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1. (30 Points) Let f be a function defined over | — 7, #[ defined as

-z i —wm<z<-E,
flz) = x if —-f<x<Z,

7—x if —”’25§$<7r.

a. Sketch the graphic representation of f and show if f is even or odd.

b. Prove that the Fourier series of f is
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c. Deduce the values of the sums:
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I. (30 Points) For y € R, consider the function z = eV,

a. Find a parametrization for f of the form r(z) = f(t)i+¢j with ¢ € R and f being a function
to be determined. (This parametrization is considered in the questions that foliow).

Verify that r is smooth and sketch its graphic representation.
. Find the unit tangent vector T at any point of r(2).

. Find the curvature ai any point of r{¢}.
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Prove that VI # 0 the principal unit normal N is never parallel to the z-axis.

. Prové that the curvature is maximum at the point £(1,0) and find the osculating circle at
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III. (40 Points) The hyperbola of equation -2;— — y* = 1 has two branches. The first branch lies

in the side z > 0 and the second in the side < 0. We denote by H the part that lies in the
side z > 0.
a. Verify that a parametrization for H can be

r{t) = 2cosh(t)i +sinh(f)j, t € R.

Show that H is smooth and sketch its graphic representation. (The parametrization men-
tioned above is considered in the questions that follow).

Find the velocity vector v(t) and the unit tangent vector T.

. Find the curvature » as a function of ¢. '

. Prove that  is maximum at the points (2,0).

Prove that « does not have a minimum. Give a geomefric interpretation of this result.
Find the osculating circle at the point Q(2,0). 7

Generalize the result obtained in d. in order to find at which point of the whole hyperbola

2 2 . "
&y — Iz =1, the curvature « is maximum.
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IV. (10 Points) Consider the planar curve given in polar coordinates by p = p(f), a < 8 < b.

Show that thie curvature is given by the formula
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