LEBANESE AMERICAN UNIVERSITY
DEPARTMENT OF COMPUTER SCIENCE AND MATHEMATICS
MTH 304 — DIFFERENTIAL EQUATIONS
ExAM 1 - SPRING 2010

Name: (€Y ID#:

Instructions: This exam consists of 9 problems and a total of 9 pages. Make sure no
problem/page is missing. Answer the questions in the space provided for each
problem. If more space is needed, You can use the back of the pages. To receive full
credits, you have to justify your answers.
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1. (14%) Identify the following differential equations as separable, linear, or exact, then
solve them analytically. The family of solutions may be given implicitly.
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2. (10%) Find the value of n for which the equation (t +ye*” )dt +nte’¥dy = 0is exact
and then solve the equation for that particular value of ».
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3. (8%) A brine solution of salt flows at a constant rate of 4L/min into a large tank that
initially held 100L of pure water. The solution inside the tank is kept well stirred and
flows out of the tank at the rate of 3L/min. If the concentration of salt in the brine
entering the tank is 0.2 Kg/L, determine the amount of salt in the tank in t minutes.
Also, determine the time when the concentration of salt reaches 0.1Kg/L.

4. Consider the separable differential equation %— = -3¢y with initial condition y(0)=1.
a. (6%) Find the solution to this initial-value problem.
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- (4%) Calculate the exact value of 1(0.9).
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. (8%) Find an approximate value of ¥(0.9) using Euler’s method with a step
size Az = 0.3, then plot that approximation on the direction field below.
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5. (10%) Consider the differential equation%ii = f(»), where the graph of ) takes the

shape:
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Draw the phase line of this autonomous equation; identify its equilibrium solutions;

classify them and then discuss the shape of the solution satisfying the initial
condition y(0) =1.
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6. Consider the family of ode’s% = y2 -4y +a;am0_

a. (4%) Show thata =4is a critical value for this problem in the sense that the
number of equilibrium solutions depends on that value of & .

b. (8%) Do the phase lines for this autonomous ode in the following
cases:a@=0,a=2,a¢=4, anda=5. In each case classify the equilibrium solution
as stable/sink, unstable/source, or node/semi-stable.
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=@2-y)3+n,

&
’ dt
corresponding ode and write a short paragraph to

=(Q2-0)(3+1)

(y—z)(s—y);%—

&
dt

=2-y»)3-y)
Assign the direction fields below to the

Justify your choices.

L4
dt

7. (15%) Consider the following first-order odes
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8. Consider the IVPQ =l;y(l) = 1
dr ¢* e

a. (2%) Show that the function f(t) = e™V/?;¢ > 0 satisfies this [VP
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e

b. (2%) Show also that the function g = { 0
>
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c. (4%) Explain why this does not contradict the uniqueness theorem.

. (5%) Imagine yourself standing in front of an audience with minimal calculus
background. Your task is to introduce to your audience in the simplest way the
concept of a (ordinary) differential equation. Elaborate in a short paragraph how you
would complete this task. Support your ideas with examples and describe/explain the
various approaches to solve such equations.





