and O-ubr, = —/5 5w = = 7y = J5i+ i+ 5K
ST N
= Ouby = vi-u=0(%)+2 (%) +<1>(f) 2 =3
Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.

865



866  Chapter 14 Partial Derivatives

41.

42.

43.

44.

45.

46.

47.

48.

49.

r = (cos 30)i + (sin 30)j + 3tk = v(t) = (-3 sin 30i + (3 cos 3)j + 3k = v (5) = —3j+3k

= u:—%j—i—%k;f(x,y,z):xyz = W [ =yzi+xzj + xyk; t = % yields the point on the helix (-1, 0, )

= Vi o= -7 = Vi u=(—7j)- (fﬁjJr\%k):\%

fx,y,z) =xyz = wf=yzi+xzj+xyk;at(l,1,1)weget yf=1i+j+k = the maximum value of
Duf|(1.1,1) = | Vf\ = \/3

(a) Let sy f = ai+ bjat(1,2). The direction toward (2,2) is determinedby vi =2 — 1Ni+ (2 —-2)j=i=u
sothat sy f-u=2 = a=2. The direction toward (1, 1) is determined by vo = (1 — )i+ (1 —2)j= —j=u

sothat 7 f-u= -2 = —b= -2 = b=2. Therefore 7 f=2i+2j;f(1,2) =1£,(1,2)=2.

(b) The direction toward (4, 6) is determined by vs = (4 — )i+ (6 —2)j =3i+4j = u= % i+ ;—‘j
14

= v f- u= 3 -
(a) True (b) False (¢) True (d) True
vi=2xi+j+2zk = X
\V4 f| 0,-1,-1) — .] -2k, Wo-p=i+2
\vai 000 — i i
\v4 f|<0’71’1> =j+2k j

y

V£lo,1,-1y=i- 2k

v =2yj+2zk =

\Y4 f| 220) — 4j,
Vf|(z, 20) = —4j,
v f| 2,02 — 4k,

v f|(2,0,72) = —4k

vif=2i—-j—-5k = vf|(2.7|,]):4i—j—5k = Tangent Plane: 4x —2)—(y+1)—5(z—-1)=0
= 4x —y —5z=4;Normal Line: x=24+4t,y=—-1—-t,z=1-—>5t

vi=2xi+2yj+k = vf|(],1,2):2i—|—2j—|—k = Tangent Plane: 2(x — 1) +2(y— 1)+ (z—-2)=0
= 2x+2y+2z—6=0;Normal Line: x=142t,y=14+2t,z=2+t
0z __ _2x oz

x — xX2+y? = x

|(010) = 0and g—; =2 = By = 2; thus the tangent plane is
b )

2y—1)—(z—-0=0o0r2y—z—2=0

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



50.

51.

52.

53.

54.

55.

56.

57.

58.

Chapter 14 Practice Exercises 867

__1 0z _ 2 2\72 ) _ _ 1.
=—gand 5 = 2y (x*+y*) " = 5 . = — 5 ; thus the tangent

-2
9 — —2x (x*+y?) 3%“ )

planeis—%(x—l)—ﬁ(y—l)—(z—%):Oorx+y—|—22—3:0

vi=(-cosx)i+j = wf|,,=i+]j = thetangent
lineis(x—m+(y—1)=0 = x+y=m+1; the
normal lineisy — 1 =1(x—7m) = y=x—-7m+1

vi=-—xit+yj = wvf|,,=-1+2j = the tangent
lineis —(x — 1) + 2(y — 2)—0:>y——x—i-3 the normal
lineisy—2=-2x—-1)=y=-2x+4

Let f(x,y,z) = x> + 2y + 2z — 4 and g(x,y,z) = y — 1. Then Vf—2X1+2J+2k| —2i—|—2j+2k
i j k
and vg=j = vixveg=|2 2 2|=-2i+2k = thelineisx:1—2t,y:1,Z:%+2t
01 0
Let f(x,y,z) = x +y? +z — 2 and g(x,y,z) =y — 1. Then vf_1+2y_]+k| 1Y) _i+2j+kand
i j k
ve=j=> vixwveg=|1l 2 1|=-i+k = thelineisx:%—t,y:I,Z:%—i—t
01 0
f(5,5) =3.1% (g,%)—cosxcosy| (n/ama) = fy(g,g):—sinxsiny\(ﬂ/47ﬂ/4):—%
= Lx,y) =1+ %(x—g)—i(y—z)_§+§x—%y;fxx(x,y):—sinxcosy,fyy(x,y):fsinxcosy,and
fuy(X,y) = —cos x sin y. Thus an upper bound for E depends on the bound M used for |fy|, |fxy|, and [fyy|.

With M = 2 we have [E(x, )| < § (42) (Jx— 5|+ |y - 5])° < %2 027 < 00142,
with M = 1, [Ex,y)| < (D) (|x = T| + |y — 2))* = 1 (0.2)2 = 0.02.

f(l,l)zO,fX(l,l):y|(171):l,fy(l,l):x 6y| 1) S =Lxyy=x—-1)-=-5(y—-1)=x-5y+4
fx(X,y) =0, fyy(X,y) = —6, and fy(x,y) = 1 = maximum of |f|, |fyy|, and |fy|is6 = M =6
<1© (x — 1|+ ]y —1])* = 3 (6)(0.1 +0.2)> = 0.27

f(1,0,0) = 0, £,(1,0,0) = y — 37| (100) =0, f,(1, 00)=x+2z|(100)=1 f,(1, 00):2y—3x|(100)=—3
= Lx,y,0)=0x-1)+(y—-0—-3z—-0) =y -3z 1(1,1,0) =1,£(1,1,0) = 1, £,(1,1,0) = 1, £,(1,1,0) =
= Lxy,2)=1+4x-1D+@Fy—-D)—-1z-0=x+y—2z—1

F0.0.5) = 15.(0.0.5) = —VAsinxsing 40| =0.5(0,0,5) = Vieosxeosty +2] =1,

i)—l:>L(x,y,z):1+1(y—0)+1(z_g):1+y+2_§,
fG 5 ):i R b5 50 = F ol

40 y %7
S Ly )= - Lx-)+L -1+ 2

!% [
~~
N
|
\/
Il
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59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

Chapter 14 Partial Derivatives

V=m*h = dV =2athdr+m? dh = dV] ;. = 2m(1.5)(5280) dr + m(1.5)? dh = 15,8407 dr + 2.257 dh.

You should be more careful with the diameter since it has a greater effect on dV.

df = 2x —y) dx + (—x +2y)dy = df| 12 = 3dy = fis more sensitive to changes in y; in fact, near the point

(1,2) a change in x does not change f.

dl=gdV—gdR = dlf ,, =104V — 15 R = dI| ;| ., = —0.01 + (480)(.0001) = 0.038,

or increases by 0.038 amps; % change in V = (100) (= &) ~ —4.17%; % change in R = (— 2%) (100) = —20%;
I= 2L =024 = estimated % change in I = ¢ x 100 = %238 x 100 ~ 15.83% => more sensitive to voltage change.
A =mab = dA=nbda+madb = dA| (10,16) = = 16mrda+ 10mrdb;da= 4+ 0.1 anddb = £0.1

= dA = +26m(0.1) = £2.6mand A = 7(10)(16) = 160 = |9 x 100| = |£5T x 100| ~ 1.625%

() y=uv = dy = vdu+ udyv; percentage change inu < 2% = |du| < 0.02, and percentage change in v < 3%
= Jav] < 0.03; & = vautud — du g b 85 100| = |9 5 100+ & x 100] < [ x 100] -+ [% x 100]

<2%+ 3% = 5%

_ dz __ dut+dv __ _du dv du dv (.:
b)) z=u+v = F="1"=i5tiy S5t 5 Ginceu>0,v>0)

= [4 % 100] < [% % 100+ % x 100] = |& x 100)
CZW = Cw:% andch_%
= dC = W dW+ W dh thus when w = 70 and h = 180 we have
dC| (70,180) ~ —(0.00000225) dw — (0.00000149) dh => 1 kg error in weight has more effect

fi(x,y) =2x —y+2=0and fy(x,y) = —x+2y+2=0 = x=-2andy = —2 = (-2, —2) is the critical point;
fix (=2, -2) = 2, fyy (2, -2) = 2, f1y(—2, -2) = =1 = ffyy — fXQy =3 > 0andf,, >0 = local minimum value
of f(—2,-2) = —

fx(x,y) =10x +4y +4 =0and fy(x,y) =4x —4y -4 =0 = x=0andy = —1 = (0, —1) is the critical point;
fxx (0, —1) = 10, fyy (0, —=1) = =4, (0, —=1) = 4 = ffyy — ffy —56 < 0 = saddle point with f(0, —1) =2

fx(x,y):6x2+3y:0andf(x y)=3x+6y’=0 = y772x2and3x+6(4x4):0 = x(1+8x3) =0
= x=0andy =0,orx = —jandy = — 3 = the critical points are (0,0) and (— 3 ,— %) . For (0,0):

£4(0,0) = 12x] () = 0, iy (0, 0 = 12y) 00 = 0 Fig(0,0) =3 = fiufyy — 3, = —9 <0 = saddle point with
f(0,0) = 0. For (—3,—3): fix = —6,fyy = =6,y =3 = fifyy — 3 =27 > 0and fx <0 = local maximum

value of f (— 5, - 1) =%

fu(x,y) =3x> =3y = 0and fy(x,y) =3y* - 3x =0 = y=xandx* —x=0 = x(x>— 1) =0 = the critical
points are (0, 0) and (1, 1). For (0,0): fxx(0,0) = 6x| 0,0) = 0, fyy(0,0) = 6y|(00 =0, fy(0,0) = —

= —9 <0 = saddle point with f(0,0) = 15. For (1, 1): fix(1,1) = 6, fyy(1,1) = 6, f,(1,1) = —
=27 > 0and fx > 0 = local minimum value of f(1,1) = 14

= fudyy — xy
= fixfyy — fxy
fu(x,y) = 3x> + 6x = 0 and fy(x,y) =3y — 6y =0 = x(x+2)=0andy(y —2)=0 = x =0orx = —2and
y=0ory =2 = the critical points are (0, 0), (0, 2), (—2,0), and (—2,2). For (0,0): fx(0,0) = 6x + 6] 0,0)

=6, fy(0,0) = 6y — 6| 00) = -6, £4,(0,0) = 0 = ff, — Xy = —36 < 0 = saddle point with f(0,0) = 0. For
(0,2): 1xx(0,2) = 6, £,4(0,2) = 6, 1,,(0,2) =0 = ffyy — fxy =36 > 0 and f,x > 0 = local minimum value of

Copyright © 2010 Pearson Education Inc. Publishing as Addison-Wesley.



70.

71.

72.
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£(0,2) = —4. For (-2,0): fx(—=2,0) = —6,f,y(=2,0) = —6, fy(=2,0) = 0 = ff,y — ffy =36>0andfyx <0

= local maximum value of f(—2,0) = 4. For (—2,2): fx(-2,2) = —6, f;y(—2,2) = 6, f,y(-2,2) = 0

= fudyy — ffy = —36 < 0 = saddle point with f(—2,2) = 0.
fix,y) =4x> —16x=0 = 4x (x> —4) =0 = x=0,2, —2;fy(x,y) = 6y — 6 =0 = y = 1. Therefore the critical
points are (0, 1), (2, 1), and (=2, 1). For (0, 1): fxx(0,1) = 12x> — 16| 0.1) = —16,fyy(0,1) = 6, £;y(0,1) = 0

= fudyy — ffy = —96 < 0 = saddle point with f(0, 1) = —3. For (2, 1): fx(2,1) = 32,f,(2,1) = 6,
fy(2,1) =0 = fxfyy — ffy =192 > 0 and fyx > 0 = local minimum value of f(2,1) = —19. For (-2, 1):
fix(=2,1) = 32, fy(=2,1) = 6, {1 (=2,1) = 0 = ffyy — ffy =192 > 0 and fx > 0 = local minimum value of
f(—2,1) = —19.

(i) OnOA, f(x,y) =f(0,y) =y> +3yfor0<y<4 y
= f'(0,y)=2y+3=0 = y=—3. But (0,—3)
is not in the region.
Endpoints: f(0,0) = 0 and f(0,4) = 28.
(i) OnAB, f(x,y) = f(x, —x +4) = x> — 10x + 28
for0<x<4 = f'(x,—x+4)=2x—-10=0
= x =15,y = —1. But (5, —1) is not in the region.
Endpoints: f(4,0) = 4 and £(0,4) = 28.
(iii) On OB, f(x,y) = f(x,0) = x* = 3xfor0 < x <4 = f'(x,00=2x—-3 = x=3andy=0 = (3,0)isa
critical point with £ (3,0) = — 2.
Endpoints: f(0,0) = 0 and f(4,0) = 4.
(iv) For the interior of the triangular region, f,(x,y) =2x+y -3 =0and f(X,y) =x+2y+3=0 = x =3

and y = —3. But (3, —3) is not in the region. Therefore the absolute maximum is 28 at (0, 4) and the
absolute minimum is — § at (3 ,0).

(i) OnOA, f(x,y) = f(0,y) = —y? + 4y + 1 for y
0<y<2= f'(0,yy=-2y+4=0 = y=2and
x = 0. But (0, 2) is not in the interior of OA.
Endpoints: f(0,0) = 1 and f(0,2) = 5.

(i) OnAB, f(x,y) =f(x,2) =x? —2x +5for0 < x < 4
= '(x,2)=2x—2=0 = x=1landy =2
= (1,2) is an interior critical point of AB with
f(1,2) = 4. Endpoints: f(4,2) = 13 and £(0,2) = 5.

(iii) OnBC, f(x,y) = f@,y) = —y> +4y+9for0<y <2 = f'(4,y)= 2y+4=0 = y=2andx = 4. But
(4,2) is not in the interior of BC. Endpoints: f(4,0) = 9 and f(4,2) = 13.

(iv) OnOC, f(x,y) =f(x,0) = x> —2x+ 1 for0 < x <4 = f'(x,0)=2x—-2=0 = x=1landy=0 = (1,0)
is an interior critical point of OC with f(1,0) = 0. Endpoints: f(0,0) = 1 and f(4,0) = 9.

(v)  For the interior of the rectangular region, f;(x,y) = 2x —2 =0 and f,(X,y) = -2y +4 =0 = x =l and

y = 2. But (1,2) is not in the interior of the region. Therefore the absolute maximum is 13 at (4,2)
and the absolute minimum is 0 at (1, 0).
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73. (i) OnAB, f(x,y) = f(—2,y) = y?> —y — 4 for y
—2<y<2=f(-2,y)=2y—1 = y=1and
X=-2 = (72, %) is an interior critical point in AB
with f (=2, 1) = — 17 . Endpoints: f(—2,—2) =2 and
f(2,2) = —2. S

(i) OnBC, f(x,y) =1(x,2) = —2for -2 <x <2
= f'(x,2) = 0 = no critical points in the interior of
BC. Endpoints: f(—2,2) = —2 and f(2,2) = —2.
(iii) OnCD, f(x,y) = f(2,y) = y? — 5y + 4 for
—2<y<2 = f'2,y)=2y—5=0 = y =3 andx = 2. But (2, 3) is not in the region.
Endpoints: f(2,—2) = 18 and f(2,2) = —2.
(iv) On AD, f(x,y) = f(x,—2) =4x + 10 for -2 < x <2 = {’(x,—2) =4 = no critical points in the interior
of AD. Endpoints: f(—2,—2) =2 and f(2, —2) = 18.
(v)  For the interior of the square, f;(x,y) = —y +2 =0and f;(X,y) =2y —x -3 =0 = y=2andx =1
= (1,2) is an interior critical point of the square with f(1,2) = —2. Therefore the absolute maximum

is 18 at (2, —2) and the absolute minimum is — 7 at (—2,1).

74. (i) OnOA, f(x,y) = f(0,y) =2y —y*for0 <y <2 y
= f'(0,y)=2-2y=0 = y=1landx=0 =
(0, 1) is an interior critical point of OA with
(0, 1) = 1. Endpoints: f(0,0) = 0 and £(0,2) = 0.
(i) OnAB, f(x,y) = f(x,2) =2x — x> for0 < x < 2
= f'(x,2)=2-2x=0 = x=1landy =2
= (1,2) is an interior critical point of AB with
f(1,2) = 1. Endpoints: f(0,2) = 0 and f(2,2) = 0.
(iii) OnBC,f(x,y) =f2,y) =2y —y?’for0 <y <2
= f'2,y)=2—-2y=0 = y=landx =2
= (2, 1) is an interior critical point of BC with f(2,1) = 1. Endpoints: f(2,0) = 0 and f(2,2) = 0.
(iv) OnOC, f(x,y) = f(x,0) =2x — x> for0 < x <2 = f/(x,00=2—-2x=0 = x=landy =0 = (1,0)
is an interior critical point of OC with f(1,0) = 1. Endpoints: f(0,0) = 0 and f(0,2) = 0.
(v)  For the interior of the rectangular region, f;(x,y) =2 —2x =0 and f,(x,y) =2 -2y =0 = x=1land
y =1 = (1, 1) is an interior critical point of the square with f(1,1) = 2. Therefore the absolute maximum
is 2 at (1, 1) and the absolute minimum is O at the four corners (0, 0), (0, 2), (2,2), and (2, 0).

75. (i) On AB, f(x,y) = f(x,x + 2) = —2x + 4 for y
-2<x<2 = f/(x,x+2)=—-2=0 = no critical
points in the interior of AB. Endpoints: f(—2,0) = 8
and f(2,4) = 0.

(i) OnBC,f(x,y) =f2,y) = —y>+4yfor0<y <4
= f'Q2,y)=-2y+4=0 = y=2andx =2
= (2,2) is an interior critical point of BC with
f(2,2) = 4. Endpoints: f(2,0) = 0 and f(2,4) = 0.
(iii) On AC, f(x,y) = f(x,0) = x> — 2x for —2 < x < 2
= '(x,00=2x—2 = x=1andy =0 = (1,0) is an interior critical point of AC with f(1,0) = —1.
Endpoints: f(—2,0) = 8 and f(2,0) = 0.
(iv) For the interior of the triangular region, f,(x,y) =2x —2 =0and f,(x,y) = -2y +4 =0 = x=1and
y =2 = (1,2)is an interior critical point of the region with f(1,2) = 3. Therefore the absolute maximum
is 8 at (—2, 0) and the absolute minimum is —1 at (1, 0).
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On AB, f(x,y) = f(x,x) = 4x? — 2x* + 16 for y
—2<x<2 = f'(x,x)=8x—-8x*=0 = x=0

andy =0,orx=1landy=1l,orx =—landy = —1
= (0,0), (1,1), (=1, —1) are all interior points of AB

with £(0,0) = 16, £(1, 1) = 18, and f(—1, — 1) = 18.

Endpoints: f(—2,—2) = 0 and f(2,2) = 0.

On BC, f(x,y) = f(2,y) =8y —y*for -2 <y <2
= '(2,y) =8—-4y=0=y=+/2andx =2

= (2, ﬁ) is an interior critical point of BC with

f (2, \/5) — 6y/2. Endpoints: (2, —2) = —32 and £(2,2) = 0.
On AC, f(x,y) = f(x,—2) = —8x —x*for -2 < x <2 = f'(x,—2) = -8 —4x* =0=x=/—2andy = -2
= ( /=2, —2) is an interior critical point of AC with f <\3/ -2, —2) = 6 /2. Endpoints:

f(—2,—2) = 0 and f(2, —2) = —32.

For the interior of the triangular region, f,(x,y) = 4y — 4x3 = 0 and f,(x,y) = 4x —4y> =0 = x =0 and
y=0,orx=1andy =1orx = —1and y = —1. But neither of the points (0,0) and (1, 1), or (—1,—1) are
interior to the region. Therefore the absolute maximum is 18 at (1, 1) and (—1, —1), and the absolute minimum is
~32at (2, -2).

On AB, f(x,y) = f(—1,y) = y* — 3y? + 2 for
—1<y<l= f(-1L,y) =3y’ —-6y=0 = y=0
andx = —l,ory=2andx = —1 = (—1,0)isan
interior critical point of AB with f(—1,0) = 2; (—1,2)
is outside the boundary. Endpoints: f(—1,—1) = -2
and f(—1,1) = 0.

On BC, f(x,y) = f(x, 1) = x3 4 3x%> — 2 for
—1<x<1 = fxD=3x2+6x=0 = x=0
andy =1l,orx=—-2andy=1 = (0,1)isan
interior critical point of BC with f(0, 1) = —2; (=2, 1) is outside the boundary. Endpoints: f(—1,1) = 0 and
f(1,1) = 2.

OnCD, f(x,y) = f(1,y) = y> = 3y> +4for—1 <y <1 = f/(1,y) =3y —6y=0 = y=0andx = 1, or
y=2andx =1 = (1,0) is an interior critical point of CD with f(1,0) = 4; (1, 2) is outside the boundary.
Endpoints: f(1,1) =2 and f(1,—1) = 0.

On AD, f(x,y) = f(x,—-1) =x3 +3x> —4for -1 <x <1 = f/(x,-1)=3x>+6x=0 = x=0andy = —1,
orx=—2andy = —1 = (0, —1) is an interior point of AD with f(0, —1) = —4; (—2, —1) is outside the
boundary. Endpoints: f(—1,—1) = —2 and f(1,—1) = 0.

For the interior of the square, f,(x,y) = 3x?> + 6x = 0 and f,(x,y) = 3y> =6y =0 = x=0orx = —2, and

y=0o0ry =2 = (0,0)is an interior critical point of the square region with f(0,0) = O; the points (0, 2),
(—2,0), and (—2, 2) are outside the region. Therefore the absolute maximum is 4 at (1, 0) and the
absolute minimum is —4 at (0, —1).
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78. (i) OnAB, f(x,y) =f(—1,y) =y> =3y for—1 <y < 1
=f(-1,y) =3y’ -3=0=y= +landx = —1
yielding the corner points (—1, —1) and (—1, 1) with
f(—1,—1)=2and f(—1,1) = —2.

(i) OnBC, f(x,y) = f(x, 1) = x> + 3x + 2 for
—1<x<1=fx1D=3x>+3=0 = no
solution. Endpoints: f(—1,1) = —2 and f(1,1) = 6.

(iii) OnCD, f(x,y) = f(1,y) = y* + 3y + 2 for
—1<y<1 = f(1,y) =3y’ +3=0 = no
solution. Endpoints: f(1,1) = 6 and f(1, —1) = —2.

(iv) OnAD, f(x,y) =f(x,—1) =x3 —=3xfor -1 <x<1 = f'(x,-1)=3x>-3=0 = x= £ landy = —1
yielding the corner points (—1, —1) and (1, —1) with f(—1, —1) =2 and f(1, —1) = -2

(v)  For the interior of the square, f,(x,y) = 3x*> + 3y = O and f,(x,y) =3y?* +3x =0 = y = —x%and

x}+x=0 = x=0o0orx=—-1 = y=0o0ry=—1 = (0,0) is an interior critical point of the square
region with f(0,0) = 1; (—1, —1) is on the boundary. Therefore the absolute maximum is 6 at (1, 1) and
the absolute minimum is —2 at (1, —1) and (—1, 1).

79. s f=23x%+2yjand 7 g = 2xi+2yjsothat \yf= A7 g = 3x%i +2yj = A2xi + 2yj) = 3x> = 2x)\ and
2y =2yA = A=1lory=0.
CASEl: A=1 = 3x>=2x = x=0o0rx=3;x=0 = y= =+ 1yielding the points (0, 1) and (0, —1); x = 3

= y= = é yielding the points (% , ‘/TE) and (% ,— \/TE) .
CASE2: y=0 = x>~ 1=0 = x= = 1 yielding the points (1,0) and (—1,0).

Evaluations give f (0, £ 1) = 1, f (% , £ é) =2 £(1,0) = 1, and f(—1,0) = —1. Therefore the absolute

maximum is 1 at (0, =+ 1) and (1, 0), and the absolute minimum is —1 at (-1, 0).

80. wf=yit+xjand \yg=2xi+2yjsothat Yy f=Aw g = yi+xj=A2xi+2yj) = y=2\xand
Xy =2)y = x =2A2Ax) =4)\?x = x=0o0r4)\? = 1.
CASE 1: x =0 =y = 0but (0,0) does not lie on the circle, so no solution.
CASE2: 4X?=1 = A=jJordA=—3. ForA=3,y=x = 1=x2+y"=2x = x=y= j:ﬁyieldingthe

points(%,ﬁ)and(—ﬁ,—ﬁ),For,\:_%,y:_x:> l=x24y2 =22 = x= :l:%and

y = —x yielding the points <— % , %) and (% ,— ﬁ )

Evaluations give the absolute maximum value f % , 7) =f (— ﬁ ,— L) = 1 and the absolute minimum

2
valuef(—%,%> :f(%,_%) _

N

81. () f(x,y)=x>+3y*+2yonx®’+y?’=1 = syf=2xi+(6y+2)jand 7 g = 2xi +2yjsothat Y f=\Ayg
= 2xi+ (6y +2)j = A2xi+2yj) = 2x =2x and 6y +2=2y\ = A=1lorx =0.

CASEl: A=1= 6y+2=2y = y:—%andx: :I:%yieldingthepoints(:I:é,—%).

CASE2: x=0 = y?=1 = y = = 1 yielding the points (0, £ 1).

Evaluations give f ( + ? ,— %) =1,1(0,1) =5, and f(0, —1) = 1. Therefore } and 5 are the extreme

values on the boundary of the disk.
(i1) For the interior of the disk, f;(x,y) = 2x = 0and f(X,y) =6y +2 =0 = x=0andy = — %
= (0, — %) is an interior critical point with f (0, — %) = - % . Therefore the absolute maximum of f on the
disk is 5 at (0, 1) and the absolute minimum of f on the disk is — } at (0,— 1) .
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() fx,y)=x2+y?-3x—xyonx’+y?=9 = yf=02x-3—y)i+ 2y —x)jand 7 g = 2xi + 2yj so that
vi=Aveg = 2x-3-y)i+Qy—x)j=A2xi+2yj) = 2x —3 —y=2xAand 2y — x = 2y
= 2x(1—- AN —y=3and —x+2y(1 —\) =0 = 1 - A= 2 and(2x)( )—y=3:>x2—y2=3y
= x2=y?*+3y. Thus, 9=x>+y? =y* +3y+y? = 2y +3y—-9=0 = QQy—-3)(y+3) =
= y=-3,3. Fory=-3,x>+y?=9 = x = 0yielding the point (0, —3). Fory =3, x> +y? =9
éXQJr =9 = x’= iléx—j:%‘[ Evaluations give f(0, 3’)—9f<7i §) 942 \[

~ 20.691, andf(f é):9 V3 2,691,
(i1) For the interior of the disk, f;(x,y) =2x =3 —y=0and f,(X,y) =2y —x=0 = x=2andy =1
= (2, 1) is an interior critical point of the disk with f(2, 1) = —3. Therefore, the absolute maximum of f on
the disk is 9 + 274—\/5 at < 3‘/— , 3) and the absolute minimum of f on the disk is —3 at (2, 1).
vf=i—j+kand vg:in+2yj+21ksothat vi=Aveg = i—j+k=A2xi+2yj+2zk) = 1 =2x),
—1=2y\,1=2z\ = x= —y:z— L Thusx*+y*’+22=1 = 3x*>=1 = x= + \/—yleldmgthepomts

(% - % , ﬁ) and (— % , ﬁ = ﬁ) . Evaluations give the absolute maximum value of

f(% ,— ﬁ , %) = % = /3 and the absolute minimum value off(— % , % - %) =—/3.

Let f(x,y,z) = x> + y? + 22 be the square of the distance to the origin and g(x,y,z) = x?> — zy — 4. Then

v Ii=2xi+2yj+2zkand 7 g =2xi —zj —yksothat Yf=Ay g = 2x =2Xx,2y = —\z, and
2z=—-Ay = x=0o0r A= 1.

CASE I: x:Oézy:—4:>z:—3andy:f§ = 2(73) =-Ayand2 (- %) =-Xz=§ =y*and

$=22= y’=72" = y= 4z Buty =x = z? = —4leads to no solution, soy = —z = z*> =4

= z = = 2 yielding the points (0, —2, 2) and (0, 2, —2).
CASE2: A=1=2z=—-yand2y=—z2=2y=—(—3})=4y=y=y=0=2=0 = x*—4=0 =
x = = 2 yielding the points (—2,0,0) and (2, 0, 0).
Evaluations give (0, —2,2) = £(0,2, —2) = 8 and f(—2, 0, 0) = f(2,0,0) = 4. Thus the points (—2, 0, 0) and
(2,0,0) on the surface are closest to the origin.

2 2

The cost is f(x, y, z) = 2axy + 2bxz + 2cyz subject to the constraint xyz = V. Then yf=Ay g
= 2ay + 2bz = Ayz, 2ax + 2cz = Axz, and 2bx + 2cy = Axy = 2axy + 2bxz = Axyz, 2axy + 2cyz = Axyz, and
2bxz + 2cyz = Axyz = 2axy + 2bxz = 2axy + 2cyz = y = (2) x. Also 2axy + 2bxz = 2bxz + 2cyz = z = () x.

C
Thenx (2x) (2x) =V = x* = CZ—: = width = x = (C:—g’)l/g, Depth =y = (2) (CZ—V)I/S = (bz—v)l/s, and

ab ac
5 1/3 1/3
heigh == (2) ()" = ()"

The volume of the pyramid in the first octant formed by the plane is V(a,b,¢) = 1 (3 ab) ¢ = ¢ abc. The point

(2,1,2) on the plane = % + % + % = 1. We want to minimize V subject to the constraint 2bc + ac 4 2ab = abc.

Thus, Y V="2i+%j+2®kand g=(c+2b—bc)i+(2c+2a—ac)j+(2b+a—abksothat YV=Avg
= % = X(c+2b—bc), € = A\2c+2a—ac),and L = A2b+a —ab) = ¢ = \(ac + 2ab — abc),

% = A(2bc + 2ab — abc), and f“%c = A(2bc + ac — abc) = Aac = 2Abc and 2\ab = 2Abc. Now A # 0 since

a#0,b#0,andc #0 = ac = 2bc and ab =bc = a = 2b = c. Substituting into the constraint equation gives

§+%+§:1 = a=06 = b=23andc = 6. Therefore the desired planeis ¥ + 3 + 2 = lorx+2y +z = 6.
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87. vf=G+2i+xj+xk, yg=2xi+2yj,and syh=7zi+xksothat yf=Ayg+pwvh
= Y+ 2i+xj+xk =A2xi+2yj) + pzi+xk) = y+z=2 x4+ pz,x =2\y,x = pux = x=0o0rpu = 1.
CASE 1: x = 0 which is impossible since xz = 1.
CASE2: p=1=y+z=2 x4z = y=2Xxandx=2\y = y=2M)2)\y) = y=0or
4X2 =1. Ify=0,thenx? =1 = x = = 1 so with xz = 1 we obtain the points (1,0, 1)
and (—1,0,—1). If4A\? = I, then A = £ . ForA=—1,y=—xsox’+y’ =1 = x* =}

=+ = = 1
= X = \[ withxz=1 = z= =+ \/ 2, and we obtain the points ( AR \/5) and

_ 1 1 _ _ 1 x2=1 _ 1 _ _
( ARV \/5) For A 3,Y =X f2:>x7:|:ﬁw1thxzf1:>2f:|:\/§,

and we obtain the points -4 -1 —\/5 .
V2 2
Evaluationsgivef(l,O,l):l,f(—l,O 1)71 f(% -2 :%,f(—%,%,—\/i) =1,

f (% , % , \/E) = % ,and f (— % ,— % , —\/E) = 5 . Therefore the absolute maximum is % at

(% , % , \/5) and (7 % ,— 4, ,\/E) , and the absolute minimum is % at (f % == ,\/E) and

(- 3)

88. Let f(x,y,z) = x> + y? + z2 be the square of the distance to the origin. Then <7 f = 2xi + 2yj + 27k,
veg=it+jt+k,and yh=4xi+4yj—2zksothat \yf=Ayg+puvh = 2x =\ +4xu, 2y = )\ + 4dyyu,
and2z = X —2zp = A =2x(1 —2p) =2y(1 —2u) = 2z(1 + 2u) = X:yoru:%.

CASEl: x=y = 22=4x> = z= i2xsothatx+y—|—z—l = x+x—|—2x:lorx—|—x—2x:l
(impossible) = x = = y = 1 andz = 1 yielding the point (1,1 ,1).

CASE 2: ,u:% =>A=0=0=2z(1+1) = Z—Osothat2x +2y?=0 = x =y = 0. But the origin
(0,0, 0) fails to satisfy the first constraint x +y +z = 1.

Therefore, the point (1,1, 1) on the curve of intersection is closest to the origin.

S}

: . g 24y w2 2 ow __ Ow 9x ow 9y ow 0z
89. (a) vy, zare independent with w = x“e” and z = x* — y* = 3y = ox oy T oy oy T 9z oy

= (2xe*) g—; + (zx%e) (1) + (yx?e?) (0);z = x* —y? = 0 =2x g—; -2y = g; = ¥ therefore,

(%), = @xen) (1) + %" = 2y + ) e

¢
2 ow 87w&+8w y+8w82

yz — ow
e”and z = x y = 0z~ Ox dy 0z 0z

= (2xe"™) (0) + (zx2eyz) + (yx eyz)(l) z=x>—-y? = 1=0-2y 8y = % =— 2—y ; therefore,

(3), = (e (- ) + e e (5 5)
— 87W & + aW Oy

: : — y2ayz 2 _ 2 ow 0z
(c) z,y are independent with w = x“e” andz = x* —y* = az =% o T oy ot 9 o
ox

= (2xe”) Z 4 (zx%e7) (0) + (yx%e”)(I);z=x"—y? = 1=2x 2 -0 = 2 = L therefore,

(52), = (2xe”) (55) +yxe” = (14 x%y) e

(b) z, x are independent with w = x

90. (a) T,P are independent with U = f(P,V,T) and PV = nRT = %Y = 2 o | U ov 4 U o1
:( )(O)+( )(g¥) (ﬁ) (1); PV =nRT = Pav =nR = g—\T/ = %;therefore,
(%), = () (%) + 5

(b) V, T are independent with U = f(P, V, T) and PV = nRT = g—g = g—g g—s + gl\i % + g—lTj 3—3
=(E)(E)+ (X)) D+ () 0;PV=nRT = VE+P=uR)(F) =0 = £ =— L therefore,

(%) = (%) (=) + 5
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93.

94.

95.

96.

97.

98.

99.

Chapter 14 Practice Exercises 875

Note thatx =rcosfandy =rsinf = r= /x> +y?and § = tan"! (¥). Thus,
ow _ dw or . Ow 90 _ (9 o - _ o ingy ow .
Q= fr oy u 00— (3 () + (%) () = (cos ) B2 — (20) %

Ow _ Ow Or 4 Ow 06 _ (9w y ow X — (si ow cosf) Ow
dy ~— or 8y+ 00 oy — (6r) (‘/x2+y2>+(66) (x2+y2) = (sin 0) or +( 3 ) a0

zo=f, §¢ +1, 5 = af, +af,,andz, = f, P +1f, 5 = bf, —bf,

du _ Qu _ dw _ dw Ju _ 4 dw ow _ dw Qu _ y dw 1ow _ dw 1 ow _ dw
8_y_band3x_a:>8x_du8x_aduand8y_du3y_bdu:>a6x_duandb8y_du
L ow _ 1 9w oW _ 4 0w
é;m_bay:bﬁx_aﬁy
ow __ 2x _ 2(r+s) o 2(r+s) _ 1 ow _ 2y _ 2(r—s) _ r—s
Ox — x24y2+42z T (r+s)P+@—s)P+4rs  2(r2+2rs+s2) ~ r+s’ dy — xZ+y2+2z T 2r+s)2 T (r+s)??
ow 2 — 1 Ow _ Ow Ox | Ow Oy | Ow dz _ 1 r—s 1 — 2r+2s
and 9z — xX2+y2+2z2 7 (r+s)? = or — 0x Or + dy Or + 9z Or ~ r+s + (r+s)? + {(r+s)2:| (25) T (r+s)?
-2 Ow _ Ow Ox 4 Ow Oy | 9w 9z _ 1 _ r—s 1 -2
T or+s and Os ~— Ox Os + dy 0Os + 0z 9s ~ r+s (r+s)? + |:(r+s)2:| (21') T or+s
u _ u du u o OV 1. al _ u o ou u ov __
elcosv—x=0 = (e"cosv) g — (e"sinv) §F = l;e"sinv—y =0 = (e"sinv) 5 + (e cos v) 5% = 0.
. . . a o — a . — . . . o
Solving this system yields 5t = e ™ cos vand 5 = —e™" sin v. Similarly, e" cos v —x =0
= (e"cosv) g—; — (e" sin v) g—; =0ande"sinv—y=0 = (e"sinv) g—; + (e" cos v) g—; = 1. Solving this

i ou _ a-u g v _ o-u Ougy Qus) (Ovyy Ovi
second system yields gy —e 'sinv and gy =€ 'cosv. Therefore (8)( i+ 5 J) (ax 1+ 5 J)

=[(e™cosv)i+ (e "sinv)j]-[(—e " sinv)i+ (e cosv)j =0 = the vectors are orthogonal = the angle
between the vectors is the constant 7 .

g _ Of Ox | Of Oy _ (L of of
26 — ox 06 T 9y 57 = (—rsin ) 5 + (r cos 6) By

= % = (—rsin ) (g—ig %—1— a%fx %) —(rcos&)%—i—(rcos@) (a‘?jgy %—i—g—;g %) —(rsin@)%
= (—rsin 0) (% + %) — (rcos @)+ (rcos 0) (% + %) — (rsin 6)

=(—rsinf +rcosf)(—rsinf +rcosf)—(rcosf +rsinf) =(-2)(—-2)—(0+2)=4—-2=2at
©0)=(2,3).

Y+22+@z—x?=16 = wf= -2z — x)i+ 2y +2)j+ 2(y + 2z — x)k; if the normal line is parallel to the
yz-plane, then x is constant = % =0=> 2z-x)=0=>z=x = (y+2°2+@z—-2>=16 = y+z= +4.

Letx=t = z=1t = y = —t+ 4. Therefore the points are (t, —t & 4, t), t a real number.

Let f(x,y,z) = Xy + yz + zx — x — z> = 0. If the tangent plane is to be parallel to the xy-plane, then 7 f is
perpendicular to the xy-plane = sy f-i=0and \yf-j=0. Now Yf=F+z—-Di+ x+2)j+y+x—22k
sothat Yf-i=y+z—-1=0=y+4+z=1=y=1—-zand Yf-j=x4+z=0 = x= —z Then
—z1-2+(1-2z24+2(-2)—(—2)—2>=0 = z2-22°=0 = Z:%OI‘Z:O. NOWZ:% = x:—%andy:
= (—1,5,3) isonedesired point; z=0 = x=0andy =1 = (0, 1,0) is a second desired point.

v = Axi+yj+zk) = % =X = f(x,y,z) = %)\XQ + g(y, z) for some functiong = Ay = g—§ = 3—5
= g(y,2) = 3 A\y* + h(z) for some functionh = Az = % = % =h'(z) = h(z) = } Az + C for some arbitrary
constant C = g(y,z) = $ Ay? + (§ A2 + C) = f(x,y,2) =  Ax* + § A\y* + 3 Az2 + C = (0,0,a) = 3 \a® + C

and f(0,0, —a) = % M—a)®> +C = £(0,0,a) = f(0, 0, —a) for any constant a, as claimed.
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876  Chapter 14 Partial Derivatives

df _ . (0 4 suy, 0 + sug, 0+ su3)—1(0, 0, 0)
100. ( s )umo)o) = 11mO S

S —
\/s%u? + s2u3 + s2u — 0
>0

S b}

,s>0

= lim
s— 0

. sy/uf +u3+ul .
lim +—— = lim_|u|=1;
s—0

s— 0 s

however, 7 f = k fails to exist at the origin (0, 0, 0)

X 0 y . z
51 —
VX4 y? 42 + \/x2+y2+22‘]+ VXY + 7

101. Letf(x,y,z)=xy+z—2 = wwif=yi+xj+k. At(1,1,1), wehave sy f =i+ j+ k = the normal line is
x=1l4+t,y=14+t,z=1+tsoatt=—-1 = x =0,y =0, z= 0 and the normal line passes through the origin.

102. (b) f(x,y,z2)=x>—y>+22=4
= v f=2xi—-2yj+2zk = at(2,-3,3)
the gradient is 7 f = 4i + 6j + 6k which is
normal to the surface
(c) Tangent plane: 4x + 6y + 6z = 8 or
2x+3y+3z=4
Normal line: x =2 +4t,y = -3+ 6t,z =3 + 6t

CHAPTER 14 ADDITIONAL AND ADVANCED EXERCISES

1. By definition, f,(0,0) = hlimO w so we need to calculate the first partial derivatives in the
—

numerator. For (X, y) ;é (0,0) we calculate f,(x, y) by applying the differentiation rules to the formula for

X X)— X27 2 X
fx, ) £i0x,y) = S + (xy) BRRERE ORI = vy g e = 0 = — = —h
For (x,y) = (0,0) we apply the definition: f,(0,0) = limO w = hlim0 oh;o = 0. Then by definition

£,(0,0) = lim_ =0 — _, Similarly,fX(O,O) = lim LOOLOD (56 for (x,y) # (0,0) we have

f,(x,y) = X;;nyf — o fy(h,0) = b =h; for (x,y) = (0, 0) we obtain f,(0,0) = Jim 0100

(x*+y?)”
= Jim 9-0 — 0. Then by definition f,,(0,0) = Jim h=0 — 1. Note that fy(0,0) # fyx(0,0) in this case.
2. P =1+eXcosy = w=x+e cosy+g(y); & =—elsiny+g(y)=2y—e'siny = g(y) =2y

= g(y) = y? +C,w_1n2whenx:ln2andy—0 = In2=I2+e"?cos0+0>°+C = 0=2+C
= C=—2. Thus,w=x+e*cosy+g(y) =x +e*cosy+y> —2.

3. Substitution of u + u(x) and v = v(x) in g(u, v) gives g(u(x), v(x)) which is a function of the independent
variable x. Then, g(u,v) = [[fode = ¥ =2 @2 & — (2 [Troa) @+ (2 [foa) &

= (-2 [roa) @+ (2 [ o) & = —fue) £+ ) & = 1) & - fue) &

. . r 2¢ N 2 2; .. 2 N N
4. Applying the chainrules, f, = &£ & = f = (ng) (&) + 4 0% Similarly, f,, = (%) (gy) + & gl and

_ (&) (o2, df o or X P _ y +7 Lo y
f, = (dr2) (82) + 4 5,z - Moreover, 5= = T2 T o T oiyia) O iz
2 2 2 2 2 2
= 0t = X427 _cand =2 = Ot XHV . Next,fyx +fyy +f, =0

W T (i) N M N N )
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Chapter 14 Additional and Advanced Exercises

=

d2 x2 df 2+ 2? d2f 2 df x2 + 72
= (%) () + () ((¢y+T)> +(5) (o) + () ((\/mf)

dr

(a)

(b)

(a)

(b)

(©)

(a)
(b)

()
(d)

(e)

df x2+y? _ d2f 2 _ d2f | 2 df _
( )(x2+y+z) (dr)<7(m)3>_0:>@+(7m)a 0= @t+tia=0
(f

= 2@ =(-2)f , wheref' =& = & = _2& = Jnf'= 2Inr+InC = ' =Cr?or

& —Cr? = fr) = — % +b = £ + b for some constants a and b (setting a = —C)

Letu = tx, v =ty, and w = f(u, v) = f(u(t, x), v(t,y)) = f(tx, ty) = t“f(x, y), where t, x, and y are

independent variables. Then nt"'f(x,y) = 6[ = g—‘l‘l’ % + a—“’ v — x 9w 50 TY %—VVV. Now,

g_;v:g—;v%+mgz(—)(t>+(a—W)<0):t8Wé%—LV:(z)(%—lv)-Likewise’
%_\;/:%_\:g_lyx+g_\3/g; (2) (0) + (& )(t)ﬁg—y:(%)(%—‘;’).Therefore,

neHGY) = x 54y B = (3) (32) + () (§2) Whent=1,u=xv =y andw = fx,y)

0w — 98 gnd O — _ . of ot .
= 5 = g and 3¢ = 50 = nf(x,y) =x 5. +y 5, as claimed.

From part (a), nt"~ ]f(x, y) =X au vty 5 aw leferentlatmg with respect to t again we obtain

n— Pw 9?2 8 9?2 Iol *w 9 9?2 9?
n(n — Dt 2f<x7Y>=xa—$§3‘i+xav§’u Sty Ry S =+ my L +y 5.

Oudv ot av? ot Ou?
Also from part (@), 53 = % (31) = & () =Gt B vl S =e 5 5 = 5 (5)
=5 (5) =8 §;+t%x 5=t Bsz,andﬁysmi () =% (&) =tRE+ 55
=egu = (@) S =5 () G = 5 and (B) 3 = 2

= n(n— HE2f(x,y) = (t—z) (% ) (3) (23) + (%) (4¢) fort# 0. Whent= 1, w = f(x, ) and

we have n(n — Df(x,y) = x> ( + 2xy (axay) +y? (g—;ﬁ) as claimed.

sin 6r sin t

lim &> = lim - =1, where t = 6r
r—0 o t—0 ¢

. sin6h) _ | _ _
£(0,0) = lLim [©Fh0=f0.0 _ ;5 &)=l _ ) sin6h—6h _ i 6cos6h=6

: —36 sin 6h ANl .

= hlznO =5 =0 (applying I'Hopital's rule twice)
sin 6r sin 6r

£(r.0) = lim [0+ -fwd _ iy () — (%) — lim 2=0
o(r,6) = lim, h h—0 h h—o B

r=xi+yj+zk=r=r|=/x2+y?+2z2and Vi= it it mirk=1
r":(\/m)n

= v () =nx(x2+y?+7? i+ny(24+y2+2)" 4z (x4 y2+22)" 'k = oo
Letn=2inpart (b). Then} v () =r = v (3% =r = g:l(x2+y2—|—22)isthefunction

dr = dxi+dyj+dzk = r-dr=xdx+ydy+zdz,anddr =r,dx +r,dy +1,dz = ¥ dx + L dy + 2 dz
= rdr=xdx+ydy+zdz=r-dr

A=ai+bj+ck = A-r=ax+by+cz = (A-r)=ai+bj+ck=A

(n/2)-1,
)

__ Of dx of dy

f(g(t),h(t) =¢c = 0=4 E ox a T ay at = (%H— %j) . (%H— dtJ) where ‘é—’t‘i+ Y j is the tangent vector

= v/ fis orthogonal to the tangent vector

877

f(x,y,z) =xz2> —yz+cosxy — 1 = yf= (22 —ysinxy)i+ (—z—xsinxy)j+ (2xz —y)k = v {0,0,1)=1i—j
= the tangent planeisx —y = 0;r = (In i+ (tlj+tk = ¢ = ({)i+nt+ Dj+k;x=y=0,z=1
=t=1=r()=i+j+k. Since(i+j+Kk)-(>{i—j) =1r(1)- v f=0,ris parallel to the plane, and
r(1) =0i + 0j + k = ris contained in the plane.
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878  Chapter 14 Partial Derivatives
10. Letf(x,y,z) =x3+y3 +2° —xyz= = (3x>—yz)i+ 3y’ —x2)j+ (32> —xy) k= v f(0,—1,1) =i+ 3j+ 3k
= the tangent plane is X + 3y +3z = 0;r = (% —2>i+ (3 =3)j+ (cos(t—2)k

- r’:(ﬁ)l—(—) C(sin(t—2)k;x=0,y=—1,z=1 = t=2 = F(2)=3i—j. Since

r'(2) - v f = 0 = ris parallel to the plane, and r(2) = —i + k = r is contained in the plane.

11. %:3)(2—9y:0andé92 3y2—-9x =0 = y=3 Lx and3( ) -9 =0 = %x4—9x:0

= x(x*-27)=0 = x=0o0rx=3. Nowx =0 = y=0o0r(0,0)andx =3 = y =3 or(3,3). Next

2
&z _ &z _ %z __ %z 9%z 9%z _ .
= 6x, oy = 6y, and Ixdy = —9. For (0,0), oxI by ( axay) = —81 = no extremum (a saddle point),

o 2
and for (3,3), 2% 2% — (25) =243 > 0and 2% = 18 > 0 = alocal minimum.
12. f(x,y) = 6xye~ &+ = f (x,y) = 6y(1 — 2x)e" ) = 0 and f,(x,y) = 6x(1 — 3y)e”>**» =0 = x = 0and
y=0,0orx = jandy = I. The value f(0,0) = 0 is on the boundary, and f (3, 5) = % . On the positive y-axis,
f(0,y) = 0, and on the pos1t1ve x-axis, f(x, O) =0. Asx — ocoory — oo we see that f(x,y) — 0. Thus the absolute
maximum of f in the closed first quadrant is % at the point (1, 1).

13. Letf(x,y,z) = 2—2 + ,‘{,—2 +5-1= vif= 2i‘i—i— J—|— 2k = anequation of the plane tangent at the point
Po(x0, Yo, Yo) is (2) x (2y°)y+(2z°) :2;;°+2y°+2z” 2or (3)x+ (B)y+(%)z=1.
b2

The intercepts of the plane are ( ,0 0) (0 = ,0) and (O, 0, 5) . The volume of the tetrahedron formed by the

(b—z) (i> = we need to maximize V(x,y,z) = % (xyz)™!

Zy

plane and the coordinate planes is V = (1) (1) (ﬁ>
1

. . 2 2 2 be)? be)? 2
subject to the constraint f(x,y,z) = % + ¥ + % = 1. Thus, {— %} (%ﬂ) =Z), {— %} (ﬁ) =2

and {— @} ( L .)) = Z \. Multiply the first equation by a?yz, the second by b’xz, and the third by c?xy. Then equate

xyz?

the first and second = a’y? = b’x*> = y = x x > 0; equate the first and third = a?z®> = ¢>x*> = z=¢ X, x> 0;

substitute into f(x,y,z) = 0 = x = %= = y:% = z=7 = V:%abc.

4. 2x—u) = -\, 2(y—V) = A, —2(x —u) = g, and —2(y — v) = —2uv = xfu:vfy,xfu:fg,and
y—v=pv=x—-u=—pv=-45 = v=1Torpu=0.
CASEl: p=0 = x=u,y=v,and A =0;theny=x+1 = v=u+4+landvi=u = v=vi+41
= vV2-v4+1=0= v:1i27174 = 1o real solution.
CASE 2: V:%andu:V2:>u=%;x—%———yandy—x—l—léx—%:—x—%:Zx:—%é)(Z—%
=y=¢. Thenf(— 8,;,}“;):(—%—%)2—1—(%—%)2 2(3) :theminimumdistanceis%\/i.
(Notice that f has no maximum value.)
15. Let (xo,yo) be any point in R. We must show lim f(x,y) = f(xq, yo) or, equivalently that

X,y) = (Xo,Yo0)

h, k)l o, |f(Xo +h,yo + k) — f(xo, yo)| = 0. Consider f(xy + h, yo + k) — f(x0, yo)

= [f(xo + h, yo + k) — (X0, yo + k)] + [f(x0, yo + k) — (X0, yo)]. Let F(x) = f(x, yo + k) and apply the Mean Value
Theorem: there exists £ with xg < £ < Xg + h such that F'(§)h = F(xg + h) — F(xg) = hf,(£,yg + k)

=f(xo +h,yo + k) — f(x0,yo + k). Similarly, kf,(xo,n) = (X0, yo + k) — f(X0, o) for some 1 with

yo < n < yo+k. Then |f(xg + h,yo + k) — f(x0,y0)| < |hf (&, 50 + k)| + |kf,(X0,7)|. If M, N are positive real
numbers such that |f,| < M and |f,| < N for all (x, y) in the xy-plane, then |f(xo + h, yo + k) — f(X0, yo)|

<M Ih|+ N [k|. As(h,k) — 0, [f(xo + h,yo + k) — f(x0,y0)| — 0 = (b k)lim(o 0 |f(xo +h, yo + k) — (X0, yo)|

=0 = fis continuous at (Xg, o).
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21.

22.

Chapter 14 Additional and Advanced Exercises 879
dr df

At extreme values, 7 fand v = & are orthogonal because 3 = 7 T - ‘é—{ = 0 by the First Derivative Theorem for

Local Extreme Values.

dg _

5. =0 = f(x,y) = h(y) is a function of y only. Also, ay

—)f( =0 = g(x,y) = k(x) is a function of x only.

Moreover, gf = % = h'(y) = K'(x) for all x and y. This can happen only if h'(y) = k/(x) = c is a constant.

Integration gives h(y) = cy + ¢; and k(x) = cx + ¢,, where ¢; and ¢, are constants. Therefore f(x,y) = cy + ¢;
and g(x,y) = cx+co. Thenf(1,2) =g(1,2) =5 = 5S=2c+c; =c+ce,andf(0,0) =4 = ¢c; =4 = c= %
= Cy = %. Thus, f(x,y) = %y+4andg(x,y) = %x—i— g.

Let g(x,y) = D f(x,y) = fi(x, y)a + f,(x, y)b. Then D,g(x,y) = g«(X, y)a + g,(X, y)b
= (X, y)a2 + f(x, y)ab + £ (X, y)ba + £, (x, y)b2 = f (X, y)a2 + 2f,(x, y)ab + f,,(x, y)b2.

Since the particle is heat-seeking, at each point (X, y) it moves in the direction of maximal temperature
increase, that is in the direction of 57 T(x,y) = (e  sin x)i+ (2e™* cos x) j. Since W7 T(x,y) is parallel to

2e % cos x

the particle's velocity vector, it is tangent to the path y = f(x) of the particle = f'(x) = Z5=>2* = 2 cot x.

2
Integration gives f(x) =2 1In [sinx| + Candf (§) =0 = 0=2In|sin 5|+ C = C=—-21In \/— =1In (ﬁ)

= In 2. Therefore, the path of the particle is the graph of y = 2 In |sin x| + In 2.

The line of travel is x = t, y = t, z = 30 — 5t, and the bullet hits the surface z = 2x> + 3y> when
30-5t=224+3t2 = 24+t—6=0 = (t+3)(t—2)=0 = t=2(sincet > 0). Thus the bullet hits the
surface at the point (2,2, 20). Now, the vector 4xi + 6yj — k is normal to the surface at any (X, y, z), so that

n = 8i + 12j — k is normal to the surface at (2,2, 20). If v=1i+ j — 5k, then the velocity of the particle

after the ricochet is w = v — 2 proj, v=v — (2|:1—|§‘> n=v— (Z)n=(G+j—5k) — (Ni+ Wj— k)

1914 391: 995 )

——l——

209 209 209

(a) ks a vector normal to z = 10 — x> — y? at the point (0, 0, 10). So directions tangential to S at (0, 0, 10) will
be unit vectors u = ai + bj. Also, 7 T(x,y,z) = 2xy +4)i+ (x> +2yz+ 14)j+ (y>* + )k
= v T(0,0,10) = 4i + 14j + k. We seek the unit vector u = ai + bj such that D, T(0, 0, 10)
= (4i + 14j + k) - (ai + bj) = (4i + 14j) - (ai + bj) is a maximum. The maximum will occur when ai + bj
has the same direction as 4i 4+ 14j, oru = \/% (21 + 7j).
(b) A vector normal to S at (1,1,8)isn = 2i+2j+ k. Now, sy T(1,1,8) = 6i + 31j + 2k and we seek the unit

vector u such that D, T(1,1,8) = <7 T - u has its largest value. Now write \7 T = v 4+ w, where v is parallel
to 7 T and w is orthogonal to 7y T. ThenD,T= sy T-u=(v+w)-u=v-u+w-u=w-u. Thus

D,T(1, 1, 8) is a maximum when u has the same direction as w. Now,w = 7 T — (T{I“) n

=6i+31j+2k) — (FHE2)Qi+2j+k) = (6 - 2)i+ (31 -F)j+ (2- D)k

_ 98 127 1 i i
=-Bj4 .]——k=>ll—|‘ ~ 7057 (981 — 127j + 58K).

Suppose the surface (boundary) of the mineral deposit is the graph of z = f(X,y) (where the z-axis points up into the air).
Then — ﬁ i—& J + k is an outer normal to the mineral deposit at (x,y) and af it 3 of J points in the direction of steepest

ascent of the mlneral deposit. This is in the direction of the vector 3 o 1 + 3 A § J at (0, 0) (the location of the 1st borehole)

that the geologists should drill their fourth borehole. To approximate this vector we use the fact that (0, 0, —1000),
(0, 100, —950), and (100, 0, —1025) lie on the graph of z = f(x, y). The plane containing these three points is a good

i J k
approximation to the tangent plane to z = f(x, y) at the point (0,0,0). A normal to this planeis | O 100 50
100 0 25
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24.
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= —2500i + 5000j — 10,000k, or —i + 2j — 4k. So at (0, 0) the vector % i+ %j is approximately —i + 2j. Thus the

geologists should drill their fourth borehole in the direction of ﬁ (—1i+ 2j) from the first borehole.

w =e"sin mx = w; = re sin 7x and wy = e cOS TX = Wyx = —m2e™ Sin TX; Wxx = C% w,, where c? is the
positive constant determined by the material of the rod = —m2e™ sin 7x = % (re" sin 7x)
. 2. 20 .
= (r+c?r?)etsinmx =0 = r=—c*n? = w=¢e°""'sinmx
w =e"sinkx = w; = re" sin kx and wy, = ke cos kx = wy = —k%e™ sin kx; wyx = 01—2 Wi

= —k’e"sinkx = L (re"sinkx) = (r+c?k)etsinkx =0 = r=—c’k> = w=e“ 'sinkx.
Now, w(L,t) =0 = e ¥ ginkL =0 = kL = nr for n an integer = k = Moo ow= e~ LY gin (3 x).

: . 2022 2
Ast — oo, w — Osince [sin (3 x)| < lande "™V — 0.
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