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Answer the following seven sets of questions; the back of pages
may be used as scratch. ; )
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1. Let T : R® — R* be defined by:

.ac 2z +y+ 3%
T 3 _ T+ 2y
2 y+=z
2

(a) Show that T is a linear transformation. (8 points)
(b) Show that T is one-to-one. (6 points)
(c) What is the rank of the matrix representing T. (4 points)
(d) Find a basis for the range of T'. . (7 points)
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12 -1 1
2.Let A= 2 4 -3 3
35 —6 =5
(a) Find a basis for the N(A). (10 points)
(b) Determine a basis for N(A)+ with respect to the Euclidean inner
product. (7 points)
(c) What is the dimension of N(AT)? (8 points)
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3. LetA=| -1 1 -1

-1 -1 1
(a) Find the eigenvalues of A. (10 points)
(b) Find P that diagonalizes A. (10 points)
(c) Deduce P~1AP. (5 points)
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4. (a) Without solving, find condition(s) on o and 3 for the following

system to have exactly one solution: (10 points)
z+y+oaz=1
r+y+Pz=2
ar+ Py +z=-1
(b) For @ = 8 = 0 find the least squares solution(s) of the linear
system. (16 points)
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5. Let W = {p(z) € P3/ zp(2) —p(1) =0}

(a) Prove that W is a subspace of Ps. (8 points)
(b) Find a basis for W. (12 points)

(c) Let T : Py — P; be the linear transformation defined by:

T(p(z)) = zp(2) — p(1)

Show that T' is onto. ~ (10 points)
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6. Let P, be the set of polynomials of degree less or equal than 2.
Define the inner product on P, by:

’ <p,q>= aobo =+ alb] . GQbQJ
where p(z) = ag + a1z + agz? and q(z) = by + b1% + bya®.

Let p(z) = 1+, q(z) = 1+ 2z* and W = span {p, ¢}

(a) Find X such that (¢ — Ap) and p are orthogonal. (6 points)
(b) Show that {p, ¢} is a basis for W. (4 points)
(¢) Use the Gram-Schmidt process to find an orthogonal basis for
w. (10 points)
(d) Find a basis for W+. (10 points)
(e) Deduce an orthogonal basis for F. (4 points)
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7. Prove the following statements:

(a) T : V — V such that T' is one-to-one, prove that if {v,..., v}
are linearly independent in V', then {T'(v1), ... T'(v,)} are linearly independent.
(10 points)
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(b) Let V be an inner product space. Show that:
||u|]] = |lv|]| <=>u+v and u— v are orthogonal
(10 points)
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(c) Let B be an n x n invertible matrix and T' : Myxn — Mpyn be
defined by T'(A) = AB. Show that T is an isomorphism. (15 points)
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