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Condifional probabilihy  pronades s with o woy to rcasom
Obouk e oukcome of an experiment based en parkal

\'\GOY”\O«J(iGY\‘
Ex. Whak ¢ the pm\oabi \Hm‘ 0’&’, dr‘awing & gueeen from ¢ decle
(7@ cads ¢ sy =iz

Whak s Ahe Pm\oo\oi\'\ﬂ of dmuoir\g a queen € S omeons

lkelle me the cand Arawn s o face conrd (IQ,k,A)?
4

47, 4Q , 4k, 4A — P(Q}f-wjf;f
We define the probabi ity crf_ an evenl A gwvtn seme other
evint R ¢ P(A\B) = This s the canditional Pmbabi\nlr\:)

‘ﬁi eveat A OCcuriing given Fhat ewwat B hag¢ occurred.

PCAR)  for di{ecnt evcals A showd conditute o
\legimnale pm\oo\o‘\\'\‘r\ﬁ \aw that <aficfies the avioms.

Ex . Conader ro\\ing  a die = N = {"1'3'%&4% ‘
I Yhe Adle ¢ not we(%\f\%eo\) o\l outcomes arc eo\uo\“j “k“‘fj'
IC we are Yo\d thal the culcome i< egen , Hhen we
oxc \QG\' \)\3-\‘\'\/\ %Z,q,é;} . Sif\Ce —qusc we o Qquo\l(j
Weely o begin With, Hnej should remain GO.ual\\j \;u(&
There fore, /P(U\ﬂ"c,e’me s 4 \00+C6me \$oevtn > = L
3
This suggests Ahat an appropriate de {inition ef condienal
pm\oo\\o\\{hﬁ when all cudcomes  are equ\al\\‘ \ik&l\kj
S %'\\R‘_r\ \O\j .
P(A\%) _ numbher O‘Q _\ements in A(\B
numMbey o{)— elements in A

Geanecall g

PCANR)
°(®)

PIMB) = with P(R) >



NoVe:  Cendihemal Pmbob\\\‘\ﬁf’) Censhiude o Pm\o()\rﬁk\\'\\1 loaw
. PCAR) 20

2. P(nlp) = P(‘“M)’) = E-(_@:\
P(R) P(B)
2 P(AuAge) = PLGwoA) n®)
M o A Fee)
v A (0 aB) U (MnB) )
| P(®)
e N JOMAUY R (G
| P(3)
(r\\ m _ PCAB)  P(AB)
¢ ) °(a) P(p)

) = P(AIR) + P(Ax1B)

COr\dHﬁfmo\ Probalon
probabi\; \-U\

ey can be viewed as a
\aw N a new Universe R

Ex. We toss o {aic coin thee fmes |

A - SLmort heads Yhan ‘ails Gsme up}
R - %'J_\SV Fogs s \f\eo.o\}

Find P(A \6) -

O = §HAM RAT HTH HTT, Try THTTTH T
A - SLHHHIHHT,HTH.‘YHH}
B - § WM, HHT, HTH W TT]

P(AY =46 o+ P) = 45 P(AnB) = %4

_ P(AAR) /3 3
S PAle) - - By
v PlNR) RO

_1 -



_E;_)E. /\ (L)(\gey\;cﬂ—'\\[t: desqr\ ""Co.r'r\ ,(__Q\\ \)t C' ()r\d aon ir\,f';c,vo‘h«fc-
d(’S\gr\ Yeam, cal\ d N arc asked 4o seporotely d(eg,q(\

A new Pmdud within a mMmonthh, Eom Poﬁ\- eyp.r_/_r\‘er\u. wiT

now that
° P(C XS gu(ces&%w\) = 2/3
¢ P (N 'S SUCC(—?SSFU\) = ‘/Z

. Qc& \east ene team ¢ Successf-u\) = 3/4_‘ < P(NyC)

IC both Cawd N arc suceesful adopt N

ASSUW\MCj exac_lf\\ﬁ ene Success{y| design s preduced
whot s the  probaloi\ iy thal 1} was designed by deam N?

N C
v PONNC) = P(N)+ P(C) -P(NUC)
4 \ 9 2 '
= 3+ = - =2
P 2 L_::
= 5
12
P ("-"Od’k{ehe team Successfy)| )&= 5 Plonly N Sveeessfo) ) = L
12
— |® oo
- \—2+ —‘q: A - (\C\"n\u-\ C Successiul ) — )
(2 =T

Therefore, P(N Successfu) ‘ exodly ene +eam Cuccess i
- ’P(N success Ul AND exadtly ene teqm success £\ )

P(ﬁxac&luj eme team success fui )

|
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Note 1 Since P(A\p)): m = P(/\ng): P(R) P(/-\ll@)
P(»)

Ex. H1V prevalence in Swoziland i 5.9 %, (‘“ QC’\\)'

E\_XSA \'ﬁﬁ\- R C\q .t 70 O\Ccura(\j For '\’\/\Q,_SQ w ho Carnj HTV
qz.é% CACCUYC\(kﬁ 'Fbr ‘k’hgse_ W\f\Q dO Y\DJS'

. Y -4 T 3
)(- {no ALV )

What is dhe Prebability o person from Swaziland H4ests Positive ¢
P(+) = PG A mny) o PGr N one HIV)

= P(Rov) P+ HIV) + P(ne HIV)PG [ WIV)
= 03594 (049%) + ot (ooty)

= 0258 +0.655 = (.212

10 we are dealing with an event A which occurs [ and

Oﬂ\\j \F Ay Az, <-- /Av has occunced , e, A=A N -~ NA,
then +he Pm\oo\bi\{*‘}j O'? A s %ixftn b\j . g

PQA\ N A’?_ ﬂ AB ﬂ - - f\ AV\> = P(A\) P(Al\A\>P(A3\A\(\A1>P(An\?j‘Au)

- P(A) - PAnAY) PCA A
PAY =
Ex. Deck A cards _y 3 cads drawn withoul P(Q‘A\)
P€P\O\(,Q\mem’r. Find P(home is < hecu—#—) . i
A= Scod L nok hearty = P(AOAL N Az ) =P P(ALLA) P(A A A
Av= fcand 2 net heart _24, 3% 37
Ay = Seord 3 nok heart} . 52 51 59




Total Probability theorem and  Bayes’ Rule

Total probab, Wty theorem

Lel A, y A An be c\isjcsinlr ewtats  that form o
Par R ion c&{{ the sample space N and assume P(Af)?o-
Then |, for ony ocuent R

o(p) = P(ANB)+ P(A 0B )+ --- + P(A.NB)
= PCAD) P(BIA) + P(AL) P(BIAL) 4+ P(An ) P(BI An )

i

. \fou enter a chess tour nament |

P(Wmn‘mq aganst ha \¢ the E}%e(ﬁ> = ©.3
+ype A ‘

P (\N'\nn\(\g cgainsy O\\Jko\r‘vcr O‘f;&\(ﬂ\g‘ PM@ES_ - oy
—ype 2
R type 3

Nou play a dame  againsk a Pandcmn\j chosen Q\opmhen\m
Whal s dhe  probaloiliny of winning ?

A = Gest o ot agnd e 1}
=> P(A\> - 0.5 )P(A’7-3:‘O‘2'S ( P(A3)20.15

lel B - %e\mnlr «r@ winnkz\ﬁ}
=5 P(B) = PCAYP(BIAL) + P(AD PCBVAL )+ P(A) PaiA,

- 05(03) + o.2s(ed) + 0.25(05)
= 0.%15



(ei

- Alice s ‘\0\0(\9 O Pro\oC\b\\\Jr\j class . A¥ the end C? eadh
week y she  con either be u{)bdo«k , o7 she MO nave
?c\\\er\ behind. I€ she 15 bP‘*L dote 1n o gwen weele
then Yhe probabiliy she will be up tu date in the ﬁ\ owing
weele (s 0.9 If she s belhind in o givtn wcek | +own
s Probe oyl J“f\ she v UP\"bo\a\'( the neyd prele s 0.6 .

A\\(,Q 15 UV ‘\oda\{ m\r\er\ she q’df‘h ass . What v Hhe
Pm\oa\o\\l\—w she 0 Up‘hoda‘rf ofter three wreeles ?

N\QW\Od A 0.} U;

P(Uﬂ: 08 :0%-0.8 4 0602-0%8+093:0.6-02 +O.6’OH-0.1§
= 0.1592

\V\e H\Od 2 09

0.6
/"‘\..J‘»—- —

P(Ul) = p<U7—)/P\<m + P(Bm}P(\h\ Bz>
= [P(U\) P(Uz‘\h) AN P(B\) P(U‘L\B\ﬂ - 0.3
F[PUIP(BAUY + P(BOP(B18,)]- 0.
= [0\% 0% + 00 o.é]-o‘% +&)-‘8~ 0.2 + OQ«OJ)-&L

= 0O ?52
-6 - I



Bayes' Ryle

| N B = PenAy
Recall  that PCA \B): P(APFB)) =7 P(B\A > P(A\)
| | - P(B\ADHP(AD
Since P(AAB) = P(BNAY) = P(AR) = o8
Using the total probabi\y theorem
P(BIA) PIAY)
> Haie) - PCA) PBIA) -+ P(AL) P(BIAL)

\ A An arc d\S)Oir\‘\- events that torm o Parjn'-\-\“cm
Whevt V)~ ) n
ﬂ Oy with P(AD) > 0.

Ex . Return 4o W1V exampler What i¢ 4he Pm\oo\o}\Q’N thal
——_‘ . - N ?
O pefson  who tegled PQS\‘\"\V'C Carcies HIV ©

O‘O\O\_:\l x
L
M )

D-?qy No Hl\/ o

O. p-

| WIN ) PV
Py |+) = P P(+)

P+ HTV) P(HTV)

P(Hzy) P+ MLV )+ P(m HX\J> P \ns \r\S_\J)

0.4 (0\9‘500 = 0.%2S
0.265¢¥ + 0.065g




IC Qn Q\rp\ahc \ S Prtsen\' in o Cectain arca y o radar
COWCJV\\ ceqistecs il presen ca w Pr‘obaloi\\ﬂ 099. 1

3+ »w onot present jthe radar Fa\&e\*-‘ egisters an ailrCraft
Presens with probabilily o)L Agsume Hhak an aircra (it
\ S Present iy Proloalo | 0.05. IF the radar rca{d-ﬁa
SCSYY\QH\M%' \D\\OJ’ .V) he pm‘oabi\'\\'\j qu}' OUA &I‘rCraH‘ v PrUerﬁ'?

ﬂg\'skp - What are Jou arked T compuke ?

P@'\rUOg# \FOo\cv rcca(g&e(5>
2 dqa . tree

C\N)
?;.g\c\ o dor mgis\ﬁrs B

QU"\ oo &(' 5 —

0\0‘) A 0.5t radar does not r€9iskr ' 8
< ?L‘B\/p\w | ‘
(;(5) no a:ruaﬂ%radar YCCO\S\{rS - ©
A \O'C‘\ radar does nol m@iﬂf"t 6

P(a‘«cm@% \r&dar rﬁ{jlg’;@r;> — PCA\6>

P(A\B) = Pel\A) PCA) _ 0.99 (0.05)
P(R) 094(0:05) +0.1 (045)



