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. We consider three sets, A, B and C'. The equality
(A—B)AC=(AAC)—-(BACQC)

is true or not? Either prove it or give a counter-example.

[\]

. Prove, by induction, that 35" — 29" is always divisible by 35 for all n € N*,

3. (a) What is the number of six digit numbers?

(b) What is the number of six digit numbers that have no two consecutive
digits equal?

(c) What is the number of six digit numbers that have at least one pair of
consecutive digits equal?

4. Verify, without using a truth table, if I" = ¢ holds or not:

P={r—(pVs); s —(qV-r);r;ms}and p =pA—q

ot

. Verify, in the following cases, if the binary relation R defined over R is reflexive,
symmetric or transitive. If R is an equivalence relation then find the set of
classes 7g.

(a) z Ry iff y = |x|.
(b) x Ry iff sin(x — y) = 0.

(c) z Ry iff [z] = [y].
(Note that the |z | is the largest integer smaller than z).

6. Use the laws of Boolean algebra to simplify the following expressions:
(a) (zVy)A(=zVy)
(b) (@Ay)V(zA=y)V(—zAy)
(c) (xA=yAz)V(@eAyAN(—zV2)V(yAzA(—yVa))



7. Solve, using pigeonhole principle, one of the following two independent ques-
tions:

(a) We consider in the plane five points with integer coordinates. Prove that
at least one pair of them have a midpoint with integer coordinates.

(b) Five points are chosen from inside an equilateral triangle of side 2. Prove
that two points must be within a distance of 1 of each other.

8. Bonus question. Over the set N* we define the following binary relation:

a Rb iff ab is a square.

(a) Prove that R is an equivalence relation.
(b) Find the that set of classes 7g.

MARKS : 1. [10] 2. [15] 3.[15] 4.[15] 5. [20] 6. [15] 7. [10]

Bonus question [10]
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Part I: Problems (70 pts)

1. [10 pts] Find a resolution proof and a formal proof for the following proposi-
tional logic formula:

{A—B;-A—C;C—D}F--B—D






2. [15 pts] Prove, by induction, the following:

(a) 3% — 20" is always divisible by 35 for all n € N*.
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3. [10 pts] Solve using pigeonhole principle the following two independent ques-
tions:

(a) A computer network consists of eight computers. Each computer is di-
rectly connected to at least one of the other computers. Show that there
are at least two computers in the network that are directly connected to
the same numbers of other computers.

(b) 1335 people are seated in a row of 2001 chairs. Prove that there are 3
consecutive non-empty chairs.



4. [10 pts] We consider the following program (input is n and output is r):

r:=0;
if n>0 then
begin r :=1;
i:=1;
while i<n do
begin i:=1i+1;
r:=r+3%ixi-3*%xi+1;
end;
end;

(a) Find the output of the program for n =1, n =2 and n = 3.

(b) Which function computes the program?



5. [15 pts] Verify, in the following cases, if the binary relation R defined over the
set X is an equivalence relation or not. If R is an equivalence relation then
find the set of classes 7p.

(a) X =R and z Ry iff |z| + |y| = |z + y.
(b) X =R* and z Ry iff zy > 0.
(c) X =R and x Ry iff 2* — 2y + 22 — 2y = 0.






6. [10 pts] Find for the following two ordered sets the maximal, minimal, greatest
and least elements (if any):

(a) X ={2,3,6,12,18,24} and the order is z Ry iff = divides y.
(b) X ={{2},{2,3},{2,4},{1,3,4},{2,3,4}} and the orderis x Ry iff v C y.
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Part I: Problems (70 pts)

1. [10 pts] Find a resolution proof and a formal proof for the following proposi-
tional logic formula:

{C — (AVD); =D — (BV-C);C;-D}F—(A— —B)

(Hint: For the formal proof, assume A — =B and prove a contradiction)






2. [15 pts] Prove, by induction, the following:

(a) 8" — 3" is divisible by 5 for all n € N.
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(c) p2ntl.ont2 4 3n+2. 920+l ig divisible by 19 for all n € N.









3. [10 pts] Solve using pigeonhole principle the following two independent ques-
tions:

(a) There are 25 students in a class. While doing a keyboarding test, each
student made fewer than 12 mistakes. Show that at least 3 students made
the same number of mistakes.

(b) Five points are chosen from inside an equilateral triangle of side 2. Prove
that two points must be within a distance of 1 of each other.



4. [10 pts] We consider the following program (input is n and output is r):

if n>0 then
begin r :=0;
i:=1;
while i<=n do
begin r :=r+2%i;
1:=1+1;
end;
end;

(a) Find the output of the program for n =1, n =2, n =3 and n = 4.



(b) Which function computes the program?



5. [13 pts] Verify, in the following cases, if the binary relation R defined over
the set X is reflexive, symmetric and transitive. If R is an equivalence relation
then find the set of classes 7.

(a) X =Z and z Ry iff x + y is even.
(b) X =7Z and x Ry iff zy is even



10



6. [12 pts] Find for the following two ordered sets the maximal, minimal, greatest
and least elements (if any):

(a) X ={2,6,12,18,24,36} and the order is x Ry iff = divides y.
(b) X ={[0,1],[-1,2],[-1,3],[2,3],[—1, 5]} and the order is x Ry iff x C y.
(¢) X ={2,3,4,8,9,16} and the order is x Ry iff 3n € N* such that y = ™.

11
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1. [8 pts] Find a resolution proof and a formal proof for the following proposi-
tional logic formula:

{-A— (-CVD);C— (DVB);C — —-D;C}-ANAB






2. [10 pts] Find A™ where A is the matrix:

A:
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3. [12 pts] Prove, by induction, the following;:

(a) 20" + 327=2 is divisible by 5 for all n € N*.

(b) i(g) _ <”‘§1) for all n > 2.









4. [8 pts]
(a) Prove that if three natural numbers x, y and z have same remainder on
dividing by 3, then = + y + 2 is divisible by 3.

(b) Prove that among any seven different positive integers, it is possible to
choose three such that their sum is divisible by 3.






5. [10 pts] We consider the following program where the inputs are m and n
(both in N) and the output is m.

while n>0 do
begin n:=n-1;
m:=m+m;
end;

(a) Find the output of the program that corresponds to each of the following
inputs (m,n): (4,3), (3,2) and (2,4).

(b) Which function computes the program?

(c) Write a correctness proof for this program.

10
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6. [10 pts] Verify, in the following cases, if the binary relation R defined over the
set X is an equivalence relation or not. If R is an equivalence relation then
find the set of classes 7p.

(a) X =Zand xRy iff 2* —y* =2 —y.

x
+Y is prime.

(b) X is the set of prime numbers greater than 2 and = Ry iff

192
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7. [10 pts] Let X be a nonempty set of positive natural numbers and let R be
the binary relation defined by: x Ry iff 3n € N* such that y = 2.
(a) Prove that R is an order relation.
(b) Find the maximal, minimal, greatest and least elements of (X, R) if:
i X = {3,27,243,729}.
i X = {2,4,8,64,192,512, 4096}

14



15



Lebanese American University Spring 2014

Byblos
Discrete Structure I Date: 09/06/2014
Final Exam Duration: 2h
Name: ID:

1. Let A, B and C be three sets. The following assertion is true or not? Either prove
it or give a counter-example.

(A-B)U(C-B)=(AUC)-B
2. Find a resolution and a formal proof for the following;:

(a) {-B}-H((A—B)— B) — A
b)) H(B— A)V(A—C)

1 21 5 3
3. Find A™ and B" where A= 0 1 2 | and B = .
00
0 01
4. Prove, by contradiction, the following two (independent) statements:

(a) If a,b and c are three natural numbers such that a? + b* = ¢2, then abc is even.

(b) There does not exist a natural number n such that 4n + 3 is a perfect square.

5. Solve, using pigeonhole principle, the following two (independent) questions:

(a) Prove that if you pick five numbers from the integers 1 to 8, then two of them
must add up to nine.

(b) Choose 13 points on a square with side length 1. Show that there must have
four points to form a quadrilateral whose area is less than or equal to 1/4.

6. Prove by induction that:

(a) 53"*7 4+ 627! + 4 is divisible by 5 for all n € N*.
(b) 5™ +9 < 6™ for all n > 2.

7. Use the laws of Boolean algebra to simplify the following expressions:

(a) (=(@Ay)A(=zVy)A(-yVy)
() [FzA(@VylVizVy AV -y

8. Let R be the binary relation defined on R by = Ry iff 222 — 32y + y? = 0. Check if
R is reflexive, symmetric, antisymmetric or transitive.

9. Find, for the following order, the maximal, minimal, greatest and least elements:

X = {{0},{0,1},{0,2},[-2,0],[1,3],[—2,3]} and the order is z Ry iff x C y.

MARKS : 1. [8] 2. [16] 3.[12] 4.[12] 5.[12] 6. [16] 7.[10] 8. [12]
9. [12]



