Lebanese American University Fall 2010

Byblos

Discrete Structure I Date: 21/12/2010
Test #2 Duration: 1h 30

1. The following equalities are true or not? FKither prove it or give a counter-
example.

() AN(B—C)=(ANB)—(ANC)
(b)) A®(BUC)=(A @ B)U(A @ O)

2. We consider, from R to R, the functions f(z) =z — 1 and g(x) = 2* + 1.
(a) Find the functions go f, fog, f+ g and fg.

(b) Which functions in the preceding question are one-to-one? Explain.

3. Suppose that A = {1,2,3} and B = {1,3,4,5}. Find the cardinal of the
following sets:

P(A), P(B), P(A)UP(B), P(Ax B), P(P(A)x P(B)),
P(Ax B)U{(1,1)}} and P(P(A) x P(B)) U{({1},{1})}

4. Give an example of a function from Z to Z that is:

(a) one-to-one but not onto.

(b) onto but not one-to-one.

(¢) both one-to-one and onto (but different from the identity function).
)

(d) neither one-to-one nor onto.

5. We denote by {0, 1} the set of all infinite strings over the alphabet ¥ = {0, 1}.

(a) Prove that {0,1}" is uncountable.
(b) Find a bijection between P(N) and {0, 1}.
(c¢) Deduce that P(N) is uncountable.

MARKS : 1. [20] 2. [25] 3.[20] 4. [25] 5. [20]
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1. Prove that if p is a prime number then p and +/p? are irrational numbers.

2. The following equalities are true or not? Either prove it or give a counter-
example.

(a) AN(BaC)=(ANB)®(ANC)
b) (A—B)eC=(Aa C)—(Ba C)

3. Prove, by induction, the following:

3

(a) n® —n is always divisible by 6 for all n € N.

(b) 3% — 26 is always divisible by 35 for all n € N*.

(c) The sum of the first n positive odd numbers is n?.

"1 1
d <92,
();kQ_ n

4. Suppose that A = {1,2,{3,5}} and B = {1,{3},4,{6,7}}. Find the cardinal
of the following sets:

A, B, ANB, AUB, P(A), P(B), P(AUB), P(AUP(B), P(AxB),
P(P(A)xP(B)), P(AxB)U{{({3,5},1)}} and P(AxB)U{{({3,5},{1})}}

5. Prove that if A, B and X are three sets then:
XCAUB<+ (X-A)N(X-B)=0.
6. Prove by a counterexample that the following implication is false:

ACB—ApCCcBasC

MARKS : 1. [14] 2. [16] 3. [40] 4.[24] 5.[8] 6. [8]
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1. (a) The following assertion is true or false? Explain.

The quotient of two positive and distinct irrational numbers is irrational.

(b) Prove that if p and ¢ are two distinct prime numbers then 4/p/q is irrational.

2. Let A, B and C be three sets. The following equalities are true or not? Either prove

it or give a counter-example.

(a) (AnB)saC=(AaC)Nn(Ba0).
(b) (A—B)*=A°U (AN B).

3. Solve the following two independent questions:

(a) Find a set with two elements, such that every element of the set is also a subset

of it.

(b) What is the bit string corresponding to the symmetric difference of two sets?

4. Prove, by induction, the following:

(a) n? < n! for all n > 4.
(b) 227+1 4 1 is divisible by 3 for all n € N.
(c) 5"t 4-2.3" + 1 is divisible by 8 for all n € N.

(d) 4) i3" = (2n—1)3"" 4 3 for all n € N.
=0

5. We consider the following function, called Collatz function, defined from N to N by:

3n+1, nisodd,
fn) =
n/2, n is even.
(a) Find f(3), £(20) and f~1(10).
(b) Is f one-to-one? Explain.
) Is f onto? Explain.
)

(c

k

(d) For k € N*, we denote by f* the function fo fo---fo f.
| . S—



i. Find f5(5), f3(8) and f%(6).
ii. Find k such that f*(26) = 1.
iii. What do you remark? Explain.

6. We consider the following program where the inputs are m and n (in N) and the
output is m.

while n>0 do
begin n:=n-1;
m:=m+3;
end;

(a) Find the output of the program that corresponds to each of the following inputs
(m,n): (4,3), (3,2) and (2,4).
(b) Which function computes the program?

(c) Write a correctness proof for this program.

MARKS : 1. [12] 2. [15] 3.[12] 4. [28] 5.[25 6. [18]
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1. Prove that the following numbers are irrational:
(a) V3 (b) V3 + V3 (c) logs 2

2. Let A, B and C be three sets. The following assertions are true or not? Either prove
it or give a counter-example.

(a) (AUB)— (C—A)=AU(B-C).
(b) (A®B)UC = (AUC) @ (BUC).
() (BNC)Cc A = (A-B)n(A—-C)=0.

3. Prove, by induction, the following:

(a) 7" —6n — 1 is divisible by 36 for all n € N*.
(b) n(n? +5) is divisible by 6 for all n € N.

1
) Vn< )y —=<2Vn
(c) ;\ﬂ

4. We denote by & the set of all even natural numbers. Give the formula of a function
from Z to £ that is:

a) onto but not one-to-one.

(a)
(b)
()

)

(d) neither one-to-one nor onto.

one-to-one but not onto.

both one-to-one and onto.

5. We consider the following program where the inputs are m and n (in N) and the
output is m.

while n>0 do
begin n:=n-1;
m:=m*m;
end;

(a) Find the output of the program that corresponds to each of the following inputs
(m,n): (2,3), (3,2) and (2,4).
(b) Which function computes the program?

(c) Write a correctness proof for this program.



6. (a) Prove that the set of all irrational numbers is uncountable.
(b) Give an example of a countable set A that contains only irrational numbers.

(c¢) Find a bijection between your set A and N.

MARKS : 1. [18] 2. [18] 3. [24] 4. [16] 5. [16] 6. [18]
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1. The set A= {z € R:In(x) € Z} is countable or not? Interpret you answer.

2. (a) Prove, by contradiction, that /5 is irrational.
(b) Let n be a positive integer. Prove that:

n — 1is divisible by 3 = v/5"is irrational.

3. Let A, B and C be three sets. The following assertions are true or not? Either prove
it or give a counter-example.

(a) A—(B&C)=(A—B)-C
(b) BN(A—C)=AN(B - (A°UC))

4. Prove by induction that:

(a) 7?" —48n — 1 is divisible by 2304 for all n € N.
(b) 27t > p? + 2 for all n € N.

5. Let a, b and ¢ in Z.

(a) Prove, by contradiction, that:
a® + b? is divisible by 4 = a or b is even
(b) Deduce that:

a?+ b2 =c2 = aorbiseven.

6. We consider the following program where the inputs are m and n (in N) and the
output is m.

while n>0 do
begin n:=n-1;
m:=m+m;
end;

(a) Find the output of the program that corresponds to the inputs: (3,2) and (2,3).
(b) Which function computes the program?

(c) Write a correctness proof for this program.



7. We denote by £ the set of all even integers and by O the set of all odd natural numbers.
Give the formula of a function from £ to O that is:

a) onto but not one-to-one.

(a)
(b)
(c)

)

(d) neither one-to-one nor onto.

one-to-one but not onto.

both one-to-one and onto.

MARKS : 1. [7] 2. [10] 3.[20] 4.[20] 5.[12] 6. [16] 7. [25]



